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Abstract

What property of the data distribution determines the excess risk of principal com-
ponent analysis? In this paper, we provide a precise answer to this question. We
establish a central limit theorem for the error of the principal subspace estimated by
PCA, and derive the asymptotic distribution of its excess risk under the reconstruc-
tion loss. We obtain a non-asymptotic upper bound on the excess risk of PCA that
recovers, in the large sample limit, our asymptotic characterization. Underlying our
contributions is the following result: we prove that the negative block Rayleigh quo-
tient, defined on the Grassmannian, is generalized self-concordant along geodesics
emanating from its minimizer of maximum rotation less than 7 /4.

1 Introduction

Principal Component Analysis (PCA) is a core method of machine learning and statistics, prized
for its simplicity and consistently strong empirical performance across diverse tasks. In contrast,
analyzing its theoretical performance is challenging: an explicit characterization of its asymptotic
excess risk is known for the special case of Gaussian data [RW20], while non-asymptotic results on
the excess risk are in general limited to upper bounds [Sha+05; BBZ07; Nad08; RW20].

Traditionally, two main approaches have been adopted to analyze PCA. In the first, it is treated as a
plug-in estimator: the empirical covariance replaces the population one, and its principal components
estimate the true ones. Matrix perturbation bounds [SS90], most famously the Davis-Kahan theorem
[DK70; YWS15], are then used to control the error of PCA by the deviation of the empirical
covariance from the population one. In the second approach, adopted in [Sha+05; BBZ07], PCA is
viewed as an instance of empirical risk minimization, for which variants of the uniform convergence
analysis apply. Unfortunately, neither of these approaches leads to provably accurate bounds.

The recent work of Reiss and Wahl [RW20] takes a different approach and analyzes the projector
found by PCA directly, building on earlier work of Dauxois et al. [DPR82] who established its
asymptotic normality. The excess risk bounds obtained therein are powerful enough that under
Gaussian data and certain eigenvalue decay assumptions, they recover the leading term in the exact
asymptotic expansion of the excess risk. In the general case, however, asymptotically tight bounds do
not appear to be available in the existing literature.

In this paper, we take a different approach that allows us, among other things, to obtain such bounds:
we view PCA as an M-estimator, and use tools from the theory of asymptotic statistics [Van00], and
its accompanying non-asymptotic theory [e.g. OB21], to analyze its performance. From this point of
view, PCA is similar to linear regression with ordinary least squares. A significant difference, and a
major source of difficulty, resides in the nature of their respective search spaces: for linear regression,
it is R%, whereas for PCA, it is the manifold of k-dimensional subspaces of R? - the Grassmannian
[e.g. EAS98]. We build extensively on the accessible expositions in [Bou23; BZA24] to overcome
this difficulty.
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Our contributions are as follows. In Theorem 1, we establish a central limit theorem for the error
of the principal subspace obtained by PCA, and use this result to obtain the asymptotic distribution
of its excess risk under the reconstruction loss, all under a necessary moment assumption. We then
establish, in Theorem 2, a non-asymptotic upper bound on the excess risk that, in the large-sample
limit, accurately recovers our asymptotic characterization. At the heart of our analysis is the following
key result (Proposition 1): we prove that the reconstruction risk is generalized self-concordant — in a
sense analogous to the one introduced by Bach [Bac10] in his analysis of logistic regression - when
restricted to geodesics originating from its global minimizer of maximum rotation less than 7 /4.

The rest of the paper is organized as follows. In Section 2 we formalize our problem and provide an
overview of the Grassmann manifold, restricting ourselves to the objects needed to state our theorems.
In Section 3 we characterize the asymptotic performance of PCA. In Section 4 we establish the
self-concordance of the reconstruction risk. In Section 5 we provide a non-asymptotic bound on the
error of PCA, and conclude with a discussion in Section 6. Proofs of our statements are provided in
the Appendix.

2 Problem setup & Background

The goal of linear dimensionality reduction is to project high-dimensional data onto a lower dimen-
sional subspace while preserving as much information about the original data as possible. Specifically,
given i.i.d. data points (X;)", in R? and a choice of dimension k € [d], PCA finds an orthogonal
projector UUT € R9*4 onto a k-dimensional subspace of R? such that the following empirical
reconstruction error is as small as possible

~ 1 &
Ry (U) = o > IXi - UUT X3, (1)
i=1

Here U € R9*¥ is a matrix whose columns form an orthonormal basis of the aforementioned subspace.
Denote by X, :=n"!>""" | X; X the empirical covariance matrix, and fix an orthonormal basis
(un}j)?:l of eigenvectors of X,,, ordered non-increasingly according to their eigenvalues, with ties
broken arbitrarily. The d x k matrix U,, whose j-th column is u,, ; is a minimizer of (1).

Typically, however, we care about the population reconstruction error of this projector. If X is a
random vector with the same distribution as that of the data points, this error is given by

~ 1

R(U) := 5 B[|X - UUTX|3]. @
d

J
with ties broken

Denote by ¥ := E[X X7 the population covariance matrix, and fix an orthonormal basis (u;)9_; of

eigenvectors of 3, ordered non-increasingly according to their eigenvalues ()\j)?:l ,
arbitrarily. The d x k matrix U, whose j-th column is u; is a minimizer of (2).

A redundancy in the parametrization. The analysis of PCA is complicated by the fact that the
map U +— UUT is a redundant parametrization of the set of orthogonal projectors. Fortunately, this
redundancy is well-structured: two such matrices U, V represent the same projector (i.e. UUT =
VVT) if and only if there exists an orthogonal matrix ) € R¥** such that V = U(Q. This defines an
equivalence relation ~ on the set St(d, k) := {U € R%** | UTU = I;,}. The space of equivalence
classes under this relation is known as the Grassmann manifold Gr(d, k) := St(d, k)/ ~. We denote
a generic element in this space by [U].

To gain some intuition about this abstract set, note that every element of Gr(d, k) can be identified
with a k-dimensional subspace of R through the map that sends [U] to the column space of U.
Therefore for the sake of intuition we can think of [U] as the column space of U. In the special case
of Gr(3,2), which we will use as a running example, we can visualize [U] as a plane passing through
the origin embedded in 3 dimensions.

Equipped with this new space, we define our final population and empirical risks by R([U]) := R(U)
and R, ([U]) := R, (U), and note that, with the definitions of U,, and U, given above,

[U,] € argmin R([U]), [U,] € argmin R,([U]). 3)
[U]eGr(d,k) [U]eGr(d,k)



To be precise, we will call PCA the abstract procedure that takes as input (X;)? ; and outputs the
subspace [U,,], even though in practice it returns the representative U,,. In this paper, our goal is to
understand the performance of this procedure in terms of the distribution of X, as measured both by
how close [U,,] is to [U.], and by the excess risk R([U,]) — R([U.]).

2.1 Background on the Grassmann manifold

Our analysis takes place on the Grassmannian Gr(d, k), which admits the structure of a Riemannian
manifold. In this section, we give a high-level description of the objects needed to state our results.
For a more rigorous yet accessible introduction, see for example [BZA24] and [Bou23, Chapter 9].
Throughout, we let [U], [V] € Gr(d, k) and let U,V € St(d, k) be corresponding representatives.

Tangent space. The tangent space of Gr(d, k) at [U], denoted by i) Gr(d, k), is a vector space of
dimension k(d — k). Our results are stated in terms of a more concrete, yet equivalent, set

Hy == {AeR™* | UTA =0}. Q)

For our purposes, Hy is easier to work with and there exists a canonical, invertible, linear map1
lifty : Tjy) Gr(d, k) — Hy that lifts tangent vectors § € Ty Gr(d, k) into Hy . The elements of
Hy can be thought of concretely as “velocities” in the sense that the basis U with “velocity” lifty ()
moves infinitesimally to “U + e lifty (£)” while remaining an orthonormal basis. By requiring that
lift7 (€) has columns in the orthogonal complement of U, we are guaranteed that the subspace [U]
changes when U moves in the direction of lifty (&).

The tangent space is equipped with an inner product (-, -){;7) known as the Riemannian metric at [U].
To calculate (-, -) (7], we lift tangent vectors into Hy and apply the Frobenius inner product,

(€1, 62) 1 = (lifty (&1), lifty (&2)) P, (5)
for all 1, &> € Tiyy Gr(d, k).

Geodesics and the exponential map. Let { € Ty Gr(d, k). The geodesic starting at [U] in the
direction ¢ is the curve v : [0, 1] — Gr(d, k) with (0) = [U] of constant velocity £. Intuitively, one
may think of (¢) as the straight line "[U] + t£", in the sense that ~y is a curve with zero acceleration,
properly defined. y(¢) can be calculated with the SVD lift;;(¢) = PSQT? via the identity

v(t) := [UQcos(tS)QT + Psin(tS) Q™. (6)
The exponential map at [U] in the direction ¢ is then defined by Expy;y(§) = 7(1). Returning to our

running example, Gr(3, 2), these geodesics correspond to "constant velocity" rotations of the plane
[U] along the pitch or roll axes, as specified by the directions of the columns of lifty (£), and the
extent of rotation between [U] and Expy;(£) depends on the magnitudes of the columns of lifts ().

Principal angles and Riemannian distance. The j-th principal angle 6,([U], [V]) € [0,7/2] is
defined by cos(6;([U], [V])) = s; where s; is the j-th largest singular value of U7V These angles
generalize the notion of angles between lines to angles between subspaces, and they measure the
magnitude of the most efficient rotation that aligns [U] with [V']. For Gr(d, k), the principal angles
give us an explicit expression for the Riemannian distance between [U] and [V], which, properly
defined, is the length of a shortest curve connecting [U] and [V],

k
dist? (U], [V]) = > 02((U). V). ™

Logarithmic map. Where well-defined, the logarithmic map at [U] evaluated at [V] is the inverse
of the exponential map, i.e., Expyy(Logy([V])) = [V]. It can be thought of as "[V] — [U]". For
Gr(d, k), the logarithmic map can be calculated by liftyr (Logy([V])) = (P arctan(S)QT) where
(I -UUTYV(UTV)~t = PSQT is a SVD. This map is only well-defined for 0 ([U], [V]) < 7/2.
The singular values of lift;(Log;)([V])) are the principal angles, and hence the following holds
[lifte (Log (V)| 7 = dist([U], [V]), see also [AV24]. In Gr(3, 2), the logarithmic map at [U]
evaluated at [V] gives us the most efficient rotation that transforms the plane [U] into [V].

'The inverse of the differential of the quotient map U + [U] at U restricted to Hy.
2P c Rka,S c kak7 Q c kak‘



3 Asymptotic characterization

Before stating our first main result, we briefly recap our notation. The empirical and population
covariance matrices are denoted by ¥, = n~'Y " X; X[ and ¥ = E[XX7T], (u, ;) is an
orthonormal basis of eigenvectors of X,, ordered non-increasingly according their corresponding
eigenvalues, and (u; ) is an orthonormal basis of eigenvectors of X ordered non-increasingly according
to their corresponding eigenvalues (\;). U, € St(d, k) is the matrix whose j-th column is u,, ;, and
corresponds to the output of PCA, while U, € St(d, k) is the matrix whose j-th column is u,;.

We further define U}~ € St(d, d — k) to be the matrix whose i-th column is g ;. It is easy to verify
that the map I" +— UT for (d— k) x k matrices I is linear and its image is Hy;, as defined in (4). It is
invertible and preserves the Frobenius inner product, so Hy, can be identified with R(¢~*)** through
it. Finally, recall that the logarithm at [U,] of [U,,] is only well-defined when all the principal angles
between them are strictly less than 7/2. In what follows, this logarithm can be defined arbitrarily
when this condition fails - the validity of the statement is unaffected by this choice.

The following is the first main result of the paper.
Theorem 1. Assume that N\, > Mgy 1, E[|| X ||3] is finite, and for all i, s € [d — k] and j,t € [k],

Aijst = E[{tpri, X) (uj, X) (Upps, X) (ug, X)] ®
is finite. Define 0;; := \j — Ai+i. Then as n — oo, the following holds.

* Consistency:

P(dist([Uy], [Us]) > €) — 0,

for all € > 0, where dist is the Riemannian distance given by (7).
* Asymptotic normality:
Vi -lifty, (Logy, ([Un]) % UG, ©)
where G is a mean zero (d — k) x k Gaussian matrix with E[G;;Gst] = Nijst/0i;0st-

e Excess risk: .
n- [R([U)) — R(U.D)) % §IIHII%, (10)

where H is a mean zero (d — k) x k Gaussian matrix with E[H;; Hg] = Aijst/A/0ij0st-

Under an eigengap and moment condition, Theorem 1 characterizes the performance of PCA in
the large sample limit. The consistency statement says that, with enough data, the principal sub-
space found by PCA gets arbitrarily close to the true one under the Riemannian distance (7) with
overwhelming probability. The asymptotic normality result refines this statement: it says that the
fluctuations of PCA around the true principal subspace are asymptotically normal with the prescribed
covariance structure. Finally, the last statement expresses the asymptotic distribution of the excess
risk as the squared Frobenius norm of a Gaussian matrix.

Relationship with existing work and assumptions. The consistency result is a direct consequence
of the Davis-Kahan theorem [DK70]. To the best of our knowledge, the asymptotic normality result
in Theorem 1 is new. The finiteness of (8) is necessary, in the same way that finite variance is for
the classical central limit theorem. Tripuraneni et al. [Tri+18] obtained a similar expression for the
asymptotic variance of averaged Riemannian SGD on PCA, albeit under an unverified assumption.
Dauxaois et al. [DPR82] established the asymptotic normality of the Euclidean fluctuations of empirical
projectors and eigenvectors - our result may be viewed as a Riemannian analogue of theirs. Under the
eigengap condition, the excess risk bound in Theorem 1 extends the result of Reiss and Wahl [RW20,
Proposition 2.14]. While their statement is restricted to Gaussian data, the underlying argument
carries over directly to any distribution with finite fourth moments. Theorem 1 strengthens this result
further by requiring only the finiteness of (8). A detailed discussion of the eigengap condition is
deferred to Section 6; for now, we simply note that it is a mild assumption.

Our main interest is in the excess risk, as it directly measures how well PCA performs on the
reconstruction task. Corollary 1 below offers a more interpretable version of the result in Theorem 1,
and serves as a benchmark for our non-asymptotic analysis. To motivate it, we briefly digress.



Performance guarantees in machine learning are typically stated as: with probability at least 1 — 4,
the excess risk is at most some quantity. While intuitive, the accuracy of such statements is hard to
quantify: what is a "high-probability lower bound"? This ambiguity can be avoided by interpreting
such statements as upper bounds on the 1 — § quantile of the excess risk. Specifically, recall that for a
random variable Z, its 1 — ¢ quantile, for § € [0, 1], is defined by

Qz(1-68):=inf{t eR|P(Z<t)>1- 5}

In words, this quantile describes the best upper bound on the random variable Z that holds with
probability at least 1 — §. We may then make sense of a "high-probability lower bound" on the
excess risk as a lower bound on its 1 — ¢ quantile. The following corollary, a simple consequence of
Gaussian concentration, gives matching upper and lower bounds on the asymptotic quantiles of the
excess risk.

Corollary 1. In the setting of Theorem 1, and for all 6 € [0,0.1)

d—k k
E[(tri, X)2(u;, X)?
lim n-Qe,(1-6)=< > > K“’“}_&}fi‘? >]+27'210g(1/5),
i=1 j=1 J ¢

where £, = R([Uy,]) — R([U.]) is the excess risk of PCA, 7% = Sup|a =1 E[(4, H)2), and a < b
means that cb < a < Cb for some C, ¢ > 0. Here C = 1 and ¢ = 1/64 are valid choices.

To interpret this statement, it will be useful to introduce the following definition. For a random matrix
W € R¥** we define its covariance operator to be the linear map Cov(W) : R¥** — R4*k given
by Cov(W)[A4] := E[(W, A) pW]. 1t is positive semi-definite, i.e. (A, Cov(W)[A])r > 0 for all 4,
and so has non-negative eigenvalues, whose sum is the trace of Cov(W), which equals E[||W||%].

Corollary 1 then says that for sufficiently small failure probability d, the 1 — § asymptotic quantile of
the excess risk is equivalent, up to explicit constants, to a sum of two terms. The first is E[|| H ||%]
which equals the trace of Cov(H) - that is the sum of its eigenvalues. It admits an explicit expression
in terms of (i) a second-order covariance between pairs of projections of X onto a top k and a bottom
d — k eigenvector of X, (ii) the eigenvalue gaps between a top k and a bottom d — k eigenvalue of
Y. The second term is the product of the largest eigenvalue of Cov(H) and log(1/0). In typical
regimes where § is moderately small, this second term is much smaller than the first. Returning to the
question we raised in the abstract, Corollary 1 thus identifies the first term as the key property of the
distribution of X that determines the excess risk of PCA, at least in the large sample regime.

Our goal in the next sections will be to derive a non-asymptotic upper bound on the 1 — ¢ quantile of
the excess risk that matches its expression from Corollary 1. We conclude this section by offering
two remarks highlighting other aspects of Theorem 1, accompanied by an example illustrating our
result on the spiked covariance model.

Remark 1 (Empirical projectors). In some applications it is of more interest to measure the perfor-
mance of PCA through the closeness of the empirical projector U,, U to the population one U, U in
a given norm. Dauxois et al. [DPR82] derive the exact asymptotic distribution of /n(U, UL —U,UT)
from which the result we are about to discuss can potentially be deduced. Here we would like to point
out that the asymptotic normality result of Theorem 1 can also be used to establish that as n — oo,

d
Vi |UU, = UUL |, S 227G,

for all p € [1, oo], where G is the Gaussian matrix defined in Theorem 1 and ||G||,, is the Schatten-p
norm of G, i.e. the p-norm of its singular values. Compare with equation (2.22) in [RW20].

The case p = 2 corresponds to the Frobenius norm ||U,,U,, — U,UZ ||, and a statement analogous to
Corollary 1 holds. Specifically, for § € [0, 0.1) it holds that

d—k k

uker <ujaX>2} 2
nlgrolon Qp, ( = 422 O — )\kﬂ) + 877 log(1/9),
i=1 j=1
where P, := ||UpUp — UUS ||3, 72 = supj 4 .1 E[(4, G)%], and the constants are the same as

in Corollary 1. A similar result can be obtained for the other values of p using the noncommutative
Khintchine inequality [Tro+15; Van17], though the upper and lower bounds differ by a logarithmic
factor in the dimension d for large values of p.



Example 1 (Spiked covariance model). As an application of Theorem 1, we consider the spiked
covariance model [JohO1; Nad08]. Specifically, we assume that X = Z + ¢ such that Z and ¢ are
independent, e ~ N (0,021,), and S = E[ZZ"] has rank k. Then ¥ = S + I, the support of Z is
contained in the k-dimensional subspace spanned by (u;)" k_,,and \j = n; + o where (1;) are the
eigenvalues of S ordered non-increasingly. Taking {; := (Z, u;) we recover the standard form

k
X:ijuj' +e.

j=1

This spiked covariance model captures the scenario where we observe a noisy version X of the true
lower dimensional data point Z corrupted with isotropic noise €. The goal is to recover, using PCA,
the subspace span({u; | j € [k]}) on which the noise-free data Z is supported. In this setting,
Theorem 1 simplifies significantly. Specifically, under this model, the Gaussian matrices G and H in
the statements (9) and (10) have independent entries with variances

B[G}] =o*(L+0%/n7),  E[H]]=0?(n; +0%/ny),
which are constant along rows. From Remark 1 and Theorem 1, we have the distributional results

d a 1
Vi 0O = UUE |, 5 271G, 0 [R(U) — R(UL))] = §||HH%7

as n — oo. The asymptotic quantiles of P,, = ||U, UL — U, UT ||% have the equivalent expression

k
lim n-Qp,(1-0) <40>(d—k) Y (1+0°/n7) +80°(1+ 0 /n7)log(1/5),  (11)
n—oo
j=1
while those of the excess risk &£, = R([U,]) — R([U.]) have the equivalent expression
lim n- —90) +o + o?max(n; + o log(1/0
L Qe, (1 jz:; nj /77] e [](77] /77]) g(1/0),

both for § € [0,0.1) and the same constants as in Corollary 1. We conclude this example by noting
that, using a recent result of Latata et al. [LHY 18] and leveraging the independence of the entries of
G, an analogue of (11) can be derived for large values of p without suffering from the inefficiency of
the noncommutative Khintchine inequality highlighted at the end of Remark 1.

Remark 2 (Generalized PCA). While our results are framed for PCA, we remark here that they apply
to the more general problem of estimating the leading k-dimensional eigenspace of a symmetric
matrix. Specifically, let (A ), be i.i.d. realizations of a random symmetnc matrix A, and suppose
that we are interested in estimating the leading k-dimensional eigenspace of M := E[A4]. A
natural and common procedure is to estimate it using the leading k-dimensional eigenspace of
M, :=n"! Z?:l A;. While the reconstruction loss does not make sense for this problem, we may
still cast this procedure as an instance of ERM where the loss is given by the negative block Rayleigh
quotient. The population and empirical risks are then given by

F([U) = —% Tr(UTMU), F,.([U)) = —% Te(UT M,U). (12)

PCA then corresponds to the special case A = X X7 where X is a random vector, and the population
and empirical reconstruction risks are, up to additive constants, equal to those in (12). Theorem 1
applies almost verbatim to this generic setting, with the only change being that (8) is generalized to

Aijst = B[(uiy Auy) - (ufy Auy)). (13)

As an example different from PCA, consider the case where M is the adjacency matrix of an
undirected weighted graph with non-negative weights. Suppose that we observe n i.i.d. edges
{Ji, K;}_; of the graph, sampled from the distribution on the edges that is proportional to their
weights. Then one may take A; = ey ek K, T €K, el 7,» and Theorem 1 with (8) replaced by (13)
applies. A similar argument can be made for the estimation of the trailing k-dimensional eigenspace
of the Laplacian matrix. As examples of potential applications, we mention spectral clustering [e.g.
NJWO01], community detection [e.g. Abb18], and contrastive learning [e.g. Hao+21].



4 Self-concordance of the block Rayleigh quotient

The main ingredient behind Theorem 1 is a Taylor expansion of the population and excess risks at
[U,,] around [U,], which becomes exact in the large sample limit. In order to make Corollary 1 non-
asymptotic, an explicit control of the error in these expansions in a reasonably large neighbourhood of
[U,] is what is needed. In this section, we show that the population and empirical reconstruction risks
are geodesically generalized self-concordant, in a sense analogous to the one introduced by Bach
[Bac10]. This provides the needed control for the non-asymptotic analysis. As this self-concordance
result can potentially be of broader interest, we frame it here in more general terms.

Let A be a d x d symmetric matrix, and let (v;) be a basis of eigenvectors of A ordered non-
increasingly in terms of their eigenvalues (4;). Recall that eigenvectors corresponding to the
largest eigenvalue are maximizers of the Rayleigh quotient. The following known construction is a
generalization of this familiar identity. Let F' : Gr(d, k) — R be given by

F([V]) = —Te(VTAV))2. (14)
To see how F’ relates to the reconstruction risk, note that it can be expressed in terms of it
R(IU]) = E[|IX - UUTX|3]/2 = E[|X|3]/2 - Te(UT2U) /2.
The trace expression in (14) is known as the block Rayleigh quotient of A. Let k; and ko be the

smallest and largest indices ¢ such that p; = uy respectively. The set of minimizers of F' is given by
(see for example [Taol2, Proposition 1.3.4])

Y. = {[V] € Gr(d, k) | col(V') = span(v1,...,v5,—1) DS, S C span(vg,,...,vk,)}  (15)
where @ is the direct sum of subspaces, and S is a subspace of dimension k¥ — k1 + 1. In the case
where uy > 141 that we have been operating under, k1 = k3 = k and 7, becomes a singleton.
Recall the definition of geodesics and principal angles from Section 2.1. The following is the main
result of this section [c.f. Bac10, Lemma 1].

Proposition 1 (Generalized self-concordance of the block Rayleigh quotient). Assume i > fip41,
let [V.] be the global minimizer of F, and let [V] € Gr(d, k) \ [Vi] such that 6, ([Vi], [V]) < 7/4.
Let g(t) := F(v(t)) where ~(t) is either Expyy,1(t Logy. ([V])) or Exppy(t Logpy([Vi])). Then
lg""(t)] < 26 -tan(2t0) - g"(t),
forallt € [0, 1] where we shortened 0, ([V.], [V]) to 0. As a consequence,
sin®(0) g”(0) g"(0)

7 5 < 9(1) = 9(0) - ¢'(0) < ¥(9) - ———,

where )
() = 0*1/ log[tan(0¢ + 7/4)] dt,
0
satisfies (0) — Las 0 — 0 and (0) — cas @ — 7 /4 for c = 1.485.

In words, Proposition 1 says that for any [V] € Gr(d, k) that is less than 7 /4 away from the minimizer
of F' in maximum principal angle, the restriction of F' to the geodesic connecting [V/] to this minimizer
is well approximated by its second order Taylor expansion, up to a factor of approximately 2 in the
second term of this expansion. We have the immediate corollary [cf. Bac10, Proposition 1].

Corollary 2. In the setting of Proposition 1, the following estimates hold.

F(V) 2 F(V.]) + {grad FVi]), v + & -+ (Hess F(VDEL Oy,
F(V]) < F(VA) + (grad (V) ey + 5 - 5 Fess FV.DIEL v

where § = Logy, ([V]), and where for any [U] € Gr(d, k) and ¢ € Tjy) Gr(d, k) with A = lifty (€)
liftyr (grad F([U))) = —(I — UUT)AU, lifty (Hess F([U))[¢]) = AUT AU — (I — UUT) AA.
The statement remains true when [V'| and [V,.] are interchanged in the above inequalities.

Related results include those of [ZJS16] who showed that F' satisfies a version of the Polyak—
Lojasiewicz inequality for £ = 1, and [AV24] who showed that F’, when restricted as in Proposition

1, satisfies a version of strong convexity - Proposition 1 was inspired by the latter work. The result of
the next section builds on Corollary 2 to provide a non-asymptotic analogue of Corollary 1.



5 Non-asymptotic bound

The following is the second main result of the paper. The parameters } and v appearing in it are
defined in Remark 3 below. We compute them explicitly under a Gaussian model in Example 2.

Theorem 2. Assume that \11 > N\, B[X]] < oo forall j € [d], and let § € [0,1). If
16(S +r(n))

k= Ak41
then with probability at least 1 —
d—k k
75 (i, X)* (uj, X)?]
< -
RO~ R < 75303 > = oo AW : a”n

where for c(d) = 4(1 + 2[log(d)]),
S:=c(d) - |E[(XXT —2)?|lop, r(n):=c*(d) -n7" E[max;ey X X7 — Z||c2>p]~

Focusing on (17), Theorem 2 says that, up to a worse dependence on ¢, the tight asymptotic upper
bound on the 1 — ¢ quantile of the excess risk in Corollary 1 holds true for finitely many samples,
provided that the sample size is larger than a certain distribution-dependent constant. Given the weak
moment condition assumed, the dependence on § in Theorem 2 is likely unimprovable. It is possible
to obtain a log(1/d) dependence as in Corollary 1 under the assumption that X is bounded. We
favour the above statement as it highlights an important shortcoming of ERM, and thus PCA: its
performance degrades under heavy-tailed data - we refer the interested reader to the literature on
robust estimation [e.g. LM19]. The results in [RW20] are the most closely related, though they do
not capture the right dependence on the distribution of X identified in Corollary 1 and recovered in
(17). They however hold under different assumptions and can cover a wider range of sample sizes.

The sample size restriction (16) consists of three terms. They arise from two distinct steps of the
analysis: a global and a local one. The global one ensures that with high probability, [U,,] is within a
maximum principal angle of 7 /4 from [U,]. This step is carried out using standard existing tools -
namely the Davis-Kahan theorem [e.g. YWS15] - and is likely loose. It results in the third term of
(16), the largest of the three. The second step is a local analysis that uses our new self-concordance
result from Proposition 1, and is where our original contribution lies. This step results in the first
two terms of (16), the first of which typically dominates: their role is to ensure that the curvature
of the empirical risk at [U,] is strong enough to force [U,,] to be near it. Qualitatively, the explicit
expression of V and v in Remark 3 below indicate that they induce a quadratic dependence on the
inverse of the eigengap on the sample size restriction. Example 2 below gives an easily interpretable
expression for V and v in the special case when X is Gaussian and centered.

Remark 3 (Variance parameters). The parameters V and v appearing in Theorem 2 admit an explicit
expression, though it is quite involved in the general case. Recall from Theorem 1 the definition of
the eigengaps 0;; = \; — Ax+i. Let X denote the coordinates of X in the basis of eigenvectors (u,),

ie. X; := (X, u;). Define and recall from Theorem 1
Djsrp = E[)?j)?sjzr)?p]a Nijis = E[Xk+i)?j)?k+t)?s]a Qipqr = E[)?k+i)?k+t)?k+q)?k+l]v
for j,s,r,p € [k] and i,¢,q,l € [d — k). These form a subset of the fourth order moments of X . Let
V= sup Z aij jjrp —2 Z bzgts<M) : Aijts + Z Ciql(M) . Qiiqh (18)
IMllp=1 ;"7 i,j,t,s i,
where the coefficients are given by

MirMip Mys My MqjMuj
a; M = e/ b its M S ] b & M = < /5o
irp(M) Z i/ 0ir0ip its (M) 8ij/0is0t; M) zj: dijr/0q;015
Finally, define the parameter
V= sup Z a]srp js’r‘p -2 Z Btsqr Atsq'r + Z /fthl M) : Qitqla (19)
IMllp=1 ;0 t,s,q,T i,t,q,l
where the coefficients are given by, suppressing the dependence on M

) mzymzs MtrMip B . mt] MisMqi My ) mlj Mi; mqsmls
Qjsrp * s Mtsqr -+ y Ritql *=
51] 57.55t7“5tp 5t]5255q] 527‘ 52]5tg 5q55l5

Typically, V is much larger than v, and we always have V > v.



Example 2 (Gaussian model). The variance parameters appearing in Theorem 2 and defined in
Remark 3 simplify greatly when X has mean zero and its coordinates in a basis of eigenvectors of X
are independent. When X ~ N(0,X) we can compute them exactly in terms of the spectrum of 3:

k d—k

1+ ]I S = k]))\k/\ (1+ H[t = 1])/\k+1/\k+t
V= , 20
; PYRS VYo e vy I SR s v vy TS YRmp Yy 20
/\2 + A2
vV = max Ina>(7k+2 21

ield—k] jelk] (Aj — Apgi)?

6 Discussion

We started this paper with a simple question: which property of the distribution of X governs the
performance of PCA as measured by its excess risk? In the large sample limit, and under very mild
assumptions, we found an equally simple answer (see (10) and Corollary 1):

d—k k

uk+l7 <uj’ X>2]
> Z Sy . (22)

=1 j5=1

Our second main contribution was to derive an upper bound on the critical sample size - that beyond
which the excess risk of PCA is governed by (22) (see (16)). In the general case, this bound admits
an explicit expression in terms of the fourth moments of X and the eigengaps appearing in (22) (see
Remark 3), though its precise description is quite involved. In the special case of Gaussian X, we
showed that the terms in this bound take on an exceptionally simple form (see Example 2).

There are two main limitations of our results. The first is that they rely on the eigengap condition
Ak+1 — A > 0. While this is a mild assumption, it would be desirable to relax it, though this is quite
challenging with our approach. To see why, note that without it, the minimizers of the reconstruction
risk form a submanifold (itself a Grassmannian) of Gr(d, k) (see (15)). The classical theory of
asymptotic statistics, upon which our results rely, does not immediately apply in such a degenerate
setting [Van+96; Van00], and we leave this problem to future work.

The second limitation we would like to point out is related to Theorem 2. As described after its
statement, the global component of the analysis leading to it is unlikely to be tight. To accurately
capture the sample complexity of this step, we suspect that one would need to leverage analytical
properties of the reconstruction risk as we do in our local analysis. This is however quite challenging
as globally the reconstruction risk is ill-behaved and has for example many critical points [ST14]. We
anticipate that new insights are needed to fully capture the sample complexity of this global step.

Finally, let us mention that while the setting we consider is both classical and quite general, there are
potentially interesting cases that our framework does not cover. For example, our approach does not
directly apply to Kernel PCA [SSM98] or functional PCA [RS02], and extending it to these settings
would require us to work with an infinite-dimensional analogue of the Grassmannian - a daunting
task. Similarly our focus is on characterizing the performance of PCA on a fixed but unknown data
distribution, and to do this in as much generality as possible. This in contrast with the literature on
high-dimensional PCA which typically considers sequences of Gaussian problems indexed by their
dimension, but provides potentially finer-grained results [e.g. JohO1; Pau07; CMW13]. Finally, we
mention that in practice, PCA is typically performed with an initial centering step. This neatly fits
in our setting by changing the search space from the Grassmannian to the Grassmannian of affine
subspaces [LWY21], though some work is required to make this approach viable.

Beyond addressing the limitations discussed above, there are a few directions that are potentially
worth exploring. From an analysis standpoint, the output of PCA - along with its generalized version
described in Remark 2 - is often used as a preprocessing step for downstream tasks such as regression
or classification. It would be interesting to investigate whether the techniques developed in this paper
can be extended to provide end-to-end guarantees for such two-stage procedures. Another intriguing
direction would be to explore whether the self-concordance result established in Proposition 1 can
be leveraged to obtain improved convergence guarantees for optimization algorithms applied to the
block Rayleigh quotient (14), particularly for Edelman et al. [EAS98]’s version of Newton’s method.
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A Further background on the Grassmannian

In Section 2, we focused on the properties of the Grassmannian necessary to state our results. For the
analysis we require more tools, which we briefly describe here. As before, we adopt a computation-
oriented description, and refer the reader to Chapter 10 in [Bou23] for a rigorous treatment.

Parallel transport. Let [U] € Gr(d, k) and £ € Ty Gr(d, k), and consider the curve,
alt) =UQ cos(tS)QT + Psm(tS)QT’

for t € [0, 1], and where lift;;(¢) = PSQT is a SVD. This is the geodesic starting at [U] in direction
¢ as defined in (6) at the level of representatives in St(d, k), i.e. [a(t)] = Expyy)(¢€). For each
t €10,1] and ¢ € Ty Gr(d, k), define the map P ; by

lifto () (Pe ¢ (Q)) := (—UQsin(tS)PT + P cos(tS)PT + I — PPT)lifty (). (23)

This is the parallel transport map along the geodesic [a(t)]. See equation (3.18) in [BZA24]. For any
fixed ¢, ¢ = P () is an invertible linear map that preserves the inner product between Tj;;) Gr(d, k)
and To ) Gr(d k). Informally, ¢ — P ,(¢) transports ¢ along the tangent spaces of [a(¢)] such
that it stays 'constant”, i.e. the derivative of ¢ — P¢ (), properly defined, is zero.

For the rest of this section, let f : R¥* — R be such that f U) = f QUQ) for any orthogonal
Q € R¥** and U € St(d, k). We define f : Gr(d, k) — R by f([U]) := f(U). We assume that f is
sufficiently smooth, under the proper notion of smoothness, to justify the computations below.

Gradients and Hessians. The Riemannian gradient of f at [U] is the element of Tj;;) Gr(d, k)
given by 5
lifty (grad f([U])) = (Is = UUT)Vf(U), (24)
where V f is the Euclidean gradient of f. See equation (9.84) in [Bou23]. Similarly, the Riemannian
Hessian of f is the linear map Hess f([U]) : Tiyy Gr(d, k) — Tjy) Gr(d, k) given by
lifte (Hess f([U])[E]) = (Lo = UUT)V2F(U)lifty (9)] — lifty (OUTVF(U),  @25)

for any £ € Tjy) Gr(d, k), and where V2f is the Euclidean Hessian of f, viewed as a linear map
RI*F — RIXF See equation (9.86) in [Bou23].

Higher order derivatives. The total s-th order covariant derivative of f is denoted by V™ f. See
Definition 10.77 and Example 10.78 in [Bou23]. It is a map that takes an m~+1 tuple ([U], &1, .- -, &m)
where [U] € Gr(d, k) and &; € Ty Gr(d, k) for all j € [m] and outputs a real number. It is linear
in each of its last m arguments, and can be computed iteratively as follows: VOf = f and

VPFIUDE -5 6m) = 5 Vm L (Exp (tm)s Pe (1), s Pept(Em—1))| - (26)

t=0
See equation (10.53) in [Bou23]. In particular, for m = 1 and m = 2 we have the identities

VF(ULE) = (grad f([U]), )y, V(U] &1, &2) = (Hess f([UD[E], 2)0- 27
See Example 10.78 in [Bou23].

Taylor expansions. Let [U] € Gr(d, k) and £ € T}y Gr(d, k), and consider the geodesic () =
Exp((t€) for ¢ € [0, 1]. Define the function g : [0, 1] —> R by g(t) := f(v(t)). Then we have

g/(t) = Vf(’)/(t),Pg(f)), g//(t) = vzf(q/(t%Pf,t(£)7pf,t(§))7 (28)
g"(t) = V2 F(7(t), P (8), Pet(€), Pee(€))-
See Example 10.81 in [Bou23]. By Taylor’s theorem applied to g around 0 and (27) we have

F(Exp(€)) = F([U]) + (grad f([U]), &)y + 5 <HeSSf([ DL O

+ Ev?)f('y(s% P&S(S)v PE,S(&)? Pﬁ,s(&))u (29)
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for some s € [0, 1], and where we used the mean value form of the remainder. We also have the
following Taylor expansion the gradient of f

Pg (grad f(Expy(€))) = grad f([U]) + Hess f([U])[¢]

1
+ [ Pt oHess f((s) o Pe. ~ Hess F(U)} g ds. - (30)
0
See Step 2 in the proof of Proposition 10.55 in [Bou23].

Lipschitz continuous derivatives. The function f is said to have an L-Lipschitz continuous m-th
derivative if

sup sup V™[0 &, &) < L 31)
[U]eGr(d,k) [1&;1|=1,5€[m+1]

See Proposition 10.83 in [Bou23]. For the special case m = 2, this is equivalent to Hessian
L-Lipschitzness, which states that for all [U] € Gr(d, k) and § € Tjyy) Gr(d, k)

|P¢1 o Hess f(Expy(€)) o Pea — Hess f([U])[lop < L€]]-
See Exercise 10.89 in [Bou23].

B Analysis of the block Rayleigh quotient

In this section, we state and prove the two main technical results behind Theorems 1 and 2. We state
them here in terms of the negative block Rayleigh quotient (14). We will use them in subsequent
sections on the empirical and population reconstruction risk, which we recall from Section 4 are up
to an additive constant equal to the negative block Rayleigh quotient of 3J,, and ¥ respectively.

Recall the setup of Section 4. We have a symmetric matrix A € R4*¢

block Rayleigh quotient F' : Gr(d, k) — R given by
F(V)]) = —(1/2) e (VT AV).

and its associated negative

In the context of Appendix A, this function can be obtained from the one defined on Euclidean space
F : Rk — R given by F(B) = —(1/2) Tr(BT AB). Hence the Riemannian gradient and Hessian
of F are given by, using (24) and (25),

lifty (grad F([V])) = —(Iq — VVT)AV (32)
lifty (Hess F([V])[¢]) = AVTAV — (I, - VVT)AA (33)
where A = lifty (€).

B.1 Hessian Lipschitzness of the block Rayleigh quotient

Recall the discussion on the higher order derivatives V°F' of F' from Appendix A.
Proposition 2. For all [V] € Gr(d, k) and £1,&2,&3 € Tiy) Gr(d, k), it holds that

V?’F([V]7 &1,82,83) = (4, V[A{AgAg + AQTAlA?; + AgAlAg + A?;AgAf])F,
where A; = lifty (§;) for j € {1,2,3}. As a consequence

sup sup ‘VBF([V]a§17€27£3)| S 4HAHF7
[VIEGr(d,k) [I€111=1,]|&=21I=1,[I€s]=1

and for all [V] € Gr(d, k) and £ € Ty Gr(d, k),
1Py o Hess F(Expy(€)) o Pey — Hess F([V])lop < 4] A pII€].

Proof. Fix [V] € Gr(d, k) and &1, &2, &3 € Tjy) Gr(d, k). Then we have by (26)

VAF([V], 61,62, 63) = %VQF(EXP[V} (t€3), Pes t(&1), Pes i (62))| - (34)
t=0
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Let Az := lifty (£3) = PSQT be a SVD, A; := lifty (&), and Ay := lifty (&;). Define

V(t) :=VQcos(tS)QT + Psin(tS)QT, B(t) := —VQsin(tS)PT + Pcos(tS)PT — PPT,
Al(t) = hftv(t) (P§37t(§1)) = B(t)Al + Alv Ag(t) = llftv(t) (Pfg,t(€2)) = B(t)Ag + Ag,

where [V (¢)] = Expyy(t§3) by (6) and where we used (23) for the parallel transport map. Using
these definitions, (27), (33), and the fact that the map lift preserves the inner product

V2F (Expy) (t3), Pey (1), Pey t(62)) = (Ar(O)V ()T AV (8) — AAL(1), Aa(t))r,  (35)

where we used the identity (I; — V (¢)V (¢)T)Ax(t) = As(t), which holds since V()T Ay (t) = 0
by (4), to simplify the resulting expression. Now taking derivatives with respect to ¢, dropping the
dependence on ¢ in the notation, and writing V' for the derivative of V (t), we get
d . ) .
E<A VIAV — AN, Ao)p = Tr(VIAVAT Ay) + Tr(VTAVAT Ag) + Tr(VIAVAT A,)
+ Tr(VTAVATAy) — Tr(AT AAy) — Tr(AT AA,).  (36)

Noting that B(t) = =V Q cos(tS)SPT — Psin(tS)SPT, we get
B(0)=-vQSPT = VAL, Aj(0)=-VATA,, Ay0)=-VATA,.

Replacing in (36) and simplifying, then using (35) and (34) finishes the proof of the first statement.
The second follows from the Cauchy-Schwarz inequality, the inequality ||V C|r < ||V ||op|/C|| F and
IV lop = 1, the submultiplicativity of the Frobenius norm, and the fact that ||lifty (£)| = ||&]| for
all £ € Tjy) Gr(d, k). See the end of Appendix A for the last statement. O

B.2 Generalized self-concordance of the block Rayleigh quotient

Proof of Proposition 1. Recall that (vj)?zl is a basis of eigenvectors of A ordered non-increasingly
according to their corresponding eigenvalues (u; );-J:l. Let V. € St(d, k) be the matrix whose j-th col-
umn is v;. We start with the first statement, and with the case where () = Expyy, (¢t Logpy,([V])).

Define £ := Logy,([V]), and let lifty, () = PSQ" be a SVD. Let 7 be the rank of lifty, (¢), and
let P, be the d x k matrix whose first  columns match those of P, and whose last £ — r columns are
0. Then we have by (6)

~(t) = [ViQ cos(tS) + P, sin(tS)], 37)

where we used that the post-multiplication by Q7', an orthogonal matrix, can be dropped without
affecting the equivalence class, and we used that P sin(tS) = P, sin(tS) since the last k — r singular
values in S are zero. Now let V' (t) = V,.Q cos(tS) + P, sin(tS). Then we have

9(t) = F(x(t) = —5 TX(V ()T AV (1)),

and its derivatives are given by

g'(t) = =Te(V()T AV (1)),

g"(t) = = Te(V()TAV (1) = Te(V ()T AV (1)),

g"(t) = —Te(V()TAV () — 3Te(V ()T AV (¢)).
A straightforward computation shows that

V(t) = (=V,Qsin(tS) + P, cos(tS))S, V(t)=—-V(1)S%, V(t)=-V(t)S>.
Replacing yields
g'(t) =Te(S2V()TAV (1)) — Te(V()TAV (1), ¢"(t) =4Te(S?V()TAV ().  (38)

To further simplify this expression, let V.= € St(d,d — k) be the matrix whose j-th column is vy ;.
Then since V. lifty, (€) = 0 by (4) and by definition of P,, we have V.7 P, = 0. Hence there exists
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I e RE@—F)xk whose first  columns are orthonormal and last & — r columns are zero such that
P, = VT Finally, we may write an eigendecomposition of A as

A=V | VD [Va | VT,
where D = diag(u1, .. ., 1q). Performing block-wise matrix multiplication we obtain the identities
VIAV, = Dy, VIAP. =0, PTAP. =TTD.,T. (39)
where D, = diag(dy, . .., dy) and D, = diag(dg,1, ..., dq). Replacing in (38) V(¢) and V (t)
by their expressions and using the identities (39) yields
g"(t) = Tr(S? cos(2tS){QT D<@ — TT D, T}), (40)
and
lg" ()] = 2|Te(S? sin(2t5){Q" D<@ — T D54 T'})|

= 2|Tr(S tan(2tS) - Sv/cos(2tS){QT D<xQ — TT D+, T'}S+/cos(2tS))]
= 2|(Stan(2tS), S1/cos(2t9){QT D<,Q — TT D+, T'}S\/cos(2t9)) r|

< 2||S tan(2t9) || oo || S1/cos(2tS){ QT D<1.Q — TT D+, T'}S+/cos(2tS) |1
= 2||S tan(2tS)|| - " (¢),
where in the penultimate line we have used Holder’s inequality for Schatten p-norms, and in the last

we have used the fact that the matrix S/cos(2tS){QT D<;Q — TT D~ T'}S+/cos(2tS) is positive-
semidefinite, so its nuclear norm equals its trace. To see why the latter matrix is positive-semidefinite,

note that for any k-dimensional unit vector y,

y'Q"D<Qy > ik, Y T Doy < piia
where these inequalities follow from the fact that QQy is unit norm, and I'y is at most unit norm by
definition of I, and furthermore the singular values in .S correspond to the principal angles between
[V.] and [V], which by assumption are less than 7 /4, so that cos(2t.S) > 0. This last observation also
shows that 2||S tan(2tS) || = 26 tan(2¢0) where 6 is the maximum principal angle between [V]
and [V]. This concludes the proof of the first statement for the case (t) = Expyy,)(t Logy,;([V])).

For the second statement, we first show that g/ (¢) > 0 for all ¢ € [0, 1]. Indeed, expanding the trace
expression in (40) we obtain

K k d—k
g"(t) =) 7 cos(2tS;) - (Z piQ = MkJriF?i)
i=1

j=1 i=1

k
> 57 cos(2tS;) - (pk — pas1)
j=1
> 0.
where in the second line we used that the columns of () are orthonormal, and that the columns of "
are either of length one or zero, and in the last line we used the assumption p, — pr+1 > 0. We use
this result to justify rearranging the first statement of Proposition 1 as follows

g" (0
g"(t)
Integrating once, exponentiating, then integrating twice yields the second statement in Proposition 1.
See the proof of Lemma 1 in [Bac10] for a very similar calculation.

—20 tan(2t0) < %log(g”(t)) = < 260 tan(2t0)

Finally, the case v(t) = Expy(t Logp([Vi])) follows from the first one using the identity
Expyy(t Logpy ([Vi])) = Exppy,;((1 — t) Logy,;([V])). This holds since both curves parametrize
the unique length-minimizing geodesic from [V] to [Vi]. O

Proof of Corollary 2. This is an immediate consequence of Proposition 1. In particular, it is enough
to replace the occurrences of ¢’(0) and ¢’(0) with their expressions in terms of the gradient and
Hessian of F' using (28) and (27) and using the coarse bounds

sin?(9) _ 4

> — 0) <
92 - 5 3 d}( ) —

valid for 0 € (0,7/4). O

)

| W
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C Technical lemmas and computations

This section collects several supporting lemmas and explicit computations used in the proofs of the
main results in Section D. Throughout we make the assumption that E[|| X||3] < oo, so that ¥ is
well-defined. Recall also the definition of UU;- from the second paragraph of Section 3.

C.1 Gradient and Hessian computations

Define the function £ : R¥** x R% — [0, 00) by

1
LU, x) = §||x —UUTz|2.

The reconstruction loss £ : Gr(d, k) x R% — [0, 00) is given by
(U], @) := (U, 2), (41)
which is well defined, as the right-hand side does not depend on the choice of representative in [U].
We thus have by (24) and (25), for any [U] € Gr(d, k) and £ € Ty Gr(d, k)
lifty (grad £([U], z)) = —(I; — UUT) 22T U, (42)
liftyr (Hess £([U], 2)[€]) = AU 22™U — (I; — UUT ) zaT A, (43)
where A = lifty (£), and where we computed the Euclidean gradient and Hessian of { with respect to

U to obtain these expressions. We can express the empirical and population risk defined in Section 2
in terms of the reconstruction loss (41) as

By linearity of the grad and Hess operators along with (42) and (43), or alternatively by working
with R and R,, defined in (2) and (1) and formulas (24) and (25), the gradients of R and R,, satisfy

grad R(U]) = Elgrad ([U), X)), (44)
ad B, (U] = £ Y mad 7, ), 4s)

and similarly for their Hessians .
Hess R([U])[¢] = E[Hess £([U], X)[¢], (46)
Hess R, ([U))€]) = Z Hess £([U], X3)[€]. 7)

Lemma 1. Leti € [d — k], j € [k], and E;; € RU=F*F pe the matrix whose (i, j)-th entry is one
and its remaining entries are zero. Define &;; by lifty (&;;) = ULE; j- Then

Hess R([U.])[&i5] = (Aj = Akwa) - i
i.e. (&) are a basis of eigenvectors of Hess R([U.]) and their associated eigenvalues are (X j — \i4;).
Proof. We have by (46) and (43)
lifty, (Hess R([U.])[&;]) = U (B, ;U SU. — USTSULS Ey )
= U (Ei A<k — Ak Eij)
= (N = M) UL Eij

where in the first line we used the identity (I — U,UI) = U} U:-T, and in the second we expanded
Y =[U,|UI-A-[U, | UIT and performed block-wise matrix multiplication. O

16



Corollary 3. Assume that N\, > Mp11. Then Hess R([U.]) is positive definite, and for any § €
T[U*] Gr(d, k)

lifty, (Hess R([U,]))"L¢]) = ULC!,  lifty, (Hess R([U.])~Y2[¢]) = ULC”,
where lifty, (€) = UXC and
. Cij o’ = Cij

CAND VIS VI YN N

Proof. The positive definiteness of Hess R([U.]) follows directly from the positiveness of its eigen-
values from Lemma | under the assumed condition Ay, > A1. This shows that Hess R([U,]) is
invertible. Expanding ¢ into the basis of eigenvectors (&;;) from Lemma 1 yields

d—k k d—k k d—k k
6 = Z Z<£a€zg>[U*] ' glj Z Z ULC ULEZ] F 51] Z ZCZJ 51]
=1 j=1 =1 j5=1 =1 j5=1

where the second equality holds by (5). Therefore we have

d—k k d—k k
Hess R([U.]) '[¢] ZZC’” Hess R([U.]) (&) = ZZ jype /\lc+ &ij.
i=1 j=1 i=1 j=1 v

Applying lifty;, to both sides and using its linearity yields the first identity of the corollary. The
second follows from a similar argument. O

C.2 Convergence of empirical gradients and Hessians
Lemma 2. Foralln € N, it holds that

E[lgrad R, ([U]) I3 -2] = n™" - Blllgrad £([U.], X)II; -],
where H = Hess R([U.]) and where ||§||3,_, = (H~(£),&)[v. for & € T, Gr(d, k).

2
H1:|

Z “Herad €([UL], X)), grad £([U.], X)) .)]

s

Proof. By (45) we have

nt Z grad £([U.], X;)

Eflgrad By (U.)]%] = E [

1
_7

[llgrad (U], X:)l[;-11,

and the statement follows since the elements of the sum are all equal to E[||grad ¢([U.], X)||3,-.],
since (X;) are i.i.d. with the same distribution as X . The third equality holds since the cross-terms van-
ish by the independence of (X;), E[grad £([U.], X)] = grad R([U.]) by (44), and grad R([U,]) =0
since [U,] is a minimizer of R. O

Lemma 3. It holds that

d—k k . )
Ellond 10 001 = 3 3, ST

where H = Hess R([U.]) and where ||£||3,_, = (H~'(£),&)[v. for & € Ty, Gr(d, k).

Proof. By (42), and using the identity (I; — U, UT) = UZU;~" we have
lifty, (grad £([U.], X)) = ~UL[(UST X)(U.X)T].

17



Let C = (U7 X)(U,X)T. It has entries Ci,; = (Uk+i, X) - (uj, X). Hence by Corollary 3
lifty, (H ™ [grad (([U.], X)]) = ~UC",
where C' = C;/(Aj — Ag+i). Now
E[llgrad ¢([U.], X)II3 -] = El{lifty, (H " [grad £([U.], X)), liftr. (grad £([U.], X))) F]

1~ 1 / S E[C’sz]
= B[(UsC". UL C)r] =EB[C,C)pl =3
i=1 j=1 "7 "kt
Replacing C;; by its value yields the result. O

Lemma 4. Assume that for all i, s € [d — k] and j,t € [k]
Aijse = E[{urti, X) (g, X) (Ui, X) (ur, X)] < oo
Then
liftr, (H; *[v/n - grad Ry ([UL))] % UG,

where H,, = Hess R, ([U.]), and where G is a (d — k) x k matrix with jointly Gaussian mean zero
entries with covariances E[G;jG o] = Nijor/(0ij05¢) where 6,5 = Nj — Ny

Proof. Recall the global assumption E || X |3 < oo so that the population covariance matrix 3 exists.
By (46) and (43) this implies that H = Hess R([U.]) exists. Thus by (47) and the weak law of large

numbers, we have H,, 2 H, and by the continuous mapping theorem H,, ! 2y H~1. On the other
hand consider the random matrix

Z = Ut Tlifty, (H ' [grad £([U.], X))).
By the proof of Lemma (3) we have Z = —C" where C}; = ((ug+i, X) - (uj, X))/ (Aj — Ati),
thus E[Z;;] = 0 and E[Z;; Zs;] = Aijst/(0:;05:). Hence by the central limit theorem and (45), as
n — oo,
1 n
ULTlifty (H'[vn - grad Ry ([UL])]) = N Sz 4% a,
n
i=1

where G is the Gaussian random matrix in the statement. Finally, by another application of the central
limit theorem, we have that v/n - grad R, ([U.]) converges in distribution to a random Gaussian
element, and hence (H,, ' — H=1)[\/n - grad R,,([U.])] converges to 0 in probability by Slutsky’s
theorem. Therefore

USTlifty, (H, ' [vn - grad Ry, ([UL])]
= U lifty, (H, ' = H™Y)[Vn - grad R, ([U.])] + U lifty, (H ™' [V/n - grad Ry, ([U.])],

-0 L
and the final statement of the lemma is obtained by another application of Slutsky’s theorem,
an an application of the continuous mapping theorem with the map C' — U} C, recalling that

UXUHTA=Aforall A e Hy,. O
Lemma 5. Assume that Ny, > A1 and that B[X ] < oo for all j € [d]. If

n > 4(8V + 1)log(3k(d — k)) + 8(2v + 1) log(4/9),
then with probability at least 1 — 6 /4,

>\min (Hn) Z

)

N —

where E[n =HY20H,0H 2 and

V= i ElIM[El, -1, v= H?‘TglE[l\Ml/Z['f]||?U*]] -1

where M = H—'/2 o Hess {([U,], X) o H~/?, H,, = Hess R,,([U.]), and H = Hess R([U,]).

18



Proof. Let M; = H~'/? o Hess £([U.,], X;) o H~ /2. We have the variational characterization
1= Amin (Hn) = Amax(Id — H,) = = sup o Z (E[( w.] — (Mi[E], €)w))
i=1

Thus by Bousquet’s inequality [Bou02], specifically the version in [Van+16, Corollary 16.1], with
probability at least 1 — 6/4

N (1d — ) < 2 B (1d — )] + 1/ 22108 14/0) | 4log(4/9)

3n
Now by the Matrix Bernstein inequality [Tro+15, Theorem 6.6.1], we have
~ 2V1og(3k(d —k)) = log(3k(d — k))
E[Amax(Id — H, max Id - M .
P10~ o) = (310~ ) 5 | T 8
Combining the two bounds and solving for n yields the result. O

Lemma 6. The parameters V and v defined in Lemma 5 admit the explicit expression given in
Remark 3.

Proof. Let £ € Ty, Gr(d, k), and let UT'C = A = lifty, (£). We have by Corollary 3, for
& = H 2]
liftyr, (1) = ULC,

where C; = Cij/\/Aj — Ak+i- Now by (43), we have for §; = Hess £([U.], X)[&1]
lift, (§2) = U [C'UN X XTU, —USTXXTUC
Defining )?j = (X, u;), and writing )N(Sk for its first £ entries, and )Z'>k for its remaining d — k
entries, we have L o
lifty, (&) = UL [C' X< X Ty — X XT,C7).
Denote the term in brackets by D. Then again by Corollary 3, for &5 = H /2 [£2], we get
lifty, (&) = U+ D',
where Dj; = D;j//Aj — Ak+i. We start with the computation of (M[{], ) (v,)- We have
(M), . = (H V2 oHess €([U.], X) o HV2[E], )0
= (Hess (([U.), X) o H™V2[¢], HTV?[g])u.
= <C ngng - X>kX>kC C/>
= Tr(X<, X2,0"7C") — Te(CT X5, X2,.C7)
= |C/)~(<k||§ - ||C/TX>1«||2
d—Fk o, Floa
:; Z_:A fA,m ;) _; Z/\

Taking the square of this expression, expanding, and taking expectations yields an explicit expression
of (M[¢], € >[2U*] in terms of C. Noting that the map that sends & to C'is an isometric isomorphism, the

supremum of the former over vectors ||£|| = 1 is equal to the supremum of the latter over ||C||p = 1.
This concludes the proof for v. For V, note that

1M U = lU DIl = ||1D]|%

k 2
1
= — | X X - X ——J X
;; Aj = Aoti ( Jszl \/m ’“”Z m k+t>

Expanding the square and taking expectations gives an explicit expression of || M [£]]|3 in terms of C,
and by the same argument as for v, V is the supremum over |C|| = 1 of this explicit expression. [J
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C.3 Localization argument for ERM

The following two corollaries are immediate consequences of Corollary 2 and Proposition 2, since
the population and empirical reconstruction risks R and R,, are, up to an insignificant constant, equal
to the negative block Rayleigh quotients —(1/2) Tr(UTXU) and —(1/2) Tr(UTS,,U) respectively.

Corollary 4. Assume that A\, > \iy1, and let [U] € Gr(d, k) such that 0,([U.], [U]) < 7/4. Then

R(U]) = R([U.]) <

> w

(Hess R([U.])[€], &)
where § = Logyy 1 ([U]).
Corollary 5. It holds that

sup sup |V3R([U]7€17§2a§3)| S 4||Z||Fa
[U]€Gr(d,k) l|€1lI=1,]162]1=1,[[&s]|=1

and for all [U] € Gr(d, k) and § € Ty Gr(d, k),
|1P¢1 o Hess Ry (Expyy) (€)) 0 Pe,r — Hess Ry ([U])llop < 4] Sl lI€]-

Lemma 7. On the event that 0y ([U,], |U.]) < /4, it holds that

25 o, =
Logg ) ([Ual)llf < = - Ak (Ha) - llgrad Ry ([UD) 13-+

4 min

where H,, = H™Y/2 o H, o H-'/2, /\min(ffn) is its smallest eigenvalue, H = Hess R([U.]),
H,, = Hess R, ([U.]), and ||€||3; = (H(§), &) w.) for & € Ty, Gr(d, k).

Proof. Denote Logy; | ([Un]) by & Since [U,] minimizes the empirical risk we have
R ([Un]) = Ra([U.]) < 0. (48)
On the other hand by Corollary 4 we have
2
R, ([Un]) — Ra([U4]) = (grad Ry, ([U4]), &n) + 5”5%”%@1 (49)

By the Cauchy-Schwartz inequality
(grad Ry ([Ux]), €n) = —llgrad Ry ([Us)) |1 - [|€nll - (50)

And we also have

2

12 > ianEHH”>~ W12 = inf (HLELE) - 1613 = Muin(H) - 160115, (51
€all, > ( 1 e ) 6l = ot L IELE) 16l = Aminl ) - [l D)
Combining (48), (49), (50), and (51) we obtain the result. O

C.4 Matrix identities and perturbation bounds

Lemma 8. Assume that \j; — A\+1 > 0 and that ||X — Zp|lop < (Ax — Ak+1)/2. Then
28, Sy

Sinek([Un]a [U*]) )\k — >\k+1

Proof. Let § = A\, — Ap41. Recall that (u,, ;) is an orthonormal basis of eigenvectors of X, ordered
non-increasingly according to their corresponding eigenvalues (), ;), with ties broken arbitrarily.
On the one hand, we have by inequality (1.63) in [Tao12]

A = Ajn| < 1[50 = Zllop, (52)
for all j € [d]. This implies that
A1 < Mgt F 1 Z0n — Zllop < Akg1 + Ak — Ag1) < Ag, (53)
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where the inequality follows by the assumed bound in the lemma. On the other hand, we have by the
operator norm version of Theorem 1 in [YWS15]?, and taking 7 = 1 and s = k in the statement

%, — %
sin 04 (U, [0.]) < 12~ Zlow.
Ak = Ank+1

where we have used (53) to simplify the denominator appearing in the original statement. Using
again (52) to lower bound the denominator we get

: %0 = Ellop
sin O3 (U], [U.]) < o= =lop
o — ||Zn - Z||01D
Using the inequality z/(c — x) < 2z/c valid for x € [0, ¢/2] finishes the proof. O

Corollary 6. Assume that \;, > \y1 and that E[X;-l] < ooforall j € [d). If

16(S + r(n))
"= O( Ak — Akr1)?’
Then with probability at least 1 — § /2

Ok ([Un], [U.]) < 7/4,
where

Si=c(d) [B[XXT = 2)?lop,  7(n) = c*(d) - n™! Emaxiep | Xi X[ = B3],
and c(d) = 4(1 + 2[log(d)]).

Proof. By the second item of Theorem 5.1 in [Tro16], we have
n- B[S, - 2[2,] < 28 + 2r(n)
Applying Markov’s inequality, using Lemma 8, and solving for n yields the result. O

Lemma 9. Let U,V € St(d, k). Let (0;)%_, be the singular values of UUT — VVT ordered
non-increasingly. Then for i € [2k],
o = sinO,_| i—1),2) ([U], [V]),

and the remaining singular values are zero.

Proof. See Theorem 5.5 in Chapter 1 of [SS90]. O

D Proofs of main results

D.1 Proof of Theorem 1

Consistency. Since E[|| X||3] < oo, we have by the weak law of large numbers 3,, 2 ¥, i.e. for all
e>0
lim P(||X, — X|lop > ¢€) =0.
n—0o0

Let A,, be the event that || X,, — X|op < (Ax — Ag41)/2. By assumption the right-hand side is strictly
larger than 0, so lim,,_,, P(4,,) = 1. On the one hand, by Lemma 8, we have on the event A,

2% =Sy

sin(0x ([Un], [Us])) Me — Mg 1

On the other we have

k 1/2
iU 10 = (L A@LID) < VE- (D)

3See the beginning of the second paragraph after the statement of the theorem.
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Now let 0 < & < v/k7/2. Using the above two bounds we obtain

P(dist([Uy], [U.]) > €) < P(0x([Un), [UL]) > €/VE)
< P{Ok([Un], [U.]) > ¢/ VE} N An) + P(A7)
< P(IS0 = Ellop = Ak = A1) - sin(e/Vk)/2) + P(A7)
and both terms go to zero as n — oo.

/n-consistency. For the rest of the proof, let £, = Logjy,|([U.]) when well defined, and 0
otherwise. Let H = Hess R([U.]) and H,, = Hess R,,([U.]), and for a positive semi-definite linear
map L : Tjy,) Gr(d, k) — Ty Gr(d, k), let [|€]|7 = (L(£),€) denote the (squared) semi-norm
it induces, for { € Tjy,; Gr(d, k). We note that under the eigengap assumption of the theorem,
& — ||€|| i is a norm since H is positive-definite by Corollary 3.

Let A,, be the event that 6, ([U,], [U.]) < /4. By the consistency result, lim,,_,o, P(A,) = 1. Now
on this event we have by Lemma 7

5 B ~
€nller < 9 /\miln(Hn) “lgrad Ry ([Us)l[ -1+

where H,, = H=Y2 0 H, o H~'/2 and )\min(ﬁn) is its smallest eigenvalue.

On the one hand, by the weak law of large numbers H, 2 1d,and by the continuous mapping theorem
A;}H(Hn) L, 1. Let B,, be the event that /\I;iln(Hn) < 2, which thus satisfies lim,, ., P(B,,) = 1.
On the other hand, we have by Lemma 2

Ellgrad Ry ([U)|I7-1] = n™" Elllgrad €([U.], X)II3 -],

and by the moment assumption of the theorem and Lemma 3 the expectation on the right-hand side is
finite.

Therefore we have for any ¢ > 0 and « € [0,1/2), using the above two displays and Markov’s
inequality

€ € . .
P(l|énllm = nj) < P{llénllz = nia} N(An N By)) + P(An) + P(Bn)
€
< P(llgrad Ru([Uu))ll -1 2 £-2) + P(47) + P(By)
< 25?7 g7 Ellgrad (((U.], X))+ P(A7) + P(By)
and all three terms go to zero as n — oo so that foralle > 0 and « € [0,1/2)

€
. sy
Jim P(lnllr = 2) =0 (54)
Asymptotic normality. Let A, be the event that 6, ([U,], [U.]) < 7/4. By the consistency result,
lim,, 0o P(4,) = 1.

Since [U,,] minimizes the empirical reconstruction risk, it holds that grad R,,([U,]) = 0. On the
event A,, we have by the Taylor expansion (30)

0 = grad R, ([Uy]) = grad R, ([U]) + H,[£n] + En,

where we used that the parallel transport map introduced at the beginning of Appendix A sends 0 to
0, and where the term E,, is given by

1
B, — /O (P10 Hess Ry (Bxpy.y(sn)) o Pe, . — Hess Ry ([U.])} &) ds.

By the weak law of large numbers H,, 2 H which is invertible by the eigengap assumption of the
theorem and Corollary 3. The event B,, on which H,, is invertible thus satisfies lim,,,, P(B,,) = 1.
On the event A,, N B,, we thus have, rearranging the first display and scaling by y/n

Vi &y = —H; [V - grad Ry ([U.)] — Hy ' [V - By
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Now we claim that \/n - E,, 25 0. Indeed, we have by Corollary 5

1
[En ]l < [1€nll - /0 1P, 1 © Hess Ry (Expy,j(6n)) © Prg,,1 — Hess Ry ([U.])lopds

<2 H£TL||2 ! ||EnHF

where in the first line we used the easy to check identity Pe ; = P,¢ 1. Once again using the weak
law of large numbers and the continuous mapping theorem we obtain ||, || 2> ||| . Thus using

(54) we obtain \/n - E,, 25 0. The asymptotic normality statement in the Theorem then follows from
Lemma 4, Slutsky’s theorem, and the fact that the events A and B have vanishing probability as
n — 0.

Excess Risk. Let A, be the event that 0,([U,],[U.]) < w/4. By the consistency result,
lim,,, P(A4,,) = 1. By the Taylor expansion (29), we have on this event

n [R(U) = ROV = 5V &ally - B,

where the error term F,, is given by

3
s
E, = gng(Exp[U*] (gn); Psgn,l(fn)a Psgn,l(gn)v Psgn,l(gn))v
for some s € [0, 1], and where we again used the easy to check identity P s = Py 1. We claim that

n-E, % 0. Indeed by Corollary 5, we have
1Bl < IZlF - [Psg, 1 Gl = I21]F - 1,

where we used in the equality that the parallel transport map is an isometry as described in the
beginning of Appendix A. Thus using (54) we obtain n - E, 2 0. Finally, we have, using the
asymptotic normality statement in the theorem, proven above, the continuous mapping theorem, and
the explicit description of H'/? from Lemma 1 that lift;y, (HY/2[\/n - £,]) converges in distribution
U H where H is the Gaussian matrix in the statement of the theorem. The result then follows from
an application of Slutsky’s theorem, the fact that the event A¢ has vanishing probability as n — oo,
and that [|[ULC||r = ||C||r for any (d — k) x k matrix C.

D.2 Proof of Remark 1

We have on the one hand by Lemma 9 that
k
U UL — US|, =297 - (S sin(6,)) /7, (55)
j=1

where we have shortened 0; = 6;([U,], [U.]). Recall from Section 2 that the singular values of
A, = lifty, (Logyy,([Un])) are the principal angles between [U,] and [U.]. Define the function

Y R4xF — R4¥F a5 follows. For a matrix A € R%** let A = PSQT be a SVD of A. Then we
define p(A) = Psin(S)QT where sin is applied element-wise to the singular values. Now

2(A) — p(0) — A = Psin($)QT — PSQT = P(sin($) - $)Q7

Hence .
l(A) — (0) — A”Op < lim Smax — SIN(Smax)

m < =0
| Allop—0 | Allop [ Allop—0 Smax

where Spax 1s the maximum singular value of A, and we used the fact that (z — sin(z))/x — 0 as
x — 0. Therefore ¢ is differentiable at 0, and its derivative there is the identity map, so by the delta
method [e.g. Van00, Theorem 3.1]) and the asymptotic normality result in Theorem 1 we obtain

Vi p(A) S UG

Applying the continuous mapping theorem with the map A — 2/7|| A
IULG|, = ||G||, since Ut € St(d, d — k) finishes the proof.

p» using (55), and noting that
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D.3 Proof of Theorem 2

Let &, = Logy,)([U.]) when well defined, and 0 otherwise. Let H = Hess R([U.]) and H,, =
Hess R,,([U.]), and for a positive semi-definite linear map L : Tiyr, Gr(d, k) — Tiy,) Gr(d, k), let
€17 = (L(£), &) denote the (squared) semi-norm it induces, for & € Ty, Gr(d, k).

Let A,, be the event that 6, ([U,,], [U.]) < m/4. Under the sample size restriction of the theorem, and
in particular the third term in this restriction, this event happens with probability at least 1 — §/2 by
Corollary 6.

Now on this event, we have by Lemma 7 that the following inequality holds

1€nll < < S At (Hn) - llgrad R ([U)]] -1,

where H,, = H-Y/2 0 H, o H~1/2,

Let B,, be the event that )\mm( ) > 1/2. Under the sample size restriction of the theorem, and in
particular the first two terms in this restriction, this event happens with probability at least 1 — §/4 by
Lemmas 5 and 6.

Now by Lemmas 2 and 3 and Markov’s inequality we also have that on an event C,, that holds with
probability at least 1 — 6/4

d—k k
4 E[(upyi, X)*(u;, X)?]
2 < -
lgrad Ry, ([U)]I -1 < n-o ;; Aj = Akti .

Therefore, on the event A,, N B,, N C,, that holds with probability at least 1 — J, we have

—k k ) Cx)2
leall < —%ZZ R

Ak—&-z

and on this same event, we have by Corollary 4, noting that on this event §,, = Log ([UL)

Ak—i—z

d—k k
75 uk i X2 (u;, X)?
which concludes the proof.

D.4 Proof Sketch for Example 2
When X ~ N(0,Y), we have

3)\? ifj=s=r=p
Ajde ifj=p#r=sorj=s#r=p

F'Ts = o .
rep Ajrs ifj=r#s=p
0 otherwise
and
A B Ak+tds ift=gqgands=r
tsar =7 otherwise
and finally

3)\k+l ifi=t=q=1

Qurat = Akt iAktt ?fi:q;ét:lori:l;ét:q
Motidir1qg fi=t#qg=1
0 otherwise

Using these identities in the sums in Remark 3 and simplifying shows that the maximization problem
becomes one over the simplex which can be solved directly for V or very well-approximated for v.
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D.5 Remarks on omitted proofs

Quantile bounds in Corollary 1 and Remark 1. The upper bounds in these statements are a direct
consequence of the Gaussian concentration inequality [e.g. BLM13, Theorem 5.6]. For the lower
bounds and a step by step derivation, see for example [EME24, Appendix A]. Note also that the
quantile bounds in Example 1 are a direct consequence of those in Corollary 1 and Remark 1.

Claim in Remark 2. As is clear from the Proof of Theorem 1, the key properties leading to it are
the self-concordance and Hessian Lipschitzness of the empirical and populations reconstruction risks,
i.e. Corollaries 4 and 5. These are themselves derived from the more general results we obtained in
Propositions 1 and 2 that holds for the negative block Rayleigh quotient. These can be used directly
with minor adjustments to prove the claim we made in Remark 2. Furthermore, up to generalizing
the parameters appearing in the sample size restriction, one may use Propositions 1 and 2 to obtain a
more general version of Theorem 2 that holds in the setting described in Remark 2.
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