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1 Propositional Logic

1.1 Translations

Exercise 1. Translate the following three sentences into propositional logic.

e Nadhi will eat a fruit if it is an apple.
e Nadhi will eat a fruit only if it is an apple.

e Nadhi will eat a fruit if and only if it is an apple.

Solution: n: Nadhi will eat a fruit.
a: The fruit is an apple.

o Nadhi will eat a fruit if it is an apple.
Translation: (a — n)
If the fruit is an apple, we know that Nadhi will eat it.
If the fruit is not an apple, Nadhi may or may not eat it.

The set of apples is a subset of the set of fruits that Nadhi eats.

o Nadhi will eat a fruit only if it is an apple.
Translation: (n — a)
If Nadhi eats a fruit, then we know that it is an apple.
If Nadhi does not eat a fruit, the fruit may or may not be an apple.

The set of fruits that Nadhi eats is a subset of the set of apples.

« Nadhi will eat a fruit if and only if it is an apple.
Translation: (n < a)
If Nadhi eats a fruit, then it is an apple.
If Nadhi does not eat a fruit, then it is not an apple.
The set of fruits that Nadhi eats and the set of apples coincide.



Exercise 2. Translate the following sentence into multiple propositional formulas. Show
that they are logically equivalent using a truth table.

Soo-Jin will eat an apple or an orange but not both.

Solution: a: Soo-Jin will eat an apple. o: Soo-Jin will eat an orange.

This sentence translates into an exclusive OR. There are many ways of writing down a
formula for an exclusive OR.

« ((aVo)A(=(ano)))
a or o is true, but not both.

* ((aVo)A((ma)V(—0)))

a or o is true, and a is false or o is false.

« ((aA(0))V ((—a)Ao))

a is true and o is false, or a is false and o is true.
s (m(a<0))

It is not the case that a and o have the same truth value.
* ((ma) > 0) = (a > (—0))

negated a and o have the same truth value.



Exercise 3. Translate the following sentence into at least three syntactically different propo-
sitional formulas. Show that they are logically equivalent using a truth table.

If it is sunny tomorrow, then I will play golf, provided that I am relaxed.
Solution:

e s: It is sunny tomorrow.

e g: I will play golf.

e 7: I am relaxed.

I can think of three ways of translating this sentence into a propositional formula.

o Interpretation 1: If it is sunny tomorrow, then, if I am relaxed, then I will play golf.
Translation: (s — (r — g)).

Sunny tomorrow is the premise for the first.

o Interpretation 2: If it is sunny tomorrow and I am relaxed, then I will play golf.
Translation: ((s A7) — g).

Sunny tomorrow and being relaxed together are premises for playing golf.

o Interpretation 3: If I am relaxed, then, if it is sunny tomorrow, I will play golf.
Translation: (r — (s — g)).

Being relaxed is the premise for the rest.

All three interpretations are logically equivalent.



Exercise 4. Translate the following sentence into a propositional formula.

If T ace CS 245, I will get a job at Google; otherwise I will apply for the Geek
Squad.

Solution: Define the propositional variables:

e a: I ace CS 245.
e g: [ will get a job at Google.

o s: I will apply for the Geek Squad.

First, let’s break down this sentence into two parts by the semicolon.
The first part translates into an implication because of the key word “if”. It becomes (a — g).

In the second part, “otherwise” means that “if I don’t ace CS 245”. After rephrasing, the
second part becomes “If I don’t ace CS 245, then I will apply for the Geek Squad.” This is
another implication ((—a) — s).

Now the tricky part is: what connective should we use to connect the two parts together?
Two natural options are A and V. The V option seems possible because the sentence could
be rephrase as “If I ace CS 245, ...; or otherwise ....”

The correct connective to use is A for the following reasons.

Let’s consider the scenario in which I ace CS 245, [ don’t get a job at Google and I apply for
the Geek Squad. In this case, is the sentence true or false? Intuitively, the sentence should
be false, because the first implication is violated when I ace CS 245 but do not get a job at
Google. Now let’s look at the truth values of the two possible propositional formulas:

o If we use A as the connective, the resulting formula ((a — g) A ((—a) — s)) is false
in this scenario. The truth value of the formula is the same as the truth value of the
sentence in this scenario.

« If we use V as the connective, the resulting formula ((a — ¢g) A ((—a) — s)) is true in
this scenario. This truth value of the formula is different from the truth value of the
sentence in this scenario. Therefore, V is not the correct connective to use because the
resulting formula has a different meaning from the formula.



Exercise 5. Translate the following sentence into two propositional formulas and explain
why the two formulas are not logically equivalent.

Sidney will carry an umbrella unless it is sunny.
Solution: Define the propositional variables.

u: Sidney will carry an umbrella.
s: It is sunny.

o Interpretation 1:

Intuitively, many people understand “unless” as an “exclusive OR”, which means that
exactly one of the two parts of the sentence is true at a time.

With this interpretation, “unless” is equivalent to an “if and only if not”. The sentence
is true under the following two scenarios:

— It is not sunny and Sidney carries an umbrella.

— It is sunny and Sidney does not carry an umbrella.
Note that this interpretation does not allow Sidney to carry an umbrella when it is
sunny. So the sentence is false when u and s are both true.

In propositional logic, this is equivalent to

((mu) < ) (1)
M ((mu) As) V(A (=) (2)
H ((uVs) A (=(uhs))) (3)
= ((wVs) A ((mu) V (=) (4)

All the formulas above are equivalent. They look different but their meanings are the
same.

e Interpretation 2:

Alternatively, you may think of “unless” as meaning “if not”. Then the sentence
becomes: if it is not sunny, then Sidney will carry an umbrella. In propositional logic,
this becomes:

((ms) = u) ()
= ((=(=s)) V) (6)
H (s Vu). (7)

Under this interpretation, this sentence is true under three scenarios:

— It is not sunny and Sidney carries an umbrella.



— It is sunny and Sidney does not carry an umbrella.

— It is sunny and Sidney carries an umbrella.

Notice that this interpretation allows Sidney to carry an umbrella when it is sunny. So
the sentence is true when w and s are both true.



1.2 Structural Induction
1.2.1 A template for structural induction on well-formed propositional formulas

Theorem: Every well-formed propositional formula A has the property P.
Proof by structural induction:

Define P(A) to be that A has the property P.

Base case: A is a propositional variable p. We need to prove that P(p) holds.
Induction step:

Case 1: A is a well-formed propositional formula of the form (—B) where B is a well-formed
propositional formula.

Induction hypothesis: Assume that P(B) holds.
Prove that P((—B)) holds.

Case 2: A is a well-formed propositional formula of the form B % C) where B and C are
well-formed propositional formulas and * is one of A, V, —, and .

Induction hypothesis: Assume that P(B) and P(C') hold.
Prove that P((B * C)) holds.

By the principle of structural induction, P(A) holds for every well-formed propositional
formula A.

QED



Theorem 1. Fvery well-formed propositional formula has an equal number of opening and
closing brackets.

Solution: Each check mark indicates one point awarded to an important step of your proof.

Proof by Structural Induction. Let P(yp) denote that the well-formed formula ¢ has an equal

number of opening and closing brackets. v

Let op(p) and cl(y) denote the number of opening and closing brackets of ¢ respectively.
Base case: ¢ is a propositional symbol gq. Prove that P(q) holds.

q has zero opening and zero closing bracket. Thus, P(y) holds. v/

Induction step:

Case 1: ¢ is (—a), where a is well-formed.
Induction hypothesis: Assume that P(a) holds (i.e. op(a) = cl(a)). v
We need to prove that P((—a)) holds.

op((—a)) (8)
= 1+ op(a) By inspection of (—a) 9)
= 1+ cl(a) By induction hypothesisv’ (10)
= cl((—a)) By inspection of (—a) (11)

Thus, P((—a)) holds.

Case 2: ¢ is (a*b) where a and b are well-formed and = is one of the four binary
connectives A, V, —, <.

Induction hypothesis: Assume that P(a) v' and P(b) v" hold (i.e. op(a) = cl(a)
and op(b) = cl(b)).

We need to prove that P((a * b)) holds.

op((a*b)) =14 op(a) + op(b) By inspection of (a * b) (12)
=1+ cl(a) + cl(b) By induction hypothesisv' v/ (13)
= cl(a % b) By inspection of (a * b) (14)

Thus, P((a b)) holds.

By the principle of structural induction, P(¢) holds for every well-formed formula ¢.
v  QED

]

10



Theorem 2. Fvery proper prefiz of a well-formed formula has more opening than closing
brackets.

Solution:
Proof by Structural Induction. Let P(y) denote that every proper prefix of the well-formed

formula ¢ has more opening than closing brackets.
Let op(y) and cl(p) denote the number of opening and closing brackets of ¢ respectively.

Base case: ¢ is a propositional variable ¢q. Prove that P(q) holds.
Induction step:

Case 1: ¢ is (—a), where a is well-formed.
Induction hypothesis: Assume that P(a) holds.
We need to prove that P((—a)) holds.

Let m denote any proper prefix of a. There are four possible proper prefixes of
(—a): (, (=, (—m, and (—a. We will prove the four cases separately.

op(() =1 (15)
cl(() =0 (
op(() > ¢l(() (17)

—
=
~—

op((=) =1 (18)

c((=)=0 (19)

op((=) > ¢l(() (20)

op((—m) (21)
=1+ op(m) (22)

> 14 cl(m) By the induction hypothesis on m (23)

> cl(m) (24)

= cl((—m) (25)
op((—a) (26)
=1+ op(a) (27)
=1+ cl(a) By Theorem 1 and a is a well-formed formula (28)
> cl(a) (29)
= cl((—a) (30)

11



Case 2: ¢ is (a * b) where a and b are well-formed and * is a binary connective.
Let m and n denote any proper prefix of a and b respectively.

Induction hypothesis: Assume that P(a) and P(b) hold. In other words, P(m)
and P(n) are true.

We need to prove that P((a * b)) holds.

There are six possible proper prefixes of (a*b): (, (m, (a, (a*, (a*n, and (a *b.

op(() = (31)

cl(() = (32)

op(() > ¢l(() (33)

op((m) (34)
=1+ op(m) (35)

> 1+ cl(m) By the induction hypothesis on m (36)

> cl(m) (37)

= cl((m) (38)
op((a) (39)
= 1+ op(a) (40)
=1+ cl(a) By Theorem 1 and a is a well-formed formula (41)
> cl(a) (42)
= cl((a) (43)
op((a%) (44)
= 1+ op(a) (45)
=1+ cl(a) By Theorem 1 and a is a well-formed formula (46)
> cl(a) (47)
= cl((ax) (48)

12



op((a ) (49)
=1+ op(a)+ op(n) (50)
= 1+cl(a) + op(n) By Theorem 1 and a is a well-formed formula (51)
> 1+ cl(a) + ¢l(n) By the induction hypothesis on n (52)
> cl(a) +cl(n) (53)
=cl((axn) (54)
op((a*b) 55

(55)
=1+ op(a) + op(b) (56)
= 1+cl(a) + cl(b) By Theorem 1 and a is a well-formed formula (57)
> cl(a) + cl(b) (58)
= cl((axb) (59)

By the principle of structural induction, P(¢) holds for every well-formed formula ¢.
QED

]

13



Theorem 3. Consider the set I1(X,C, P) inductively defined by the domain set X = R, the
core set C' = {0,2}, and the set of operations P = {f1(z,y) =z +y, f2(x,y) =z — y}.
Every element in I(X,C, P) is an even integer.

Solution:

Proof by Structural Induction. Base case: We need to prove that every element of the core
set C' is an even integer. 0 is even because 0 = 2 % 0. 2 is even because 2 = 2 * 1.

Induction step:

Case 1: Let z,y € I(X,C, P).

Induction hypotheses: Assume that x and y are even integers.

We will prove that f1(z,y) is an even integer.

x and y are even integers. Thus, by the induction hypotheses, x = 2m and y = 2n where
m and n are integers. Then, fl(z,y) = x +y =2m+ 2n = 2(m +n). Since (m +n) is an
integer, f1(x,y) is an even integer.

Case 2: Let z,y € I(X,C, P).

Induction hypotheses: Assume that x and y are even integers.

We will prove that f2(z,y) is an even integer.

x and y are even integers. Thus, by the induction hypotheses, x = 2m and y = 2n where
m and n are integers. Then, f2(z,y) = x —y = 2m — 2n = 2(m —n). Since (m —n) is an
integer, f2(x,y) is an even integer.

By the principle of structural induction, every element of I(X,C, P) is an even integer.
O

14



1.3 The Semantics of an Implication

Exercise 6. Do you really understand an implication? We will find out.
e Think of an implication as a promise that someone made to you. In what case can you
prove that the promise has been broken (i.e. the implication is false)?

e When the premise is true, what is the relationship between the truth value of the
conclusion and the truth value of the implication?

o When the premise is false, the implication is vacuously true. Could you come up with
an intuitive explanation for this?

e If the conclusion is true, is the implication true or false?

e The implication (a — b) is logically equivalent to ((—a) V b). Does this equivalent
formula make sense to you? FExplain.

15



1.4 Tautology, Contradiction, and Satisfiable but Not a Tautology

Exercise 7. Determine whether each of the following formulas is a tautology, satisfiable but
not a tautology, or a contradiction.

D
Solution: Answer: Satisfiable but not a tautology.

Reason: True when p is true and false when p is false.

e ((rAns)—r)
Solution: Answer: Tautology.
Reason: When 7 is true, the conclusion of the implication is true, so the implication

is true. When 7 is false, the premise of the implication is false, so the implication is
vacuously true.

* (=< q) < (@Vp)
Solution: Answer: Satisfiable but not a tautology
Reason: It’s tempting to say “these two formulas don’t mean the same thing so the
biconditional is false”. However, go back to truth values. When p is true and q is false,
both sides of the biconditional are true and the biconditional itself is true. When p
and ¢ are both true, the left side is false but the right is true, and so the biconditional
is false.

« (V@ APV (=9))A((=p)Va)A((=p)V(=q)))
Solution: Answer: Contradiction

Reason: The first half can be simplfiied to (p V (¢ A (—q))), which is (pV F') or p. The
second half can be simplfiied to (—p). Thus, the entire formula is (p A (—p)), which is
a contradiction.

16



1.5 Logical Equivalence

Exercise 8. ”If it is sunny, I will play golf, provided that I am relaxed.”

s: it is sunny. g: I will play golf. r: I am relazed.

There are three possible translations:
1. (r—(s—yg))

((s A7) = g)

2.
3. (s—=(r—yg))

Prove that all three translations are logically equivalent.

Solution: Part 1: (r —» (s = ¢g)) =H ((s A1) — g).

Proof.

—~
=
1

—~
»
4

2

SN~—

ITTITIITT

Part 2: (r — (s — g)) H (s = (r — g)).
Proof.

/-\
<
d

—~
Va)
1

S

~—

ITTITIroroTT
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Exercise 9. “If it snows then I will not go to class but I will do my assignment.”
s: it snows. c¢: I will go to class. a: I will do my assignment.

There are two possible translations:

1. ((s = (—c)) Na)

2. (s = ((—c) Na))
Prove that the two translations are NOT logically equivalent.
Solution:

Proof. We need to find a valuation ¢ under which the two formulas have different values.
Consider the truth valuation ¢ where t(s) =0, t(c) = 1, and t(a) = 0.
The two formulas have different values under ¢, as shown below.

+ (s (=) Aa)t =0

e (s ((me) Na)) =1

18



1.6 Analyzing Conditional Code

Consider the following code fragment:

if (input > O || !output) {
if (!(output && queuelength < 100)) {
P1
} else if (output && !(queuelength < 100)) {
P2
} else {
P3
}
} else {
P4

by

Define the propositional variables:
e ¢: input > 0
e u: output
e ¢: queuelength < 100

The code fragment becomes the following. We'll call this code fragment #1.

if Ci |l tu) A
if ( '(u && q) ) {
P1
} else if (u && 'q ) A
P2

} else { P3 }
} else { P4 }

Code fragment #2:

if (C 1 && u) && q) {
P3

} else if ('i && u) {
P4

} else {
P1

}

Prove that these two pieces of code fragments are equivalent:
Solution:

19



Prove that the condition leading to P, is logically equivalent to 0.
The condition leading to Ps:

(@ V (=) A(=(=(u A g))) A(u A (=q)))

H (G V(mu)A(uAg) A(uA(—q))) Double Negation

H((iV (—u) A((uAu)A(gA(—q)))) Associativity, Commutativity
H (Vv (—u) A(uA(gA(—q)))) Idempotence

H((7V (—u) A (uA0)) Contradiction

H ((iV (—u)) AO) Simplification 1

0 Simplification 1

Prove that the condition leading to P; is true if and only if all three variables are true.

The condition leading to Ps:

(((@V (~u)) A(uAg) A (=(u (—q))))

GV (mu) A(u A g)) A((mu) V(=(=9)))) De Morgan

H (Vv (—u)AuAq)A((—u)Vq)) Double Negation
FH (@ V (mu) A (uA(gA ((—u) VQ))))) Associativity
H((iV (—u) A (uAq)) Simplification 2
H ((iV (—u) Au) Aq) Associativity
H(((EAu)V((—u) Au)) Aq) Distributivity
H (((i Au) VO)Aq) Contradiction
H ((i Au) Aq) Simplification 1

Prove that the condition leading to P, is true if and only if 7 is false and w is true.

The condition leading to P,:

(=@ V (—u)))
((m2) A (—(—u))) De Morgan
H (=) Au) Double Negation

The condition leading to P;:

((@V (mu) A (=(unq)))
=@V (mu) A ((mu) V (—q))) De Morgan
H ((—u) V(i A (—q))) Distributivity

20

- N 9~
0w - > O

o
—_ O

N N /N /N /N /N /S A/
(0] i\
[\ Ne)
~— — — S S — ~— ~—

o o 0o
S Ot =~ W

oo
oo

oo
Nej

I e e o o o T
N 0¢]
@) ~

~— N N S ' ~—

Ne)
—_

—
N
M~

N—

—~~
NolNNe]
S Ot
— —



1.7 Circuit Design

Basic gates:

Problem: Your instructors, Alice, Carmen, and Collin, are choosing questions to be put on
the midterm. For each problem, each instructor votes either yes or not. A question is chosen
if it receives two or more yes votes. Design a circuit, which outputs yes whenever a question
is chosen.

1. Draw the truth table based on the problem description.

X |y | z | output
1111 1
11110 1
1101 1
110]0 0
0111 1
01110 0
001 0
01010 0

2. Convert the truth table into a propositional formula.

3. Then, convert the formula to a circuit.

Solution:

21



Solution 1:

1. Convert the truth table into a propositional formula.

Convert each row of the truth table to a conjunction.

If a variable is true in that row, write it down. Otherwise, if the variable is false, write
down its negation. Then connect all variables or their negations together using AND.

Connect all formulas into a disjunction.

(A Az)V((Ay) A (22)) V(A (7y) Az) V(((F2) Ay) A z))

2. Draw the circuit.

o

Y

0
YD ]_DC Output

ZEI |

j)

Making a circuit clear and readable can be challenging. Here are some advice on
drawing circuits:

e Determine where to put the inputs and the outputs first.

o Determine where to put the major gates (the OR at the end, and one AND for
each scenario).

e Try to draw wires horizontally or vertically, not at an angle.

o Indicate clearly whether two crossing wires are connected or not.

22



Solution 2:

1. Convert the truth table into a propositional formula.

Converts rows 1-3 to a propositional formula.

(xA(yV=2)

Convert row 5 to a propositional formula.

(((=z) Ay) A z)

Connect all formulas into a disjunction.

(A (yV2)V((~2) Ay) Az))

2. Draw the circuit.

x@l :>_

o
0

j: Dutput

AW
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Solution 3:

1. Convert the truth table into a propositional formula.

Convert rows 1 and 5 into a propositional formula.
(y A z)
Convert rows 2 and 3 into a propositional formula.

(A (y® =)

For convenience, we will use the symbol & to represent an exclusive OR. However, you
are only allowed to use this symbol in circuit design problems. You are not allowed to
use this symbol for other problems because it is not a basic connective based on the
definition of well-formed formulas.

Connect all formulas into a disjunction.

(A2 V(A (yo2)))

2. Draw the circuit.

i

=
@

Qurput

v

-
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Solution 4 (contributed by Triman Kandola)

1. Convert the truth table into a propositional formula.

(e Ay)V(zA2)V(yAz))
This formula intuitively makes sense. If two people are already voting yes, then I don’t
care about what the third vote is.

2. Draw the circuit.

x@ »

—Y\ Qutput
—) > ®

[‘)U U
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1.8 Tautological Consequence

Exercise 10. Let ¥ = {(p — q),(q¢ — r)}. Is ¥ satisfiable? Why or why not?

Solution: ¥ is satisfied by the truth valuation ¢t where t(p) = 1, t(¢) = 1 and t(r) = 1.
Note that (p — ¢)! =1 and (¢ — 7)* = 1. Thus, X is satisfiable.

Exercise 11. Let X = (). Is 3 satisfiable? Why or why not?

Solution: ¥ is satisfiable. In fact, any truth valuation satisfies 3.

A truth valuation ¢ satisfies Y if and only if, for any formula A, if A is in ¥, then A® = 1.
Since ¥ = (), no formula is in X. The premise of the implication is false for any A, so the
implication is true for every A. Therefore, any truth valuation satisfies ¥ = 0.

Exercise 12. Let ¥ = {p, (—p)}. Is ¥ satisfiable? Why or why not?

Solution: X is not satisfiable. To show this, we need to show that, under every truth
valuation, at least one formula in ¥ is false.

Consider an arbitrary truth valuation ¢. Under ¢, p is either true or false.

o If pt =1, then (—p)' = 0. t does not satisfy 3.

o If pt =0, then t does not satisfy 3.

In both cases, t does not satisfy 3. Therefore, no truth valuation can satisfy X. ¥ is not
satisfiable.
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Exercise 13. Prove that {(=(p A q)),(p — ¢)} E (—p).
Solution:

Proof. Consider a truth valuation ¢ such that (—=(p A q))! =1 and (p — ¢)* = 1.

Since (p — ¢q)t = 1, it is not the case that p! =1 and ¢' = 0.
Since (=(p A q))! = 1, it is not the case that p* = 1 and ¢* = 1.

Thus, the two premises are true under two scenarios:
o p! =0 and ¢' = 1: In this case, (—p)t = 1.
. pt =0 and qt = 0: In this case, <_‘p)t =1

In both scenarios, the conclusion is true. Thus, the tautological consequence holds. Il

Exercise 14. Prove that {(=(p A q)),(p — q)} ¥ (p <> q).
Solution:

Proof. Consider the truth valuation ¢ where p! = 0 and ¢* = 1.

By definitions of the connectives, (=(p A ¢q))t =1, (p — ¢)! =1 and (p <> q)! = 0. Thus,
the tautological consequence does not hold. [

Exercise 15. Prove that 0 E ((p A q) — p)).
Solution:

Proof. Since there is no premise, we need to prove that the conclusion ((p A q) — p)) is a
tautology.
Consider any truth valuation . Under ¢, p must be either true or false.

o p! = 1: The conclusion of the implication ((p A ¢) — p))is true. Therefore, the
implication is true.

o p' = 0: The premise of the implication ((pAg) — p)) is true. Therefore, the implication
is true.

Thus, the conclusion is true under any truth valuation and is a tautology. The tautological
consequence holds. O
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Exercise 16. Prove that {r,(p — (r = q))} E (p = (g A T)).
Solution:

Proof. Consider a truth valuation ¢t where r* = 1 and (p — (r — ¢))" = 1. We need to show
that (p — (A7)t =1.

Consider two cases: pt = 0 and p* = 1.
If p" =0, then (p — (g AT))" = 1.

Otherwise, suppose that p* = 1. We need to show that (¢ A7)t = 1.

By the definition of implication, (r — ¢)* = 1 since (p — (r — ¢))" = 1. Since 7" = 1 and
(r — q)* = 1, then ¢* = 1 by the definition of implication. By the definition of A, (A7)t =1
since ¢ and r are both true under ¢. Therefore, (p — (¢ AT))! = 1.

In both cases, the conclusion is true under ¢. The tautological consequence holds. Il

Exercise 17. Prove that {(—p), (¢ — p)} ¥ ((—p) A q).
Solution:

Remark 1. We need to come up with a truth valuation under which both premises are true
and the conclusion is false.

(—p) has to be true. So p has to be false under this truth valuation.

(q — p) has to be true and p is false. Thus, q must be false under this truth valuation.
Therefore, this truth valuation must make p false and q false.

Proof. Consider the truth valuation ¢ where pt = 0 and ¢* — 0.
Under this truth valuation, (—=p)! = 1 and (¢ — p)* = 1. Both premises are true.
Under this truth valuation, ((—p) A ¢)* = 0. The conclusion is false.

Therefore, the tautological consequence does not hold. Il

Exercise 18. Prove that {p, (—p)} E r.
Solution:

Proof. Consider any truth valuation £ under which both premises are true. If such a truth
valuation exists, we have to show that » must be true under this truth valuation.

However, such a truth valuation does not exist. There are two possible cases. p is true or p
is false. If p is false, then this truth valuation does not satisfy the first premise. If p is true
under this truth valuation, then (—p) must be false. This truth valuation does not satisfy
the second premise.

Since no truth valuation satisfies both premises, the tautological consequence holds. O
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1.9 Formal Deduction

1.9.1 Rules of Formal Deduction
membership (€)

if AeX,
then X - A.

Special case: Reflexivity (Ref)
AF A
And introduction (A-+)

ifYXFA,
Y+ B,
then X - AN B.

Or introduction (V+)

if X F A,
then X - AV B.
if ¥+ B,
then X F AV B.

Negation introduction (—+)

if >, A+ B,
Y,AF B,
then X F —A.

Implication introduction (— +)

if 2, AF B,
then © F A — B.

Addition of premises (+)

i F A,
then ¥, - A.

And elimination (A—)

if > AN B,
then X F A.

if > AN B,
then X - B.

Or elimination (V—)

it X, A C,
¥,BFC,
then >, AV B+ C.

Negation elimination (——)

if ¥, A+ B,
¥, -AF B,
then X F A.

Implication elimination (— —)

if X+ A,
>FA— B,
then > F B.
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Equivalence introduction (< +) Equivalence elimination (< —)

it 2, AF B, if - A,
S, BF A, S kA B,
then X - A < B. then ¥ - B.
if X - B,
YA B,
then ¥ F A.

Comments:

o For each connective, the rules come in pairs. The introduction rule produces a conclu-
sion with the connective in it. The elimination rule produces a conclusion without the
connective.

o A and B can be any propositional formula. In particular, A and B can be the same.
e Y and X’ are sets of propositional formulas.

e ¥, Ameans X U{A}. ¥, ¥ means YUY
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1.9.2 Format of a Formal Deduction Proof

Every line contains: a line number, a set of premises, the - symbol, a conclusion, and
a justification containing a formal deduction rule and possibly line numbers.

The last line of a proof is the same as the original statement to be proved.

Every line of the proof can be justified in two ways: (1) using the premises on the left
of I using the membership € rule. (2) using one or more conclusions on previous lines
by using any other formal deduction rule.

You have to bring a premise to the right of - before you can use it in a subsequent
line.

1.9.3 Strategies for writing a formal deduction proof

What is the thought process for producing a formal deduction proof?

I've found that it is most effective to generate a proof backwards starting from the last
line of the proof.

Write down the statement to be proved as the last line of the proof. Work backwards
from here.

Look at the conclusion carefully. What is the structure of the conclusion (what is the
last connective applied in the formula? Can you apply an introduction rule to produce
the conclusion?

Look at each premise carefully. What is the structure of the premise (what is the last
connective applied in the formula)? Can you apply an elimination rule to simplify it
and to produce a new formula?

Working backwards from the conclusion is often more effective than working forward
from the premises. It keeps your eyes on the prize.

If no rule is applicable, consider using =+ or ——. The negation rules are “universal”.
They can be applied in any situation but beware that they are not always helpful.
When do we stop?

We can stop this process when we are able to justify every line of our proof. Usually,
we end this process by justifying the last line produced using the membership € rule.

Why are we allowed to add premises to the left of -7

Think about adding a premise on the left of - as making an assumption in our proof.
For example, when you are proving a property of a natural number, you may write
your proof as follows: case 1, n is even ... case 2, n is odd ... Here n is even and n is
odd are additional assumptions made in your proof. Adding a premise on the left is
the same as making such an additional assumption.
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o We are only able to add a premise on the left of I if a formal deduction rule allows us
to do so.

o Eventually, we will need to remove the additional premises from the left of - in order
to produce the conclusion required in the original statement to be proved.
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1.9.4 And elimination and introduction

Exercise 19. Show that (p A q), (r A s)F (g A s).

Solution:
(1) pAgTASEPAg by (€)
(2) pAqg,rAstgq by A—,1
(3) pAgTrAsETrAs by (€)
(4) pAgTrAsks by A—,3
(5) pAgTANsEqgAs by A+,2,4

Exercise 20. Show that (p Aq) Ar)E (pA(gAT)).

Solution:

(1) (PA@QATEPAG AT by (€)

(2) (pAg) AT E(pAg) by A—,1
(3) (pANg) ArEr by A—,1
(4) (pAg)ArEDp by A—,2
(5) (pAgq)ArEgq by A —,2
(6) (pANg)ATEgAT by A+,3,5
(7) (pAQ)ArEDA(gAT) by A+,4,6
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1.9.5 Implication introduction and elimination

Exercise 21. Show that (p — q),(¢ = 1) (p — 7).

Solution:

Exercise 22. Show that (p — (¢ = r)),(p > ¢ F (p —=1).

Solution:

N N N N N /N /N

o Ot
~— T N N N

p—>q,q—>r,pHp—q
p—q¢q—=>rpkp
pP—=q¢q—>rpkq
p—>q,q—>r,pHqg—r
p—=q,q—=>r,pkr
pP—>q,q—>rEp—r

q—r),p—>q¢pkp
q—=7),p—>q¢pEp—q
q—71),p—q¢pFq
q—=7)p—=>q¢pEp—(g—)
q—r),p—>q¢pkqg—r
p—(q—=r),p—qpkr
p—>(q—r),p—=qbp—r
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Exercise 23. Show that (p — (¢ — 7)) F ((pAq) = 7).

Solution:

M~
S N e e N N N

N N e I e
ot

q—r1),pANqbpAgq
q—r1),pANqkp

q—1),pANqkq
q—r),pANqtq—r

p—( ),

p—( ),
p—(q@—r),pAgkp—(g—r)
p—( ),

p—( ),

p—(

q—r),pAqgtr
p—=>(@—=r)F(Ag —r

Exercise 24. Show that (pAq) = 71)F (p = (¢ = 1)).

Solution:

=~
S N N N N N N

N N N N /N /SN /N
at

(PANq) = rpg-(pAg) —r

(pANq)—r.p,gkp

(pAg) —7,pqFq

(pAq) —=7r,p,g-pAg

(pAgq) = rpghr

(pANq) = rpEg—r
(pAg) —rkEp—(g—r)
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1.9.6 Or introduction and elimination

Exercise 25. Show that (p V q) F ((p = q) V (¢ — p)).

Solution:

(1) p,qFp

(2) pFq—p

(3) ¢,pkq

(4) qFp—q

(5) pF(—qVig—p)
(6) q-(p—q) V(g—p)
(7) (Vg F(p—qVig—p)

Exercise 26. Show that (p — q) F ((r Vp) — (rVq)).

Solution:

(1) p—>q¢pkp

(2) p—=q¢pkEp—q

(3) p—qphkyq

(4) p—qrbtr

(5) p—qrk(rvg

(6) p—=q,pk(rvy

(7) p—>¢rVpk(rva)

(8) p—qb(rvp) — (rva)
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Exercise 27. Show that (p Aq)V (pAT))E(pA(gVT)).

Solution:

U W N

© o0

—

AN N N N N N N N /N /S
(@)
O — Y — T D D D
=

—
—_
~—

AN Rl AN
pPAqtq
pAqgEqVT
pAqEDp
pATrEDAT
pArETr
pArEqVr
pATEDpD
pPAgEpA(gVT)
pArEDPA(qVT)
PAQV(pAT)EPA(GVT)

Exercise 28. Show that (p A(gVr))E ((pAq)V (pAT)).

Solution:

O oo S T = W N =
— O — o T D o —

—_

e N N N e e e e e e e e
[ J

(qVr)E(pAlgVvr))
(qVr))kp
(gvr)FqVvr
qVr)),ataq

SERS)
> > >

=

>

=

<

3

-
/\S/’\

<
\/\?/\/\_/
< | <<

=

>

=

<

=

>

3
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1.9.7 Negation introduction and elimination

Exercise 29. Show that p — (—p) F (—p).

Solution:

Exercise 30. Show that (p — (¢ — 7)), p, (—

Solution:

IS
S N e e N N

R N e N e T
(@]

ﬁp) pkp— (—p)
) pF(—p)
= (—p)

r) F (7).
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Exercise 31. Show that (p — q), (—q) - (—p).

Solution:
(1) p—q,~¢,pkp by (€)
(2) p—q¢,~¢pkp—q by (€)
(3) pP—q¢¢pkq by (= —,1,2)
(4) p—q,7¢pE g by (€)
(5) p—q¢—qF-p by (—=—,3,4)

Exercise 32. Show that (—p) — (—q) F (¢ — p).

Solution:
(1) (=p) = (=q),¢,~p+ —p by (€)
(2) (—p) = (—q),q,~p F (=p) = (—q) by (€)
(3) (=p) = (—q),q,~pFq by (€)
(4) (=p) = (=q),q¢,~p+ —q by (= —,1,2
(5) (—=p) = (—q),qFp by (—=—,3,4)
(6) (=p) = () Fq—p by (— +,5)

Exercise 33. Show that (p A (—q)) = r,(—r),pF q.

Solution:

(1) (pA—=q) = r,=r,p,—qkp by (€)

(2) (pA=q) = r,=r,p,~qF —q by (€)

(3) (p A=q) = r,=r,p,~q F (p A —q) by (A+,1,2)
(4) (pA—q) = r,—r,p,~qg- (pAN—q) =7 by (€)

(5) (pAN—q) —r,—r,p,—qbr by (— —,3,4)
(6) (p A—q) = r,—r,p,~q = (—r) by (€)

(7) (pA—q) = r,—r,pkq by (=—,5,6)
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Exercise 34. Show that (p V q), (—p) F q.

Solution:
(1) -p,p, g p by (€)
(2) —p,p,~q = —p by (€)
(3) -p,pFq by (=—,1,2)
(4) -p,qFq by (€)
(5) —p,pVaqkq by (V—,3,4)

Exercise 35. Show that 0+ (=p) = (p — (p — q)).

Solution:
(1) —p,p,~(p—q) Fp by (€)
(2) —p,p,~(p — q) F—p by (€)
(3) -p,pkp—q by (——,1,2)
(4) pkEp—(p—q) by (=
(5) O (=p) = (p— (p—q) by (—
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1.9.8 Putting them together!
Exercise 36. (De Morgan’s Law) Show that (—(a V b)) F ((—a) A (=b)).

Solution:

1) ~(aVb),ak ~(avb) by (€)

(2) —(aVb),ata by (€)

(3) —(aVb),a (a V b) by (V+,2)
(4) ~(aVb),bF =(aVb) by (€)

(5) —(aVb),btb by (€)

(6) —(aVb),bt (aVb) by (V+,5)
(7) —(aVb)F —a by (A+,1,3)
(8) —(aVb)F —b by (A+,4,6)
9) —(aVb)F—aAN-b by (A+,7,8)

Exercise 37. (De Morgan’s Law) Show that ((—a) A (=b)) = (=(a V D)).

Solution:
(1) —a A —b,a,—qF —a A —b by (€)
(2) —a A —b,a,—qF —a by (A—,1)
(3) —a A —b,a,—qF a by (€)
(4) —a A —b,at q by (——,2,3)
(5) —a A —b,b,—q F —a A —b by (€)
(6) —a A —b, b, ~q = —b by (A—,5)
(7) —a A—b,b,—qFb by (€)
(8) —a N\ —b,bt q by (——,6,7)
9) —a A—b,aVbtq by (V—,4,8)
(10) —a A —b,a,qt —a A —b by (€)
(11) —a N\ —b,a,qF —a by (A—,10)
(12) —a A —b,a,qF a by (€)
(13) —a A —b,a+ —q by (—+,11,12
(14) —a A—b,b,qF —a A —b by (€)
(15) —a A —=b,b,qF —b by (A—,14)
(16) —a N\—b,b,qgkFb by (€)
(17) —a A —b,bF =g by (—+,15,16)
(18) —a A —b,aV bk —q by (V—,13,18)
(19) —aA—-bk —(aVb) by (A+,8,18)
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Exercise 38. (De Morgan’s Law) Show that ((—a) V (=b)) = (—(a A D)).

Solution:
(1) (a/\b)l—a/\b by (€)
(2) b,(aNb)F by (€)
(3) —|b7 (aND)EDb by (A—,1)
(4) —bF —(a Ab) by (
(5) —a,(aANb)FaANb by (€)
(6) —a, (a A b) F —a by (€)
(7) —a,(aNb)Fa by (
(8) —a t —(a Ab) by (
9) —a V —bt —=(aAb) by (V—,4,8)

Exercise 39. (De Morgan’s Law) Show that (a V b) - (—((—a) A (—b))).

Solution:

(1) —a A —b,at —a A —b by (€)

(2) —a A —b,a bt —a by (A—,1)
(3) —aA-bat a by (&

(4) —a A —b,btF —a A—b by (€

(5) —a A —b,bF —b by (A—,4)
(6) —a A =b,bFb by (€)

(7) at —(—a A —b) by (—+,2,3
(8) bt —(—a A —b) by (=+,5,6)
9) aVbt —=(—-aA-b) by (V—,7,8)

42



Exercise 40. (De Morgan’s Law) Show that (—(a A'b)) F ((—a) V (—b)).

Solution:

Exercise 41. Show that (—(p — q)) F (¢ — p).

Solution:
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Exercise 42. (Law of excluded middle) ) F (a V (—a)).

Solution: Solution 1:

N N N N N N N
(52 TSN
D AN NS I AN NN

Solution 2:

w N

S Ot

e e e e e
~ >
e N e e N e N

—(aV (—a)),ata
—(aV(za)),at=(aV(-a))
—(aV (—a)),atFaV(—a)

DFaV(—a)
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1.9.9 Putting them together: Additional exercises
Exercise 43. (—(p — q)) F p.

Exercise 44. ((p — q) = p) b p.
Exercise 45. ((p — q) = q) F ((—q) — p).
Exercise 46. 0 - ((p — q) V (¢ — 1))

Exercise 47. (p —» (V1) ((p—=q) VvV (p —1)).
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1.9.10 Other problems

Exercise 48. Ej Ezercise 4: Prove that for any set of propositional formulas ¥ and any
propositional variables p and q, if ¥ F p, then ¥ F ((—=p) — q).

Solution:

Proof. Let ¥ be a set of propositional formulas and let p and g be propositional variables.
Assume that 3 F p. This means that the following proof exists.

(1) YEp by assumption

Using the above proof, we will construct a formal deduction proof for ¥ = ((—p) — ¢q).

(1) Ykp by assumption
(2) X, -p, g p by (+,1)
(3) ¥, =p,—~q = —p by (€)
(4) X, phg by (=—,2,3)
(5) XE(mp) =4 by (= +,4)
Therefore, ¥ + ((—p) — ¢q) holds. O
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1.10 Soundness and Completeness of Formal Deduction
1.10.1 The soundness of inference rules

Exercise 49. The following inference rule is called Disjunctive syllogism.

if X F A,
YFAV B,
then ¥ + B.

where A and B are well-formed propositional formulas.

Prove that this inference rule is sound. That is, prove that if X F —A and X F AV B, then
Y EB.

You must use the definition of tautological consequence to write your proof. Do not use
any other technique such as truth table, valuation tree, logical identities, formal deduction,
soundness, or completeness.

Solution:

Proof. Consider a truth valuation ¢ under which ¥ = 1. Since ¥ F (=A) and ¥ F AV B,
we have that (—A)! =1 and (A V B)! = 1. We need to show that B! = 1.

By the truth table of =, since (—A)! =1, A* = 0.

By the truth table of V, since (A V B)* = 1, at least one of A and B is true under ¢. Since
At =0, then Bt = 1.

Therefore, > F B holds. [

Remark 2. To prove that a tautological consequence holds, we need to consider all truth
valuations under which all of the premises are true. For each such truth valuation, we need
to show that the conclusion is true.

The proof typically looks like the following.

e Consider a truth valuation t under which all of the premises are true.

o If premise 1 is true under t, then A must be ... undert and B must be ... undert. If
premise 2 is true under t, then ...

e There are ... cases that we need to consider.
e Case 1: this case is impossible because .../... the conclusion is true under t.

e Case 2: ...

e The conclusion is true in every case. Therefore, the tautological consequence holds.
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Exercise 50. Consider the following inference rule:

(A=DB) . o
(B = A) Flip the implication

where A and B are well-formed propositional formulas.

Prove that this inference rule is NOT sound. That is, prove the following statement:
{{(A—= B)} £ (B— A)

You must use the definition of tautological consequence to write your proof. Do not use
any other technique such as truth table, valuation tree, logical identities, formal deduction,
soundness, or completeness.

Solution:

Remark 3. To prove that a tautological consequence does not hold, we need to find a concrete
counterexample, which shows that, there is a truth valuation t under which all of the premises
are true and the conclusion is false.

A concrete counterexample consist of the following:

e Choose concrete formulas for A and B. In the following proof, we let A be p and B be
q where p and q are propositional variables.

e Choose a truth valuation t such that all the premises are true and the conclusion is
false.

Choosing a concrete formula for each symbol is important. In the proof below, if we do not
assign concrete formulas to A and B, then we cannot make claims about their truth values
under t. We want to find a truth valuation under which B is true and A is false. This is
not possible if B is (r A (—r)) and A is (rV (—r)).

The difficult part is coming up with a counterexample that works. After that, writing up the
proof is straightforward.

Proof. To prove that the tautological consequence does not hold, we need to find one coun-
terexample.

Let p and g be two propositional variables. Let A be p and let B be q. Consider a truth
valuation ¢ under which p = 0 and ¢t = 1.

Under ¢, the premise is true. (A — B)' = (p = q)' = 1.
Under ¢, the conclusion is false. (B — A)! = (¢ — p)! = 0.

We found a truth valuation under which the premise is true and the conclusion is false.
Thus, the tautological consequence does not hold. O
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1.10.2 Soundness and Completeness of Formal Deduction

Exercise 51. Prove or disprove this statement: If {a,b} b ¢, then 0 E ((a Ab) — ¢). a, b,
and ¢ are well-formed propositional formulas.

Solution:

Remark 4. The statement is an implication, and the premise and the conclusion of the
implication differ in two ways. The premise is about the existence of a formal deduction
proof, whereas the conclusion is about a tautological consequence. Moreover, the premise has
a and b on the left hand side, whereas the conclusion has everything on the right hand side.
Thus, there are two ways for us to transform the premise into the conclusion.

Approach 1:

A wisual representation of approach 1:

{a,b}Fc¢ — {a,b}Ec — QE((anb)—c)

First, we transform {a,b} b ¢ (the existence of a proof) to {a,b} E ¢ (a tautological conse-
quence) by using the soundness of formal deduction.

Then, we move a and b from the left hand side to the right hand side by proving that {a,b} E ¢
are ) F ((a Ab) — ¢) equivalent by the definition of tautological consequence.

Approach 2:

A wvisual representation of approach 2:

{a,b}Fc — OF((aAb)—c) — DE((aAb)—c)

First, we move a and b from the left hand side to the right hand side by proving that {a,b} - ¢
and O+ ((a A b) — ¢) are equivalent.

Then, we transform O = ((a Ab) — ¢) (the existence of a proof) to O E ((a Ab) = ¢) (a
tautological consequence) by the soundness of formal deduction.

See the two proofs on the following page.
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Proof 1. We will prove the statement.
Assume {a, b} F ¢ holds.
By the soundness of formal deduction, the tautological consequence {a,b} E ¢ holds.

Consider a truth valuation ¢ under which a! = 1 and b* = 1. We know that ¢! = 1 by
{a,b} E c. Therefore, by the definition of an implication, we know that ((a Ab) — ¢) is a
tautology.

Consider a truth valuation ¢. There is no formula in (). Thus, ¢ satisfies (). ¢ also satisfies
((a ANb) — c¢) since ((a Ab) — ¢) is a tautology. Therefore, the tautological consequence
D E ((a Ab) — ¢) holds.

O

Proof 2. We will prove the statement.

Assume {a,b} F ¢ holds. Thus, there is a formal deduction proof which starts with a and b
as the premises and ends with c.

a  premise

b premise

=W =

C

We construct a formal deduction proof for § - ((a A b) — ¢) as follows.

1 (a A\ D) assumption
2 a Ne: 1

3. b Ne: 1

4.

) c

6 ((aNb) —¢c) —i1-5

This proof shows that § - ((a A b) — ¢) holds.

By the soundness of formal deduction, the tautological consequence () E ((a Ab) — ¢) holds.
O
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Exercise 52. Prove or disprove this statement: If {A} & B, then ) - (B — A). A and B
are well-formed propositional formulas.

Solution:
Remark 5. To show that the implication is false, we need to choose concrete formulas for
A and B such that the premise is true and the conclusion is false.

By inspecting the premise and the conclusion, we see that the concrete formulas need to make
sure that A entails B, but B does not entail A.

Choosing A to be p and B to be (pV q) satisfy both requirements.

Proof. We will disprove the statement.
Let p and g be two propositional variables. Let A be p and let B be (p V q).

First, we prove that {A} F B holds. Consider a truth valuation ¢ under which A is true.
This means that p* = 1. Under ¢, B is true because (pV ¢)* = 1. Therefore, the tautological
consequence {A} E B holds.

Now, we prove that ) ¥ (B — A) holds. To show that such a proof does not exist, it suffices
to show that the corresponding tautological consequence () F (B — A) does not hold. Then
by the contrapositive of the soundness of formal deduction, we have that () ¥ (B — A) holds.

To prove that ) ¥ (B — A) (or @ ¥ ((pVgq) — p)), we consider a truth valuation ¢ such that
t=0and ¢ =1. Under t, Bt = (pV q)! =1 and A® = p* = 0. Therefore, § £ (B — A)

holds.
O
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1.11 Proving the Completeness Theorem

Exercise 53. Prove that the following two definitions of a consistent set are equivalent.

1. There exists a formula A such that ¥ ¥ A.

2. For every formula A, if X+ A, then ¥ ¥ (—A).
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Exercise 54. Let ¥, and X, be sets of propositional formulas. Let ¥, C ¥,.
Prove or disprove the statement below: If ¥, is consistent, then ¥, is consistent.

Exercise 55. Let ¥, and X, be sets of propositional formulas. Let ¥, C ¥,.
Prove or disprove the statement below: If ¥4 is consistent, then ¥, is consistent.
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Prove that the following two definitions of a maximally consistent set are equivalent. Assume
that X is consistent.

1. For every propositional formula B, if ¥ ¥ B then ¥ U { B} is inconsistent.

2. For every propositional formula A, X - A or ¥ - (—A).

Solution: Question: Is the OR in definition 2 an exclusive OR?
Answer: Yes, it has to be. If for every propositional formula A, ¥ + A and ¥ + (=A), then
A has to be inconsistent, which contradicts with our assumption that ¥ is consistent.

Part (a) Prove that if a set ¥ satisfies definition 1, then it also satisfies definition 2.

Proof Sketch:

To show that X satisfies definition 2, we need to show that for every propositional formula
A Y E Aor X F (—A). If at least one of ¥ + A and ¥ F (—A) is true, then we are done.
However, it is unlikely that we can prove that one of them is always true. Therefore, it must
be the case that one is true in some scenarios and the other one is true in other scenarios.

A common approach for proving a disjunction is to divide into several cases. It must be true
that either X = A or X ¥ A. In fact, these two cases are mutually exclusive and exhaustive.

Therefore, we will consider two cases. In each case, we will need to prove that ¥ - A and
Y F(=A).

Here is a sketch of the proof.

Assume that ¥ satisfies definition 1.
Consider any propositional formula A.
Case (1): Assume that X - A.

We need to prove that ¥ = A or X+ (—A).
Case (2): Assume that X ¥ A.

We need to prove that ¥ - A or X - (—A).

Part (b) Prove that if a set X satisfies definition 2, then it also satisfies definition 1.
Proof sketch:
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2 Predicate Logic

2.1 Translations

Exercise 56. Let the domain be the set of animals. Let B(x) mean that x is a bear. Let
H(x) mean that x likes honey.

Translate “every bear likes honey” into predicate logic.

Solution: People often come up with the following two translations. See the formulas and
the corresponding explanations below.

« (Vo (B(x) A H(z)))
This formula says that every animal x is a bear and likes honey.

This formula is an incorrect translation. The original sentence does not require every
animal to be a bear. The sentence simply ignores any animal that is not a bear and
focuses on animals that are bears.

« (Vo (B(x) = H(z)))
This formula says that for every animal z, if x is a bear, then z likes honey.

This is a correct translation. If an animal is a bear, then it must like honey as required
by the original sentence. If an animal is not a bear, then the premise of the implication
is false, which means that the implication is vacuously true. (In other words, we don’t
care about animals that are not bears.)

To differentiate between two predicate formulas, it is often a useful exercise to come up with
a domain for which one formula is true and the other formula is false.

Consider a domain, which contains a bear A who likes honey and a rabbit B.
o For this domain, the first formula is false. When z is rabbit B, x is not a bear.

o For this domain, the second formula is true. When z is bear A, it likes honey, so the
implication is true. When z is rabbit B, it is not a bear, so the implication is vacuously
true. Since the implication is true for every element of the domain, the formula is true.

In general, consider a domain D and a predicate P(x).
The following sentence

“All <things in D for which P is true> have the property Q.

translates into the formula

(Ve (P(x) = Q(x))).
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Exercise 57. Let the domain be the set of animals. Let B(x) mean that x is a bear. Let
H(z) mean that z likes honey.

Translate “some bear likes honey” into predicate logic.

Solution: People often come up with the following two translations. See the formulas and
the corresponding explanations below.

« (Fz (Blz) N H(x)))
This formula says that there is an animal x, which is a bear and likes honey.
This formula is the correct translation. The original sentence requires that there is a

bear in the domain. Furthermore, it requires that there is a bear in the domain that
likes honey. This formula guarantees both.

» (Fz (B(z) = H(x)))

This formula says that there is an animal x, which is either not a bear, or is a bear
and likes honey.

This sentence is an incorrect translation, although many people think that it makes
intuitive sense. The problem with this formula comes from the fact that the implication
is vacuously true when the premise is false. This formula does not guarantee that there
has to be a bear in the domain. As soon as we find an animal that is not a bear in the
domain, the premise of the implication is false and the implication is vacuously true.
This does not correspond to the original sentence, which requires that there is a bear
in the domain.

To differentiate these two formulas, let’s consider a domain, which contains a rabbit B. For
this domain, the original sentence should be false because there is no bear.

o For this domain, the first formula is false. We cannot find a bear in the domain, which
is required by the formula.

o For this domain, the second formula is true. When x is rabbit B, B is not a bear, so
the premise of the implication is false. Thus, the implication is vacuously true. Since
we have found an animal which makes the implication true, the formula is true.

In general, consider a domain D and a predicate P(x).
The following sentence

“Some <thing in D for which P is true> have the property Q.

translates into the formula

Bz (P(z) A Q(x))).
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Based on the two exercises above, could you summarize the general patterns of translations?
Which binary connectives usually go with the universal and the existential quantifiers?

As a general rule of thumb, the universal quantifier is often used in conjunction with the im-
plication (—), and the existential quantifier is often used in conjunction with the conjunction
(A). We've seen examples of both above.

The universal quantifier

o V and —: This universal quantifier pairs well with the implication. This combination
is used to make a statement about a subset of the domain. Therefore, we use the
premise of the implication to restrict our attention to this subset. We don’t have to
worry about any element that is not in this subset because the implication is vacuously
true for any such element.

e V and A: This combination is not impossible. However, it is a very strong statement.
This combination is claiming that every element of the domain must satisfy the prop-
erties connected by the A. If this is what you meant to express, then go ahead and use
this combination.

The existential quantifier

o Jand A: The existential quantifier pairs well with the conjunction. This combination
can be used to express the fact that there exists an element of domain which has the
two properties connected by the conjunction.

o Jand —: This combination does not make sense logically. The main reason is that it
is too easy to make such a formula true. As soon as we find an element of the domain,
which makes the premise of the implication false, the implication is vacuously true and
the formula is true as well.
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Exercise 58. Translate the following sentences into predicate formulas.

Let the domain contain the set of all students and courses. Define the following predicates:
C(x): x is a course.

S(z): x is a student.

T(x,y): student z has taken course y.

1. Every student has taken some course.
Solution: (Vx (S(z) — 3y (C(y) AT (x,y)))))

2. A student has taken a course.
Solution: (3z (S(z) A 3y (C(y) AT(z,y)))))

3. No student has taken every course.
Solution: (=(3z (S(z) A (Vy (C(y) = T(x,y))))))

4. Some student has not taken any course.
Solution: (3z (S(z) A (Vy (C(y) = (=T(x,y))))))

5. Every student has taken every course.

Solution: (Va (S(z) — (Vy (Cly) = T(z,9)))))
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Exercise 59. Translating “at least”, “at most”, and “exactly
Translate the following sentences into predicate formulas.

e There is at least one bear.

Solution:

(3z B(x))

e There are at least two bears.

Solution:

Bz By (B(z) A By)) A (x # y))))

The formula says: there are two bears x and y, and x and y must be different. Note
that, if we don’t have (z # y), the formula only guarantees that there exists one bear
because x and y could refer to the same animal in the domain.

e There is at most one bear.
Solution:

(= By ((B(x) A B(y)) Az #y)))))

The negation of “at most one” is “at least two”. Therefore, the sentence is equivalent
to “It is not the case that there exist two different bears”.

Using the generalized De Morgan’s laws, we can show that the above formula is logically
equivalent to the formula below.

(Ve (Vy (B(z) A B(y)) = (z=1y))))

This formula says that: If we can find two bears x and y, then x and y must refer to
the same bear. To understand this formula, imagine that I made the claim that there
is at most one bear. Then your goal is to disprove my claim. You find two bears in
the domain and show them to me. For my claim to be true, I have to be able to prove
that the two bears you found are actually the same bear. I have to be able to do this
no matter which two bears you show to me.

Yet another translation is that: ((there is no bear) or (there is exactly one bear)). We
can use any translation of "there is exactly one bear” on the next page.

(Ve (=B(2))) vV By (B(y) A (V2 (B(z) = (y = 2))))))
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o There is exactly one bear.

Solution: One translation is: there is at least one bear and there is at most one bear.

((3z B(2)) AM((=Cz By ((B(z) A By)) A (x #y)))))))

Another translation: there is at least one bear and if there is another bear, then the
two bears must be the same.

Bz (B(z) A (Vy (Bly) = (z =y)))))
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2.2 Semantics of Predicate Formulas
Consider this language of predicate logic:
e Individual constant symbols: a,b,c
e Free Variable Symbols: u, v, w
e Bound Variable symbols: x,y, 2
o Function symbols: f is a unary function, ¢ is a binary function.

o Predicate/Relation symbols: P is a unary predicate, ) is a binary predicate.

2.2.1 Evaluating Formulas with No Variables
Exercise 60. Give a valuation v such that Q(f(c),a)” =1 where D = {1,2, 3}.
Solution:

Remark 6. We only need to define the components of the valuation that appear in the
formula. This means, we only need to define a,cv, f¥, and Q.

I don’t like to work with weird functions. So let’s fix the function f to something simple first.
Let f¥ be f¥(x) = x,Vx € D. Given this, we simplify the formula below.

fle)? = f(c") =c" (98)
Q(f(C), a)v = Q<Cv CL)U (99)

I like to deal with the predicates last. So let’s assign meanings to the individual constant
symbols. Let c¥ =1 and a¥ = 2. Then, we have that Q(c, a)? is true if and only if (1,2) € Q.

Finally, let’s define Q. Above the above analysis, at a minimum, we need (1,2) € Q.
We could include other tuples in QV if we like, but they don’t affect the truth value of this
formula. Thus, let Q¥ = {(1,2)}.

Solution Text: The valuation v is given below.
« D=1{1,23}.
e a¥"=2,c"=1.

e fY(z) =2,V e D.

« Q"={({1,2)}.
Therefore, Q(f(c),a)” = 1 since all of the following hold:
fle)" = (1) =1 (100)
av =2 (101)
(1,2) € Q". (102)
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Exercise 61. Give a valuation v such that Q(f(c),a)” = 0.
Solution:

Remark 7. All we need to do is make one small adjustment to the interpretation in exer-
cise 60.

To make the formula false, we need to make sure the tuple (1,2) ¢ QV. Let QV be the empty
set.

Solution Text: The valuation v is given below.
« D=1{1,2,3}.
e a"=2,c"=1.

e fYz)=2a,VxeD.

° Qv — @
Therefore, Q(f(c),a)” = 0 since all of the following hold:
fle)" = (1) =1 (103)
a’ =2 (104)
(1,2) ¢ Q. (105)
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2.2.2 Evaluating Formulas without Bound Variables
Exercise 62. Give a valuation v such that Q(f(u),a)’” = 1.
Solution:

Remark 8. Let’s start with the valuation in the solution to exercise 60. We simplify the

formula below.
fu)’ = f(u’) =u’,a” = 2.

Thus, the formula is true if and only if (u¥,2) € Q.
The only tuple in Qv is (1,2). Thus, it is sufficient to let u’ = 1.

Solution Text: The valuation v is given below. D = {1,2,3}, a* =2, v" =1, f(z) =

x,Vr € D, Q" = {(1,2)}.
Given v, we can show that Q(f(z),a)” = 1 because

w’ =1, f(u)’ = f2(1) = 1,a® = 2, (1,2) € QV.

Exercise 63. Give a valuation v such that Q(f(x),a)” = 0.

Solution:

Remark 9. Let’s start with the valuation in the solution to exercise 62, and modify QU to
be the empty set. Under v, the formula is false, using similar reasoning as exercise 61.

Solution Text: The valuation v are given below.

D=1{1,2,3},a" =2,u" = 1, f’(z) = z, ¥z € D, Q" = {(1,2)}.

Given v, we can show that Q(f(z),a)” = 0 because

w =1, f(z)’ = f1) =1,a" =2,(1,2) ¢ Q.
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2.2.3 Evaluating Formulas with Free and Bound Variables

Exercise 64. Give a valuation v such that (3x Q(x,u))” = 1. Assume that the domain is
D=1{1,2,3).

Solution:

Remark 10. Here is more explanation to help you understand how I came up with the
valuation v above.
u 18 a free variable in the formula. Let’s arbitrarily define u¥ = 2.

To make the formula true, there must be at least one tuple in QU and the second value in the
tuple (the value of u in the tuple) must be 2 because u¥ = 2. Let Q¥ = {(1,2)}.

Solution Text: The valuation v is shown below.
D={1,2,3},u’ =2,Q" = {(1,2)}.
Given the v above, we know that Q(u,w)"*/? =1 because all of the following hold:
(u, w)?" W DW/2) = (1 2) € QV (106)

Hence, by the J-satisfaction rule, (Iz Q(z,y))" = 1.
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Exercise 65. Give a valuation v such that (Y Q(z,u))” = 1. Assume that the domain is
D= {1,2,3}.

Solution:

Remark 11. Let’s start with the valuation v in exercise 64.

We will modify QY. To make the formula true, we must be able to replace x by any value
in the domain. Furthermore, for each tuple in QV, the second value in the tuple must be 2
because the environment maps y to 2. Thus, let Q¥ = {(1,2),(2,2),(3,2)}.

Solution Text: The valuation is shown below.
« D=1{1,2,3}.
e a"=2b"=1,c"=1.
o fUz)=2a,VxeD,qg"(x)=1,VzeD.
e QV=1{(1,2),(2,2),(3,2)}, P = 0.

The environment F is E(z) =1,E(y) = 2,E(z) = 1.

We will prove that (Vo Q(z,y))" = 1. Consider all possible values of . By the definition
of ", the following statements hold.

o [z 1] Qz,y)Flr=1) = 1 because all of the following hold.
Elz = 1](z) =1
Elz = 1)(y) =2
(1,2) € Q.

o [z 2] Q(z,y)Plr=2) = 1 because all of the following hold.
Elx+ 2](z) =2
Elz +2)(y) =2
(2,2) € Q.

o [z 3] Q(z,y) P23 = 1 because all of the following hold.

Elx+ 3](z) =3
Elx + 3](y) =2
(3,2) € Q.

Therefore, by the satisfaction rules for V, (Vz Q(z,y))" = 1.
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2.2.4 Evaluating Formulas with Bound Variables Only

Exercise 66. Give an interpretation I and an environment E such that (3z(Vy Q(x,y)))" =
1. Start with the domain D = {1, 2, 3}.

Solution:

Remark 12. To make the formula true, there must be at least 3 tuples in QU because y (the
second value of each tuple) could take any of the 8 possible values in the domain.

The first element of all three tuples must be the same because there must be one value for x
that makes Q(x,y) true.

Note that, when choosing the value of x, we do not know the value of y yet. Our choice of
value for x cannot depend on the value of y.

One definition of QY that satisfies all these requirements is Q¥ = {(1,1),(1,2),(1,3)}.
Solution Text: The interpretation I is given below.

« D=1{1,23}.

e a"=2,b"=1,c"=1.

e fUz)=2a,VxeD,qg"(x)=1,VzeD.

« QV={(1,1),(1,2),(1,3)}, P* = 0.
Let E be an arbitrary environment.

We will prove that (3z(Vy Q(z,y)))" = 1.

By the satisfaction rules of 3, we need to show that (Vy Q(x,y
dinD.
Consider d, = 1. We now need to show that Q(z,y)"Flerdallv=d,) — 1 for every d, € D.
Consider all possible values of y.

N ElE=d]) = 1 for some

o [y 1] Q(z,y)LEPEPU=1) = 1 because all of the following hold.

Elx = 1]y 1](z) = (107)

Bl =1y = 1](y) = (108)

(Elz = 1]ly = 1)(x), [x = 1]y = 1](y)) = (L 1) € Q. (109)
o [y 2 Qz,y)LFEH1E=2) = 1 because all of the following hold.

Elr = 1]y = 2](z) = (110)

Elz = 1]y = 2(y) = (111)

(Elz = 1]y = 2](), [96 = 1]y = 2](y)) = (1,2) € Q. (112)
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o [y 3]: Qz,y) ! Ple=lly=3) = 1 hecause all of the following hold.
Elz = 1)y 3](z) =1 (113)
Elz = 1]ly— 3J(y) =3 (114)
(Elz = 1y = 3(2), Elz = 1]ly = 3](y)) = (1,3) € Q. (115)

By the satisfaction rules of ¥, (3z(Vy Q(xz,y)))""Fl#>1) = 1 holds. By the definition of 3,
(Fx(Vy Q(z,y)))” = 1 holds.
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Exercise 67. Give an interpretation I and an environment E such that (3z(Vy Q(x,y)))" =
0. Start with the domain D = {1, 2, 3}.

Solution:

Remark 13. The formula has no free variables. The bound variables get their meanings
through the quantifiers. Thus, there is no need to define an environment. We only need to
define an interpretation to evaluate the formula.

There are many ways to make the formula false. An easy solution is to let QV be the empty
set. Then, QV(x,y) is always false and the formula must be false as well.

If there are tuples in QV, we need to make sure that Q¥ does not have three tuples such that
the first value of all three tuples are the same and the second value in all three tuples are all
different.

Solution Text:
The interpretation I is shown below.

D ={1,2,3}.

a®=2,b"=1,c"=1.
. f”(x) =zx,Vr e D, gv<x) =1,Vz e D.
. QU:{<171>7<272>7<3ﬂ3>}7 PY=10.

Let E be an arbitrary environment.
We will prove that (3z(Vy Q(z,y)))" = 0.

By the satisfaction rules for 3, we need to show that (Vy Q(z,y))-El#rdsl) = ( holds for
every d, € D.

Consider all possible values of x.

o [z 1]:

By the rules of satisfaction for V, to prove that (Vy Q(z,y))!-Flz=1)

prove that Q(z,y)LEE=Hy=d)) — 0 for some d, € D.
Q(z,y) LEE=2D) — 0 holds since all of the following statements hold.

= 0, we need to

Elz = 1)y 2](z) =1 (116)
Elz 1]y — 2](y) =2 (117)
(Elz = 1]ly = 2)(2), Elz = ][y = 2](y)) = (1,2) £ Q" (118)

Therefore, Q(x, y) L Flr=1lv=2) = ( holds, which means that (Vy Q(x,y))-Flz=1) = 0
holds.
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o [z 2]

Q(z, ) Plz=2ly=1) = ( holds because all of the following statements hold.

(Elz = 2]ly = 1(2), Elz = 2]y = 1](y)) = (2,1) ¢ Q"
Therefore, (Vy Q(,y))Fl#2) = 0 holds.

e [z 3

Q(z,y) L El=38lly=1) — 0 holds because all of the following statements hold.

Elz 3]y 1](z) =3
Bz =3y 1)(y) =1
(Elz = 3]y = 1)(x), B[z = 3]y = 1](y)) = (3,1) € Q"

Therefore, (Vy Q(z,y))>Fl#3) = 0 holds.

By the satisfaction rules of 3, we have proven that (3z(Vy Q(zx,y)))" = 0.
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2.3 Tautological Consequence

Collected Wisdom:

o Tautological consequence and formal deduction are two ways of proving
the same argument. Did you notice that Qla of assignment 6 is the same as Q2d
of assignment 7 (in Spring 2018)?7 We asked you prove the same argument, once
with tautological consequence and once with formal deduction. If you have trouble
proving a statement using tautological consequence, you may want to try
formal deduction first, and then convert it to a tautological consequence
argument.
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Exercise 68. Show that {(Vz P(z))} E (3z P(x)).
Solution:

Proof. Consider an interpretation I such that (Vx P(z))” = 1. We will prove that (3z P(z))" =
1.

Consider an arbitrary environment E. Let d; € D be a domain element.
By the satisfaction rules for V, P(z)Fl#dil) = 1. Therefore, E[x + d,](z) = d, € P.
By the satisfaction rules for 3, (3z P(z))" = 1. O

Exercise 69. Show that {(3z P(z))} ¥ (Vx P(x)).
Solution:

Proof. To prove that the tautological consequence does hold, we need to find an interpreta-
tion I such that (3x P(z))” =1 and (Vz P(x))" = 0.

Consider the interpretation I below.
« D=1{1,2}.
« PY"={1}.

Let E be an arbitrary environment.

P(z)LEE=1) = 1 holds since E[x + 1](z) = 1 € P¥. By the satisfaction rules for 3,
(3x P(x))" = 1.

P(z)LEE=2) = 0 holds since E[z + 2](z) = 2 ¢ PY. By the satisfaction rules for V,
(Va P(z))” = 0 holds. O
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Exercise 70. Show that {(Vz (A — B))} E (Vz A) — (Vx B)), where x is a variable
symbol and A and B are well-formed predicate formulas.

Solution:

Proof. Consider an interpretation I and an environment E such that (Vax (A — B))" = 1.
We will prove that (Vo A) — (Vo B))" = 1.

To show that ((Vz A) — (Vz B))"Y = 1, we assume that (Vx A)” = 1.

By the satisfaction rule for V, we have that
ALEE=d) — 1 for every d € D.
By our assumption, (Vo (A — B))” = 1. By the satisfaction rule for V, we have that
(A — B)LEE=d) — 1 for every d € D.
By the satisfaction rule for an implication, we have that
BU:El=d) — 1 for every d € D.
By the satisfaction rule for V, we have that

(Vo B)" = 1.

Thus, the tautological consequence holds. Il
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Exercise 71. Show that {((Vx A) — (Vz B))} ¥ (VY (A — B)), where x is a variable
symbol and A and B are well-formed predicate formulas.

Solution:

Remark 14. The most important step for the proof below is to come up with the concrete
example such that the premises are all true and the conclusion is false.

I first chose concrete formulas for A and B. This step is important. Without doing so, 1
may not be able to make claims about whether A and B are true or false under a particular
interpretation.

Next, I construct an interpretation to satisfy the two requirements. I start by picking a
domain containing two elements. It is small enough to be manageable and large enough to
give me a few possibilities to experiment with.

Then, I try to find definitions for PY and Qv to satisfy the two requirements.

First, I want to make the conclusion (Vx (P(x) — Q(x))) false. To do this, it is sufficient to
make P to be true and Q to be false for one value of x (so that the implication (P(x) — Q(x))
is false). I used x =2 for this case and made sure that 2 € P¥ and 2 ¢ Q".

Next, I want to make the premise true. Since 2 ¢ QV, then (Yx Q(x)) is false. So the
conclusion of the premise is false. To make the premise true, I have to make the premise of

the premise false. This means that, I need to make sure at least one domain element is not
in PV. Therefore, I defined PY such that 1 ¢ P".

Proof. Let A be P(z) and let B be Q(z), where P and @ are unary predicates. Consider
the following interpretation:

« D={1,2}

o« PV={2} and Q" = {1}
We need to show that ((Vz P(z)) — (Vz Q(x)))" =1 and (Vz (P(x) — Q(z)))" = 0. Let
FE be an arbitrary environment.
First, we will show that ((Va P(z)) — (Va Q(z)))" = 1.

P(z)LE==1) = 0 because E[z + 1](z) = 1 ¢ PY. By the satisfaction rule for V,
(Vz P(x))" = 0.

By the satisfaction rule for an implication, ((Vx P(z)) — (Vz Q(x)))" = 1 because
(Vx P(z))" = 0.

Next, we will show that (V& (P(z) — Q(z)))" = 0.
(P(z) = Q(z))LEF=2) = 0 because E[z = 2](z) =2 € P and E[z — 2](z) = 2 ¢ Q.
By the satisfaction rule for V, (Vz (P(x) — Q(x)))" = 0.

In summary, the tautological consequence does not hold.
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Exercise 72. Show that {(Jy (Vx Q(z,y)))} E (Vx (Jy Q(x,y))).
Solution:

Proof. Consider an interpretation I such that (Jy (Vx Q(z,y)))” = 1. We will prove that
(Vx (Jy Q(x,y)))” = 1. Let E be an arbitrary environment.

By the satisfaction rules for 3, we have
(Vz Q(z,y)) Pyl = 1 for some d, € D.
By the satisfaction rules for V, we have

Q(x,y)Plymdllzmd) — 1 for some d, € D and for every d € D.

Note that in the environment Ely - d ][z = d], the value of d, was chosen first
and does not depend on the value of d. Thus, the environment E[y  d |z > d]
is equivalent to the environment E[r + d][y — d,|. It does not matter whether
we chose the value for x or the value for y first. Therefore, we rewrite the formula
above as follows.

Q(x, y)(I’E[de”deyD =1, for every d € D and for some d, € D.

By the satisfaction rule for 3, we have

(3y Q(z,y)) L Fle=d) = 1 for every d € D.

By the satisfaction rule for V, we have that

(Vo (Jy Qx,y)))" = 1.
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Exercise 73. Show that {(Vz (Jy Q(z,y)))} ¥ (Jy (Vz Q(x,y))).
Solution:

Remark 15. If I attempt to prove the tautological consequence, what would happen?

By the satisfaction rules for ¥, we have
(Fy Q(z,y)) LEEd]) =1 for every d, € D.
By the satisfaction rules for 3, we have

Q(z,y)([,E[dem][dey]) -1

Jor every d € D and for some d,, € D where the value of d,, may depend on the value of d,.
Note that the value of d,, may depend on the value of d,,. In other words, for every value of
d,, we may choose a different value of d,, to satisfy the formula. Therefore, we CANNOT
switch the two overrides in the environment. The following formula is FALSE.

A false formula: Q(z,y) LFW-dllzmd:]) — 1
for some d,, € D and for every d, € D.

Proof. To prove that the tautological consequence does not hold, we need to find an inter-
pretation I such that (Vo (3y Q(x,y)))” =1 and (Jy (Vz Q(x,y)))" = 0.

Consider the interpretation I below.
« D=1{1,2}.
* QU:{<171>7<272>}'

First, we will show that (Vx (Jy Q(z,y)))” = 1. Let E be an arbitrary environment.
Consider all possible values of x.

o [z 1] Qz,y) ! Ple=Hym1) = 1 because

(Bl = 1]y = 1](2), Elz = 1y = 1](y)) = (1,1) € Q"

By the satisfaction rule for 3, (3y Q(x,y)) P21 = 1.
o [z 2] Qz,y) ! Plr=2y=2) = 1 because

(Elr = 2]y = 2(2), Elz = 2]y = 2](y)) = (2,2) € Q"

By the satisfaction rule for 3, (Jy Q(x, y))(I’E[mHQD =1.
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Thus, by the satisfaction rule for V, (Vz (Jy Q(z,y)))" = 1.

Next, we will show that (Jy (Vz Q(z,y)))” = 0. Let E be an arbitrary environment.
Consider all possible values of .

o [y=1]: Qz, y)(I’E[mHm[yH”) = 0 because

(Elz = 2ly = 1)(2), Elz = 2]y = 1](y)) = (2,1) £ Q".
By the satisfaction rule for 3, (Vo Q(z,y))-Flv=1) = 0.

e [yr—2]: Qz, y)(I’E[“TH”[yHQD = 0 because

(Elz = 1y = 2|(2), Elz = 1]y = 2](y)) = (1,2) £ Q".
By the satisfaction rule for V, (Vo Q(z,y))LElb=2) = 0.

Thus, by the satisfaction rule for V, (Jy (Vz Q(zx,y)))" = 0.

Hence, the tautological consequence does not hold.
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Exercise 74. Show that {(Vz (Jy (P(x) V Q(y))))} E By (Vx (P(z) V Q(y)))).

Remark 16. Wait a second! In exercise 73, didn’t we just show that this tautological
consequence does NOT hold? Not quite. In exercise 73, we dealt with a generic predicate
formula Q(x,y) without knowing any additional information about the predicate. In this
question, we are working with a much more concrete predicate formula (P(z)V Q(y)). It
turns out that, having this concrete predicate formula allows us to prove the tautological
consequence.

Remark 17. Let’s write out a proof sketch first.

To prove that the conclusion is true, we need to find one value d, € D for y such that
(P(x) V Q(y)) is true for every possible value for x. The value of y only influences the Q(y)
part of the formula. Does there exist a value for y such that Q(y) is true?

Let’s suppose that we know that there is some d, € D for y such that Q(y) is true. Would
this help us prove the conclusion? For sure. If Q(y) is true for y =d,, then (P(z) V Q(y))
must be true for y = d, regardless of the value of x. We just found a value for y which will
make the conclusion true.

We know how to prove the conclusion for the case when Q(y) for at least one value of y.
What if Q(y) is always false? Let’s look at the premise. If Q(y) is always false, for the
premise to be true, P(x) must be true for every possible value of x. If P(x) is true for every
possible value of x, then to prove that the conclusion is true, we could choose any value for
y. For any value of y, P(x) is true for any value of x, so (P(x) V Q(y)) must be true.
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2.3.1 Semantic Entailment - Additional Exercises
Exercise 75. {((Va P(z)) V (Yo Q(@))} £ (Vz (P(z) V Q(z))).
Exercise 76. {(Jz (P(x) — Q(x))), (vy P(y))} F (J= Q(x))

Exercise 77. {((3z P(2)) vV 3z Q(2)))} E (3z (P(z) V Q(x))).
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2.4 Formal Deduction

V-introduction (V+) V-elimination (V—)
if ¥ F A(u), u not occurring in ¥, if ¥+ Va A(z),
then ¥ Vz A(x). then X = A(t).
Comments:

e V— is analogous to A—.

« V4 is analogous to A+.

Intuitively, this rule means that: from “any member u of the set has a certain property”
we can deduce that “every member of the set has this property”. The arbitrariness
of u means that the choice of u is independent of the premises in 3. This point is
expressed by “w not occurring in X"

We know nothing about w except that w is a domain element. If u is special, our
conclusion may not be valid.
F-introduction (34+)
it ¥ A(t), 3-elimination (3—)

then ¥ F dx A(x).
() if ¥, A(u) = B, u not occurring in ¥ or B,

where A(x) results by replacing then 3, 3z A(x) F B.

some (not necessarily all) occurrences of ¢
in A(t) by .

Comments:
e J— is analogous to V—.

— Proof by cases.

— The conclusion may have nothing to do with the starting formula.

e J+ is analogous to V—+.
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2.4.1 Forall-elimination

Exercise 78. Show that {P(u),Vx (P(z) — (—Q(x)))} F (—Q(w)).

Solution:

2.4.2 Exists-introduction

Exercise 79. Show that {(—P(v))} F (Jz (P(z) — Q(v))).

Solution:
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Exercise 80. Show that {(Vz P(x))} - (3y P(y)).

Solution:

by (€)

(Vx P(x)) F (Vz P(x))
(Vax P(z)) F P(u)

by (V—,1)

by (3+,2)

(Va P(z)) = 3y P(y))
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2.4.3 Forall-introduction

Exercise 81. Show that {(Vz P(z))} - (Vy P(y)).

Solution:

(Vx P(x)) F (Vz P(x))

Exercise 82. Show that (Vz (P(x) — Q(x))) F ((Vx P(z)) — (Vy Q(v))).
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2.4.4 Forall-introduction - Additional Exercises
Exercise 83. {(Vz (Vy P(z,y)))} F (Vy (Yo P(z,9))).
Exercise 84. {(Vz ((=P(z)) A Q(z))} F (Yz (P(z) — Q(x))).
Exercise 85. {(Vz (P(z) A Q(z)))} F (Vz (P(z) — Q(z))).
Exercise 86. {(Vz (P(z) A Q(x))} F ((Vz P(z)) A (Vz Q(x))).

(
Exercise 88. {(Vz (P(z) = Q(2)))} - ((Vz (=Q(z))) = (Va (—=P(z)))).

(
(
(

Exercise 87. {((Vz P(z)) V (Yo Q(z)))} F (V& (P(z) V Q(x))).
(

Exercise 89. {(Vx (Vy (R(z,y) = R(y,2))))} = (Va (Vy (R(y,z) = R(z,y)))).
(Va

Exercise 90. {

= (Vo (Vy (Vz (=((R(z,y) A R(y, 2)) A R(z,2)))))).

Exercise 91. {(Vx Vg; (Vz ((R(z,y) N R(x,2)) = R(y,2))))), (Vx R(z,z))}

(
(
((Vy(V z((R(x,y) N Ry, 2)) = R(x, 2))))), (Vo (mR(z, z)))}
(
- (Y (vy (%2 (R(x,y) A R(y, 2)) — R(z,2))))).
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2.4.5 Exists-elimination

Exercise 92. (3z P(x)) F (Jy P(y)).

Solution:

(3 P(x)) = (3y P(y))

Exercise 93. Jz (P(x) A Q(z)) F (Fz P(x) A (3x Q(x)).

Solution:
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Exercise 94. ((3z P(x)) V (3z Q(z))) F (Fz (P(x) V Q(x))).
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Exercise 95. Show that (Vz (P(x) — Q(x))), (Fz P(x)) F (3z Q(z)).

Solution:
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Exercise 96. Show that (Vx (Q(x) — R(x))),(3z (P(z) A Q(x))) F (3x (P(x) A R(x))).

Solution:
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Je: 2, 3-9

3z (P(z) A R(z)))

10.
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2.4.6 Exists-Elimination - Additional Exercises
Exercise 97. {(3z (P(z) — Q(x))),(Vy P(y))} F (3z Q(x))
Exercise 98. {(3z (Jy P(z,y)))} F (3y (3z P(x,y))).

Exercise 99. {(Iz ((=P(x)) A (=Q(x))))} F (Fz (=(P(z) A Q(x)))).
Exercise 100. {(3z ((—P(z)) V Q(2)))} = (3z (=(P(x) A (=Q(x)))))-
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2.4.7 Putting them together
Exercise 101. Show that (Jy (Vx P(x,y))) F (Vz 3y P(z,y))).

Solution: There are two different solutions, depending whether we apply V4 last or apply
J— last.
Applying 3— last:

(1) (Vo P(z,v)) b (Vo P(z,v)) by (€)

(2) (Vz P(x,v)) F P(u,v) by (V—,1)
(3) (Vo P(z,v)) - 3y P(u,y)) by (3+,2)
(4) (Vo P(z,v)) b (Vz 3y P(z,y))) by (V+,3)
(5) (Jy (Vo P(z,y))) = (Vo (Jy P(z,y))) by (3—,4)

Applying V+ last:

(1) (Vx P(z,v)) F (Va P(x,v)) by (€)

(2) (Vx P(z,v)) b P(u,v) by (V—,1)
(3) (Vz P(z,v)) - (Jy Pu,y)) by (3+,2)
(4) By (Vo P(z,y))) = 3y Pu,y)) by (3—,3)
(5) (Jy (Vz P(z,y))) - (Vo (3y P(z,y))) by (V+,4)

86



Exercise 102. Show that {(3x P(x)),(Vx (Vy (P(z) — Q(y))))} F (Yy Q(y)).

Solution: There are two different solutions, depending whether we apply V4 last or apply

J— last.
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(De Morgan)

Exercise 103. Show that {(—(3z P(x)))} F (Vx (—=P(x))).

Solution:
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(De Morgan)

Exercise 104. Show that {(Vz (=P(x)))} F (=(3z P(x))).
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Exercise 105. Show that {(3x (—P(x)))} F (—=(Vx P(x))). (De Morgan)

Solution:

Exercise 106. Show that {(—(Vz P(x)))} F (3z (=P(x))). (De Morgan)

Solution:

S A el

—
e

No U W

(3x (—P(x))) premise
(Va P(x)) assumption
(—=P(u)), u fresh  assumption
P(u) Ve: 2

L 1i: 3, 4

L Je: 1, 3-5
(=(Vx P(x))) —i: 2-6

(=(Vx P(x))) premise
(=(3z (=P(x)))) assumption
u fresh assumption
(—=P(u)) assumption
(Jx (=P(x))) Ji: 4

L 2,5

P(u) PBC: 4-6
(Va P(x)) Vi 3-7

1 1i: 1,8
(Jz (—P(x))) PBC: 2-9
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2.4.8 Putting them together - Additional Exercises
Exercise 107. {(Yz (P(z) — (~Q(2))))} F (~(3z (P(z) A Q(z)))).

Exercise 108. {(Va (P(z) vV Q(z))} F ((Vz P(z)) V 3z Q(z))).

Exercise 109. {(Vz (P(z) = (Q(z) V R(2)))), (~(3z (P(z) A R(z))))} F (Va (P(z) — Q(z))).
Exercise 110. {(3z (P(x) A Q(x))), (V& (P(z) — R(2)))} F (3z (R(x) A Q(x))).

Exercise 111. {(3z (3y (S(z,y) V S(y,2))))} F 3z (3y S(z,y))).

Exercise 112. {(Vz (Jy R(z,v)))} F (—=(Vz R(z,x))).
This is false. Can you prove it?

Exercise 113. {(Vz (3y R(z,y)))} F (Y= 3y (32 (R(z,y) A R(z,2))))).

Exercise 114. {(Vz (P(z) V Q(z))), (Fz (-Q())), (Vz (R(z) = (=P (2))))} I (3z (—~R(z))).
Exercise 115. 0 (3y (R(y) — (Vz R(2)))).

Exercise 116. {(Vz (Jy (P(z) v Q(y))))} F 3y (Vz (P(z) v Q(y)))).

Exercise 117. {(Vz ((Jy P(y)) — Q(z)))} - (Vz (y (P(y) — Q(z)))).

Exercise 118. {(Va (P(z,z) V (Vy Q(z,y)))} F (Y ((3y P(x,y)) V Q(z,1))).

Exercise 119. F (Yo (3y R(z,y))) V (~(Vz R(z,z)))).
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2.5 Soundness and Completeness of Natural Deduction
2.5.1 Proving that an inference rule is sound or not sound
Lemma 1. Let t be a predicate term. Let I be an interpretation with domain D. Let E be

an environment. Then we have that

t" e D.

Lemma 2. Let A be a well-formed predicate formula. Let t be a predicate term. Let I and
E be an interpretation and environment. Let x be a variable. Then we have that

A[t/(lﬁ]” — A(I,E[th“})'

Exercise 120. Prove that the Ve inference rule is sound. That is, prove that the tautological
consequence holds:

{(Vx A)} E A[t/x] (125)
where A be a Predicate formula, x is a variable, and t is a Predicate term.

The proof sketch below is like an outline or a master plan. I will lay down the plan first.
Then I will fill in the missing details.

Proof Sketch. Consider an interpretation and environment (I, E') such that (Vo A)" = 1.
We need to show that A[t/z]" = 1.

(Vx A)Y =1 holds because ...

AUE=t"]) — 1 holds because ...
Alt/z]” = 1 holds because ...

Thus, the tautological consequence holds and the inference rule is sound. [

Solution: Let (I, E) be an interpretation and environment such that (Vz A)Y = 1.
By the satisfaction rule for V, we have that AYEl#=d) = 1 for every d € D.
By Lemma 1, ¢V is some domain element. Thus, we have that AEE=D = 1.

By Lemma 2, we have that A[t/z]" = ALEE) Thus, we have that Aft/z]" = 1.
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Exercise 121. Prove that the 3i inference rule is sound. That is, prove that the tautological
consequence holds:

{A[t/z]} E (x A) (126)
where A is a predicate formula, t is a predicate term, and x is a variable.

Proof Sketch. Consider an interpretation and environment (I, E') such that A[t/z]" = 1. We
need to show that (3= A)¥ = 1.

Alt/z]” = 1 holds because ...

AUE=t"]) — 1 holds because ...
(3x A)Y =1 holds because ...

Thus, the tautological consequence holds and the inference rule is sound. [

Solution: Let (I, E) be an interpretation and environment such that Aft/z]" = 1.
By Lemma 2, we have that A[t/z]" = ALEE=") Thus, we have that A(U-PlE=t°D) — 1,

By Lemma 1, t¥ is some domain element. Thus, by the satisfaction rule for 3, we have that
(Jx A)Y = 1.
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Exercise 122. Prove that the following inference rule is NOT sound.

Alt/x]
(Vx A)

where A is a predicate formula, t is a predicate term, and x is a variable.

Vi (127)

Proof Sketch. Define the symbols in the language of Predicate logic that we consider.
Choose A to be a concrete Predicate formula. Choose t to be a concrete Predicate term.
Define an interpretation and an environment (I, E).

Show that A[t/z]" = 1.

Show that (Va A)Y = 0. O

Solution:

Remark 18. How did I come up with the interpretation and the environment below?
Given the definition of D, E, and A and t, we can simplify the premise and the conclusion.
The premise becomes At/x] = P(z)[y/x] = P(y).

The conclusion becomes (Vx P(x)).

To make the premise true, we need to define E(y) and P such that P(y) is true. If we

choose E(y) =1, then we need 1 € P". If we choose E(y) = 2, then we need 2 € PY. In the
solution below, I chose E(y) =1 and 1 € P".

To make the conclusion false, we need to make sure that P(x) is false for one element of the
domain. By the above definition, we already know that P(x) is true when x is 1. The only
other element of the domain is 2. So we need to make sure that P(x) is false when x is 2,
which means that 2 ¢ P".

Solution Text:
We need to provide an interpretation I and an environment E such that A[t/z]" = 1 and

(Vax A)Y =

Consider the language of predicate logic where P(Y is a unary predicate and z and y are
variables.

Let A be P(x) and let ¢ be y. Let the interpretation I be defined below.

. D={1,2}

pPr={1}
Let the environment E be defined by E(z) =1 and E(y) = 1.

First, we show that A[t/z]" = 1. By Lemma 2, A[t/x]" = ALE@=t") By the definition of
the term ¢, t¥ = y¥ = E(y) = 1. Thus, At/z]’ = ALER) = p(g)LEE1) — 1 because
Elz - 1)(z) =1 € P".

Next, we show that (Vx A)” = 0. By the satisfaction rule for V, we need to show that
AUEl=d) — (0 for at least one d € D. We have that A FlE=2) — p(g)(0LEl=2) —
because Elz — 2|(x) =2 ¢ Pv.
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Exercise 123. Prove that the following inference rule is NOT sound.

(Jz A)
Alt/z]

Jdex (128)

where A is a predicate formula, t is a predicate term, and x is a variable.

Proof Sketch. Define the symbols in the language of Predicate logic that we consider.
Choose A to be a concrete Predicate formula. Choose ¢ to be a concrete Predicate term.

Define an interpretation and an environment (I, E).
Show that (3z A)Y = 1.
Show that A[t/z]" = 0. O

Solution: We need to provide an interpretation I and an environment E such that (3z A)Y =
1 and Aft/x]" = 0.

Consider the language of predicate logic where P(M) is a unary predicate and z and y are
variables.

Let A be P(x) and let ¢ be y. Let the interpretation I be defined below.
« D={1,2}
e PU={1}

Let the environment E be defined by E(z) =1 and E(y) = 2.

First, we show that (3x A)" = 1.
By the definition of P”, we have that

A(I,E[:m—>1]) -1

because Elz — 1](x) =1 € P".
By the satisfaction rule for 3, we have that

(Jz A)Y = 1.

Second, we show that A[t/z]" = 0.
By Lemma 2, we have that
A[t/x]” — AU E[z—=t?])

We need to prove that
ALE[=t]) — (.

By Lemma 1, t¥ is a domain element. By the definitions of ¢, I, and E, we have that

' =y"=E(y) = 2.
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By the definition of P”, we have that
ALE=t?]) — ALE@=2]) —
because Elz — 2|(x) =2 ¢ Pv.

Therefore, we have that ALElz=t"D) —
The tautological consequence does not hold and the inference rule is not sound.
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2.5.2 Additional Exercises

Exercise 124. Prove that the following inference rule is sound.

(Vx(A — B)) Alt/z]
Blt/x]

Vel

where A and B are predicate formulas, t is a predicate term, and x is a variable.

Exercise 125. Prove that the following inference rule is sound.

(Vz(A = B)) (=Blt/x])
(—A[t/])

where A and B are predicate formulas, t is a predicate term, and x is a variable.

Exercise 126. Prove that the following inference rule is NOT sound.

(Vz(A — B)) Blt/a]
Alt/x]

Ve3

where A and B are predicate formulas, t is a predicate term, and x is a variable.

Exercise 127. Prove that the following inference rule is NOT sound.

(Vz(A = B)) (2A[t/z])
(=Blt/x])

Ved

where A and B are predicate formulas, t is a predicate term, and x is a variable.
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2.5.3 Proofs using the soundness and completeness theorems

Exercise 128. Let 3 be a set of Predicate formulas and let A be a Predicate formula.
If X U{(=A)} is unsatisfiable, then X+ A.

Proof Sketch. Assume that ¥ U {(—A)} is unsatisfiable. This means that, for any interpre-
tation and environment (I, E'), at least one formula in ¥ U {(—A)} is false.

Prove that ¥ F A. Consider an interpretation and environment (I, E'). Assume that every
formula in ¥ is true under (I, E'). Prove that A is true under (I, F).

We have ¥ F A by the completeness of Natural Deduction. [

Solution:
Remark 19. What does it mean for a set of formula X to be unsatisfiable?

e [t means that “for every (I, E), at least one formula in ¥ is false.”
Ezxample 1: The set {P(x),(=P(x))} is unsatisfiable. Under any (I, E), if P(z) is
true, then (—P(x)) must be false. If (—P(x)) is true, then P(x) must be false.

e It DOES NOT mean that “ for every (I, E), at least one formula in 3 is a contradic-
tion.”

Example 2: The set {(P(z) A (=P(x)))} is unsatisfiable. Under any (I, E), (P(x) A
(=P(x))) is always false. Note that this is only one type of unsatisfiable set.

e [t DOES NOT mean that “for one pair (I, E), at least one formula in ¥ is false.”

When proving the tautological consequence X F A, why do we only consider the cases when
every formula in X is true?

By the definition of tautological consequence, we only need to verify that A is true in the case
when every formula in X is true under an (I, E). Thus, we do not need to consider the case
when a formula in X is false under an (I, E).

Solution Text: Assume that X U {(—A)} is unsatisfiable. This means that, for any
interpretation and environment (I, E), at least one formula in ¥ U {(—A)} is false.

We need to prove that ¥ F A. Consider an interpretation and environment (I, E'). Assume
that every formula in 3 is true under (I, E'). We need to prove that A is true under (I, E).

Under the (I, E') we are considering, every formula in ¥ is true and at least one formula in
Y U{(—A)} is false. Therefore, it must be that (—A)” = 0. By the definition of -, A” = 1.
Therefore, the tautological consequence ¥ E A holds.

3 A holds by the completeness of Natural Deduction.

Exercise 129. Let 3 be a set of Predicate formulas and let A be a Predicate formula.
If ¥ F A, then XU {(—A)} is unsatisfiable.

Exercise 130. Show that there is no formal deduction proof for {(3z P(x))} F P(t), where
P is a unary predicate, t is a term and x is a variable.
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3 Program Verification

3.1 Partial and Total Correctness

Exercise 131. Consider the Hoare triple ( (x >0)) C; (((y*y) <x)).

If we run C starting with the state (x = 5), (y = 5), C; terminates in the state (x =5), (y =
0).

Is the Hoare triple satisfied under partial correctness?

Solution: The answer is ‘not enough information to tell.”

The definition of partial correctness has an implication in it: If a starting state satisfies
the precondition and the program terminates when run with this starting state, then the
terminating state satisfies the postcondition.

For the given example, the starting state (xr = 5) satisfies the precondition x > 0, the
program terminates, and the terminating state ((x = 5), (y = 0)) satisfies the postcondition
since y*xy = 0 < 5 = 5. Therefore, this example satisfies the implication in the definition of
partial correctness.

However, to verify partial correctness, we need to consider all possible starting states which
satisfy the precondition, e.g. (x = 1), (z = 2), etc. We do not know the terminating states
for the other possible starting states. Therefore, we do not have enough information to
determine the answer.

Exercise 132. Consider the Hoare triple ( (x >0)) Cy (((y*y) <x)).

If we run Cy starting with the state (x = 5), (y = 5), Cy terminates in the state (x =5), (y =
3).

Is the Hoare triple satisfied under partial correctness?

Solution: The answer is NO.

The definition of partial correctness has an implication in it: If a starting state satisfies
the precondition and the program terminates when run with this starting state, then the
terminating state satisfies the postcondition.

For the given example, the starting state x = 5 satisfies the precondition = > 0, and the
terminating state (z = 5,y = 3) does NOT satisfy the postcondition y xy = 0 < 5 =
5. Therefore, this example does not satisfy this implication in the definition of partial
correctness.

To verify that partial correctness is not satisfied, it is sufficient to find one counterexample
as shown above. Therefore, the triple is NOT satisfied under partial correctness.
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Exercise 133. Consider the Hoare triple ( (x > 0)) Cs5 (((y*y) <z)).

If we run Cy starting with the state (x = —3),(y = 5), C5 terminates in the state (x =

Is the Hoare triple satisfied under partial correctness?

Solution: The answer is “not enough information to tell”.
For the given example, the starting state x = —3 does not satisfy the precondition.

To verify partial correctness, we only need to consider starting states that satisfy the pre-
condition. Therefore, the example is irrelevant for us.

Since we do not know how the program behaves for starting states that satisfy the precon-
dition, we do not have enough information to determine the answer.

Exercise 134. Consider the Hoare triple ( (x >0)) Cy (((y*y) <x)).
If we run C, starting with the state (x = 2), (y =5), C, does not terminate.

Is the Hoare triple satisfied under partial correctness?

Solution: The answer is “not enough information to tell”.

The definition of partial correctness has an implication in it: If a starting state satisfies
the precondition and the program terminates when run with this starting state, then the
terminating state satisfies the postcondition.

For the given example, the starting state x = 2 satisfies the precondition but the program
does not terminate. Note that, program termination is a premise of the implication in the
definition of partial correctness. Therefore, this example satisfies the implication in the
definition of partial correctness.

However, to verify partial correctness, we need to consider all possible starting states that
satisfy the precondition. Since we do not know how the program behaves for other possible
starting states, we do not have enough information to determine the answer.
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Exercise 135. Is the following Hoare triple satisfied under partial and/or total correctness?

((x=1))
while (1) {
z =0

}7.
((y=1))

Solution: The triple is satisfied under partial correctness, and it is not satisfied under total
correctness.

The program does not terminate for any starting state. Therefore, partial correctness is
automatically satisfied. (If the program does not terminate for a starting state, then the
premise of the implication is false and the implication is vacuously true.)

The program does not terminate for any starting state. Therefore, total correctness is NOT
satisfied.

The key difference between partial and total correctness is that partial correctness does not
require program termination, whereas total correctness does.

Exercise 136. Is the following Hoare triple satisfied under partial and/or total correctness?

( true)

Solution: The triple is satisfied under partial correctness, and it is NOT satisfied under
total correctness.

The precondition is true. This means that there is no required precondition. In other words,
any starting state satisfies the precondition.

If the starting state has x > 0, we can verify that the program terminates and computes
y = ! correctly. (We are not able to prove this yet because we haven’t learned the techniques
to construct the proof. However, we could verify this on a case-by-case basis.) Therefore,
for this case, partial and total correctness are both satisfied.

If the starting state has x < 0, the while loop runs forever and does not terminate. Therefore,
for this case, only partial correctness is satisfied. Total correctness is not satisfied because
the program does not terminate.

In summary, partial correctness is satisfied because it is satisfied in both cases. Total cor-
rectness is NOT satisfied because the program does not terminate for some starting states
where z < 0.
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3.2 Assignment Statements

Complete the following annotations.

( D

X = 2;

((z=2))

Solution:

((2=2))

X = 2;

((x=2)) assignment
( )

X = 2;

((z=y)D

Solution:

(2=y))

X = 2;

((x=19)) assignment
( )

x = 2;

((z=0))

Solution:

((2=0))

X = 2;

((z=0)) assignment
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( D

x =x + 1;
((z=(n+1))
Solution:
((z+1)=(+1)))D
x =x + 1;
((x=(n+1))) assignment
( )

X =Y
((2xz)=(x+y))
Solution:
((2xy)=(y+y))
X =Y

((2xz)=(z+w)) assignment
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Exercise 137. Show that the following triple is satisfied under partial correctness.

((y=6))D
r =y + 1;

((z=7))

Solution:

((y=6))
((y+1)=17)) implied (A)

((x=T7)) assignment

Proof of implied (A):
Assume that y = 6. Adding 1 to both sides, we get y +1=6+1=7.

Exercise 138. Show that the following triple is satisfied under partial correctness.

((z=2) N (y=1y0)))

t = x;

T o=y

y =t

(((z=1yo) Ay =10)))

Solution:

(((x=20) ANy =150)))

((y=wyo) AN(x=10))) implied (A)
t = x;

((y=yy) Nt=1x))) assignment
X = y;

(((x=yo) Nt =2))) assignment
y = t;

((x=yy) AN(y=12))) assignment

Proof of implied (A):
Assume that ((x = zy) A (y = y,)) is true. By the definition of A, z = 2y and y = y, are
both true. By the definition of A, ((y = yy) A (x = x)) is true.
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3.3 Conditional Statements

Exercise 139. Show that the following triple is satisfied under partial correctness.

(true)
if (z>y) A

} else {

mar = y;

}

((((z>y) A (maz =z)) vV ((x <y) A (maz =y))) )

Solution:

(true)

if (x>y) {
((z>y)) if —then—else
((>y)A(z=2)V((@<y A(=y))) implied (A)

G >{y>’ A (maz =) V (& <y) A (maz = y))))  assignment
((=(x>y)) if—then—else
((z>yAy=z)V((z<y)Ay=y))) implied (B)
max = y;
((((z>y)A(max =)V ((z <y)A(max =y)))) assignment

}

(((x>y)AN(max==z))V ((x <y) A (max =19)))) if—then—else

Proof of implied (A)

Assume that (x > y). By the definition of =, = x is true. By the definition of A,
((x > y)A(x = x)) is true. By the definition of V, (((z > y)A(x =2))V((z < y)A(z =1y)))
is true.

Proof of implied (B)

Assume that (—(z > y)) is true. By the definition of >, (z < y) is true. By the definition
of =, y = y is true. By the definition of A, ((z < y) A (y = y)) is true. By the definition of

V, ((@>y) ANy =) V(@ <y)A(y=y))) is true.
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Exercise 140. Show that the following triple is satisfied under partial correctness.

((z=3))

if (2> 0) {
r = 1;

} else {
z = 0,

}

((z=0))

Solution:

((x=3))

if (x> 0) {
(((z=3)AN(zx>0))) if—then—else
((1>0)) implied (A)
x = 1;
((z>0)) assignment

} else {
((x=3)A(=(x>0)))) if—then—else
((0>0)) implied (B)
x = 0;
((x>0)) assignment

¥

((x>0)) if—then—else

Proof of implied (A)
Assume that ((z = 3) A
)

Proof of implied (B A (—(x >0))) = (0>0))

> 0))) is false. (x = 3) means that z is positive. (=(x > 0))

means that x is not positive. These two formulas contradict each other and cannot be true
at the same time. Therefore, ((x = 3) A (—(x > 0))) is false by the property of A. The

implication is vacuously true.
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Exercise 141. Show that the following triple is satisfied under partial correctness.

( true)
if (maz < z) {
mar = x;

}

{ (maz > @) )

Solution:

( true)

if (max < x) {
( (maz < x)) if —then
((x>x)) implied (A)
max = X;
( (maz > x)) assignment

}
( (max > x)) if—then
implied (B) ((—(max < x)) — (max > x))

Proof of implied (A)
Assume that (max < x) is true. (x > x) is true by the definition of >.

Proof of implied (B)
Assume that (—(max < z)) is true. By the definition of — and <, (maz > x) is true.
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Exercise 142. Show that the following triple is satisfied under partial correctness.

( true)

if (v % 2=1){
T =x + 1;

/

((Gu(z = (2%u))))

Solution:
( true)
if (x%2=1) {
(((z%2)=1)) if —then
((Fu(z+1=(2%u)))) implied (A)
x =x + 1;
((Fu (z=(2%u)))) assignment
((Fu (z=(2%u)))) if—then

implied (B) ((=(z%2=1)) = ((Fu (z = (2xu)))))

Proof of implied (A)

Assume that ((z%2) = 1) is true. This means that x is odd. By the definition of an odd
integer, there exists an integer u such that * = 2%u —1 or x +1 = 2 x u. Therefore,
(Fu (x+1=(2%u))) is true.

Proof of implied (B)

Assume that ((=(z%2 = 1)) is true, which meant that = is even. By the definition of an
even integer, there exists an integer u such that x = 2 % u. Therefore, ((Ju (x = (2% u))))
Is true.
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Exercise 143. Show that the following triple is satisfied under partial correctness.

( true)
if (z<5) Ao
r = 0;
} else {
if (z > 10) {
r = 0;
} else {
r = 1
}

/
(((z <5) vV (z>10) A (r=0)) V(<) Az <10))A(r=1))))

Solution:

( true)

if (x <5H) {
(true A (x < 5)) if—then—else
((z<B)V(@E>10)A0=0)V{(B<x)AN(x<10))A(0=1)))) implied (A)
r = 0;

} ( i(((m {< 5)V(e>10)A(r=0)V((b<z)A(x<10))A(r=1)))) assignment

(true A (x >5)) if—then—else
if (x> 10) {
(true A (x > 5) A (z > 10)) if —then—else
((z<b)V(®>10)A0=0)V{(B<Lz)AN(x<10))A(0=1)))]) implied (B)
r = 0;

} ((((a - 5)V (2> 10)A(r=0)V ((5<2)A(z <10)A(r=1)))) assignment
(true A (x> 5) A (2 < 10))  if—then—else
(((((z < 5)V(e>10)A(1=0)V({((E<z)A(x<10))A(1=1)))) implied (C)
3@1; YV (2> 10)A(r=0)V((5<z)A(z<10)A(r=1)))) assignment
d}((((x <HV(@>10)Ar=0)V({((5<z)A(x<10)A(r=1)))  if—then—else
§<<<<x <5)V(@>10)A(r=0))V(((5<z)A(x<10)A(r=1)))) if —then—else
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3.4 Conditional Statements: Additional Exercises

Exercise 144. Show that the following triple is satisfied under partial correctness.

(true)
T = a *

y =10b % b;

z2 =T 1+ Yy,

if (b>a) {

2 =2z 4+ 2 % a x b;
} else {

2 =2 — 2 % a x b;
}

((Cu (u*xu==z)))

)

Qe e
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3.5 While Loops

Exercise 145. Show that the following triple is satisfied under partial correctness.

((z>0))

y = 1;

z = 0;

while (z = z) {
z =z 4+ 1;
y = y * Z;

}

((y==a)

Remark 20. There is a while loop in the program. To complete the proof, we need to come
up with an invariant for the while loop. We produce the following table, which contains
the values of all the variables in the program whenever the execution reaches the while test
Zl=u.

Note: We can choose any non-negative value for x. For the following table, we chose x = 5.

Note: In the table, I wrote y as a factorial. Doing this is helpful for seeing a relationship
between the variables (With this, it is easy to see that y = z! in every row of the table). Also,
the post-condition says that y should be a factorial. If we want to make progress towards that
post-condition, then it makes sense that y is equal to some factorial at every iteration of the
loop.

T| 2 Y

510 1=0
511 = 1!
512 2=2a
518 6=3
5140 24 =4
515|120 = 5!

Given the table, we can try to come up with relationship between the wvariables. For the
relationship to be an invariant, it has to be true in every row of the truth table.
For example,

—(z==x)) is NOT an invariant. It is NOT true in the last row of the table.

y = 2!) IS an invariant. It is true in every row of the table.

(
(z < x) IS an invariant. It is true in every row of the table.
(
(

y=a!) is NOT an invariant. It is only true in the last row of the table and not true
in any other row.
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e (z<x)A(y=2!)) IS an invariant.

Note: We can combine one or more invariants with an A to produce new invariants. If A
and B are invariants, then (A A B) is an invariant as well.

So far, we have found three invariants: (z < x), (y = 2!), and ((z < z) A (y = 2!)). Which
of these invariants will lead to wvalid proofs? It turns out that both the second and third
invariants will both lead to valid proofs.

How do I choose an invariant to complete my proof? The only sure way of answering this
question is to try completing the proof with the invariant. The proof is valid if and only if
we can prove all of the implied conditions using the invariant.

Howewver, there are two strategies to speed up this process of selecting ani nvariant that works.

e A useful invariant is often similar to the post-condition. In our example, both
invariants that work ((y = 2!) and ((z < x) A (y = 2!))) have the component (y = 2!),
which is similar to the post-condition (y = x!).

This makes intuitive sense. An invariant describes the progress we are making towards
the post-condition at every iteration of the loop. Therefore, it is only natural that the
invariant looks stmilar to the post-condition.

e The last implied condition (implied C) is often the most difficult to satisfy.
Thus, to test whether an invariant works, it may be more efficient to try proving implied

(C) first.

See the completed solution below with the invariant (y = 2!).

Solution:

((z=0))

((1=0Y) implied (A)

y = 1

((y=01) assignment

z = 0;

((y=21)) assignment

while (z != x) {
((y=2)AN(—~(z=2)))) partial—while
((y*x(z+1)=(z+1H) implied (B)
z =z + 1;
(((y*z)=2)) assignment
y =y * 7z;
((y=21) assignment

}
((y=2)AN(=(=(2=12))))) partial —while
((y==zh) implied (C)
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Proof of implied (A):

Assume that (z > 0) is true. (1 = 0!) is true by the definition of factorial.

Proof of implied (B):

Assume that (y = z!) and (—=(z = x)) are true.

Multiplying (z 4 1) on both sides of (y = z!), we get that y* (z + 1) = (2 4+ 1)! is true.
Proof of implied (C):

Assume that (y = 2!) and (—(—(z = z))) are true. By the definition of =, (=(=(z =

is equivalent to (z = x). Since (y = 2!) and (z = x) are both true, we know that (y =
must be true.
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Exercise 146. Show that the following triple is satisfied under partial correctness.

((z=0))
y = 1,
z = 0;
while (z < z) {
2 =z + 1;
Yy =1y * z;
}
((y=2a)
Solution:
((z=0))
((T=0)A(0<a))) implied (A)
y = 1;
((y=0HA(0<xz))) assignment
z = 0;
((y=2)AN(2<2))) assignment
while (z < x) {
((y=2)A(z<z))AN(2<2))]) partial —while
((y*(z+1)=(=+1H) implied (B)
z =z + 1;
((yxz=21) assignment
y =Yy * z;
((y=2) assignment
}
((y=2hAN(z<z))AN(~(2<x)))) partial—while
((y==z)) implied (C)

Proof of implied (A):
Assume that > 0 is true. Then (0 < z) is true by the definitions of < and >. (1 =0!) is
true by the definition of factorial.

Proof of implied (B):

Assume that (y = 2!), (z < z) and (z < x) are true.

Multiplying (z 4 1) on both sides of (y = z!), we get that yx (2 + 1) = (2 + 1)! is true.
Proof of implied (C):

Assume that (y = 2!), (z < z) and (—=(z < x)) are true. By the definition of -, (=(z < x))
is equivalent to (z > ). Since (z < x) and (z > x), it must be that (z = z). Since (y = 2!)
and (z = x) are both true, we know that (y = z!) must be true.

113



3.6 While Loops: Additional Exercises

Exercise 147. Show that the following triple is satisfied under partial correctness.

(((n=0) A (a=0))

s = 1;

i = 0;

while (i = n) {
s = s % a;

i =i + 1;
(s=a"))

Exercise 148. Show that the following triple is satisfied under partial correctness.

{((n=0)A(a>0)))

s = 1;

i = 0;

while (i < n) {
s =8 x a;
¢ =1 + 1;

Y

(s=a"))
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3.7 Array Assignments

Exercise 149. Show that the following triple is satisfied under partial correctness.

( ((Afz] = 20) A (Afy] = 40)) D

:A[z/;
Alz] = Aly];
Aly] = t;

( ((A[z] =y0) A (Aly] = 20))]) array assignment

Solution:

( ((Alz] = 20) A (Afy] = 40)) )
( «A{fﬁ AlylHy < Alz]}z] = y0) A (Afz < Aly[Hy < Alz]}[y] = 20)) ) implied
t J—

i({(ﬁ{fﬁ — 1[4[ ]]}{y — ttz] = y0) A (A{z < AlylHy + t}[yl = 20))) assignment
i([(A]{y%t}[ x] = y0) A (A{y «+ t}y] = 20))) array assignment
( ((Afz] = y0) A (Aly] = 20)) ) array assignment

Proof of implied:
We will prove that ((A[z] = z0) A (Aly] = y0)) — ((A{zx + Aly|H{y « Alz]}[z] =
y0) A (A{z « AlyIHy « Alz]}y] = 20)).

Proof. Case 1: Assume that z = y. Assume that A[z] = 20 and A[y] = y0 are true.
Since x = y, we can re-write the conclusion as follows.
Afz — AlylHy « Alz]}z] = Aly < AlylHy < Alyl}Hy] = Aly] = 40, and
Afz — Aly|Hy « Alz]}yl = A{z « Ale]H{z < Alz]}[z] = Alz] = 20.
Case 2: Assume that = # y. Assume that A[z] = 20 and Aly] = y0 are true.

Consider the array A{z < Aly]}{y < A[z]}. The first assignment {z < A[y]} changes
the xth element of the array to A[y]. The second assignment {y < A[z]} changes the yth
element of the array to A[x]. Since x # y, the two assignments are modifying two different
elements in the array and do not affect each other.

Therefore, we have that
A« AlyHy < Ala]}ly] = Ale] = a0.

because the second assignment changes the yth element to A[z].

Afz — AlylHy « Alz]}[z] = Aly] = y0.

because the first assignment changes the xth element to Afy].
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3.8 Putting them together

Exercise 150. (Reversing an array)

Consider an array R of n integers, R[1], R[2], ..., R[n].

Consider the following program which reverses the elements inside the array R.
Let v, denote the element at index x in the array R before the program execution.
Prove that the following triple is satisfied under total correctness.

(Ve (1 <z <n—=R[z]=r,)))

j = ]7‘
while (2xj <= n) {
=R[j];
R[j] = R[n+1-j];
R[n+1—j] = t;
i =14 + 1;
}

((Ve(1<z<n—R[z]=7,.9_4))))

Solution: Since there is a while loop in the program, we need to come up with an invariant
for the while loop.
Consider the following invariant.

Inv(j)) H (Ve (1<2z<j—1—= (Rlz]=r, 1 . ARR+1—2]=r,)))
AVz(j<z<(n+1)/2— (Rz]l=r, AR[n+1—za]=r,,,_,))))
A(F<n/2+1))

Using the above invariant, we complete the annotations for the program as shown below.

(Vz(1<z<n—Rlx]=r1,)))

(Inv(l)) implied (A)
j = L
( Inv(j) ) assignment

while (2xj <= n) {
((Inv(j) A (2%j<mn))) partial —while
(Inv(j+1[R{j < Rn+1—j]}{n+1—j <« R[j]}/R]) implied (B)
t=R[j];
(Inv(j+1)[R{j < Rn+1—j]}{n+1—j <« t}/R]) assignment
Rj] = R[n+1-j ];
( Inv(j +1)[R{n+1—]%t}/R][) array assignment
R[n+1—j] =
(Inv(j+1)) array assignment
=17+ L
(Inv(j)) assignment
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((Inv(j) A (—(2xj<mn)))]) partial —while
((Ve{l <z <n> Rl =1,y ,)) implied (C)

It remains to prove the implied (A), (B), and (C).

To prove implied (C), we first prove Lemma 3 below.

Lemma 3. The two formulas below are logically equivalent.

(Vz(1<z<(n+1)/2) = (Rlz]=r, A\Rn+1—z]=7r,1,))))
H (Vo (1 <z <n) = (Rlz] =r,)))

Proof. Starting with the top formula is logically equivalent to the following formula

(Vz(l1<z<(n+1)/2— R[zx]=r1,)))
AVz(l<z<(n+1)/2—=Rn+1l—2z]=r,; ,))) (133)

We will transform formula 133 as follows. Let y =n+1—x. Then x = n+ 1 —y. Plugging
x =n+ 1—y into formula 133, we have

(Vz(1<n+1—y<(n+1)/2—=Rly|=r,)))
Let’s simplify the inequality 1 <n+1—y < (n+1)/2.
1<n+1—y—=y<n

n+l—y<(n+1)/2—=y>(n+1)/2

Thus, the inequality becomes:
(n+1)/2<y<n

The formula becomes:
(Vz((n+1)/2<y<n—R[y]=r,)))
Changing y back into x, we have

(Ve ((n+1)/2<z<n— R[z]=r1,)))
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Implied (A):
(Ve (l<z<n— R[zx|=r,)) — Inv(l)
Proof. Assume that the premise is true. Our goal is to prove that the conclusion is true.

Let’s simplify the conclusion below.
The conclusion is Inv(1). Take the invariant Inv(j) and plug in j = 1, we have

(Vz(1<2<0— (Rlx] =71y 4 AR+ 1—2]=1,)))
ANVz(l<z<n+1)/2= (Rlal=r, ARn+1—2] =7, ,))))
AN(1<n/241))

1 < x < 0is always false for any integer x. Thus the first part of the above formula is always
true. We can simplify the formula to the following.

(Vz(1<z<(n+1)/2— (Rlz]=r, ARn+1—z]=7r,1,,))))
AN(1<n/2+4+1))

We can further simplify 1 <n/2+ 1 and get 0 < n. The formula becomes the following;:

(Vz(1<z<(n+1)/2—= (Rz]=r, N\Rn+1—2]=r,,1_,)))) (134)
A (0 <n))
Note that 0 < n is true because n is positive. There is an implicit assumption that the array

has at least one element. By Lemma 3, formula 134 is logically equivalent to the premise.
Therefore, the implied holds. Il
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To prove implied (C), we first prove Lemma 4 below.

Lemma 4. Assume that n is odd (The array R has an odd number of elements). The two
formulas below are logically equivalent.

(Ve(1<z<(n—1)/2—= (Rlz]=r,1 s NRIn+1—z]=7r,))) AN(R[(n+1)/2] = T(n+1)/2)
H((Vz(l<z<n—Ra]=r,,,)))

Proof. ]
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Implied (C):
(Inv(j) A (=2xj<n))) = (Ve (1 <z <n— Rlz]=r,1,)))

Proof. Let’s simplify the premise.

2i<n)EH©2i>n) = (2i>n+1) = (> (n+1)/2)
G<n/2+1)H (< (n+2)/2)

If n is odd, then j = (n +1)/2. If n is even, then j = (n + 2)/2.

Case 1: n is even and j = (n+2)/2. Plugging in j = (n+2)/2 into the premise, we have
(Vz(1<z<n/2— (R[z]=7r,1_ s NRIn+1—2]=1,)))
ANVz((n+1)/2<2<(n+1)/2—= (Rz]=r, N\Rn+1—2z]=r,1_,)))) (135)
AN(Fj=(n+1)/2).

(n+1)/2 <x < (n+1)/2is always false. Thus, formula 135 is always true. We can simplify
the formula to the following.

(Ve (1 <@ <n/2 - (Rla] = ryy o A RIn+1—a] =r,)) (136)
A= (n+1)/2).
We can prove that the formula 136 is logically equivalent to the conclusion of implied (C).

(The argument is similar to Lemma 3). Therefore, when n is even, if the premise of implied
(C) is true, then the conclusion of implied (C) must be true.

Case 2: n is odd and j = (n+ 1)/2. Plugging in j = (n+ 1)/2 into the premise, we have
the following. (I've omitted the j = (n + 1)/2 part of the formula.

(Ve(1<z<(n—1)/2= (Rlz] =7, 11, ARn+1—a]=r,)))
ANVz(n+1)/2<z<(n+1)/2= (Rlz]=r, ARn+1—a]=r,,,))) (137)
In formula 137,  must be equal to (n+ 1)/2. Thus, we can simplify formula 137 as follows.
(Va((n+1)/2<x<(n+1)/2—= (Rlz]=r, ARln+1—a]=r,, ,)))
= (R[(n +1)/2] = r(i1)2 A R[(n+1)/2] = T(n+1)/z>)
FR[(n+1)/2] =7(51)2
With this simplification, the premise becomes:
(Vz(l<z<(n—-1)/2= (Rlz]=r,, . ARn+1—za]=r,)))
AN (RI(n+1)/2] =13 11)2)

By Lemma 4, the above formula is logically equivalent to the conclusion of implied (C).
Therefore, when n is odd, if the premise of implied (C) is true, then the conclusion of
implied (C) must be true.

]
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Implied (B):
(Inv(f) A (2% j <n)) = Inv(j + 1)[R{j < Rln+1—j]}{n+1—j < R[j]}/R]

Proof. For convenience, let’s define Inv,(j) to be the following formula:

(Ve (1
A (Y (j

The premise of implied (B) becomes

<z<j—1—= (Rlz]=r,1 , ANRn+1—2]=r,))) (138)
<u< /2 (Rl =y ARIn 41—l =1y L)) (139)

Iy (§) A (G < n/2+ 1) A (2] < n)

For convenience, let R” denote R{j - R[n+ 1 —j]}{n + 1 —j < R[j]}. The conclusion of
implied (B) becomes

(Ve(1<z<j—= (Rz]=rp s AR n+1—2]=1,)))
ANVz(j+1<z<(n+1)2— (Rz]=r, AR'n+1—2z]=7,.1_,))))
A(J < n/f2))

H Inv,(j+ 1)[R/R] A (j < n/2)

To prove implied (B), it is sufficient for us to prove the following two implications:
Implication 1: ((j <n/2+1))A(2j<n)) — (j <n/2).

Proof of implication 1: Assume that (j < n/2 4 1)) and (25 < n) are true. (2j < n) is
equivalent to (j < n/2). Since n/2 < n/2 + 1, we know that (j < n/2), which is the
conclusion that we need.

Implication 2: Inv,(j) — Inv,(j+ 1)[R'/R].
Proof of implication 2 Let’s recall that what Inv,(j) and Inv,(j + 1)[R'/R] are.

Inv,( (Vz(1<z<j—1—= (Rlz]=r, s ANRn+1—2z]=1,)))
(Vflf(3<$<(n /2= (Rlz]=r, AR[n+1—a]=r,,,_,))))
Inv,(j+DIR/RIH (Ve (1< <j— (Rz] =7, , AR [n+1—2]=r1,)))
AVz(j+1<z<(n+1)/2— (R —rm/\R’[n—Fl—x]:rnH_x))))

To prove implication 2, it is sufficient to prove the following implications.

Forany 1 <z <j—1,
(R[l‘] = Thtl—=x A R[n +1-— .CE] = Tx) — (R/[(E] = Th+l—=z A R/[n +1-— JJ] = rm)‘

Recall that R = R{j < R[n+1—j]}{n +1 —j < R[j]}. The two assignments only
potentially affect the elements at indices 7 and n + 1 — j. Thus, for any index x where
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1 <2 < j—1, the element of R is not affected. Thus, for any 1 <z < j—1, R[z] = R'[x].
Thus, the implication holds.

Forj+1<z<(n+1)/2
(R[l’] =Tz A R[n+ 11— $] = TnJrlfx) - (R,[(E] =Tz N R,[TL—{- 1 —(13] = rn+17m)‘

Recall that R = R{j < R[n+1—j]}{n + 1 —j < R[j]}. The two assignments only
potentially affect the elements at indices 7 and n + 1 — 5. Thus, for any index x where
j+1<x<(n+1)/2, the element of R is not affected. Thus, for any j+1 <z < (n+1)/2,
R[z] = R’[z]. Thus, the implication holds.

For z = j,
(Rlz]=r, NRn+1—2a]=r,,1_,) = (R'|z]=r,,1 s AR In+1—z]=r,).
This is equivalent to the following implication:
(Rjl=r; ARn+1—jl=r, ;)= (Rjl=rp j AR [n+1—j=r;).
Since j < (n+1)/2, j # n+1— j. Thus, we have that
R'ljl=R{j < Rn+1—jl{n+1—j <« R}j]=Rln+1—jl=r,
by the first assignment {j < R[n+1—j]} and by our assumption that R[n+1—j] =7, ;.
R'ln+1—jl=R{j«+ Rn+1—jlH{n+1—j<+ R[jl}n+1—j]=R[j]=r,

by the second assignment{n + 1 — j <= R[j]} and by our assumption that R[j] = r;.
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4 Undecidability

4.1 Prove that a problem is decidable
Collected Wisdom:

o When you describe an algorithm, make sure that it terminates. For example, if a set
S is infinite, your algorithm cannot iterate through every element of S. For another
example, it is okay to draw the truth table of a given formula because the truth table
has finite size.

o An algorithm usually considers several cases. Make sure that you clearly indicate the
return value of the algorithm in every case.

Exercise 151. The propositional-satisfiability problem: Is the propositional formula A sat-
isfiable?
Prove that the propositional-satisfiability problem is decidable.

Solution: We are given the propositional formula A. We will draw the truth table of A.
The formula A must have a finite number of propositional variables in it. Therefore, the
truth table will have a finite size and we will need a finite amount of time to draw the truth
table.

We will go through every cell in the final column of the truth table, where the truth value
of A is indicated. If we can find one row of the truth table in which A is true, then A is
satisfiable. Otherwise, if A is false in every row of the truth table, then A is not satisfiable.

Exercise 152. The propositional-tautology problem: Is the propositional formula A a tau-
tology?
Prove that the propositional-tautology problem is decidable.
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4.2 The Halting Problem is Undecidable

Exercise 153. The Halting Problem: Given a program P and an input I, does P terminate
when run with input 17
Prove that the Halting Problem is undecidable.

Solution: This proof is adapted from a proof by Luwei Zhang. Thanks, Luwei!

Proof by Contradiction. Assume that the halting problem is decidable. There exists an
algorithm H such that H takes a program P and an input I for I and returns yes if P
terminates when run with input I and no otherwise.

We will construct a program X which takes a program Y as its input. X works as follows.

e X called H(Y,Y) to predict whether program Y will terminate when run with input
Y.

o If H(Y,Y) returns yes, X goes into an infinite loop and does not terminate.
o If H(Y,Y) returns no, X terminates immediately.

Now, consider what happens if we run the program X with itself as input.

Suppose that H predicts that X terminates when run with input X. Then by the construc-
tion of X, when H (X, X) returns yes, X goes into an infinite loop and does not terminate.
H’s prediction was wrong.

Suppose that H predicts that X does not terminate when run with input X. Then by the
construction of X, when H (X, X) returns no, X terminates immediately. H’s prediction
was wrong again.

Therefore, H does not correctly predict whether X terminates when run with input X. This
contradicts with our assumption that H can decide the Halting Problem.

]
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4.3 Prove that a problem is undecidable
Collected Wisdom:

o Suppose that we are trying to prove that problem X is undecidable. In your reduction,
make the inputs to the algorithm for solving problem X relate to P and I. After all,
we are trying to construct an algorithm to determine whether P terminates when run
with input 1.

 To verify whether a reduction leads to a valid proof, consider two different cases: (1)
P terminates when run with input I. (2) P does not terminate when run with input
I. A reduction works if and only if the constructed algorithm gives the correct answer
for both cases.

o A few useful constructions:
. Construct a program which runs P with input I.
. Construct a program which does nothing and terminates immediately.

1
2
3. Construct a program which has an infinite loop and runs forever.
4

. Construct a program, which ignores its input and does one of 1, 2, and 3.
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Exercise 154. The halting-no-input problem: Given a program P that requires mo input,
does P halt?
Prove that the halting-no-input problem is undecidable.

Solution:

Proof by Contradiction. Assume that there is an algorithm B which solves the halting-no-
input problem. We will construct an algorithm A to solve the halting problem.

Algorithm A takes two inputs a program P and an input I. It works as follows:
o Constructs a program P’, which runs P with input I.
o Runs algorithm B with the program P’ as the input and returns the result B(P’).

By our construction of algorithm A, P’ halts if and only if P halts on input I. Therefore, if
algorithm B solves the halting-no-input problem for input P’, then algorithm A solves the
halting problem for inputs P and I.

By our assumption, algorithm B solves the halting-no-input problem. Thus, algorithm A
solves the halting problem.

This contradicts the fact that the halting problem is undecidable.
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Exercise 155. The both-halt problem: Given two programs P1 and P2 that take no input,
do both programs halt?
Prove that the both-halt problem is undecidable.

Solution:

Proof by Contradiction. Assume that there is an algorithm B which solves the both-halt
problem. We will construct an algorithm A to solve the halting problem.

Algorithm A takes two inputs a program P and an input I. It works as follows:
o Constructs a program P’, which runs P with input I.

e Runs algorithm B with the two programs P’ and P’ as its inputs and returns the
result B(P’, P’).

By our construction of algorithm A, both programs P’ and P’ halt if and only if P halts on
input I. Therefore, if algorithm B solves the both-halt problem for inputs P’ and P’, then
the algorithm A solves the halting problem for inputs P and I.

By our assumption, algorithm B solves the both-halt problem. Thus, algorithm A solves the
halting problem.

This contradicts the fact that the halting problem is undecidable.

Remark 21. Other reductions:

e Let P1 do nothing. Let P2 run P with input I. (This works.)

e Let P1 contain an infinite loop. Let P2 run P with input I. (This does NOT work.)

Remark 22. A variant of this problem:

Consider the both-run-forever problem: Given two programs P1 and P2, do both programs
run forever?

Prove that the both-run-forever problem is undecidable.
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Exercise 156. We say that two problems agree on all input if and only if, for every input
x, either they both run forever, or they both halt and return the same value.

The program-agreement problem: Given two programs, do they agree on all inputs?

Prove that the program-agreement problem is undecidable.
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Exercise 157. The total-correctness problem: Given a Hoare triple, is the triple satisfied
under total correctness?
Prove that the total correctness problem is undecidable.
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Exercise 158. The partial-correctness problem: Given a Hoare triple, is the triple satisfied
under partial correctness?
Prove that the partial-correctness problem is undecidable.

Solution:

Proof by Contradiction. Assume that there is an algorithm B which solves the total-correctness
problem. We will construct an algorithm A to solve the halting problem.

Algorithm A takes two inputs a program P and an input I. It works as follows:
o Constructs a program P’, which runs P with input I.
o Constructs the Hoare triple (true)) P’ ( false).
o Runs algorithm B with the Hoare triple (true)) P’ ( false) as its input.

« Return the negation of the result B((true)) P’ ( false]). (If B returns true, then A
returns false, and vice versa.)

If the program P’ terminates, then the triple (true]) P’ ( false) is NOT satisfied under
partial correctness because the postcondition is false. Therefore, the only way for the triple
to be satisfied under partial correctness is when P’ does not terminate.

By our construction of algorithm A, P halts on input I if and only if P’ halts. P’ halts if
and only if the triple (true) P’ ( false]) is NOT satisfied under partial correctness. Thus,
P halts on input I if and only if the triple (true]) P’ ( false] is NOT satisfied under
partial correctness.

Therefore, if algorithm B solves the partial-correctness problem for input ( true ) P’ ( false),
then the algorithm A solves the halting problem for inputs P and I.

By our assumption, algorithm B solves the partial-correctness problem. Thus, algorithm A
solves the halting problem.

This contradicts the fact that the halting problem is undecidable.
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Exercise 159. The exists-halting-input problem: Given a program P, does there exist an
input I such that P halts with input 17
Prove that this problem s undecidable.
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Exercise 160. The halt-every-input problem: Given a program P, does P halt for every
input?
Prove that the halt-every-input problem is undecidable.
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