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Abstract

We develop optimal quadratic and cubic spline collocation methods for solving linear second-
order two-point boundary value problems on non-uniform partitions. To develop optimal non-uniform
partition methods, we use a mapping function from uniform to non-uniform partitions and develop
expansions of the error at the non-uniform collocation points of some appropriately defined spline in-
terpolants. The existence and uniqueness of the spline collocation approximations are shown, under
some conditions. Optimal global and local orders of convergence of the spline collocation approxi-
mations and derivatives are derived, similar to those of the respective methods for uniform partitions.
Numerical results on a variety of problems, including a boundary layer problem, and a non-linear
problem, verify the optimal convergence of the methods, even under more relaxed conditions than
those assumed by theory.
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1 Introduction
Consider a linear two-point Boundary Value Problem (BVP) described by the operator equation
Lu=ru"+pu'+qu=g in Q=(0,1), (1)

where r, p,q and g are given functions of x, and u is the unknown function of x, subject to boundary
conditions on the boundary 02 of 2, described by

Bu = {aou(0) + for'(0) = 0, aru(1) + 1/ (1) = 7}, ()



where «;, (5; and 7;, ¢ = 0, 1 are given scalars. We focus the discussion to the above BVP, but some of the
ideas and methods considered are useful for higher order and multi-dimensional BVPs.

Piecewise polynomial collocation is a commonly used method for the solution of (1)-(2). Let A be a
partition for €2. Based on A, a piecewise polynomial space P is defined. A set T" of data points, called
collocation points, is prescribed in Q = Q U 9. The number of collocation points depends on the choice
of the piecewise polynomial space. Let Ty = 7' N 0f2 be the set of boundary collocation points. Let 7,
the set of points at which (1) is collocated. Usually 71, = T' — g, but in some cases 11, = T, that is, the
operator equation (1) is collocated on the boundary as well.

In its standard formulation, piecewise polynomial collocation seeks an approximation ua € P to the
solution u of (1)-(2), such that

Lupn =g inTy, and Bua =7 onTg. 3)

The choice of collocation points is critical for the order of convergence of the arising method.

De Boor and Swartz [8] introduced and analyzed Gaussian collocation for one-dimensional mth order
non-linear ODEs with m linear side conditions. For the second order BVP described by (1)-(2), Gaussian
collocation determines a C! piecewise (k + 1)-degree polynomial approximation ua by collocating at the
k Gaussian points in each partition interval, and the two linear side conditions. Under some conditions, the
global error in ua is shown to be O(H**+?2), where H is the maximum partition length. Furthermore, at the
nodes, the approximation and the first derivative have error O( H?*), that is, they exhibit superconvergence
for k > 2 and k > 2, respectively.

Splines are piecewise polynomials of degree k and continuity C*~1, that is, they exhibit the maximum
possible smoothness. Spline collocation uses only one collocation point per subinterval and hence the
linear system arising from (3) is the smallest possible among all types of piecewise polynomial collocation
for the same number of partition points. Typical choices of spline collocation points are the nodes of the
partition, if the degree of the splines is odd, and the midpoints, if the degree of the splines is even. It
is worth noting that, when extending Gaussian collocation to two-dimensional domains through a tensor
product approach, the number of collocation points per subrectangle is &2, while for spline collocation it
remains one. Thus the efficiency advantage of spline over Gaussian collocation becomes more apparent
in two- and higher-dimensional problems.

However, the standard quadratic and cubic spline collocation methods applied to (1)-(2) produce
O(H?) approximations even on uniform partitions. In contrast, quadratic spline interpolation at the mid-
points gives an O(H?) global error bound, while, at the nodes of a uniform partition, it gives an O(H*)
error bound. Moreover, cubic spline interpolation at the nodes gives an O(H*) global error bound.

Several researchers were concerned with developing optimal spline collocation methods, that is, meth-
ods that exhibit the same orders of convergence as interpolation in the same spline space. Optimal spline
collocation methods on uniform partitions have been constructed based on acceleration techniques using
appropriate perturbations P, and Pg of the operators L. and B, respectively. The formulae that define
these perturbation operators are derived by Taylor expansions at the collocation points of the errors be-
tween the exact solution u and an appropriately defined spline interpolant of .

Two types of methods were formulated. The first type of method, called one-step or extrapolated
method, involves determining a spline ua such that

Lua + PLua = g inTy, and Bua + Pgua =y on 1g. 4



In this method, collocation is applied to a perturbed differential equation.
The second type of method, called two-step or deferred-correction method, involves determining first
a spline uaj) that satisfies (3), and then a spline ua, such that

Lupn = g — Pruap) inTy, and Bua = v — Pguap) on Tg.

&)

Both methods are optimal. When the methods are extended to multi-dimensional BVPs, the deferred-
correction method is more efficient in terms of time and memory requirements.

The first optimal spline collocation methods proposed to solve BVPs were based on cubic splines.
For one-dimensional second-order BVPs and uniform partitions, Fyfe [9] proposed a deferred-correction
cubic spline method, while [1] and [7] developed and analyzed an extrapolated cubic spline method. Ex-
trapolated and deferred-correction quadratic spline methods, using the midpoints of the uniform partition
intervals as collocation points, were proposed and analyzed in [10]. These optimal cubic and quadratic
spline collocation methods were extended to two-dimensional second-order elliptic BVPs for rectangu-
lar domains in [12] and [5], respectively. Optimal quintic and quartic spline collocation methods [13],
[17] were developed for one-dimensional fourth-order BVPs on uniform partitions. The orders of conver-
gence of some optimal spline collocation methods and some Gaussian piecewise polynomial collocation
methods are displayed in Tables 1 and 2.

d 2 3
m = global mid nodal Gauss | global mid nodal Gauss
U — UA 3 4 4 4
u — ulp 2 3 3 4 4
u” —uly 1 2 2 3
u® — WP NJA O NJA NJA O N/A |1 2
d 4 5
m = global mid nodal Gauss | global mid nodal Gauss
U — UA 5 6 6 6
u — up 4 5 6
u” —uly 3 4 4 4
ul® — u(Ag) 2 3 3 4
O i 2 2

Table 1: Order of convergence of optimal spline collocation methods. Here, d is the degree of the spline
(d — 1 continuity), and m the order of the BVP. Blank entries denote that the global convergence results
hold (no local superconvergence result was found in the literature).

None of the above optimal spline collocation methods has been extended to non-uniform partitions.
The applicability of a discretization method to non-uniform partitions is essential for problems with rough
solution behaviour, layers, etc, which are usually solved by adaptive techniques, and for multi-dimensional
problems in non-rectangular domains. In the rest of the paper, we develop optimal non-uniform partition
quadratic spline collocation (QSC) and cubic spline collocation (CSC) methods for linear one-dimensional
second-order BVPs. In [6], we develop adaptive techniques for spline collocation.



m=2k=2,d=3|m=2k=4,d=5|m=4,k=6,d=9
global nodal global nodal global nodal
U — up 4 6 8 10 12
u — Uy 3 4 5 8 9 12
u’ — up 2 4 8 12
u® — 3 7 12

Table 2: Order of convergence of degree d = m + k£ — 1 piecewise polynomial collocation (m — 1
continuity) for a mth order BVP at k£ Gaussian points in each subinterval. Blank entries denote that the
global convergence results hold (no local superconvergence result was found in the literature).

The outline of this paper is as follows. In Section 2, we present a technique of deriving optimal
spline collocation methods for non-uniform partitions by mapping uniform to non-uniform partitions. We
apply the technique to derive two QSC methods on non-uniform partitions, the two-step and the one-
step methods. We emphasize that, at least numerically, this technique is not equivalent to applying a
transformation of variables to the problem and obtaining a problem which can be solved effectively on
a uniform grid. We prove the existence and uniqueness of the QSC approximation for a certain class
of problems, and derive optimal global and local error bounds. In Section 3, we derive and analyze an
optimal two-step CSC method on non-uniform partitions. The derivation and analysis of the method again
assumes that the non-uniform partition is the image of a uniform partition under an appropriate mapping.
However, the final formulation and implementation of the method is mapping-free, in the sense that, once
the location of the grid points is given, no mapping needs to be computed, in contrast to the QSC method.
In Section 4, we present numerical results that demonstrate the behaviour of the QSC and CSC methods
on a variety of problems, including a boundary layer problem, and a non-linear problem, and indicate
that the conditions assumed for the development and analysis of the methods are only sufficient and not
necessary. In the last section, we make some concluding remarks and briefly mention possible extensions
of this work.

2 Non-uniform Partition Quadratic Spline Collocation

Consider the two-point BVP (1)-(2). Let A = {z0 = 0 < 27 < ... < xy = 1} be a uniform partition
of Q) with stepsize h = 1/Nand T = {ry = 29,7 = (v; + x4_1)/2;i = 1,...,N,7nv41 = oy} be a set
of data points. Furthermore, define the Gaussian points 0;; = x; — A\jh; j = 1,2, = 1,..., N, where
M =(3—v3)/6and A, = (3+/3)/6.

Let w(z) : Q© — € be a bijective function in C3, with w'(z) > 0, Vo € Q. Let A, = {s; =
w(z;),i = 0,..., N} be the partition of {2 with respect to which the splines will be defined, and T, =
{w; = w(r;),i = 0,..., N + 1} be the set of collocation points. That is, for the initial development of
the methods, we assume that the non-uniform grid points and collocation points are images of uniform
grid points and collocation points, respectively. Let also 0;; = w(d;5), j = 1,2,7 = 1,..., N. Adopt the
following notation: h; = w41 —w;, ¢ =1,...,. N =1, h! =s;, —w;, 1 =1,..., N, hf = Wip1 — Si
i=0,...,N—1,H; =s;41—8;,i=0,...,N—1,and H = max{max,—; _n{h?}, max,—o _n_1{h0}}.
Figure 1 shows the notation for the uniform grid and its non-uniform image for N + 1 grid points. For



any given w(x), we denote by Sa,, the quadratic spline space with respect to the partition A,,. Note that
the second derivative of a quadratic spline is not continuous on s;,7 = 0, ..., N, but, whenever we need
its value, we define it by right (without loss of generality) continuity for s;,7 = 0,..., N — 1, and by left
continuity for sy.

h
h
Zo T Ti—1 Z; Tit+1 ITN-1 TN
70 1 2 Ti Ti+1 TN—-1 TN TN+1
ha h; hy=1
Hy ~— Hi— Hy—t
S0 S1 Si—1 Si Si+1 SN-1 SN
wo w1 w2 w; Wi41 WN-1 WN WN+1
-— hbw h{— ~—hf——— hﬁ?a -— hbw_ h&—

Figure 1: The uniform grid (above) and its non-uniform image (below, drawn as uniform for convenience).

Let S € Sa, be the quadratic spline interpolant of w such that

S"(wr) =" (wr) — 55 {4(h§ — hg)ul® (wr) + (A + hg)*ul® (w1)},
S(w;)  =wu(w), 1=1,...,N, (6)
S"(wy) = u"(wy) — 3 {4(h% — hiy_)ul® (w) + (h + hy_y)*ul (wy)}-

Note that the second set of relations in (6) is typical for a quadratic spline interpolant of u, while the first
and third relations are a set of end-conditions that make the quadratic spline interpolant unique.

For simplicity, adopt the following notation: S; = S(w;), S; = S’'(w;) and S = S”(w;). Notice that,
when an integer subscript is attributed to the function w or its derivatives, it denotes values of the function
or its derivatives, respectively, at collocation points of a uniform partition, i.e. w; = w(r;), w; = w'(7;)
and w; = w"(;), while, when it is attributed to other functions, it denotes values of the function at images
through w of collocation points of a uniform partition, i.e. u; = u(w;) = u(w(r;)), etc. Furthermore, let
e(r) = u(z) — S(x), thus e; = e(w;). We will develop expansions of the errors of the derivatives of .S at
the collocation points.

2.1 Expansions of the errors of a quadratic spline interpolant

We begin by considering the second derivative error at the midpoints. The symbols au;, Bk, Vki» k =
0,1,2,7=2,..., N — 1, denote scalars defined within the subsection. By setting up the equations,

S + BoiS] + 72iSi 1 = 0iSi—1 + BoiSi + Y0iSit1 (7

fori =2,..., N — 1, and solving for ay;, Bk, Txi» K = 0, 2, with Maple we have

ag; = —2h;, g = —hi(he)?,
Boi = 2(hi + hi—1), o= hi(h?_1)2 + hifl(h?)2 — (hi + hi—1)hihi—1, (8)
Yoi = —2h;i_1, Yo = —h;_1(hY)%.
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It is worth noting that relations (7) hold for any quadratic spline S € Sh,,.

For later convenience, let Au; = W(agiui_l + Boiu; + Yothiv1), 1 =2,..., N — 1.

LEMMA 1 Ifw(x) € C3[Q), then

hi = hwi + ] + O(h®), by = hwj = lZw] + O(?),
h$ = %w + %w” +O0(h3), Rl ="lbuw+ —w” + O(h?), )
WYy = twl — Pl £ O(R®), he, = %wl — W+ O(h?),

where the index 1 takes all possible values consistent with the definition of the stepsizes.

PROOF
Using the definitions of h;, h¢ and h?, and Taylor expansions, the proof of this lemma is trivial. &

In the following, the symbol o denotes composition of functions.
THEOREM 1 [fu € CO[Q], w(z) : Q — Q is a bijective function in C*, with w'(x) > 0, Vo € Q,
v=—L{R*w" o w ) u® + h*(w' o w 1) ?uM} € C?[Q], and S is defined by (6), then
1 ,
87 = uf = 5 {A(hE = B )u® + (b + B Yy + O(h?), (10)
fori=1,... N.

PROOF
Since S; = u;, i = 1,..., N, and u € C°, the right-hand side of (7) after applying Taylor expansion to

u;+1 18 equivalent to
1
aortio + Poitts +oitiian = —hiahi(h+ hioy) [ + 5 (h = hie)u? 5 (0 = hihioy 0]
+ O(HY), ¢=2,...,N—1. (11)

Moreover, using Taylor expansion of a function f € C* we can show

agifici + Bafi + Yeifin

(hiy + R0 Ay —hY) ., h(h2)? + hi i (R¢)? ,

_ _hzhz— hz‘i‘hz_ L 7 i % 4 ; 7 7 /
i olf hi + hi_1 J 2(h; + hi_1) 17l

+ O(H%), i=2,...,N—1 (12)

By using Lemma 1 to expand h;, h¢ and h?, relation (11) implies

1
AS! =l + 3h2w” u® Eiﬂ(wg)%g“) +O(hY), i=2,...,N—1 (13)
and (12) implies
Afi = fi+ h2 U+ h2< DA+ O(Y), i=2,...,N—1 (14)



Letv = — L {P2(w" 0 w " )u® + h2(w' o w ")?u®} and f = u” + v. Then f; = u/ — L{h*w/ul® +
R2(w))?uly = !l — L {a(he — B )l + (he + kb )2ul} + O(h*). Asu € CS, we have

]

/\f —U”—I—th zy +1 h2( )2 (4 :h4 " /+8h4( )2 ,/(§Z)+O(h4) i=2,...,N—1, (15)

where & € (w;_1,wi;1). Asv € C? and w € C? we can regroup the h* terms as just O(h*). Hence,
NS —fi)=0("Y, i=2,...,N—1. (16)

Moreover, from the end-conditions in (6), we have

S! — fi = O(hY) (17)
and
Sy — fx = O(h*). (18)

Relations (17), (16) and (18) (in that order) form a system of equations that is strictly diagonally dom-
inant. More specifically, using Lemma 1, and the fact that w'(z) > 0, Vo € ), we can show that
‘J?}it}lafigzlfﬂﬂ = % + O(h?), which, for sufficiently small h, is greater than % Therefore, the infinity
norm of the inverse of the matrix of equations (17), (16) and (18) is bounded by 3. This implies that

S/ — fi=0(h*), i=1,...,N. o

REMARK 1 In the proof we assumed that v € C?[(] in order to bound the O(h*) terms in (15). We can
substitute this assumption with the assumptions that (w” o w=')v’ € C[Q] and (v’ o w™1)*" € C[Q],
which, sometimes, are less restrictive. (See also the numerical results on Problem 2.)

REMARK 2 The assumption that w ( ) > 0, Vx € Q, together with Lemma 1 guarantee that the partition

..........

C, independent of h.

REMARK 3 Theorem 1 shows that, under the assumptions, S/ — «/ has a smooth expansion, since S —
U — 24{h2w” () 4 h2(w))? (4)}.

2 Z

We now prove the counterpart of Theorem 1 for the first derivative error at the midpoints. Using Maple
we can show the following relations for any S € S, :

oSy + BuS; + iSi1 = a0iSic1 + BoiSi + Y0iSi41, 1=2,...,N—1 (19)
S-S, = hb S/+h¢ S, i=2...,N (20)
Sty —Si = RS, +hesS!, i=1,...,N—1, 1)
where
Qo = —thhg = h hghg 1
BOZ’ - Z(hzh? — hz’—lhgfl) Blz - hzhz— (hz + h ) + hz hz l(hl + hi—l)
Yoi = 2h;_1hb_, Y1i = hi—1h?_ R,

Note that av;, Boi, 70i are different from those in (8).



THEOREM 2 Under the assumptions of Theorem 1,

1

81 =i+ o (b + W) u® +O(h?), (22)
fori=1,... N.
PROOF
Computing aq; X (20) — vy; X (21) + (19) we have
EaOiSj_g +fo¢5i);‘/70i$i+12] + [a%h?fsg + i Si) — ”Yli(hlz?sz{zrl + 1S (23)
= o 1T Y1), =4, — L

Now,

apiSi—1 + BoiSi + Y0iSi41 = oitti—1 + Boitti + Yoilli+1

= Rshi a[20h% + BY_ )+ (b, — By h@)al! + L(h2R0_, + b2 he )l — L (h3h_, + b3 he)ul?]
+ O(H"), i=2,...,N—1.

i Yi—1

(24)
Using Lemma 1 we have

i 4 Bui + 1 = 2hihi_1 (hS 4+ BY_ ) = 2(w])*R® 4+ O(R®).

(25)
By using (24), (25) and Lemma 1 we have
1 /12////12 "2, (3) A
o + B +71‘(aOiSz’fl‘i‘BOiSi_"fVOiSiJrl) = Ui"‘gh Wi U, "‘gh (wi) u” +O(h%), i=2,...,N-1
(26)
Moreover, by Theorem 1, Lemma 1 and the use of Maple we can show that
1
ot Bt [oni(hi_1 8] + b1 Si1) = (R STy, + hiS))]
PPl — 1 (wh) e + O(A) on
2(w})3h? + O(hP)
1 1
—§h2w§'u§/ - §h2(w;)2u§3) +O("), i=2,...,N—1.
So combining (23), (26) and (27) we have
1

S/ =l + ﬂhQ(wg)%f’) +O(hY), i=2,...,N—1 (28)

Furthermore, we can use (20), (21), (28), Lemma 1 and Theorem 1, and simplify with Maple to get
S, =Sy — WSy — hisy :%+;mmwﬁgowﬂ
Sy =Sn_1+ By S+ hY_ 1Sk = uly + 5 h(wh) uy + O(h*).

But 72 (w))*ul® = (hg + h2_))?ul® + O(h*). &
Next, we develop expansions of the error of S at the nodes.

8



THEOREM 3 Under the assumptions of Theorem 1,

) — T (pa b a 3) (.. a
S(s50) = u(se) — 1 (b — W) (A + BV (50) — o (0
fori=1,... . N, and
S(s:) = ulss) — —= (s, — BYY(he, + W)2u®(s:) — —
7 7 16 1+1 ) i+1 7 7 128

fort=0,...,N — 1.

PROOF
By Taylor expansion

1
+ 2 (h8)Pu® +

e(si) = e + h?‘f; +3 (ha)2 4 6 i

24

hity + )l

By noting that e¢; = 0, and by using Theorems 2 and 1 for ¢} and €,

becomes

(o) = {hw’-+’§w'~/+0<h3>}{ "
1 _h?

+ i >+0<h3>}{ﬂ wlu® +
1h3 B A
+ —{=(w) —|—32(w)w +16

6 8
h4
2wl u§3) +

1) o5 (wi)u
h4

Yrom)
h2 (
2

(w))*wi + O(h”) }u,

Y+ 0(m?)

— &(uﬂ) w!u® (s;) + @(w§>4u(4)(3i) +0(n%)

= (R R — B )5

Similarly,

1

T (ter = Bty )2(s) +

e(si) = 128

<th + hh)*

1
—(hE R
Tt

®3)

D)t

T o16"Y

D' (s:) + O(R),

L@ L oqney), i=1,..

oq (wPu? + 0}

1h<)

W(s:) + O(K?).

(Si) + O<h5>, 1= O, oo

Finally, we develop expansions of the error of the first derivative of .S at the nodes.

THEOREM 4 Under the assumptions of Theorem 1,

! ! 1 a a
S'(si) = u'(ss) — E{(hz + h?—1)2 +4(hi —

fori=1,...,N, and

12{
fort=0,...,N — 1

(hfy + hi)? = 4(hiy —

hi 1) (b + Dy

( i) + O(h5)

_N.

)+ Oo(h?)

3@ (s;) + O(h")

h7)(hiy + h))}u'® (si) + O(h*)

(29)

(30)

(31

respectively, and Lemma 1, (31)

(32)

(33)



PROOF
By Taylor expansion

e@J—e+ma+(mﬁ“ukmﬁ”4+mm%)¢:L“wN (34)

By using Theorems 2 and 1 for €} and e/, respectively, Lemma 1, and the Taylor relations ug?’) = u®(s;)—
heu® (s;) + O((h®)?) and v’ = u@(s;) + O(h?), (34) becomes

/ W
elss) = 24<w Pul? + O
W W@ e, @
+{ﬂd+§wH%WﬂH—w% + 57 (W) u” + O}
h? " 3 h h? " 3\13 4) 4
+ {qy+§ +omn +{1u+§ +O(h*) Ful® + O(h?)
1

1
= —n2w)*u® + Lt + —hP(w)Pul + O(h?)

112 too12 Tttt 24
= ) {u(s:) = hiut(s:) + O(()*)}
N ésffﬁi()_mwﬂﬂ+0« m}+*m<>&t<»+mw»+owﬂ

:72{2(3) 73///(3) 4
SRR (s:) + el (s:) + O(h*)

1 a a a
= R )2 () + 3 (= B (R )u® (s,) + O(h).

3
Similarly,

¢(si) = (h?-',-l +h7)*ul (s) — (h?+1 hi)(hey + h)ul® (s;) + O(hY), i=0,....N~1. &

3
THEOREM 5 Under the assumptions of Theorem 1,
le(si)] = O(Y), (35)
€'(oi)] = O(h%), (36)
e"(w)] = O(h?), a (37)
le® =<ka%k—&L2 (38)
PROOF

Equations (35) and (37) are direct results of Theorems 3 and 1, respectively. To prove (36), we first
consider some point 0; = w(7; + ph) = w; + phw, + O(h?), for some constant p. Then by Taylor
expansion

e (w; + phw} + O(h?)) = €, + phwle! + thQ( N2u® + O(h?). (39)

By using Theorems 2 and 1 for €] and ¢/, respectively, (39) becomes

1
o) = g + Sl + Ohd)
1
= -

g I + 00,

10



With y = ++/3/6, the h? term vanishes. By noting that 7; + ph = 2; — Ah when A = (3 £ /3)/6, we are
done.

Now, e(z) = e; + cH;_1¢; + 3(cH;—1)%¢] + O(H?_,) for x € [s;_1, s;] with —1 < ¢ < 1. Thus, by
using Lemma 1 and the bounds for the local errors we have

le(@)lle = O(") +O(R)O(h?) + O(h*)O(h) + O(h?)
= o).

The other global errors follow similarly. &

2.2 Approximations to the high derivatives

We now develop approximations to the high derivatives of u at the collocation points using values of .9,
S’ and S” at the collocation points.

THEOREM 6 Under the assumptions of Theorem 1,

0 21557 — 2(hiy + hi)SE 4 2h,_ ST

2
2 his (hi 1+ i)l +0(n%), (40)

fork=34andi=2,... N —1.

PROOF /
Equation (40) for k = 3 follows from the relation u53) = thui‘lfi(ii(;:? jz ;2;% U + O(h; — hi—1),

(22), and the use of Lemma 1 for h; — h;—1 and A + hl-’ . Similarly, equation (40) for k£ = 4 follows

from the relation u{*) = Zo 2 LBt 4 O (h — hi_1), (10), and the use of Lemma 1 for

b b
— 2hjui—1—2(hi—1+hi)ui+2hi—1ui4

For convenience, we adopt the notation Mu; = === i hh . From Theorem 6 we
11— 17— 1 T

have u!*) = NS/ + O(h?) and u!¥) = NS, + O(h?) fori =2,..., N — 1.

Z

COROLLARY 1 Under the assumptions of Theorem 1, for k = 3,4,

h% + hy)(hy + hy) — h2h _ he +h _
W = thoth)(hthe) = Bols o geny (ot he) g 2 @1)
hihy ho
hi+hy) S8 — py g2
uf) = Pnt b5 T+ O(h?), (42)
2
hy—1 4 hy_s) M SW? — by nSE2
ug\’;) — ( N-1 + N 2) N—1 N—-1 N—2 + O<h2), (43)
hn_2
hS% + hyn_1)(hy—1+ hn_2) — h%hn_ _ hé% + hy— _
o = Ut ) (o 4 o) = Bivhs o gy (U hvet) | g0 | o p2y44
hn—1hn—2 hy—2
PROOF (k) _ (Bh+hi)ul® —hbus® (1 +h2)ul” —hiul
Equations (41) and (42) come from the relations o 2 +0(h?),uy’ = =2 e+
O(h?) and Theorem 6. Equations (44) and (43) follow similarly. &
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2.3 The Method of Optimal QSC

Consider solving the BVP (1)-(2). Based on the relations from Theorems 1-4 we observe that the inter-
polant S of u satisfies the relations

LS, = gi— 5 {40 =iyl 4+ (hg ) 2ul )+ D (R )2 O, i = 1. N (45)

and

BSy = g0~ o (G + ) — a(h — R)(h + )Y + O,

BSwa = e 51{;{<h“+h D2 AR — W)+ Bty + O, 46)

Notice that due to Lemma 1, Theorem 6 and Corollary 1, relations (45) and (46) can be written as
LS, = ¢, —P.S;i+0O(MY), i=1,...,N “47)

and
BS; = v —PsSi+O(h"), i=0,N+1, (48)

where

u (h1 + he) .Sy — hy M54 (h1 + he) 1.S) — hy 1S4
PL51:24{(h R S e 2

hs 0 ho -}

_ D1 2(h1+h2)|_|5’é—h1|_|Sé
24H ho ’ 49)
PLS, = g—;{(hi—h, 1)|‘|S’+H21|‘|S”}—— ns, i=2...,N—1 (50)
B u " (hy—1+ hn_2) T SN_1 — hN_1 NS,
PLSN - 24{ (h hN—l) hN—Q
hy_1+hy_2) S 1 —hny_1T1SK_
H2 ( N-1 N—-1 N—2
+ N-1 hN—Q }
hn-1+hn_—2)NSN_ —hy_1 T Sy_
. H2 ( N—1 N—-1 N—-2 51
24 N-1 hN72 ) ( )
b b b
PaSy = i’{H& —ang — gy { OO R) 20 1 gy (B E M) 1 s
hihs ho
PgSni1 = 6N+1 {HY_y +4(hfy — hiy_1)Hn-1}
{(hN + hn-1)(hy-1+ hn_2) — h%hn_2 NSy, — (h% + hn-1) NSy} (53)
hn—1hn—2 hy-—2

Let T, = {w;,i=1,...,N}and T, = {so, sy }. We now present an optimal two-step QSC method to
determine an approximation ua € Sa,, of the solution of the BVP (1)-(2).
Step 1: Determine ua[) € Sa,, by forcing it to satisfy

Luap = g in Ty, (54)
BU,A[” = 77y On TwB' (55)

12



Step 2: Determine ua € Sa,, by forcing it to satisfy

Lua = g— Pouap in T (56)
Bua = v — Pguap on Tyg. 57

We also present an optimal one-step QSC method which determines an approximation ua € Sa,, of
the solution of the BVP (1)-(2) by the equations

Lia =Laa + Poia = g in Ty, (58)
Bux =Baa + Pgua = v on Tig. (59)

From relations (47)-(48), we get an intuition why ua and ua are optimal approximations to u. A
formal proof, though it is very similar to the one in [10], is given in the next section for completeness.

2.4 Convergence Analysis and Error Bounds

The convergence analysis of the QSC methods for non-uniform partitions is similar to that for uniform
partitions [10], but we present it here mainly for completeness. For this section we will assume that
r(x) = 11in (1) and that, without loss of generality, we have homogeneous boundary conditions, that is
Bu = 0 in (2). In order to analyze the QSC methods, we adopt the approach used by many [16], [15],
[7], [10], [13] for proving existence, uniqueness and error bounds for piecewise polynomial collocation.
According to this approach, we introduce an integral representation of equations (54), (56), (58) and of
the differential equation (1). For this purpose, we assume that the BVP v” = 0, Bu = 0 has a unique
solution. This implies that there is a Green’s function G(x, t) for this problem. If we assume that u, uap),
ua and u satisfy homogeneous boundary conditions, then u, ua(;) and ua can be obtained via the Green’s
function G(z,t) and the respective second derivatives. That is, we have

1 1
u(z) :/0 Gz, t)u"(t)dt, u'(x) :/ Gy (x, t)u" (t)dt,

unpy(#) = [ Gl b0t i) = [ Cul, Dl (),
ua () = /Olc:(x,t)ug(t)dt, / G, A (),
) = | Gl i (d,  a / G, )R () dt.

Let L be the set of bounded functions in €2, that are continuous except possibly at the nodes {s;}’
of any partition, where their values are determined by right (without loss of generality) continuity for
s;,10 = 0,...,N — 1, and by left continuity for sy, and where we impose the additional condition that,
for each f € L, the limits lim, s, f(z) existforalli = 1,..., N — 1. Note that although lim, ., f(x)
exists, it may be different than f(s;). Note also that L includes all continuous functions in Q, and all
piecewise constant functions with respect to any partition. We assume that the coefficient functions p(x)
and ¢(z) in (1) are continuous, and introduce the compact operator K that maps L to C[Q}] by
1

/G (, 1) f(t)dt + q(x )/ G, ) f(t)dt. (60)

0
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Equation (1) can now be written as

v+ Ku" =g (61)

and equations (54) and (56) as
(vap + Kupp)i = i, (62)
(up + Kup)i = g, (63)

respectively, where g = g — Pruapy.

Furthermore, we introduce the operator P, which maps functions in L to step functions via piecewise
constant interpolation at the midpoints {w;}{. That is, for f € L, Paf = f(w;) for z € [s;_1, si),
i =1,...,N and Prf(sy) = f(wy). Based on the notation introduced, and taking into account the
uniqueness of the piecewise constant interpolant for a given set of midpoint values, we can rewrite equa-
tions (62) and (63) in the form

U + PaKujy = Pag, (64)

respectively, since Pauy ;) = uapy and Pauj = uj.

By the definition of Pa, || f—Paf||lcc — 0ash — Oforall f € L, that is, the sequence of operators P
converges strongly to the identity operator I : L. — L. Moreover, || Pa f|loco < || f|ls- The compactness of
K, and the strong convergence and uniform boundedness of P imply that || ' — PAK||o — 0as h — 0.

THEOREM 7 If

(Al) the coefficients p and q, and the right-hand side g are in C|(2],

(A2) the BVP Lu = g, Bu = 0 has a unique solution,

(A3) the BVP u" = 0, Bu = 0 has a unique solution,

(A4) the assumptions of Theorem 1 hold,

then uap) € Sa,, defined by (54)-(55) exists, is unique, and satisfies the global error estimates

[u — uapllse = O(h?), lt/ — syl = O(h?), and |Ju" — ujpylle = O(h), (66)
and the local error estimates
[(u — uap))®(w;)| = O(h?), k=0,1,2, and i=1,...,N. (67)

PROOF
Assumption (A2) and the equivalence of (1) and (61) imply that (I + K)~! exists and is bounded. Since
| K — PAK||oo — 0as h — 0, Neumann’s theorem [15] implies that (I + P K)~! exists and is uniformly
bounded for sufficiently small /4. The unique solvability of (64) follows from the existence and uniform
boundedness of (I + PAK)~'. The existence and uniqueness of up; and the use of the Green’s function
G(x,t) in association with (55) lead to the existence and uniqueness of ua .

To establish the error bounds (66) and (67), simplify relations (47) and (48) to

LS; = ¢ +0O(h?), i=1,...,N and (68)
BS, = O(h?), i=0,N +1. (69)
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From (54), (55), (68) and (69), we obtain

L(S —uap)i = O(R?), i=1,...,N and (70)
B(S —uap)i = O(h?), i=0,N+1. (71)
Notice that, because of assumption (A3), there is a linear function [ such that B(S — uA[l]) = Bl; =

O(h?), 7 = 0,N + 1, with ||l||oc = O(R?), ||I'|lcc = O(h?), and thus LI; = O(h?),i = 1,..., N. From
L(S —uap) — 1); = O(h*) and B(S — uap; — 1); = 0, we conclude that

(I + PAK)(S" —upp —1") = O(h?).
The uniform boundedness of (I + PAK)™! yields
15" — upp — "lle = O(h?). (72)

Since B(S — uap) —1); = 0,7 = 0, N + 1, we have

(5~ uay ~ O () = [ G, 08" — aly ~ ) (D)t

This implies that
1 = gy — oo = OU2), |18 =ty = Ulloo = O(B). 73)

The error bounds (66) and (67) now follow from Theorem 5, the definition of [, the triangle inequality and
relations (72) and (73). ¢

REMARK 4 Assumption (A4) implies that u € C®[Q}]. However, we can relax this condition and assume
that v € C*[(2], and still obtain the results of Theorem 7, since the simplified relations LS; = g; + O(h?)
and BS; = O(h?) arising from (45) and (46), respectively, can be proved under the relaxed assumption.

The next theorem gives the optimal error bounds that ua satisfies. To proceed with the proof, we make
the assumption that
(A5) S} — (upp))i and S7" — (uppy)is @ = 0,..., N + 1, have smooth expansions.
We do not provide a mathematical proof of this statement, however, extensive numerical experiments have
shown that the statement holds. Of course, we can equivalently assume that u; — (U ) and i — (Upp)is
have smooth expansions, since, by Theorems 1, 2, and 4, we know that S] — w} and S!" — u have smooth
expansions.

THEOREM 8 Under the assumptions of Theorem 7, and assumption (A5), un € Sa,, defined by (56)-(57)
exists, is unique, and satisfies the global error estimates

(e — up)® || = O(R*%), k=0,1,2, (74)
and the local error estimates

|(u—up)(z)| = O(h*) for v = s; and wi, |(u—wun) (045)| = O(h*), |(u—wua)"(w;)| = O(h?). (75)
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PROOF
As in the proof of Theorem 7, the existence and uniform boundedness of (I + P K)~! imply existence
and uniqueness of w/ in (65), which in turn implies existence and uniqueness of u.

We now establish the optimal error bounds (74) and (75). By (AS), we conclude that I_ISi(k) =
I_I(u Ap)i O(h?), k = 1, 2. Therefore relations (47) and (48) imply

LS; = g +0O(hY), i=1,...,N and (76)
BS; = %+O0(h'), i=0,N+1, (77

where 7 = v — Pguayy. From (56), (57), (76) and (77), we obtain

L(S —ua); = O(hY), i=1,...,N and (78)
B(S —ua); = O(hY), i=0,N+1. (79)
Notice that there is a linear function [ such that B(S — ua); = Bl; = O(h?), j = 0, N + 1, with

Il]|oo = O(RY), |I'lc = O(h*), and thus Li; = O(h*),i =1,..., N. From L(S — ua —[); = O(h*) and
B(S —ua —1); = 0, we conclude that

(I + PAK)(S" —ul —1") = O(h%).

Applying the arguments used in the proof of Theorem 7 and with ¢;; = w(x; — A\;h), we obtain the
optimal results (74) and (75). &

We now turn to the analysis of the one-step QSC method. In order to write (58) in integral form, we
introduce some more notations. Let Do : L — RY be defined by (Daf); = f(7;) fori = 1,..., N,
E, = diag(p(r;)), £, = diag(q(;)) be N x N diagonal matrices and M be the operator Wthh maps
RN to step functions via piecewise constant interpolation at the midpoints {wZ}N .

We note that from Theorem 6 and Lemma 1 we have

W SEP =285 L s oS + 0(h2)SF P 4 O(h)SETY

T P (w;)? o

fork =3,4and¢=2,..., N — 1. Close to the boundary we have

w 2507 — 588 pagiY g

v (] 2
(k=2) (k—2) (k—2) (k—2)
L OWST 7 +0(h)S, Y+ 0(h)SE? + 0(h) S, + o),
h?(w})?
RO 25% ) — 550 148G D — 5%
: B2 (why)?
O(h)Sy "+ O(m)SYY + O()Sy =3 + O(h) Sy~ )
+ +O(h7),
h? (w)y)?

where each O(h) term involves the value of at least one of the first three derivatives of w. Hence, from
Theorems 1 and 2, we have

1
u! = ﬂ(S;’_1 + 225! 4+ S1) + O(h)S!_, + O(R*) S} + O(h) S}, (80)
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w//

T a1 250 Si) + O()SLy + OS5+ O Sy +O(Y) - 8D
1
up = (=S 268 = Si) + O(R)Si_y + O(R?)S; + O(h)Siy, + O(RY), (82)
fori =2,..., N — 1. Itis important to note that there is at most a constant number (actually two) of O(h)

terms in each of (80), (81) and (82).

We have similar results for u/ and u} for i = 1, N. Let U and ® be the almost tridiagonal N x N
matrices defined in [10], that is,
U, =22/24,0,; 4, =V, =1/24,i=2,...,N — 1,
Uy =Uyny=26/24, V15 =Unyn1=—-5/24, V1 3=Uyy o=4/24, V4 =VUnn_35=—1/24,
CI)i,i = 26/24, (I)i—l,i = (I)i-l—l,i = —1/24, 1= 2, c. 7N — 1,
(I)l,l = CDN,N = 22/24, (I)LQ = (I)N,N—l = 5/24, (13173 = (I)N,N—Q = —4/24, @174 = CDNjN_g = 1/24,
with the rest of the entries of ¥ and ® equal to 0. Let also I' be a matrix which differs from W only on
the diagonal, more specifically, I';; = —2/24, ¢ = 2,...,N — 1,and I';; = 'y y = 2/24. Relations
(80) for v = 2,..., N — 1, and the respective boundary relations give rise to the matrix U = U+ Ay,
where 1Y is an N x N matrix that represents the O(h) and O(h?) terms. Similarly, relations (81) for
t = 2,...,N — 1, and the respective boundary relations give rise to the matrix I = Or + hZ, where
0= diag(%), and hZis an N x N matrix representing the O(h) and O(h?) terms. Finally, relations

(82) forv = 2,..., N — 1, and the respective boundary relations give rise to the matrix =+ hY,
where AT is an N x N matrix representing the O(h) and O(h?) terms. Note that the matrices 3, Z and
T have at most 4 non-zero entries per row, and their entries involve values of the first 3 derivatives of w.
Thus, assuming w € C3, ||X||s0» ||Z]|s0 and || Y||s are bounded. Since w'(z) > 0, Vo € Q, ||O]|s is
bounded as well. Also, from the boundedness of ||¥~!||o and the fact that U = ¥(I + h¥~'%), we have
the boundedness of |||, for sufficiently small A.

We now rewrite (58) equivalently as

@a" + Raup" = MaW™' Dag, (83)

where R, is the integral operator defined by

~ ~ 1 - - 1
Raf = MaU'TDa /0 Gol,8) f(t)dt + MaT ™ E,& Dy /0 G, 1) f(£)dt

- 1
+ MA\If‘lEqDA/O G, 1) f(t)dt.

LEMMA 2 The sequence of operators Ra converges strongly to the integral operator K in L.

PROOF
Consider the convergence of ||Raf — MADAK f||o for f € L. According to the definition of R and
the use of the triangular inequality we obtain

|Raf = MADAK flloo < [[MaVWT'TDa fy G, fdt]o o
+ |MAVTYE, @Dy [ Gufdt — MAVNE, D [5 Gy fdt|
+ ||[MAYYE,Da [y Gfdt — MAUV " WE, DA [y Gfdt]|w-
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T Yloos |1Z]l0ss ||%]]0e and || Y ||se, and the definitions of I', ¥ and ®,

From the boundedness of || Ma || sos
we have

|Raf — MADAK flloo < C {[|OTDa fy Gofdt]|o
+|E,®Da Jo Gufdt = VE,Da fy Gy fdt]|u (84)
+|E,Da fy Gfdt —VE,Da [} Gfdt|e} + O(h),

for some constant C' > (. Notice that I'Dx fol G fdt is bounded by the modulus of continuity over a 3h
interval. Hence, the first term of (84) is O(h). The treatment of the other two terms and the rest of the
proof of the lemma is identical to that in [10]. &

With techniques identical to those in [10], we can now show that, under the assumptions of Theorem
7, ua exists, is unique, and satisfies the same error bounds as .

3 Non-uniform Partition Cubic Spline Collocation

In this section, we develop an optimal CSC method for second-order two-point BVPs on non-uniform
partitions. Our results reduce to those in [7], if the partition is uniform. For CSC, the partition points
(nodes) of A, will also be the collocation points.

For any given w(x), we denote by Szw the cubic spline space with respect to the partition A, that
is the space of piecewise cubic polynomials which are globally in C?. Let S € Szw be the cubic spline
interpolant of u such that

S”(So) = U”(So) — iHO(‘BHO — 4H1 + H2>u(4) (50),
S(Sz> :U(Si), ’i:O,...,N, (85)
S”(SN) = U”(SN) — iHN_l(E)HN_l — 4HN_2 + HN_g)U(4)(8N).

The symbols ag;, Bri» Vi £ = 0,2,7 =1,..., N — 1, denote scalars defined within the section and
different from those in Section 2.

We will develop expansions of the errors of the derivatives of .S at the collocation points. We consider
the second derivative error at the grid points. By setting up the equations,

95" (8i-1) + 25" (8i) + 72:5" (8i41) = 0:S(8i-1) + LoiS(8:) + Y0iS (Sit1) (86)

fori =1,..., N — 1, and solving for ay;, Boi, Yoi> 2i, B2; and y9; with Maple we have

Qo = Hi671’ a9 = H;,
Boi = —%, Bai = 2(H; + H; 1), (87)
Yoi = H%, Y2i = H;.

The proof of the following lemma is trivial and is therefore omitted.
LEMMA 3 Ifw(x) € C3Q), then
H; = hw'(z;) + %Zw”(asi) +O(h3), H;y = huw'(z;) — %Zw”(a:i) + O(h3). (88)

where the index 1 takes all possible values consistent with the definition of the stepsizes.
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THEOREM 9 [fu € CS[Q], w(z) : Q — Q is a bijective function in C3, with w'(x) > 0, Vo € Q,
w™! € CYQJ, and S is defined by (85), then

1
§"(s1) = u'(s:) = g HiHioau®(s0) + O (89)
fortr=1...,N—1

PROOF
Since S(s;) = u(s;),7 =0,..., N andu € C°, the right-hand side of (86) after applying Taylor expansion
to u(s;+1) is equivalent to

1/ 1
api(si—1) + Boiu(si) + yoiu(siv1) = 3(H; + Hi—q1)[u"(s;) + g(Hz — Hifl)u(g)(si) (90)
1
+ EHiHi_lu(‘l)(si)] +0(HY), i =1,

oo, N —1.
Moreover, using Taylor expansion of a function f € C* we can show

i f(si—1) + Baif(8i) + vaif (si41) = 3(H; + Hi—1)[f(s:) + ;(Hz — H;_1)f'(s;) ©On

1
+ 6HiHi_1f”(sz-)] +O(HY), i=1,...,N —1.
Let Au(s;) =

= m(agiu(si_l) + Bou(s;) + voiu(siv1)), i = 1,..., N — 1. Then by using Lemma
3 to expand the truncation errors of (90) and (91), we have

1 1
NS"(s;) = u'(si) + E(Hz' — Hy1)u®(s;) + EHZ‘HZ'—IUM)(S@') +0(Y),i=1,...,N -1
Using the definition of A, relation (91) becomes
1
Af(s:) i) + 5 (Hi = Hi1)f'(si)
+ 6(Hi2 — H;H; y+ H2 ) f"(s)) +O(R"Y), i=1,...,N — 1.
Let v = h?w’ o w™'. By using Lemma 3 and Taylor expansion, we have
U(Si) HiHi—l +O(h4)7 1= 17"'7N_ 17 (92)
v(s;) H;(5H; — 4H; 1 + Hiy0)/2+ O(R*), i =0,...,N — 3, (93)
v(s;) = Hi1(5H;-y —4H; 5+ H;_3)/2+ O(h"), i =3,...,N. (94)
Now, by taking f = v” — s5vu® and using (92), we have
A(S"(s:)) = f(s:)) = O(h"), i=1,...,N =1, (95)
Moreover, from the end conditions in (85) and relations (93) and (94), we have
§"(s0) = f(s0) = O(h?) (96)
and
§"(sv) = f(sw) = O(hY). 97)
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Relations (96), (95) and (97) (in that order) form a system of equations that is strictly diagonally dominant.

More specifically, % = % Therefore, the infinity norm of the inverse of the matrix of equations

(96), (95) and (97) is bounded by 3. This implies that
S"(si)—f(si) :O<h4), ZZO,,N <>
The proof of the following theorem is similar to the proofs of Theorems 4 and 5, and is therefore omitted.

THEOREM 10 Under the assumptions of Theorem 9,

¢ (wi)| = O(hY), (98)
€'(s:))] = O(h?), (99)
e"(a35)] = O(?), (100)
|e(3)(wi)| = O(hQ), and (101)
le® )l = OM*™), k=0,...,3. (102)

The following theorem is the cubic spline counterpart of Theorem 6 for quadratic splines and its proof
is similar to that proof.

THEOREM 11 Under the assumptions of Theorem 9,

(Ho —+ Hl) M S”(Sl) — H(] M S”(SQ)

u(s) = + O(h?%), (103)
H,y
uP(s;)) = n8"(s;)+O0(h?), i=1,...,N —1, (104)
u(4)(sN) _ (Hy-1+Hy-2)1 S ([le) — Hy 115" (sn-2) n O(hg)’ (105)
N-2

_ 2Hiu(8¢,1)72(H¢,1+H¢)u(si)+2H¢,1u(si+1)
where Mu(s;) = (T, .

Consider solving the BVP (1)-(2). Based on the relations from Theorems 9-10, we observe that the
interpolant S of u satisfies the relations

LS(s)) = g(s0) — T(QZ))HO(SHO —AH, + Hy)u™ (so) + O(h),
LS(si) = g(si)— r§2>HiHilu(4)(si) +OMY), i=1,...,N—1, (106)
LS(sw) = alsw) = "L Hy (5 s — 4o + Hy-a)u®(sx) + O(hY)
and
BS(si) = 7(si)+O(h'), i=0,N. (107)

Notice that due to Theorem 11, relations (106) can be written as
LS(s;)) = g(si) — PuS(s;)) +O(hY), i=0,...,N, (108)
where
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Hy+ H)n§” — Hy1§”
PLS(sy) = TE‘T)H()@HO — 4H, + Hg)( 0t Hy) (;) 4 (52), (109)
1

r(si) " .
PLS(SZ'> = 12 HZHZ,1|_|S (Si), 1 = 1,...,N—1, (110)

r(s
PLS(sy) = <2I)HN_1(5HN_1 —4Hy o+ Hy_3)

(HNfl + HN,2> M S”(SN,l) — HN,1 M S”(SN,Q) (111)

HN—Q

We are now ready to present an optimal two-step CSC method to determine an approximation u3 € Siw
of the solution of the BVP (1)-(2).
Step 1: Determine Uim es Zw by forcing it to satisfy

Lujp = g in A, (112)
Bu};, = 7 on Typ. (113)

Step 2: Determine u}, € S by forcing it to satisfy

Luj = g— Puujp in A, (114)
Bui = 7 on T,B. (115)

Similarly as for QSC, we can also define an optimal one-step CSC method. Notice that the implementation
of the CSC methods is essentially mapping-free, since, once the grid points are given, the collocation
equations can be set up, in contrast to the QSC methods, in which both the grid points and the “midpoints”
are needed.

Using techniques similar to those in Section 2, we can show the following theorems.

THEOREM 12 [f

(Al) the coefficients p and q, and the right-hand side g are in C|[(],

(A2) the BVP Lu = g, Bu = 0 has a unique solution,

(A3) the BVP u" = 0, Bu = 0 has a unique solution,

(A4) the assumptions of Theorem 9 hold,

then U?Am es Zw defined by (112)-(113) exists, is unique, and satisfies the global error estimates

[ = )Pl = O0P), k=0,1,2, and [|(u~ uky)® o = O(h) (116)
and the local error estimates
(= ulp) P (wi)] = O(h?), i =1,...,N. (117)

THEOREM 13 Under the assumptions of Theorem 12, and the assumption that u" — uil[l] has a smooth
expansion at the collocation points, u3, € SZM defined by (114)-(115) exists, is unique, and satisfies the
global error estimates

|(u —ud) P = Oh*F), k=10,1,2,3, (118)

and the local error estimates

(u—u}) (z)] = O(h?) for © = s; and w;, |(u — u})"(03;)] = O(h?), [(u — u})" (w;)| = O(h?).
(119)
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4 Numerical Results

In this section, we present numerical results to demonstrate the convergence of the two-step QSC and
two-step CSC methods for BVPs with non-uniform grids. All computations were carried out in double
precision. For the implementation of the QSC and CSC methods we used non-uniform B-spline basis
functions, the exact form of which is given in [6]. The linear systems arising from the QSC and CSC
methods were solved by Gauss elimination using the backslash operator or the [u function in MATLAB.
In all tables, the notation x. & z means .y X 10%*. The observed errors are denoted by € and €2, for QSC
and CSC, respectively. The uniform norm || - ||, is approximated by the maximum absolute value on a
constant grid of 1001 evaluation points, independently of the discretization grid.

The first problem is used to test the convergence of the QSC and CSC methods with a predefined w.
The operator has variable coefficients and the boundary conditions are mixed.

PROBLEM 1 exp(z)u” +sin(z)u’ — s-u =g in (0,1),

u(0) = u'(0) = 7(0), u(l)+u'(1) =~(1).

The function g is chosen so that u(z) = sin(x) is the solution. The mapping function is w(z) = iiggj

and it is intentionally chosen so that it does not have any particular properties that fit this problem. Table
3 shows that the QSC and CSC methods have optimal convergence both globally and locally, for general
differential equations with general mixed boundary conditions, and an “arbitrary” w.

N error \ order | error | order | error | order | error \ order
QSC le(@) 0o le(si)] €' (o)) |€” (wi)|
32 6.80-7 1.65-7 5.67-7 4.63-5

64 | 7488 | 32 | 9919 | 41 | 741-8 | 29 |1215| 1.9
128 | 8729 | 3.1 |6.04-10| 40 | 9.609 | 2.9 [3.11-6| 2.0
256 | 1.069 | 3.0 |[3.73-11| 40 | 1.229 | 3.0 | 7.86-7 | 2.0
CSC | lI€¥@)ll €% (si)] 7 (s4)] [ (0)]
32 | 3578 3.57-8 3.57-8 2.82-6
64 | 2069 | 41 | 2069 | 41 | 2069 | 41 |3.397| 3.1
128 [ 1.23-10| 4.1 |1.23-10 | 4.1 |1.23-10| 4.1 [4.158| 3.0
256 | 7.48-12 | 4.0 |7.4812| 40 |735-12| 41 |5139] 3.0

Table 3: Observed errors and respective orders of convergence corresponding to Problem 1 solved by
QSC and CSC with mapping function w(z) = <R

exp(1)—1°

The next problem is designed to analyze the effect of the smoothness of w on the convergence of QSC.
PROBLEM 2 W +u —u=g in (0,1), u(0)=0, u(l)=1.

The function g is chosen so that u(z) = x9, ¢ > 0, is the solution to the problem. We note that for
q € T, ¢ should be greater than 2, otherwise the approximate and the exact solution would be the same.
The mapping function is chosen to be of the form w(z) = zP, p > 0. In order to satisfy the condition
v € C? of Theorem 1 we need ¢ > 4 + 2 /p, while to satisfy the (looser) conditions of Remark 1, we need
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q > 2+ 4/p, thus if ¢ > 3 then p > 4. Table 4 shows that when ¢ = 3, we have optimal convergence
even for p = 1.5. Moreover, it shows that, even for a non-smooth function u(z) = x', there are mapping
functions, such as w(z) = x®, that map the uniform grid to non-uniform grids that produce optimal
results. One advantage of QSC over some other spline collocation methods is that it evaluates the second
derivatives at midpoints instead of grid points and thus avoids potential singularities at the end points.
Table 5 shows that a non-smooth mapping function w(z) = z°® (w’(0) is unbounded) can still give rise
to a non-uniform grid with optimal convergence provided that the exact solution u has a sufficiently high
degree ¢. Also notice that the fact that, for p > 1, w'(0) = 0, did not affect the optimal convergence.
These results indicate that the conditions of the theorems are only sufficient and not necessary.

QSC | g=3,p=15 | g=3,p=4 |q=15p=1|qg=15,p=2|q=15p=3
N error | order | error | order | error | order | error | order | error | order
32 1.49-7 1.55-5 1.28-4 4.71-6 1.42-6
64 9.37-9 40 | 1.02-6| 40 |460-5| 14 |632-7| 29 |9.07-8| 4.0
128 | 5.87-10 | 4.0 | 6.53-8| 40 |1.63-5| 1.5 |827-8| 29 |5759| 4.0

Table 4: Observed midpoint errors and respective orders of convergence corresponding to Problem 2
solved by QSC.

Problem 3 was taken from [4]. Its solution has a boundary layer at the left endpoint. The parameter 7
controls the sharpness of the boundary layer.

PROBLEM 3 {1+nz)'} =0 in (0,1), u(0)=0, u(l)=1.

The analytical solution to this problem is u(x) = 1?5;811";”)). Figure 2 plots u for various values of 7.

The QSC solutions for this BVP with different parameters 7 and mapping functions w;(z) = x and
w,3(x) = 3 are analyzed. The function w; maps the uniform grid to itself, while w,3 maps the uniform
grid to a grid with more points near = 0 and fewer near x = 1. Table 6 shows that for 7 = 1, both grids
A, and A, , resulting from w; and w,3, respectively, produce optimal results. However, the numerical
results worsen for the grid A,,, as 7 increases, but remain optimal for the grid A, ,. Asymptotically, we
expect both the uniform and non-uniform grids to give optimal convergence, but, for this problem, the
uniform grid will require a very large N to reach the optimal asymptotic behaviour. Figure 3 shows that
the approximate solution arising from w,3 is visibly more accurate than that arising from w;, even for a
moderate 7).

Finally, we present results from the application of CSC to a non-linear problem, taken from [16].

QSC q=>5 q=06 q=17
N error | order | error | order | error | order
32 | 1.314 9.97-5 1.03-5

64 |240-5| 24 |126-5| 30 |641-7| 40
128 | 4.48-6 | 24 | 158-6 | 3.0 |3.74-8| 4.0

Table 5: Observed midpoint errors and respective orders of convergence corresponding to Problem 2
solved by QSC with p = 0.5.
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Figure 3: Exact solution u of Problem 3 with n =
100 and approximate solutions computed by QSC
based on mapping functions w; and w,3 for N =

Figure 2: Exact solution u of Problem 3 with dif-
ferent 7 constants.

32 grid.
QSC wy W3
(@)l e(w) (@)l e(w,)
N error ‘ order | error | order | error ‘ order | error | order
n=1

16 | 5.42-6 9.38-7 1.95-5 2.26-6

32 16487 3.1 6.42-8 3.8 | 2.36-6 | 3.0 6.01-8 5.2
64 | 8.30-8 | 3.0 4.14-9 39 | 2957 ] 3.0 2.84-9 4.4
128 | 1.05-8 | 3.0 |2.61-10| 40 | 3.49-8 | 3.1 | 1.64-10| 4.1

n = 100

16 | 6.99-2 6.57-2 4.38-3 4.19-3

32 (2402 1.5 2.26-2 1.5 | 2474 | 4.1 2.36-4 4.1
64 |529-3] 2.0 5.29-3 2.0 1.73-5 | 3.8 1.43-5 4.0
128 [ 9.854 | 24 9.82-4 24 | 1.08-6 | 4.0 8.91-7 4.0

n = 10,000

16 | 5.64-1 5.57-1 1.52+1 1.37+1

32 |6.89-1| -02 | 651-1 | -0.2 | 349-1 | 54 3.39-1 54
64 |7.79-1| -0.1 | 7.46-1 | -0.1 | 793-3 | 54 7.87-3 54
128 | 7.82-1 | -0.0 | 7.58-1 | -0.0 | 3.94-4 | 4.2 4.02-4 4.3
256 | 6.51-1 ] 0.2 6.40-1 02 | 2425 | 40 2.40-5 4.0

Table 6: Observed errors and respective orders of convergence corresponding to Problem 3 solved by

QSC with different 77 constants and mapping functions w; and w,3.
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PROBLEM 4 " —exp(u) =0 in (0,1), u(0)=wu(1)=0.

The unique solution to this problem is u = 2log({ sec({(x—0.5)/2))—log 2, where ¢ = 1.3360556949061.
(The value of ¢ was calculated as the unique root of z — v/2cos(z/4) = 0 [8]). We solve this problem
using the two-step CSC method and each of the following two iteration schemes: the simple scheme
[16] ulF+1" — ylF+1 = exp(ul) — ul¥ and the scheme arising from Newton’s method [8], u[F+1" —
exp(ul)ul*+1 = exp(ul*) — exp(ul*)ul¥l. We apply the non-linear iteration first to the first step of CSC
until convergence and then to the second step of CSC until convergence. The non-linear iteration of the
first step uses the zero vector as initial guess, while that of the second step uses the last solution of the
first step. The stopping criterion is the infinity norm of the difference of the degrees of freedom vectors
between two consecutive iterations, and the non-linear iteration tolerance (grid dependent) is 10~2h? for
the first step and 10~2h* for the second. Table 7 gives the errors of CSC for this problem. It is also worth
noting that, in several cases, Newton’s method requires fewer iterations, but also requires the CSC matrix
to be formed at each iteration. Moreover, Newton’s method is applicable to other non-linear problems,
while the particular simple iteration scheme is designed for this problem.

We also present the results from Hermite piecewise cubic collocation (which we refer to as HPCC)
in COLSYS (COLNEW) [2, 3], which uses Newton’s method. The relaxation factor for the damping of
Newton’s iteration in COLSYS was equal to 1, so no damping was used. Both methods used uniform
grids. Since COLSYS always doubles the grid size at least once, and because we did not want to make
changes to the COLSYS code, to obtain the results for grid size N, we set the tolerance to something
easily reached, and let the code run with starting grid size N/2. In all occasions, COLSYS did 2 iterations
at grid size N/2 and 1 at N. We present the total number of iterations, though we acknowledge that this
cannot be used to directly compare HPCC with CSC.

simple iteration Newton’s Newton’s
CSC Stepl | Step 2 Step 1 | Step 2 HPCC-COLSYS
N |itnl| error |orderlitnl| error |order|itnl | error |orderttnl| error |order|itnl| error |order
16 | 3 |3.19-5 3 |1.45-8 3 13.20-5 2 | 1.47-8 3 14.63-8
32 | 3 17.95-6/2.01| 3 [9.81-10{3.88| 3 [7.99-6/2.00| 2 [9.86-10/3.90| 3 |2.95-9|3.97
64 | 4 [2.00-6/1.99| 3 |6.13-11{4.00| 3 |2.00-6/2.00| 2 [6.28-11{3.97| 3 |1.86-10|3.99
128 | 4 14.99-7/2.00| 3 |3.57-12/4.10| 3 |4.99-7/2.00| 2 |3.94-12/4.00| 3 |1.17-11]3.99

Table 7: Observed number of non-linear iterations itnl, grid point errors and respective orders of conver-
gence for both steps of CSC and for HPPC on Problem 4.

5 Final Remarks and Future Work

One may consider that the technique of mapping uniform to non-uniform points and solving the problem
on the non-uniform partition is mathematically equivalent to applying a transformation of variables to
the problem and obtaining a problem which can be solved effectively on a uniform grid. We emphasize
that, at least numerically, this is not true. Our technique computes an approximation to w(z) and to the
location of the non-uniform grid points and collocation points, then applies collocation on the non-uniform
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partition. To implement the transformation of variables technique, we need to compute, an approximation
to w(z), w'(z) and w”(z), then apply collocation to the transformed problem (which involves w, w’ and
w’) on the uniform partition. When we attempted to do that, we found that our numerical results were
significantly affected. More specifically, the order of convergence was hardly above 2, and the actual
errors significantly larger. Therefore, we did not choose (and do not recommend) this approach.

The technique used in this paper to extend the optimal quadratic and cubic spline collocation methods
from uniform to non-uniform partitions can be used for other (smooth) spline collocation methods and
higher order BVPs (e.g. quartic or quintic splines and fourth-order BVPs). However, the development
of appropriate spline interpolants (i.e. the derivation of the boundary relations the spline interpolant has
to satisfy) and the derivation of the expansions of the derivative errors of the interpolant at the non-
uniform collocation points is quite cumbersome and not straightforward. The generalization of the spline
interpolant definition and derivative error expansions to higher degree splines is a challenging piece of
research.

The spline collocation methods described in this paper can be relatively easily extended to two-
dimensional (and higher-dimensional) rectangular domains, if the domain discretization is also rectan-
gular. However, a rectangular discretization is usually not the most effective one. Moreover, the analysis
of the methods for multi-dimensional domains is not straightforward. In [14], quadratic and cubic spline
collocation methods are developed for L- and T-shaped domains. More work is also needed to extend the
methods to general non-rectangular domains, for example, following the approach of [11], and to gen-
eral quadrilateral discretizations. The development of efficient linear solvers for the resulting system of
equations is another interesting extension of this work.
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