ON TENSOR-RANK AND LOWER BOUNDS FOR ARITHMETIC
FORMULAS

ALI KARIM LALANIf

ABSTRACT. This write-up explores the properties of tensor rank and its impli-
cations for algebraic complexity theory. We discuss the existence of high-rank
random tensors and the difficulty of constructing explicit examples with non-
trivial lower bounds. Central to this discussion is the breakthrough by Ran
Raz, which establishes that sufficiently strong lower bounds for the rank of
explicit tensors imply super-polynomial lower bounds for general arithmetic
formulas. We provide a sketch of the proof and examine related ideas and
open questions at the end.

1. INTRODUCTION

A tensor T is essentially a multidimensional array of scalars over a field F. For-
mally, it is a function 7' : [n]¢ — F that maps a d-tuple of indices to a scalar.
This provides a “lookup rule”: given an address (i1, ...,%4), the tensor returns the
value stored at that location. While cases where d = 1 and d = 2 represent vectors
and matrices, higher-dimensional tensors (d > 3) exhibit more complex structural
properties.

Definition 1.1. The rank of a d-dimensional tensor T, denoted rk(T), is the
minimum number of rank-1 tensors required to represent T as their sum:

rk(T) =min r: T = Zugl) ®u£—2) ®---®ul(-d)
i=1

where each ugj ) e p.

This is a natural extension of matrix rank, which can be characterized as the
smallest r such that M = Z:Zl u,—v? . However, unlike the matrix case, determining
this value for higher-order tensors is computationally difficult.

Theorem 1.2 ( | ). Computing the rank of a tensor is NP-Hard.

2. BAsic BOUNDS

A natural question is the range of values rk(7T) can take for a given dimension d
and side length n. While a random tensor is expected to have high rank, establishing
even simple upper bounds provides a baseline for complexity.
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Theorem 2.1. Any tensor T : [n]? — F has rk(T) < nd=1.

Proof. Let {ej,...,e,} be the standard basis for F*. We can decompose T by
“freezing” the first d—1 indices. For each fixed (d—1)-tuple of indices (i1, .. .,i4-1) €

[n]4~1, we define a vector v(#1-+4-1) € F™ such that its k-th component is T'(i1, .. .,i4_1, k).
The entire tensor can then be written as a sum of n?~! terms:

n n
T = Z Z e, ® - Rei, ® plitsia—1)
1

i1=1 td—1=

Since each term e;, ® --- ® e;, , ® v{it--ia-1) is a rank-1 tensor, it follows that
rk(T) < nd=1 O

Despite this upper bound, a simple dimension-counting argument shows that
most tensors possess high rank. Heuristically, a generic tensor requires n¢ parame-
ters to specify, while a rank-1 tensor is specified by dn parameters. This leads to the
heuristic that the rank of a generic tensor is approximately rk(T") > "d;l [ ]
However, as noted by Wigderson, the current state of explicit lower bounds is
“pathetic”; we still struggle to construct explicit tensors with rank significantly
exceeding n for d = 3.

Currently, the most robust method for proving explicit lower bounds involves
flattening the d-dimensional tensor into a 2D matrix. By partitioning the d indices
of a tensor into two disjoint sets, we can view the tensor as a matrix M.

Theorem 2.2. For any flattening M of a tensor T, rk(T) > rank(M).

This theorem is a folklore result (see, e.g., | ] and | ]) that enables
the use of standard linear algebra by partitioning the k dimensions of a tensor T
into two disjoint sets to construct an nl*/2) x n!#/2] matrix M. The proof sketch
relies on the observation that if 7" has rank one, then M must also have rank
one, which implies that r&(T) > rank(M). Consequently, if M is full rank, this
yields an explicit lower bound of Q(nl*/2]) | ]. For example, a symmetric
tensor defined by T'(i1,...,4) = 1 if and only if |{41,...,9x}| = k achieves a lower
bound of nl#/2]. While this remains the best currently known explicit lower bound,
significantly tighter bounds are required to prove results regarding the formula size
of the permanent.

3. TENSORS AND ALGEBRAIC COMPLEXITY

The study of tensor rank is motivated by its connection to algebraic complexity
theory. Any d-dimensional tensor can be represented as a set-multilinear polyno-
mial, allowing us to translate questions of multilinear algebra into questions about
circuit complexity.

Definition 3.1. Let 7 : [k]Y — F be a d-dimensional tensor. The associated
polynomial fr in variables {X, ; : i € [d],j € [k]} is defined as:

frXon, . Xag) = > Tli,....ia)- [[ X5,
(ilﬂ'”vid)e[k]d Jj=1
Each monomial in fr contains exactly one variable from each of the d sets of
variables. Crucially, the tensor rank of T' corresponds exactly to the size of the
smallest depth-3 (XIIX) set-multilinear formula required to compute fr.



ON TENSOR-RANK AND LOWER BOUNDS FOR ARITHMETIC FORMULAS 3

An earlier result by Strassen provides a more general lower bound for circuit size
based on tensor rank.

Theorem 3.2 (| ). Let T be a three-dimensional tensor of tensor rank at least
R. Then the polynomial F(x,y,z) = Zi,j,ke[n] T(i,7, k)x;yjz1 requires circuits of
size at least Q(R) over R.

The significance of these lower bounds was realized by the breakthrough result of
Raz | ]. Raz showed that sufficiently strong lower bounds on tensor rank can
be lifted to prove super-polynomial lower bounds for general arithmetic formulas.

Theorem 3.3 ( ). Any explicit example of a tensor A : [n]" — F with
tensor-rank > n"1=°W) where r < O(logn/loglogn) is super-constant, implies
an explicit super-polynomial lower bound for the size of general arithmetic formulas
over F.

This result shows that just finding a single tensor with sufficiently high rank
would resolve a major open problem in algebraic complexity: finding a polynomial
that is hard for any general formula.

4. HOMOGENIZATION OF ARITHMETIC FORMULAS

Raz begins by proving this homogenization result. This theorem, alongside the
multilinearization theorem, is used at the outset of the proof of the main theorem.

Historically, Strassen [ | showed that any arithmetic circuit of size s com-
puting a degree-r homogeneous polynomial can be converted into a homogeneous
circuit of size poly(s,r). However, for formulas, the standard approach suggests
an exponential blowup of s*(") which led Nisan and Wigderson | ] to conjec-
ture that homogenization is inherently expensive for formulas. Raz refutes this for
small degrees, providing the necessary first step to lift lower bounds from tensors
to general formulas.

Theorem 4.1 (Homogenization). Let ® be a fan-in 2 formula of size s and product-
depth d that computes a homogeneous polynomial of degree r. Then there exists a

fan-in 2 homogeneous formula ¥ of size O ((‘H:H) . s) and product-depth d that

computes the same polynomial.

Proof Sketch. The construction relies on tracking the degree progression along the
unique path from any node to the root. For each node u € ®, we define a state
space N, consisting of functions D : path(u) — {0,...,r} such that degrees only
change at product gates and remain constant across sum gates.

We build ¥ by creating nodes (u, D) for every v € ® and D € N, where each
node computes the homogeneous part of degree D(u) of the original node u. At a
product gate u = v - w, the formula performs a discrete convolution:

D(u)
Vo) = D Vw0, YD nw -0
i=0
The size blowup is determined by |N,|. Since there are at most d product gates on
any path, we are essentially distributing a degree budget of r into d + 1 slots. By
the stars and bars formula, this is exactly (d+:+1). This construction was verified
as part of HW1 Q5. (]
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Corollary 4.2. Let f € Flxy,...,z,] be a homogeneous polynomial of degree
r < O(logn). If there exists a polynomial size formula for f, then there exists a
polynomial size homogeneous formula for f.

5. MULTILINEARIZATION

To now consider set-multilinear polynomials, we track which variable sets are
being used. Let Xi,..., X, be disjoint sets of variables.

Definition 5.1. For vectors a,b € {0,1}", we say b < a if b(i) < a(i) for all
i € {l,...,7}. A monomial ¢q is set-multilinear of type a if it is multilinear
and contains exactly one variable from X if a(i) = 1, and no variables from X if
a(i) =0.

We let f, denote the set-multilinear part of polynomial f of type a. Similarly,
for an arithmetic formula @, let (i)u,a denote the type-a part of the polynomial
computed at node u. Just as Theorem 1 homogenized a formula, Theorem 3 extracts
its set-multilinear part.

Theorem 5.2 (Multilinearization). Let ® be a fan-in 2 formula of size s and
product-depth d that computes a set-multilinear polynomial over the disjoint sets
X1,...,X,. Then there exists a fan-in 2 set-multilinear formula VU of size

Size(V) = O((d+2)" - s)
and product-depth d that computes the same polynomial.

Contrast with Homogenization: The blowup is now bounded by (d+ 2)" instead

of (d+:+l) .

Proof Sketch. The proof structure is identical to the homogenization theorem, but
instead of tracking an integer degree, we track the type vector a € {0,1}".
e State Space N,: The set of functions D : path(u) — {0,1}".
e Constraints:
— Sum gate v: D(v) = D(child).
— Product gate v: D(v) > D(child) (bitwise).
Inductive Step: We construct nodes (u, D) computing \i'(u’D) = iu’D(u).
For a product gate u = v - w, we sum over all valid type partitions:

\II(H’D) = Z lIl('UvD'u,a) ’ \II(’UJ’D'w,D(u)—a)
a<D(u)

Blowup: Each of the r coordinates can flip from 0 to 1 at most once along
the < d product gates. This bounds |N,| by (d+ 2)".
O

Corollary 5.3. Let f be a set-multilinear polynomial over sets X1,..., X, of size n
each. If r < O(logn/loglogn) and f has a poly-size formula, then it has a poly-size
set-multilinear formula.
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6. TENSOR-RANK AND FORMULA SIZE

Raz’s main breakthrough is the formal connection between arithmetic formula
size and the rank of its associated tensor. This result lifts depth-3 lower bounds to
general formula lower bounds.

Theorem 6.1 (The Main Connection). Let n > 1 and let A : [n]” — F be a tensor
where r < O(logn/loglogn). If there exists a formula of size n® for the associated
polynomial fa, then the tensor-rank of A is at most:

rk(A) < pr (=279

The proof proceeds in three main stages: multilinearization, the notion of syn-
tactic rank, and a global optimization argument.

1. Normal Form and Multilinearization: We begin by assuming the existence
of a formula ® of size n°. By the Multilinearization Theorem, we can assume
without loss of generality that ® is a set-multilinear formula of size n®(). We
further restrict ® to the notion of a normal form where the formula is a strict
binary tree, sum gates are collapsed, and every leaf computes a product of a scalar
and a single variable.

2. Syntactic-Rank: Raz defines the syntactic-rank (syn-rank) inductively
based on the formula’s topology:
e For a leaf u, syn-rank(¥,) = 1.
e For a sum gate u with children u;, syn-rank(¥,) = min(n” =1, 3> syn-rank(¥,,)).
e For a product gate u with children wuy, us, syn-rank(¥,) = syn-rank(¥,,)-
syn-rank(V,,).
This inductive measure uses the subadditivity and submultiplicativity of tensor
rank to provide a provable upper bound: rk(A) < syn-rank(®).

3. Extended-Formulas and Optimization: To analyze the relationship be-
tween size and rank, Raz introduces extended-formulas, which assign real-valued
weights w > 1 to nodes to track sub-formula duplication. The core of the proof is
a topological optimization argument:
e The space of extended-formulas of a fixed size s is compact, ensuring the
existence of a formula that maximizes syntactic-rank.
e In an optimal formula, all sum gates have fan-in 1 and are effectively re-
moved, leaving only product gates.
e A structural analysis reveals that the number of full-rank nodes (those with
weight n) along any path is strictly bounded by O(log,, s).
e This forces a significant portion of the formula to consist of low-rank com-

ponents, leading to the final upper bound of nr=r/29,

The main result is basically summarized by the contrapositive, which gives a
concrete target for proving formula lower bounds.

Corollary 6.2. Let A : [n]” — F be a tensor such that » < O(logn/loglogn) is
super-constant. If the tensor-rank of A satisfies 7k(A) > n™(1=°(1) then there is
no polynomial-size formula for the polynomial f4.
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7. ASIDE : BORDER RANK

While the connection between tensor rank and arithmetic formulas provides the
primary motivation for this write-up, the geometry of tensors behaves quite differ-
ently from standard matrix algebra.

7.1. Border Rank. For matrices (d = 2), the set of tensors with rank at most r
is a variety defined by the vanishing of minors. However, for higher-order tensors
(d > 3), the set V;, = {T : rk(T) < r} is not closed. Instead, we consider the
Zariski closure V,, which gives rise to the notion of border rank, denoted
brk(T). This is the smallest r such that T is a limit of rank-r tensors:

V,={T:3{T.} st. T. 9% T and rk(T,) < T}

A concrete example of this phenomenon occurs in 2 X 2 x 2 tensors. We can
represent such a tensor using slices, which are 2D cross-sections obtained by fixing
one of the three indices. For example, we can view a 2 X 2 X 2 tensor as a pair
of 2 x 2 matrices, M; and Ms, representing the front and back layers of the grid.
Consider the tensor T defined by the two slices:

0 1 10
= (o) =6 )

The true tensor rank of this specific tensor is rk(T) = 3. However, it can be
represented as the limit of the difference of two rank-1 tensors:

ot (1 2)-(C5 9l D)

Rank 1 Rank 1

As ¢ — 0, the first slice becomes <0

1 1) — M; and the second becomes

(1 :2> — Mj . Since T is the limit of a sum of two rank-1 tensors, brk(T) <2 .

This gap remains an open question; we still seek a function f(d) that bounds the
ratio rk(T)/brk(T). Understanding border rank is important for the complexity of
matrix multiplication, as shown in the work of Bini | | and Strassen | ].
This builds on Strassen’s classical divide and conquer algorithm, which demon-
strated that the 2 x 2 matrix multiplication tensor has rank (and border rank) at
most 7, yielding a complexity of O(n!°827).
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