The Language of Predicate Logic

Domain: a non-empty set of objects
Constants: concrete objects in the domain
Variables: placeholders for concrete objects in the domain

Functions: takes objects in the domain as arguments and returns an
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Cobject of the domain.

Solutions

Predicates: takes objects in the domain as arguments and returnsctrue”

or(false, They describe properties of objects or relationships between
objects.

Quantifiers: for how many objects in the domain is the statement
true?
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A question on functions

Consider two translations of the sentence “every child is younger than its
mother.” But eveny person has bne and only ane (biclogieal) mother~  Not very elegartt ((

for eveny chrld X and ey 0tter Y of K, K i younder thon Y.

1. (Vz (Vy ((Child(z) N Mother(y,z)) — Younger(x,y))))

—
—

2. (Vz (Child(x) — Younger(z, mother(x))))

— T — g

This finctm replaces +he predicede Mother and
Which of the following is the best answer? 9\ ciyttier vy

a. Both are wrong.
b. 1 is correct and 2 is wrong.
c. 2 is correct and 1 is wrong.

d. Both are correct. 1 is better.
0 Both are correct. 2 is better. Shorter~ Y. ok m_\m\.%.s&

o W W Ny

The domain is the set of people. Child(x) means z is a child.
Mother(x,y) means x is y's mother. Younger(x,y) means x is younger
than y. mother(x) returns x's mother.
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The Language of Predicate Logic

The seven kinds of symbols:

1. Constant symbols. Usually ¢,d,cq,¢o,...,d{,ds ...
2. Variables. Usually z, vy, 2, ... 21,9, ... , Y1, Ya ---
wiose 3. Function symbols.  Usually f,g,h, ... f1, fo, -, 91,92, -
upercse 4. @mﬂm symbols. P, Q, ..Py, Ps, .., Q{, @9, .
5. Connectives: -, A, V, —, and <
6. Quantifiers: V and 4
7. Punctuation: ‘", "), and ‘)’

Function symbols and predicate symbols have an assigned arity—the
number of arguments required. For example,

= f): fis a unary function.

= P2): Pisa binary predicate.
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Terms

Each term refers to an object of the domain.

We define the set of terms inductively as follows.
W,W 1. Each constant symbol is an atomic term.

MQ 2 . . »
=t 92  Each variable is an atomic term.

(OSC

u_w.é.a.wm._?_ 3. f(ty,...,t,) is a term if t{,...,t, are terms and f is an n-ary function
B symbol. (If f is a binary ?:Q:o: symbol, then we may write @H \ N_MV

instead of %@Twwv ) .

i \r otaion

R Y e e /a1 8
_ PreteX YWicaior !

4. Nothing else is a ﬁm:s. | 9.  Xt+Y
ax b
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Which expressions are terms?

A term refers to an object of the domain.

Which of the following expressions is a term?

4. g(d,d) q has 3 arauments.

\_wﬂ P Ca A.a ) @Y & This is T/F, hot an ebject 6t e domain .
X f(z,9(y,2),d) g has 3 agumernts + nas 2 agumeris
A

,,/n_.\.\ﬂ .QAHU .\”.A@u Nvu &v

Let d be a constant symbol. Let P be a predicate symbol with 2
arguments. Let f be a function symbol with 2 arguments and g be a
function symbol with 3 arguments. Let z, ¥, and 2z be variable symbols.
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Is this a term?

)+ (y *&v is a term.

i

i

True or False: The expression (2 — f(x)
5 u

Ang
-~
:‘.\ 7
<
Ly \1

C. Not enough information to tell

The domain is the set of integers. 4, — and * are binary functions. f is a
unary function. x and y are variables and 2 is a constant.
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Well-Formed Predicate Logic Formulas

We define the set of well-formed formulas of predicate logic inductively as

follows.
_, 0 prediwte fus at ket L aigument
1. P(tg, ..., t,,) is an atomic formula if P is an n-ary predicate symbol
and each ms is alterm AH <1< S\v J_R \.ﬂ__...,ﬁ.t.,\,«.\u Lyou 1 Lunderstantl s
. T detinion e . t&mm.
2. (—«) is a formula if a is a formula.
3. (ax ) is a formula if @ and (8 are formulas and x is a binary

connective symbol.

4. Each of (Vx «) and (3x «) is a formula if « is a formula and z is a
variable.

5. Nothing else is a formula.
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Determine whether a formula is well-formed

m is a constant and z and y are variables. P?) and Q) are binary
predicates. f1) is a unary function.

Which of the following is a well-formed predicate logic formula?

X (f(@) = P(z,y)) 00 & not T/F . Cannot be Hhs fist part ot an =

Vm m(@ P Q\:; % A@vvv \.sxm\m,_wwx.f& OISt \_ﬁ.ﬁ._\,..,mﬂ :

uﬂ Plz,y) = QR(=)) Qs binay and requires 2 Qrgumerts
(d.)Q(m, f(m))

& P(m, f(Q(z,y))) i PGS an objest otthe doman &S s cugument,

—N N

i put s qiven T/F.
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Well-Formed Predicate Logic Formulas

—

R - Wa A % ay J__. Ny e i i .../\:, ;
In Wep Lgic, okfive this 1o ke T, This s T(Ale)

€9 \b;\"\,mm teaches (SHS Tn Pecd logic, [et TUX) mean A Teaches (SHS

P

We define the set of well-formed formulas of predicate logic inductively as

follows. o s B il el
cormesponds o o propesitional vartable s T/F.

%Nﬁﬁﬁb H_. WVANH“..US.

) is an atomic formula if P is an n-ary predicate symbol
and each t; is a term (1 <17 <n).

w 2. (—«) is a formula if « is a formula.
auety
(ses | 3. (ax B) is a formula if o and 8 are formulas and x is a binary

connective symbol.

' /A\4. Each of (Vz ) and (dz «) is a formula if o is a formula and z is a
variable. (Similarv (ase 2 since \pxand Fxare unary, like —7.)

5. Nothing else is a formula.

2% 5 are the same s m\&v Legic
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_ Substthaion Ot 16,

 Example > Varibles- 1 X, Y, 2y Functions: {7“"’ Al el

Predivates: £ PV, QP o

WWCQHSMMMW@S

(( W (P A QExOY) => (= (P(FK, 4) VA))

N R S

Enlve the results of “the ‘%//wﬁhg Sﬁébs'f‘ﬂuﬁbrgjm

(D x[9(%,4)/y] DX [hx,9/x3

D o= (Yn b)) A QOO (= (PR, YD)V QYD)

There are Hup  gccurtences of Y and both occurrences

of Y are free . The substitution will replace both_ocaurrences.

L 9%, 4)/47

= (Y (PO A QU => (= (P(E(X, g, 4) V B ( (&, Y))

) Thete are three occurtences of % in o. From the Jeft,

Yhe st qwo_occarrences gf X are boevdand  the thind

occuttence of X i free . e only need 1y replace the.

hird_occurence  of X bu hia, W) I He Substhdon

o Lh(x, Y/X T

= (YA (P N Q) > (LCPAECh, 8), DD V QIYN))

Solutns



_ Substrtution. o Oet 1%

Vriobles $4,4,2Y  Functons {42, 92 h@ 4
___Pedicates 1P, QP4

B= (W& (PN BEO)=> (1{PEH, YD VRGN .

%Smmﬁe_;&m[ts;&# he._Tollowng  substituiion:
D BLI,W/x3 D BLhXY/4]

(D _TIn 8, all three_occurences._of X_ae. bound.
Thus,_any_SubStrhetn _does not aftect X 4 any way.

BTA, 4 /xI=F

(2).In B, both occurrences of- Y are. free.
Thus, e need o replace both. oceurtences n #he substrhaion

BT h(X,U)/4] -
= (¥X UPOARED = (T (P(EX, ht’, 90V Q(AK, D))

- Wait, was the substitution OK?  NO.
— Poftre the Sibstitution, the U's were free .

— After +ho Substhiaion , the. x in hik,4) becomes  bovncd
by the leadihg guantifier VX Thi is A FROBLEMIM

This_problem_is _aulied taptuse”
We_should _avold +hs by erformitg o aefid substtden.




Substrhution:_(0hy 55 "apture.’_problemati. 7 Oct- 16

_ Nariables : $4, 4,2 Bedicates 115

__*D*mam_:[ﬁej[er of all LX, Y) means X likes Y.
peopie

_ Consiler the tymuda. ¥ = (Yx LXK YD)

O Trmoslate Y to Englsh .
Clenjone. likes Y

D State the result ot ~the Substttedem: Y IX/43

The_cnly_occuirence of Y 4n Y _i5_free. _
So_we _need o _replace #=_toith ~he_substiidton.

YIx/4] = (W« u/x,g?)

The. new- X3 _captured by he_guartitrer VK.

(3). “Translate. YIx/Y3 to Englsh
Evenyone. likes him/ herself

"Capture ¥ caused he Mﬁlﬂgﬁlgwﬁfmw%:@ﬂ@{[@#ﬁm%&@éw%
because _of the substriuitn. Th 3 pioblematic. t




