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Credit risk analysis and management at the portfolio level is a challenging issue for financial institutions
due to their portfolios’ large size, heterogeneity and complex correlation structure. In this thesis, we
propose several new asymptotic methods and exact methods to compute the distribution and VaR of
a loan portfolio’s loss in the CreditMatrics framework. For asymptotic methods, we give an approxi-
mation based on the Central Limit Theorem (CLT), which gives more accurate approximations to the
conditional portfolio loss probabilities compared with existing approximations. For exact methods, we
improve the efficiency by exploiting the sparsity that often arises in the obligors’ conditional losses. A
sparse convolution method and a sparse FFT method are proposed, which enjoy significant speedups
compared with the straightforward convolution method. We also construct truncated versions of the
sparse convolution method and the sparse FFT method to further improve their efficiency. To control
the aliasing errors and roundoff errors incurred in the truncated sparse FFT method, an optimal expo-
nential windowing approach is developed as well. For lumpy portfolios, we introduce hybrid methods
which combine an asymptotic approximation with Monte Carlo simulation or one of exact methods to

achieve a good balance between efficiency and accuracy.
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Chapter 1

Introduction

In the current market environment, financial institutions are even more vulnerable than they have been
in the past to borrowers’ credit events, such as default or downgrading of the credit rating of instruments
in their portfolios by rating agencies. Therefore, credit risk analysis and management at the portfolio
level has become even more important. Since the implementation of Basel II, regulators have required
financial institutions to reserve credit-risk capital to absorb unexpected credit losses. The determination
of the amount of capital required involves a computation of the credit value-at-risk (credit VaR), which
is calculated by either a standardized approach or an internal ratings based (IRB) approach. However,
financial institutions do not have complete freedom to calculate the regulatory capital any way they want:
they must use some models and parameters which are specified by the Basel Committee. To realize and
manage their own risk, financial institutions tend to use their own internal model to compute credit VaR
for economic capital. In addition to credit VaR, to understand the risk involved in some complex credit
derivatives, such as collateralized debt obligations and basket credit derivatives, risk managers need to
compute the whole loss distribution. Therefore, the accurate and efficient calculation of the credit loss
probabilities for loan portfolios is an increasingly important problem.

For credit risk at the individual level, structural models are very popular in both industry and
academia. These models rely on the company’s capital structure, and a firm’s default is triggered when
its assets’ value fall below its debt level. Merton’s famous paper [44] gave birth to this class of models.
Based on Merton’s model, many industrial structural models have been developed, among which JP
Morgan’s CreditMetrics model [12],22] and Moody KMV’s KMV model |11} [12] are the most famous. The
CreditMetrics model relies on rating agencies’ credit ratings, and assumes that the obligors within the

same rating class are homogeneous, while the KMV model computes the firm-specific default probability



with Merton’s option pricing approach and Moody KMV’s massive historic default database. At the
portfolio level, modeling the correlations between obligors plays a central role. To estimate correlations
more efficiently, both the CreditMetrics [22] and KMV [6] [12] models apply multi-factor decomposition
to the systematic risk factors. The main ideas underlying these correlation models are similar, but the
CreditMetrics model uses the correlation between equity returns as a proxy for calculating correlations of
asset returns, while the KMV model applies a more sophisticated procedure to calibrate asset correlations
using asset return data.

Under the CreditMetrics framework, the loss probability equals the expectation of the loss probabil-
ity conditional on the systematic risk factors. The most appropriate way to calculate the expectation
is by simulation-based methods, such as Monte Carlo (MC) simulation or Quasi Monte Carlo (QMC)
simulation. There are at least three classes of approaches used to compute conditional probability. The
first, and most commonly-used, is MC simulation. However, this leads to a two-level simulation for the
computation of the unconditional probability, which makes this simulation approach extremely compu-
tationally intensive. To accelerate the computation, Glasserman et al. [I8 [19] developed importance
sampling techniques for both the inner-level and the outer-level MC simulations, but this method is
still computationally intensive, due to the nature of MC simulation. Moreover, the randomness of the
errors involved in the MC simulation is another disadvantage of this approach, especially for sensitivity
analysis. The second class of approaches exploits the conditional independence structure to approximate
the loss probabilities by the law of large numbers (LLN) [20, 2I]. The advantage of the asymptotic
approximations lies in their efficiency: they use much less computational time than MC simulation. On
the other hand, they suffer from inaccuracy, to some extent, if the portfolio is not fine-grained enough.
To improve the accuracy of the LLN approximations, granularity adjustments have been studied by
Gordy [20] 21], Wilde [60], Martin and Wilde [40] for the single-factor setting, and by Pykhtin [51]
for the multi-factor setting. The last class of approaches computes loss probability exactly, although
these approaches are still subject to some roundoff errors and possibly aliasing errors. One subclass of
the exact methods computes the conditional loss probability directly or indirectly by a discrete linear
convolution [3, T3] 15, [41] [43]. The most straightforward approach is to compute the linear convolution
directly, which in general leads to an algorithm with complexity O (K 2+ NK ), where K is the number
of points in the distribution of portfolio losses and N is number of obligors in the portfolio. Another
popular approach is to compute the linear convolution by fast Fourier transforms (FFTs), which reduces
the complexity to O (N K log, K).

In this thesis, we propose several new methods to compute conditional loss probabilities. First, we

introduce an asymptotic approximation based on the central limit theorem (CLT). We prove that both



the conditional and unconditional loss distributions converge to our CLT limiting distribution under
conditions similar to those used by Gordy to prove the convergence of the LLN approximation. We
analyze the error incurred by the CLT approximation by using Berry-Esseen-type bounds. Secondly, we
improve the efficiency of the exact methods by exploiting the sparsity that often arises in the obligors’
conditional losses. We develop a sparse convolution method which enjoys a speedup between Q2 (a2)
and (azCN ) compared with the straightforward convolution method, where C' is the number of rating
classes in a credit rating system, and « is a spacing constant. To further accelerate the computation, we
introduce a truncated sparse convolution method, which is subject to some additional truncation error
to a user-specified level, but gives a significant speedup compared to the sparse convolution method.
Moreover, we develop a sparse FFT method which gives a speedup of  (K/N) in the best case and
QO (K/(Nlog,C)) in the worst case. We also construct a truncated sparse FFT method to further
improve its efficiency, with an optimal exponential windowing approach used to balance aliasing errors
and roundoff errors. Lastly, for “lumpy” portfolios, composed of a fairly homogeneous sub-portfolio
and an inhomogeneous sub-portfolio having very large exposure to a few obligors, we propose a hybrid
method combining an asymptotic method with an exact method or MC simulation to achieve a good
balance between accuracy and efficiency to compute loss distribution and VaR.

The rest of this thesis is organized as follows. Chapter 2 discusses credit risk at the obligor’s level and
at the portfolio level, and introduces the general model setting. Chapter 3 outlines the structural models
and the multi-factor correlation model, and describes how to calculate the portfolio loss probability using
a two-level computation. In Chapter 4, we first review the LLN approximation and then we introduce the
CLT approximation. Chapter 5 discusses the (truncated) sparse convolution method and the (truncated)
sparse FFT method, and compares their performance to the traditional full convolution method and the
full FFT method. In Chapter 6, we introduce the hybrid method. Finally we present our conclusions

and discuss future work, including our new importance sampling approach, in Chapter 7.



Chapter 2

Preliminaries

2.1 Credit Risk

When investors, either institutional or individual, purchase a financial instrument, such as a bond, issued
by a firm, an important point that they should consider is whether the firm will have the ability to pay
interest during the term of the bond, and to repay the principle at maturity. If for some reason the firm
defaults on a payment (coupon or principal), investors will suffer a financial loss. Although defaults are
not frequent events, if they take place, they often result in significant losses. The risk of loss due to
default is often called default risk, which is the most commonly considered credit risk.

To describe the credit worthiness of bonds, rating companies, such as Moody’s, Standard & Poor’s
(S&P) and Fitch, provide credit ratings for firms. In addition, some institutional investors also use their
own internal methods to rate firms. Though the credit rating is associated with the credit worthiness of
a bond, almost all bonds issued by a firm have the same rating, so the credit rating can be considered
as an attribute of a firm. Table 2.I] shows the credit ratings offered by different rating companies and
the risk worthiness corresponding to each rating class.

If a firm’s financial health deteriorates or the economy exhibits a downturn, a firm’s credit rating
might be downgraded to a lower rating class by rating companies, although the frequency of rating
migrations is relatively low. Once a rating downgrade happens, the value of this firm’s bonds and
associated derivatives, such as CDS, will likely drop, which usually results in the debt holders’ financial
loss. The risk associated with rating migrations is called migration risk, which is another aspect of credit
risk.

Quantifying the credit risk of a firm is not an easy task, since default or credit migration events occur



Table 2.1: Credit ratings offered by different rating companies

Credit Ratings

Risk Worthiness

Moody’s S&P Fitch
Aaa AAA AAA Credit risk almost zero.
Aal AA+ AA+
Aa2 AA AA Safe investment, low risk of failure.
Aa3 AA- AA-
Al A+ A+
Safe investment, unless unforeseen events should occur in the
A2 A A economy at large or in that particular field of business.
A3 A- A-
Baal BBB+ BBB-+
Moderately safe investment. Problems may arise if the
Baa2 BBB BBB economy deteriorates.
Baa3 BBB- BBB-
Bal BB+ BB
Speculative investment. Problems likely to arise if the
Ba?2 BB BB economy deteriorates. Usually difficult to predict future
developments.
Ba3 BB- BB-
B1 B+ B+
B2 B B Speculative investment. Deteriorating situation expected.
B3 B- B-
Caal CCC+
Caa2 CCcC
CCC Bankruptcy or other serious business problems very likely.
Caa3 CCC-
Ca CcC
DDD
Bankruptcy or lasting inability to make payments almost
\ D DD certain.
D




Table 2.2: Credit migration matrix (Source: S&P)

AAA AA A BBB BB B ccc/cC D

AAA 95.60%  2.20% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
AA 0.60%  91.37%  3.21% 0.00% 0.00% 0.00% 0.00% 0.00%
A 0.00% 2.90%  86.26%  2.75% 0.22% 0.30% 0.07% 0.00%
BBB 0.00% 0.26% 3.81%  83.69%  2.70% 0.66% 0.07% 0.00%
BB 0.00% 0.00% 0.00% 6.72%  75.26%  6.44% 0.09% 0.19%
B 0.00% 0.00% 0.00% 0.08% 7.43%  75.40% 2.56% 0.24%
CCc/C 0.00% 0.00% 0.00% 0.00% 0.00%  20.00% 45.45% 14.55%

D 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 100.00%

unexpectedly. To help understand this randomness, a credit migration matrix, which gives probabilities
of migration from one rating class to another in a given period (usually one year), is calculated by rating
companies. For example, Table shows S&P’s 2007 global migration matrix for a one-year period.
It shows, for example, that the probability that a BB firm will be downgraded to B within one year is
6.44%, while the probability that a BB firm will default on its bonds within one year is 0.19%.

Such credit migration matrices are calculated based on default models and huge proprietary databases.
Different rating companies use different default models, among which structural models are very pop-
ular in both industry and academia. The first structural model was proposed by Merton [44] in 1973,
and many industrial structural models have been developed, such as JP Morgan’s CreditMetrics model
[12, 22] and Moody KMV’s KMV model [11, I2]. In the next chapter, we discuss Merton’s model and

the CreditMetrics model.

2.2 Credit Risk in Credit Portfolios

At the portfolio level, credit risk is more complicated, since the distribution of credit portfolio losses
is highly skewed and fat-tailed (as shown in Figure . Therefore, the two statistical measures mean
and variance, which are frequently used to analyze market risk in equity portfolios, are not sufficient
to help us understand the credit risk. Instead, quantile-based risk measures, such as VaR and CVaR,
need to be used. Moreover, to understand the risk involved in some complex credit derivatives, such as
collateralized debt obligations and basket credit derivatives, risk managers need to compute the whole
loss distribution.

Handling credit quality correlations of obligors in the portfolio is another challenge. A credit portfolio

may consist of thousands of obligors, and the default correlation is embedded at different levels. First, all



Figure 2.1: Loss distribution of a credit portfolio

Probability

Portfolio Loss

obligors are more or less affected by the macro economic conditions. When the economy booms, obligors
are generally more financially healthy, and they are more likely to fulfill their obligations. On the other
hand, if the economy is in recession or even in depression, the chance that obligors will default is much
higher. Second, many obligors belong to the same industry sector. If the entire industry sector develops
significant financial difficulties, such as supply-demand problems or policy adjustment, all obligors in
this industry sector will suffer simultaneously. Moreover, there might be a direct relationship between
some obligors, such as a borrower-lender relationship. In this case, the default dependency between them
may be very high. To model the correlations between different obligors, a multi-factor decomposition is

often used. This is discussed in more detail in Section [3.21

2.3 General Model Settings

In this thesis, we consider a portfolio consisting of IV obligors. To avoid cumbersome notation, we assume
that each obligor has only one loan. This assumption does not result in a loss of any generality, at least
in the single period case. As mentioned above, in most cases, loans issued by the same obligor have the
same credit rating. Moreover, if a credit event happens to any of the loans of this obligor, all loans of
the obligor will experience the same credit migration. Therefore, we can consider all loans issued by
the same obligor as being merged into one new loan. Also, we restrict our model to consider one-period
[to, t1], where t; — to = 1. This means that credit events can happen only at ¢;. We build a portfolio at
to, and keep the composition of the portfolio unchanged until ¢;. If at ¢; no credit event happens, then
there is no loss or gain due to credit changes. On the other hand, if a credit event happens at ¢1, there
will likely be an associated portfolio loss or gain.

Since this paper aims to study how to compute the loss distribution at the portfolio level, risk



attributes at the obligor level will be treated as input data to our model. One can consider this method-
ology as an analogy to an important principle in object-oriented programming (OOP): when viewing
programs at the “high level”, programmers concentrate on properties of objects and interactions between
objects; the mechanisms and data structures inside objects being encapsulated are not considered until
the programmer considers the “low level” implementation of the object.

These risk attributes are:

e ¢c=0,...,C—1: Credit states, indicating risk ratings of obligors. ¢ = 0 is associated with default,
while ¢ = C' — 1 represents the highest credit rating. If C' = 2, then there are two credit states of

an obligor: default (¢ = 0) or not default (¢ =1).

o P¢

c(n)?

n=0,...,.N—1, ¢=0,...,C —1: Probability that the obligor n will migrate from its
current credit rating c(n) at time ¢y to credit rating ¢ at time ¢;, which is obtained from credit
migration matrices. Obligors with the same initial credit rating share the same probabilities of

credit migration. In particular, Pco(n) is the probability that obligor n will default at time ¢.

e EAD,, n=0,..., N — 1: Exposure-at-default of obligor n is the value of obligor n’s loan at time

t1 given that this obligor’s credit status is unchanged at time t1;

e LGC;, n =0,...,N—1, ¢ =0,...,C — 1: Loss-given-credit-event of obligor n, which is a
generalization of loss-given-default, indicating the percentage loss/gain of the loan value if obligor
n’s credit rating migrates from c(n) at time to to ¢ at time ¢;. Different obligors’ LGCs may be
different, even though their current credit rating may be the same. In particular, LGC?L represents
the loss-given-default of the obligor n, which equals 1 — R,, where R,, is the recovery rate of
obligor n. In our model, LGC;, are assumed to be deterministic: they can be estimated by the
expectation of the percentage loss. Note that, if the credit rating of an obligor improves, then
its loss-given-credit-event is negative. For convenience, from now on we use only “loss” instead of

“loss/gain” with the understanding that a negative loss is a gain.

For obligor n, the loss associated with a credit event is a random variable:

L, =EAD,LGC;, with probability Py

Equivalently, En can be expressed as

c-1
L, =EAD, ) LGCSI, (2.3.1)
c=0



where

1, if obligor n is in credit state c at time ¢4,

)

IS =

n

0, otherwise.

Note that, for each obligor, I and I are not independent. Rather, they are negatively correlated with

1
1 1
1) (-1
\/(P () ) (P () )

since any obligor can end up in only one credit state. That is, if ]If: =1, thenIf =0,Vc=0,...C -1

Corr [I$},122] = —

no’n

for which ¢ # ¢*. Corr [I5,12] is within [—1,1] since 0 < PS¢ . + P% | <1 implies

noon c(n) c(n)
( 1 1) ( 1 1) (B, o) e
Petn) Petn) Pty Petny N

Given each obligor’s loss in (2.3.1)), the portfolio loss is the sum of each loss:
L= L,
n=0

Instead of modeling the dollar amount of the loss, it is often more useful to consider the rate of portfolio

loss:
N-1 %
E — Zn:O ‘Cn
N—-1
ano EAD,,
N—1 c-1
EAD,,
- KN ) > LGOI,
n=0 k=0 EADE ) (=5

Note that coefficient EAD,,/ ZkN;Ol EADy, is the obligor’s weight in the total portfolio exposure. These
weights are the decision variables when we build a credit portfolio or perform risk analysis. Let w, =

EAD,,/ Zg;ol EADy, and £, = ZS:OI LGC;I¢, then the portfolio loss rate can be written as

n-n’

N-—-1
L= Z Wp Lo, (2.3.2)
n=0



Chapter 3

Multi-factor Structural Model

Structural models are used to analyze a firm’s credit events based on assumptions about the firm’s
capital structure. This class of models can be traced back to Merton’s paper [44], in which a firm is
assumed to be financed only by equity and zero coupon bonds. By further assuming the dynamics of
the firm’s asset value to be a geometric Brownian motion, the value of the firm’s equity and debt can
be treated as options on the firm’s assets. With this capital structure, a firm’s default occurs when
its asset value falls below its debt level, which can be modeled by a latent standard normal random
variable falling below a certain threshold. Consequently, the default probability of a firm is equal to the
probability that this latent variable falls below the threshold. Therefore, this class of models are also
called latent variable models. Based on Merton’s model, many industrial structural models have been
developed, among which JP Morgan’s CreditMetrics model is the most popular.

As mentioned in the previous chapter, when it comes to analyzing the credit risk of a portfolio
consisting of loans issued by different firms (obligors), the marginal default probabilities computed from
structural models are not enough to determine the joint loss probability of a portfolio, since the changes
in credit status of obligors are not independent. Therefore, it is crucial to estimate the correlations
of different obligors’ asset returns for portfolio credit risk analysis. However, it is very inefficient to
estimate the pairwise correlations directly. Consider a portfolio containing loans issued by N different
obligors, then there are N(N — 1)/2 parameters to estimate. It is common that a financial institution
holds a very large portfolio containing thousands of obligors in order to diversify risk, thus the total
number of correlations is staggering. Therefore, to estimate the correlations efficiently, a multi-factor
decomposition is usually applied.

In this chapter, we first discuss Merton’s model and the CreditMetrics model in Section then
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we introduce the multi-factor decomposition in Section Applying the multi-factor structural model,
we describe how to calculate the portfolio loss probability in a two-level computation and the challenges

faced by traditional MC simulation for such a computation in Section [3.3]

3.1 Structural Models

3.1.1 Merton’s Model

Merton’s model assumes that a firm is financed only by equity, S(¢), and a single zero coupon bond,

D(t), with principle D and maturity 7. Therefore, the asset value of a firm at any time ¢ €[0, 7] is
A(t) = S(t) + D(t).

Further, the model assumes that the asset value can be described by a geometric Brownian motion with
drift 4 and volatility o4
dA(t) = paA(t)dt + o 4 A(t)dB(t),

or equivalently

A(t) = A(0)elrahod)rroaB®), (3.1.1)

where B(t) is a Brownian motion.

As shown in Fig. two scenarios may happen at time 7.

e Scenario 1: A(T) > D, the firm is able to pay the debt, and no default occurs (as shown by the blue
line in Figure . In this scenario, debt holders of the firm get their principle back D(T") = D,
while shareholders of the firm receive the residual E(T) = A(T) — D;

e Scenario 2: A(T) < D, the firm is not able to pay the debt, and default takes place (as shown
by the green line in Figure . In this scenario, debt holders take over the firm, and receive the

firm’s total assets D(T') = A(T), while shareholders of the firm receive nothing.

11



Figure 3.1: Merton’s model: default vs. no default
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Therefore, the payoff for the shareholders at the maturity 7" is max(A(T) — D, 0), which is the same
as the payoff of a European call option on the firm’s asset value A(t) with maturity 7" and strike price
D. Given the dynamics of A(¢) in (3.1.1) and assuming a constant risk-free interest rate r, the value of

equity of the firm can be calculated by the Black-Scholes formula:

E(t) = fps(A(t),04,D,nT) (3.1.2)

= A)® (d)) — De " TDd (dy),

where

g In(A(t)/D) + (r + 0% /2) (T —t)
o oav1l —1t ’
d2 = dl—O'A\/T—t,
In(A(t)/D) + (r — 0% /2) (T —t)

= T (3.1.3)

and ®(x) is the cumulative distribution function (CDF) of a standard normal distribution.

Similarly, the payoff to the debt holders at maturity 7" is
min(A(T), D) = D — max(D — A(T),0),

which equals the payoff of a risk-free bond with face value D and maturity 7' plus a short position in
a European put option in the firm’s asset value A(t) with maturity T and strike price D. Therefore,

according to the Black-Scholes formula, the value of the debt at time ¢ is

D(t) = De= =) — [ DT T0(~dp) — A(1)@(~d1))
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We can also calculate a firm’s default probability. As discussed above, in Merton’s model, the event
that a firm defaults is equivalent to the event {A(T") < D}, whence, if the dynamics of A(t) are given
by (3.1.1), then the default probability equals

P{A(T) <D} = P{lnA(T)<InD}

b {B(T) _ID-In A(O)JA (1a — 5034)T} .

Define
Y :=B(T)/VT, (3.1.4)

then ) is a standard normal random variable, since B(T) ~ N(0,T). Therefore,

P {A(T) < D}

InD —In A(0) — (pa — 203)T
P{y - oaVT }
InD —In A(0) — (pa — 503)T
o 7T )

I
A
N
|
wt
N—

(3.1.5)

where

- (A0)/D) + (jia—0%/2) T
dy = -~ . (3.1.6)

Note the difference between dy in (3.1.6) and dy in (3.1.3). In (3.1.3)), we price the option in the “risk-
neutral world”, so the risk-free rate r is used. On the other hand, since the default probability in (3.1.5]

is in the “real world”, we use p4 instead of r. Also notice that the random variable )’ also has an
economic interpretation. It is the normalized log-return of a firm’s assets, and it can be considered to
be the creditworthiness index of a firm. The creditworthiness is the only source of uncertainty in this
model. When the creditworthiness increases, the obligor becomes more credit-worthy. On the other

hand, if the creditworthiness decreases below a certain level, default takes place.

3.1.2 CreditMetrics Model

Although Merton’s model is conceptually quite appealing, it suffers from a significant disadvantage in
practice. It can handle only two credit states: default or no default. In practice, however, a firm’s loan
may have capital losses (gains) if the firm is downgraded (upgraded) by rating agencies. Merton’s model
ignores the migration risk. To address these issues, several industrial models have been developed to

extend Merton’s model. In this subsection, we review JP Morgan’s CreditMetrics model.
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The CreditMetrics model relies on a rating agency’s credit rating system, as we discussed in the
previous chapter, which specifies the credit rating of a firm and the probabilities that a firm migrates
from one rating class to others in a given time interval. One strong assumption that the CreditMetrics
model makes is that firms with the same credit rating have the same migration probabilities. This
assumption is controversial. On the one hand, it simplifies the model, since financial institutions do
not need to compute every firm’s rating-migration probabilities. Instead, they can directly use rating-
migration probabilities of corresponding rating classes offered by the rating agencies to approximate
the firm’s rating-migration probabilities, which significantly reduces the computation. However, this
assumption ignores the heterogeneity of firms in the same rating class, and forces financial institutions
to rely purely on the rating agencies’ methodology and data. Crouhy et al. [I2] mention that the rating
agencies are slow to change their ratings. That is, some firms which should be downgraded or upgraded
may remain in their current rating class for some time. Therefore, this assumption reduces the accuracy
of rating-migration probabilities.

To incorporate migration risk into Merton’s model, as shown in Figure [3:2] the CreditMetrics model
defines a series of thresholds for each rating class in such a way that the rating-migration probabilities
obtained from these thresholds match those in the credit migration matrix offered by a rating agency.
Specifically, let ¢ = 0,...,C — 1 represent the credit ratings, where ¢ = 0 is associated with default,
¢ = C' — 1 represents the highest credit rating, and denote the event that the credit rating of a firm with
c1, co=0,...,C—1,

current rating c; migrates to rating cy at time 7' by Ag2. Define thresholds Hg?2,

such that
P{A%} = P{HZ'<Y<H) with H' = —oo, (3.1.7)

where ) is the creditworthiness index introduced in (3.1.4). If we let PS? be the probability that the
credit rating of a firm with current rating ¢; will migrate to rating co at time T from the T-year credit-

migration probability matrix in Table 2.2} then
P{HZ'<Y<HZ2} = P2 (3.1.8)
Since Y ~ N(0,1), it follows that

—1
He =o' | 3 P
(<cz
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Figure 3.2: CreditMetrics model
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3.2 Multi-factor Decomposition

To incorporate correlations between obligors, Vasicek [58] suggested a decomposition of the individual
credit worthiness index into an affine combination of the systematic risk factor Z and the idiosyncratic

risk factor &,:

Vo =82+ \/1-p52E, (3.2.1)

where Z and &,, are independent standard normal random variables.
The decomposition (3.2.1]) is also known as the single-factor model. It divides the credit risk into

two sources:

e Systematic risk Z: This is a common risk to all obligors. It reflects the overall economic climate,

and captures the impact of the macroeconomic environment on individuals.

e Idiosyncratic risk &,: This is obligor n’s specific risk, which is neither dependent on the macroe-

conomic environment nor on other obligors’ credit status.

The coefficient (3,, is obligor-specific: it represents the sensitivity of obligor n to the macroeconomic
environment. Also, to keep ), standard normal, the coefficients of the idiosyncratic risk factors are
defined to be m In this model, 3, functions as a controller to adjust the proportions of risk
coming from the systematic factor and from the idiosyncratic factor. Higher (3, implies more exposure
to the systematic factor and less exposure to the idiosyncratic factor. Moreover, (,, is related to the
correlation between obligors, since different obligors are correlated through the common systematic risk

factor Z:

Corr [V;,Y;] = Corr[8;Z,5;Z]

= Bif;. (3.2.2)
The single-factor model is often used to model correlations, but it has several severe shortcomings.
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As we mentioned in Section obligors may belong to different industrial/regional sectors, and each
sector has its own risk structure. Therefore, a model with a common systematic factor is too simplistic
to capture the characteristics of losses in portfolios with an unequal distribution of risks from different
sectors. As a remedy, assume that there are K sectors in the portfolio, and that obligor n belongs to

one sector k(n) only, then one can apply a finer decomposition to the creditworthiness index:

Vn = anXk(n) +v1- O‘?Lgna

S—1
X, Z VhsZs, k=0,...,K—1, (3.2.3)
s=0

where Zf;ol 713,5 = 1, and the components of the vector [Z,E|T = [2,..., 25,&1,...,EN]T are inde-
pendent standard normal random variables.

In this multi-factor model, there are K sectorial credit drivers {X}}, created by taking affine com-
binations of S systematic risk factors {Z,}. Note that X ~ N(0,1) since it is an affine combination
of independent standard normal random variables {Z;} with weights - ; satisfying Zf;ol 'y,%’S = 1.
The sectorial drivers are characterized by the factor loadings, {v. s}, and they represent sector-specific
sensitivities to systematic risk factors. Therefore, each sector has its unique credit driver, and different
credit risk profiles across sectors can be handled.

Within the same sector k, an obligor’s credit worthiness index depends only on the sector’s risk
driver, Xj, and the obligor’s idiosyncratic risk factor, &,. Thus, a multi-factor model creates a new
sectorial level between the portfolio level and the obligor level. At the portfolio level, there are several
systematic risk factors {Z;}, but at each sectorial level, it is just a single-factor model with different
sector risk factors Xj. Since each sector has its own sector-specific risk driver, sectorial credit drivers
are a better choice than the common risk factor in the single-factor model.

The correlations embedded in the multi-factor model are more complicated than in the single-factor
model. Unlike a single-factor model, a multi-factor model correlates obligors through multiple systematic

factors {Zs}:

Corr[V;,Y;] = Corr [aiXk(i),ank(j)}
S—1 S5—1
= oja;Corr Z%(i)7533727k(j),533
s=0 s=0
S—1
= Q0 Y (i) k() s (3.2.4)
s=0

Comparing (3.2.2) and (3.2.4]), we see that the multi-factor model can accommodate a more complex
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correlation structure than the single-factor model.

Several industry multi-factor correlation models have been developed based on the multi-factor model
(3-2.3), among which CreditMetrics Multi-factor Correlation Model [22] and KMV’s Global Correlation
Model™ [6, 12] are the most popular. The two methods differ mainly in their calibration. Since the
asset value of a company is not observable in the market, the calibration is not straightforward. The
CreditMetrics model uses the correlation between equity returns as a proxy for calculating correlations
of asset returns, while the KMV model applies a more sophisticated iterative procedure to calibrate asset
correlations using asset return data. More details on the calibration of multi-factor models can be found

in [6] 12, 22, 24).

3.3 Computational Challenges for the Multi-factor Structural
Model

If we apply the CreditMetrics model, then the individual loss £,, = ch:ol LGC; IS in (2.3.2]) changes to

c-1
L, =) LGC;I (3.3.1)
c=0

{#eh<vnsti )

c — H-1 Y
where HY, = &1 (3o, P

¢(n)

) . The multi-factor decomposition in (3.2.3)) can be written as

V,=8TZ+/1-p18,En. (3.3.2)

where 8,, = (Bin, .- - ,Bgn)T and B, = nYi(n),s 1S obligor n’s sensitivity to the systematic risk factor

s. Substituting (3.3.2) into (3.3.1) and re-arranging terms gives

<En< c(n
Vi-8Ts, = " \/1-8I5,

c—-1
_ c
L, = § - LGCnH{ Hg(fnl)_ﬁg;z< HE >—ﬁ2;z}’
c=

and the portfolio loss rate (2.3.2]) is extended to
N-1

L = LW(Z,E)=> Lu(ZE),

n=0
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where

Lo(Z,E) = wnLln(Z,E),
—1
L.(Z,) = L,= LGch{HC_lﬂZZ .

Q

c(n) <&

\/1*ﬁ;1:5n N

g ere ) (3.3.3)
" /1-8T8,

Il
<

C

1
n

with H;( ) = —00.

Given a quantile [, the loss probability of a portfolio can be computed as

]P’{L(N)(Z,S) gz} E []P’{L(N)(Z,S) gz’zH

_ /}R P{LOV(z,€) < 1} dbs(2). (3.3.4)

The computation of can be divided into two levels: an outer-level integration and an inner-
level conditional loss probability calculation. For the outer-level integration, if there are a few (e.g. one
to three) systematic risk factors only, then we can use a quadrature method to approximate the integral.
If the number of systematic risk factors, S, is more than a few but not many (e.g. four or five), then
possibly sparse grid integration techniques may be effective. However, S is usually large. Hence, standard
quadrature techniques (and possibly even sparse-grid methods) would require too much computation.
In practice, Quasi Monte Carlo (QMC) simulation is usually applied to generate U realizations of the

systematic risk factor Z (”), u=1,...,U, and the loss probability is approximated by

]P’{L(N)(Z,S) < z} E [IP’{L(N)(Z,S) < z’zH

U
1
~ - (N) < ’ _ z
U;P{L z.6<i|lz=z2 } (3.3.5)
For the inner-level, we must compute the conditional probability
IP’{L(N) (2,8) < z} - IP{LUV) (Z,6) < z’ Z-= z}.

In practice, a MC simulation is often used. For each realization of Z = Z("), one samples from the

multivariate normal distribution A/(0,I) to obtain observations of the individual risk drivers €%, v =
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1,...,V, then the conditional loss probability can be estimated by

P{L(N) (Z(u),g> = l} = E [H{L(N)(z('u>,£)§l}:|

v

1

% ZH{L<N>(z<u>,g(w>)g}, (3.3.6)
v=1

Q

where

N-1 c-1
L) (Z(“), g(u,v)) - Z W, Z LGC%H{ el -T2 sl HE,—BT 20 . (3.3.7)
n=0 =0 Vit S \ielen

Substituting (3.3.6]) into (3.3.5]), the unconditional loss probability is estimated by the unbiased estimator

u Vv
1
P{L(N)(Z,g) S l} ~ W ZZ]I{L(N)(Z(“),E(“”“))Sl}' (338)

u=1v=1

The simulation-based approximation is based on MC simulation, which is very computationally
intensive. Since this is a two-level simulation, we need to generate U - V scenarios. For each realization
of the systematic risk factor Z2 = Z(“), V - N independent random numbers must be generated to
approximate one conditional loss probability, whence U - (V - N 4 S) independent random numbers are
required to approximate one unconditional loss probability. Also, to satisfy the accuracy requirement,
we must either let both U and V be very large or solve an optimization problem to choose appropriate U
and V. (See [25] for a discussion of the sample-size allocating problem.) Meanwhile, given realizations of
random numbers, the computational cost of calculating the portfolio loss L(V) (Z(“), £ (“’”)) increases
with the portfolio size N. When the number of obligors in the portfolio is very large, MC simulation
could be very computationally intensive. To accelerate the computation, Glasserman et al. [I8] [19]
developed an importance sampling technique for both the inner-level and outer-level simulations to
capture rare large losses more efficiently. However, even with this acceleration, MC simulation is still

very computationally intensive.
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Chapter 4

Asymptotic Approximation

One intriguing feature of the multi-factor structural model is that, conditional on the sectorial (sys-
tematic) risk factors, the losses from the individual obligors’ loans are independent since the obligors’
individual risk factors &£, are independent. Together with the huge size of some portfolios, this condi-
tional independence gives rise to a class of approximations to the conditional portfolio loss probabilities,
based on the asymptotic behavior of the conditional losses of large portfolios. In this chapter, we first
review the existing asymptotic approximation based on the law of large number (LLN) in Section
then we introduce a new asymptotic approximation based on the central limit theorem (CLT) in Section
For a special class of portfolios, which we call “lumpy portfolios”, we develop a hybrid approximation
which combines the asymptotic approximation (CLT or LLN) and the MC approximation in Section
Numerical results which compare these different approximations are presented in Section

To begin, we make the following realistic assumptions on our model parameters:
1. 3LGC 4z < 0o such that Vn € {0,...,N —1},V c€ {0,...,C — 1}, |ILGC.| < LGCpraz ;
2. 3 EAD, 4, < 0o such that Vn € {0,...,N — 1}, |EAD,,| < EAD,, 0z ;
3.¥ne{0,...,N -1}, [LGC, —LGC]| > ¢ > 0if i # j, and LGC, satisfy
LGC; > 0, ¢(n) > ¢,

LGC; =0, c(n) = ¢,
LGC;, <0, ¢(n) <¢;

4. Vne{0,...,N —1}, ¢(n) #0;
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5. 3 Ppaz € [0,1) such that Vn € {0,...,N —1}, V¢(n) € {1,...,C =1}, Vec € {0,...,C — 1},

ngcc(n) < Prag;

6. 3 Bmax € [0,1) such that ¥ n € {0,...,N — 1}, BLB,, < Bmae;
7. YN 'EAD, #0.

Assumptions 1 and 2 are required to prove some of the mathematical results we state later; they are
always satisfied in practice. The third assumption guarantees that a change of credit rating will impact
the value of a loan. More specifically, downgrading (upgrading) will decrease (increase) a loan’s value.
The fourth condition indicates that each obligor is not in the default state at time ¢t = ty. The fifth
assumption ensures that any non-default obligor that is in credit state ¢(n) # 0 at time ¢ = o will not be
in a certain credit state c at time ¢ = t; almost surely (i.e. Pg,, # 1 for any ¢ € {0,1,...C —1}). If this
were not the case, the loss to this obligor at t; would be deterministic, whence we would not need this
probabilistic model to calculate it. The sixth condition guarantees the validity of the decomposition of
the creditworthiness index )/, in . Moreover, the assumption that 3,4, < 1 is reasonable since no
obligor can be perfectly correlated to one systematic risk factor or a combination of several systematic

risk factors. The last condition ensures that the weights w, = EAD,,/ ZnN;Ol EAD,, are meaningful.

4.1 The LLN Approximation

In 2003, Gordy wrote a seminal paper [20], in which he studied the asymptotic behavior of portfolio
losses conditional on the systematic risk factors. He proved that, if the portfolio is infinitely fine-grained,
that is, no obligor’s exposure exceeds an arbitrarily small portion of the total portfolio exposure, then,
conditional on the sectorial risk factors, the portfolio loss converges to its expectation. Specifically,

Gordy proves that, under the following assumptions
1. 36 > 0 such that sup,, {|w,|} = O (N~1/2F9),
N—1
2. > _y EAD,, = oo as N — oo,

the LLN can be applied, and that the conditional portfolio loss converges to its expectation as N tends
to infinity:
LMY (2,6) 25 E {L(N)(z,g)} , as N — oo.

Therefore, denoting E [L(N )(z, 8)] by pv )(z), the conditional loss probability can be approximated by

]P’{L(N) (2,8) < l} (4.1.1)

Lo m<y
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and the unconditional loss probability can be approximated by

U
1
(™) ~ L
P{LM(z,6) <1}~ Uu§=1H{u<N>(Z<“>)Sl}'

The beauty of the LLN approximation lies in its simplicity. Compared with the MC approximation,
the computational work is substantially reduced. Only U scenarios and U - .S random numbers need
to be generated, and the inner-level simulation is simply replaced by the evaluation of a Heaviside step
function. Numerical results show that the LLN approximation works well for fine-grained homogeneous
portfolios. However, the difference between the LLN limiting distribution and the true distribution can
be significant if the portfolio is either coarse-grained or heterogeneous (see Han [23]). To improve the
LLN approximation, granularity adjustments for portfolio VaR and ES have been studied by Gordy
[20, 21], Wilde [60], Martin and Wilde [40] for the single-factor setting, and by Pykhtin [5I] for the
multi-factor setting. However, a significant amount of extra computation is required by all of these

granularity adjustments, especially for the multi-factor setting.

4.2 The CLT Approximation

To achieve better accuracy than the LLN approximation, without increasing the computational work
significantly, several researchers [30] [52] have mentioned that the central limit theorem (CLT) can be
applied to approximate the conditional loss, but the convergence of this asymptotic approximation has
not been established. In this section, we prove the convergence based on the Linderberg’s version of

CLT. Also, the error incurred in this approximation is examined.

4.2.1 The Approximation and Convergence

Like Gordy [20], we utilize the fact that, conditional on the realization of the systematic risk factor Z = z,
the individual risk factors, £,, n = 0,..., N — 1, are mutually independent. Hence the conditional loss

is the sum of N independent random variables Ly, (2, €):
N-1

LW (z,€) = > Ln(2.€).

n=0
If L, (2, &) were identically distributed, the classic CLT would be enough to show that

LN (2,&) — uM(z
.8 HC) 4 gy,
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However, a difficulty here is that the Zn (z,E) are not identically distributed. Nevertheless, we are
able to show that, under conditions similar to those used by Gordy [20], Linderberg’s version of the
CLT guarantees that the normalized conditional loss converges to a standard normal random variable

in distribution. This result is stated more precisely in the following theorem.

Theorem 4.1. Conditional on Z = z < 0o, if 3§ > 0 such that sup,, {|wn|} = O (N~1/2+9) then the

normalized conditional portfolio loss converges in distribution to a standard normal random variable:

M (z,€) —uM(z) 4
o) (z) - N

(0,1),

as N — oo, where n™)(z) = E [LW)(2,E)] and 0N (z) = {/V [LN) (2, E)].

A proof of this theorem, based on Linderberg’s version of the CLT, is given in Appendix [A] As a

consequence of this theorem, given any loss quantile [, the loss probability conditional on Z = z satisfies

P{LMV(z,8) <1} - < J(N)]?() )>
_ p{W(m pN(z) 1w <><z>}_@<l—u<m<z>)

M) - o) o™ (z)

— 0

for all z € D% as N — oo.

The condition sup,, {|w,|} = O (N~(/2¥9)) in Theorem4.1|on the weights w, is the same as condition
1 for Gordy’s LLN approximation. This condition can be considered as a granularity condition: it
guarantees that the largest weight vanishes with a rate of O (N -/ 2+5)) as N — +oo. This condition
also implies that the portfolio’s Herfindahl-Hirschman Index (HHI), defined by HHI = ZN 01 w?, which
is the most commonly used empirical measure for the name concentration of a portfolio, tends to zero
with at least a rate of O (N *25). In practice, this is not a very strong restriction for large financial
institutions, since portfolios held by most large financial institutions are well-diversified.

Consequently, the following theorem shows that, as the condition in Theorem is satisfied, then

the unconditional loss probability converges to the CLT limiting unconditional probability.

Theorem 4.2. If 36 > 0 such that sup,, {|w,|} = O (N~1/2F9) then

IP’{L(N)(Z,S) < l} - /RS ) (W) dBg(z) — 0
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for alll € R as N — oo, where ®g(z) is the cumulative probability function of the S—dimensional

multivariate normal distribution.

A proof of this theorem, based on the Dominated Convergence Theorem, is given in Appendix [B]
As a consequence of Theorem given any loss quantile [, the loss probability can be approximated
by

P{L<N)(z,£)gl} ~ /@(Z_“(N)(z)>d¢>s(z), (4.2.1)
RS

o) (z)
and, if MC simulation is applied to estimate the integral above, then

L I — ™ (z(“>)

U ? W (4.2.2)

i {L(N)(Z, £) < z} ~
Theorems [£.1] and [£:2) reveal some interesting points about the asymptotic behavior of the portfolio
loss. The LLN approximation assumes that all idiosyncratic risks are diversified away. However, the

CLT approximation

P { LM (z,8) < l‘ Z= z} ~ ® <ZU(“N()IZ)Z()Z)> (4.2.3)

does not ignore all idiosyncratic risks. The conditional variance ¢(¥)(z) is matched exactly in the CLT

limiting distribution, therefore, both systematic risk factors and idiosyncratic risk factors are taken into

consideration, which leads to a more accurate approximation. On the other hand, the computational

work required by the CLT approximation is comparable to that required by the LLN approximation:

only U scenarios and U - S random numbers in total need to be generated. The only significant extra

computational work required by the CLT approximation, compared to the LLN approximation, is to
M (z)

calculate the conditional variance (U(N) (z))2 and the normal CDF @ (M) both the LLN and

CLT approximations require the computation of M(N )(z).

4.2.2 Error Analysis of the CLT Approximation

The CLT approximation (4.2.3) is a limiting probability, while in reality a financial institution’s portfolio
consists of finitely many obligors. Therefore, there is an asymptotic error associated with (4.2.1)). More

precisely,

IP’{L(N)(Z,S) < z} - /Rs ® (l;(‘fv(;?z()z)) A0 (z) + A(l),
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where

>
P

=
=

Il

/ 0(l,z)dPs(z),
RS

P {L<N>(z,£) < z} ) (W) . (4.2.4)

>,

—

=
N

—
|

The key to analyze the difference, A(l), between the CLT limiting loss probability and the true
loss probability is the difference between their conditional probabilities, ¢ (I, z). Many researchers have
worked on bounds for the difference between the CLT limiting distribution function and the true distri-

bution function for a sum of independent random variables. We briefly review some of that work.

Let X1, ..., Xy be independent random variables with zero means and finite variance. Define
N—1
n=0

and assume Vot
V[s™] = S E[x2] =1.
n=0

Let F(N)(z) be the CDF of S™V). Then the CLT states that
FN(2) = ®(z), as N — .
Assume E [|Xn|‘1 <ooforalln=1,2,...,N, and let
N-1
PN =3 B[,
n=0
Berry [4] and Esseen [I4] showed that, if &), are identically distributed, then there is a uniform bound:
FMN(z) = &()| < Cop™, (4.2.5)

where C is some positive constant. In 1986, Siganov [55] showed that the constant Cj can be taken to be
0.7655; this was improved to 0.7164 by Chen [9] in 2002. Without the assumption that X, are identically
distributed, (4.2.5) still holds, but the constant Cy may be larger. In 1972, von Beek [59] showed that

Cy is at most 0.7975; Siganov [55] improved this to 0.7915 in 1986. Also, there is a non-uniform version
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of (TZ3)

p)

FWN(z) — ®(z)| < Cy ———,
() — @(2)| < S

(4.2.6)

which was first proved by Nagaev [40] in 1965 for identically distributed {X},}. This bound was gener-
alized to the non-identical case by Bikelis [5] in 1966. Michel [45] showed that C; can be taken to be
30.84 for the identical case, while, for the non-identical case, Paditz [48] [49] first calculated C; to be at
most 114.7 in 1977 and improved C; to 31.395 in 1989.

There are similar bounds under less restrictive assumptions than E [|Xn|3} < oo. However, this
assumption always holds for our problem. Hence we do not review these more general bounds in this
paper.

In our problem,
Ln(za 8) - ﬁn(z)

X, =

NG
and
N-l (N) _ ()
SM =Y, = L (%513 W (2)7
n=0 U( )(Z)

where [i,,(2) = wyE L, (2, E)]. Therefore,

[ — N(N)(Z)> 7 (427)

6(l,z)] < B< oM (2)

where B(x) is the left side of (4.2.5)) or (4.2.6)). To make the bound tighter, one can even choose B(x)
to be the minimum of (4.2.5) and (4.2.6). Consequently, the difference between the CLT limiting loss

probability and the true loss probability, A(l), satisfies:

_ )
A(l) < /R B (lo_(’jv)(z()z)) dDg(z). (4.2.8)

However, if the simulation-based method is used to approximate the integral in (4.2.1)), as in ,
the error structure is more complicated. First, there is a sampling error due to the simulation, which

can be written as

/RS IP’{L(N) (2,6) < l} A®g(z) — éép{ﬂm (z<“>,£) < z} .

This type of error is usually monitored by computing the associated confidence interval. Secondly,
there is an asymptotic error due to the CLT approximation, ¢ (I, z), which is discussed above. The next

theorem combines these two types of errors to construct a confidence interval for this two-level approach.
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The proof of this theorem is in Appendix C.

Theorem 4.3. In the approach in which the conditional probabilities are approximated by CLT and the
outer-level expectation is computed by MC simulation, given a confidence level o, there is a confidence

interval [ug (X),v,(X)] defined by

uo(X) = ?_thl,lfaﬂ\/Sg(—/Uv
va(X) = F+tU—1,l—a/2m7

x: — [X:t(Z(l)),.”’X:I:(Z(U)>}T7
[— M (2w =@ (2w
X+ (Z(w) _ - ((u)) - ((u)> 7
o (Z ) o (Z )
U
v e (a)
1 v 2
B - iy (e () -

such that the true loss probability P(l) =P {L(N) (Z,€) <1} satisfies

P{P(l) € [ua(X),va(X)]} > 1 — a.

4.3 Numerical Results and Comparisons

In this section, we present numerical results for MC simulation, the LLN and CLT asymptotic approxi-
mations. All methods are implemented in MATLAB R2010b and the computation was performed on a
workstation with a 2.8 GHz Intel Core 2 Duo CPU and 6GB 667 MHz DDR2 SDRAM. The methods are
applied to a variety of portfolios to assess accuracy and efficiency. Since we do not know the closed-form
solution for the portfolio loss probabilities, we use the two-level MC approximation with sample size
U = 5000 and V = 5000 as a benchmark. Also, we consider a single systematic factor only (i.e. S =1)
because multi-factor models take too long to compute the benchmark on a standard sequential machine.
We consider 4 credit rating classes (C = 4): A, B, C and D, corresponding to ¢ = 3, 2, 1, and 0,
respectively. The credit rating “A” is the highest rating, while the credit rating “D” represents default.

The unconditional credit migrating probabilities, P2, are shown in Table

c1
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Table 4.1: Credit migration matrix

ci\e2 | A(3) B(2 C(@1) D(0)

A (3) | 09796 0.0202 0.0000  0.0002
B (2) | 0.0208 0.9398 0.0125 0.0270

C (1) | 0.0000 0.0649 0.6801 0.2550

D (0) | 0.0000 0.0000 0.0000 1.0000

4.3.1 Sample Portfolios

We consider two classes of portfolios: non-lumpy portfolios and lumpy portfolios. Obligors in a non-
lumpy portfolio have about the same EAD. We further divide this class of portfolios into two subclasses:
homogeneous portfolios and heterogeneous portfolios. All obligors in a homogeneous portfolio have

an “A” credit rating, share the same parameters EAD,,, LGCS, and f,, while, in a heterogeneous

portfolio, the parameters, EAD,,, LGC{,, and f,, are randomly generated. For each subclass, we build
three portfolios with different numbers of obligors: namely, fine-grained (N = 5000), medium-grained

(N=500) and coarse-grained (N=>50). Details of each portfolio are presented in Table

Table 4.2: Parameters for non-lumpy portfolios

Portfolio Label EAD,, LGCS Bn c(n) N HHI of w’s
Coarse-grained m, 50 2.00 x 10~ 2

Homo-
geneous | Medium-grained Iy 1 LGCS 0.5 3 500 2.00 x 1073
Fine-grained 3 5000 | 2.00 x 10~4
Coarse-grained Ty 50 2.20 x 1072

Hetero-
geneous Medium-grained Iy Unif(0.5, 1.5) Lacg Unif(—0.9,0.9) Unif{1, 2, 3} 500 2.18 x 1073
Fine-grained g 5000 | 2.17 x 10~4
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The loss-given-credit-event, LGC,, given in Table are set to be

0.8, c=0 LGD,,, it ¢=0
——c—1
) 0.5, c=1 . Unif <O,LGCn ) . if 0<ec<cn)
LGC. = . LGC, = . (43.0)
03, ¢c=2 0, if 0<c=c(n)
——c—1
0.0, c=3 Unit (Rn,LGCn ) ,if e>en)

for homogeneous portfolios and for heterogeneous portfolios respectively. In the latter case, obligor
n’s loss-given-default, LGD,, is randomly generated with distribution Unif(0, 0.8), and R, is a negative
number representing the return of obligor n, which is randomly generated with distribution Unif(—0.5, 0).

The choice of LGC, in (4.3.1) for heterogeneous portfolios ensures that the following conditions hold:

e If an obligor defaults, the LGC of this obligor equals its LGD;

If an obligor is downgraded, the LGC of this obligor is positive, but no greater than its LGD;

If an obligor’s credit state remains unchanged, the LGC of this obligor is zero;

If an obligor is upgraded, the LGC of this obligor will be negative, but no less than its market

return;

Obligor n’s LGC is decreasing with respect to c.

The last column in Table shows the HHI index of each portfolio, where the HHI index equals 25:1 w2,
The HHI index is no less than 1/N, and the closer to zero it is, the less concentrated the portfolio is.
Meanwhile, for the purpose of comparison, we let positions in II; be contained in II5, and positions in

II5 be contained in Ilg, and set Zﬁlzl EAD,, in Iy, II5, II5 to be 50, 500, 5000, respectively.

4.3.2 The CLT Approximation and Confidence Intervals

First we check the CLT approximation and its confidence intervals constructed based on the discussion
in Subsection [£:2.2] For confidence intervals for the CLT approximation, we choose the bound on the

asymptotic errors to be

N P(N)
B(z) = min | Cop™, 01— |, (4.3.2)
1+ |z

since we know E “ 72"(?,’(‘?\7))?5)"(@

3
} is finite.
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We test the CLT approximation on the non-lumpy portfolios II; to Ilg. For each portfolio, we
choose an interval [lnin, lmaz] and then compute 200 equally spaced quantiles satisfying I, = lnin +
% (lmaz — lmin), k=1, ..., 200. To check the performance of the approximation at both tails of the

distribution, I, and l,,q, are chosen to satisfy
P{L <lmin} <1074, P{L<Ip} >107%,

and

P{£ > lmaz} < 1074, P{£ > 1199} > 1074

Since risk managers are more interested in the tail risk, for example, 95% value-at-risk or expected
shortfall, we focus on the high probability tail by examining P{£ > l}. Since the tail is very close to
zero and very flat, we plot P{L > [} on a semi-log scale. The graphs also show the 95% confidence
intervals associated with the CLT approximation. Figures [I.1] - [1.6] present the results for portfolio IT; -

IIg, respectively.
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P{L <1}

Figure 4.1: Loss distribution generated by the CLT approximation:
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Figure 4.2: Loss distribution generated by the CLT approximation:
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Figure 4.3: Loss distribution generated by the CLT approximation:
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Figure 4.4: Loss distribution generated by the CLT approximation:
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Figure 4.5: Loss distribution generated by the CLT approximation:
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Figure 4.6: Loss distribution generated by the CLT approximation:

Portfolios Ilg
yellow: CLT, black: MC, cyan: CI
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From Figures [4.1] - we make the following observations.

1. The loss probabilities generated by the CLT approximation agree well with those computed by
the two-level MC benchmark, especially in the tail. The CLT approximation is more accurate for
more fine-grained portfolios, since unsystematic risk is diversified away in large portfolios, and it

has more impact for small portfolios.

2. By comparing Figure and Figure we find that, for the same portfolio size, the CLT
approximation is more accurate for the heterogeneous portfolio than for the homogeneous one.
Since the true portfolio losses are discrete rather than continuous, for small homogeneous portfolios,
the two-level MC benchmark distribution has obvious jumps. However, the CLT approximation
is continuous. Thus part of the error in Figure and Figure [{.4a] comes from approximating a
discrete distribution by a continuous one. The jumps in the two-level MC benchmark are much
smaller for the corresponding heterogeneous portfolio. Moreover, as the portfolio size increases, the

two-level MC benchmark becomes smoother, and the accuracy of the CLT approximation improves.

3. Confidence intervals shown in Figures - become tighter as the portfolio size increases, and,
for the same portfolio, confidence intervals are narrower in the tails and wider in the middle. By
comparing with probabilities calculated by a Quadrature4+CLT approximation, where the outer-
level integration is calculated by a quadrature and conditional probabilities are estimated by the
CLT approximation, the length of the confidence intervals depends mainly on the bound on the

asymptotic errors (4.3.2)). More specifically, it is proportional to

_ ) (N)
B (Z'Lfv(z)) = min | Cop™V) (z), C&p—(z)s , (4.3.3)

o) (z) 14 =&

+ oc(N)(z)
where
Y Nz 8) i)
(N) _ n ) - Mn
P (z) = Zl]E o) (2)

If we keep the portfolio and z unchanged, then p™ (2), p™) (z) and ¢ (2) are fixed. As [

1=p™N(2)

3
moves towards either tail, it moves away from pV) (z), whence ’0(”7)(2) becomes larger. Hence

the bound in (4.3.3]) gets smaller, which explains why confidence intervals are narrower in the tails

and wider in the middle. If we fix [ and z, and increase the size of a homogeneous portfolio, then
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pN) (2) decreases, since

P (2)

IN

decreases with N, where A (2) =E [\Ln (2,E) — pin (z)ﬂ /on (z) and

3
3

l— 27]2;1 Wn hn, (z)
S w2o? (2)
3
I — 25:1 %/‘ (2)
Voo w20 (2)

[—p(2)[
o(z)

L= p ™) ()
e

— N3/2

increases with N. This partly explains why confidence intervals are narrower for larger portfolios.

4. Confidence intervals are too wide for practical use for small portfolios, but they are acceptable for
large portfolios with large quantiles, because the Berry-Esseen-type bound in is not tight
enough for a small number of random variables, but becomes tighter as the number of random
variables increases. Although one can narrow the confidence intervals by further bounding them by
[0, 1], since the estimator is a probability which is within [0, 1], this will not improve the confidence

intervals very much.

4.3.3 Comparison: MC, CLT and LLN

In this subsection we compare the accuracy and efficiency of the MC, CLT and LLN approximations for
the non-lumpy portfolios I1;-ITg. Table shows the CPU time in seconds used to generate the loss
distribution and the speedup (numbers in parentheses) relative to the MC approximation (CPU time

over MC CPU time). From Table it is clear that the MC approximation is extremely time-consuming

INotice that, for a homogenous portfolio, A (z) = E [|Ln (z,E) — pin (z)|3] /on (z) is identical and not dependent on
N for each obligor n.
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compared to the LLN and CLT approximations, and that the CLT approximation uses only slightly more

CPU time than the LLN approximation.

Table 4.3: Comparison of total CPU time for non-lumpy portfolios (in seconds)

Homogeneous
Coarse-grained Medium-grained Fine-grained
MC | 1.090 x 10® ) 6.980x10% ) 6.368x10* )

LLN | 4.263 x 10°  (2.556 x 10%) | 6.463 x 10°  (1.080 x 10®) | 2.633 x 10"  (2.419 x 10°)

CLT | 4.645 x 10°  (2.347 x 10%) | 7.028 x 10°  (9.932 x 10%) | 2.646 x 10"  (2.406 x 10°)

Heterogeneous
Coarse-grained Medium-grained Fine-grained
MC | 1.121 x 10® ) 7.022 x 103 ) 6.438%10* )

LLN | 4.220 x 10°  (2.656 x 10%) | 6.439x10°  (1.091 x 10®) | 2.581 x 10"  (2.494 x 10®)

CLT | 4.606 x 10°  (2.434 x 10%) | 7.002x10°  (1.003 x 10%) | 2.637 x 10"  (2.441 x 10%)

To compare the accuracy of the methods, we first plot the loss distributions generated by the three
different approximations, using plots similar to those used in the preceding subsection. The results for
portfolios II; - Il are presented in Figures [4.7]- respectively. Using probabilities generated by the
MC approximation as a benchmark, we compute the errors associated with the probabilities generated

by the CLT and LLN approximations:

eun(l)

eclt(l)

Prin{L <1} —Pyc{L <},

IPCLT{,C < l} —PMc{ﬁ < l}.

We also compute the difference of the absolute errors associated with the CLT and LLN approximations:

Ae(l) = |ear ()] — leun(l)]- These errors are plotted in Figures -
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Figure 4.7: Comparison of the loss distribution for the MC, LLN
and CLT approximations: Portfolios ITy
blue: LLN, yellow: CLT, black: MC
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Figure 4.8: Comparison of the loss distribution for the MC, LLN
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and CLT approximations: Portfolios Il
blue: LLN, yellow: CLT, black: MC
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Figure 4.9: Comparison of the loss distribution for the MC, LLN
and CLT approximations: Portfolios II3
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Figure 4.10: Comparison of the loss distribution for the MC, LLN
and CLT approximations: Portfolios Il
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Figure 4.11: Comparison of the loss distribution for the MC, LLN

and CLT approximations: Portfolios II5
blue: LLN, yellow: CLT, black: MC
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Figure 4.12: Comparison of the loss distribution for the MC, LLN
and CLT approximations: Portfolios Ilg
blue: LLN, yellow: CLT, black: MC
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Figure 4.14: Comparison of the errors for the LLN and CLT approximations:
Portfolios IIy
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Figure 4.16: Comparison of the errors for the LLN and CLT approximations:
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Figure 4.17: Comparison of the errors for the LLN and CLT approximations:
Portfolios II5
(a) Errors: Portfolio Il5, blue: ey, (1), yellow: eq¢(l)
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Figure 4.18: Comparison of the errors for the LLN and CLT approximations:
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We make the following observations about the numerical results in Figures [4.7] -

1. The LLN and CLT approximations both work better as the portfolios become more homogeneous

and more fine-grained. This is due to the asymptotic nature of both approximations.

2. The top subplots of Figures [£.13]- show that the error associated with the CLT approximation
(ecrr (1)) is usually closer to zero than the error associated with the LLN approximation (errn(1)).
Equivalently, Ae(l) is mostly below zero in the bottom subplots of Figures - That
is, our numerical results support our belief that the CLT approximation is more accurate than
the LLN approximation in most cases. In particular, the big gap between the LLN and CLT
loss probabilities in Figure , and the large negative values for Ae(l) in Figure suggest
that the LLN approximation is not accurate for small heterogeneous portfolios. On the other
hand, the CLT approximation produces usable results in these cases. Also, when the quantile
[ is large, the CLT approximation produces accurate probabilities (|eCLT| < 10_4). Moreover,
the CLT approximation usually produces better results than the LLN approximation in the high
probability tail. All of these observations make the CLT approximation more attractive than
the LLN approximation for downside risk measures, such as VaR and ES. The only exception
is in the left tail of the distribution, where the CLT approximation is less accurate than the
LLN approximation. However, the left tail is less important than the right tail in practice. For
homogeneous portfolios, in the top subplots of Figures - ecrr(l) is scattered on both
sides of zero, which implies the error comes mainly from approximating a discrete distribution
by a continuous one. For heterogeneous portfolios, the LLN approximation outperforms the CLT
approximation for the small loss probabilities for the portfolios II; and IIs, but the difference is

very small, as can be seen in Figure [f.I6b and Figure [£.17pb.

3. The error associated with the CLT approximation, ecpr(l), in Figures — is scattered with
jumps between positive and negative values. This is most pronounced in Figure[£.15h. The plots of
ecrr(l) appear more “continuous” in the top subplots of Figures - As explained earlier,
this is because the loss distribution for the MC approximation has large jumps for the homogeneous
portfolios, while the loss distribution for the MC approximation for heterogeneous portfolios have
smaller jumps. The distribution generated by the CLT approximation is continuous, therefore the
graph of the errors for the CLT distribution is more “jagged” for homogeneous portfolios than for

heterogeneous portfolios.

4. From the top subplots of Figures - we see that erpn(l) and ecpr(l) are often above
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zero for the large values of the quantile [ plotted. This shows that both approximations tend
to underestimate the risk. However, ecpr(l) is below eppn(l) for most of the large values of the
quantile [ plotted, which verifies once again that the CLT approximation is more accurate than

the LLN approximation.
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Chapter 5

Exact Methods

Since the conditional portfolio loss is the sum of independent individual losses, the conditional portfolio
loss probability can be computed by an N —fold discrete linear convolution, which leads to another class of
approaches to compute the conditional portfolio loss probability: exact methods [3] 13} [15] 41, [43]. Unlike
the asymptotic methods, which suffer asymptotic errors due to the LLN or CLT approximations, and the
MC simulation, which endures sampling errors, the exact methods do not produce any approximation
error, although they are still subject to roundoff errors and possibly aliasing errors. However, the existing
exact methods are very computationally intensive. To improve the efficiency of the exact methods, we
exploit the sparsity that often arises in the obligors’ conditional losses to accelerate the computation.
In Section we first review the standard full convolution method, then we develop a sparse
convolution method, and further improve its efficiency by extending it to a truncated sparse convolution
method. Similarly, in Section we first discuss the full FFT algorithm, then propose a sparse FFT
method and a truncated sparse FFT method with exponential windowing to reduce the aliasing error.

Finally we present some numerical results and compare different methods in Section

5.1 Sparse Convolution Method

5.1.1 Full Convolution Method

Let LS = w,LGC;, then (3.3.3) shows that the conditional loss from obligor n, denoted by LZ, is a

discrete random variable with support S, = {L9,..., L'} and probability mass function (PMF)
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HO _gT )
o (“iﬂﬂfgz) , if o = L9,

d Hi(nrﬁfz _ P HS(anZz if = Ll
V1-B18, Jipip, ) BT hw
P (z) = : : (5.1.1)

Hiw =Bz _ g [ Hew =Pz g = 1,01
V1-BI8, V1-8I8, )’ no

0, otherwise.

Thus, the conditional portfolio loss, £*, is a sum of independent discrete random variables £LZ: L* =
Zﬁ:ol LZ. Elementary probability theory shows that the sum of two independent discrete random vari-
ables is a discrete random variable with PMF given by the linear convolution of the PMFs of the two

summands. That is,

P{L5+ L] =a} = P§* Pf(x) = Y Pf(w0)Pf(x — o). (5.1.2)
T ESy
Consequently, for IV independent discrete random variables £§, ..., £%;_;, the PMF of their sum is the

N-fold linear convolution of the PMFs of each £Z:

N—1
P{L* =2z} = ( ® P,f) (2), (5.1.3)
n=0
where the N-fold linear convolution is defined recursively by
N—1 N—2
(&,r)@=((&rs) «ras) @
1
(&,75) @)= 5 <P ).

Therefore, the conditional portfolio loss probability can be computed by

P{*<l}=) <]:@_§:P:) (). (5.1.4)

z<l
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To compute (5 7 we must discretize the portfolio losses. Let

Lonin = ZLS*, (5.1.5)
N—-1

Loasw = ZLQ, (5.1.6)
n=0

be the minimum and maximum portfolio loss, respectively. Then choose §, K4 and K,,;, to construct a

“perfect” discretization grid. That is, for every possible choice of LS, n =0,...,N—landc=0,...,C—1,

N-1
> L =k, (5.1.7)
n=0
for some k € {Kmin, - - -y Kmax }, where
Lmin = Kmln(sa
Lmaz = Kmazé-

To obtain the perfect discretization grid, we can find the optimal § = §* such that
0" =max{0 |kS=L /0 €N, Vn € {0,...,N —1},Vc € {0,...,C — 1}}.
Therefore, K,,;n = 25;01 kg —Land K pee = Zg;ol kg, and the number of points on this grid is

Lmam_ 3
K = Hmer Zminog g

Note that all LY, and their sums are on the grid. Therefore, there is no discretization error in computing
ey

It is worth mentioning that, subject to certain level of discretization error, one could round some of
the values of [, in below to a coarser grid, [} = ké for§ > 6 , to reduce the total number of points,
K, on the grid and consequently to accelerate the computation. Though we do not pursue this option

in this thesis, one could combine this coarsening approach with the other techniques described in this

I The discretization error we are referring to is the error resulting from some L¢, or their sums, not being included on
the discretization grid for the portfolio losses. For example, if the gird is [0, 0.01, 0.02, ..., 0.05], but one of LS has the
value 0.012, then we must round L, to some point on the grid. This leads to a discretization error in representing L¢,.
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thesis to achieve a more efficient, but less accurate, approximation to the conditional portfolio loss.

Based on this discretization scheme, the portfolio losses are restricted to the values
I, = k6, (5.1.8)

for k = Kpin, - - -, Kinaz, and the distribution of the conditional loss from each obligor can be discretized
by

T
pr = [pfl [Kmm], s ,pr [Kmax]] s

where pZ[k] = PZ?(l;) represents the probability that the loss from obligor n is I} conditional on Z = z.
The conditional portfolio loss (5.1.3) can be computed by an N-fold linear convolution of the vectors

Pt

P{L* =1} = <N®1pi> k], (5.1.9)

where the linear convolution of two real vectors @ = [z[0],.. ., z[K, — 1]]" and y = [y[0],. .., y[K, — 1]]"

is a mapping from R+ x RXv to RE=T5Kyv—1 defined by

xxylk] = Z x[ulyv], (5.1.10)

utv==k

for k=0,..., K, + K, — 2 with the understanding that the indices v and v do not go out of range (i.e.,
0<u<K,—1and0<wv<K,—1). Therefore, the conditional portfolio loss probability in (5.1.4)) can

be written as

PiLr<l} =Y (%};) k). (5.1.11)

k<) n=0
As we mentioned in Section LGC;, can be negative if obligor n is upgraded, which results in
negative LS. If we use the discretization scheme (5.1.8)), then some negative indices k will be encountered,

which complicates an implementation of this scheme. To solve this problem, first notice that

N-1 N-1 N-1
P{Zc;:zk} :P{Z (cz — LS =1k — bel}
n=0

n=0 n=0

for k = Knin, Kmin + 1. .., Kinaz — 1, Kipaz- Define shifted conditional individual losses by

L* = [z —LC_17

=n
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then 0 < £7 < LY — L¢~1 since LS~ is the minimum of the possible values of £Z. Therefore, the

discretized distribution of £ on the grid is p*= @z [0],....p% (kS — kS]] " Hence,

N-1 N-1 N-1
P{Zﬁizlk} P{Zﬁizlk—ng_l}7
n=0 n=0

- n=0

= P{ZEZ:(]C_Kmm)‘S}

- <_é§p%> [k — Komin] (5.1.12)
j=0"7

To compute ((5.1.12f), we can apply the convolution methods described earlier in this subsections, since
the indices of p* are all nonnegative.

Without loss of generality, we assume from now on that L,,;, = 0. Therefore,

I ké, k=0,...,K —1, (5.1.13)

(o9
I

Lonaz /(K — 1), (5.1.14)

and pZ = [pz[0],...,pZ[K — 1]]T. However, from (5.1.12)), we see that our approach easily extends to
handle the case that L,,;, <O0.

One way to analyze the complexity of the computation in is to view the discrete linear
convolution as a Toepliz matrixﬂ generated by the vector y multiplying the other vector . For
I

example, the linear convolution of two vectors & = [z, 71, T2, 3, 74,757 and y = [yo,y1, Y2, y3]T can

be computed as

2A Toepliz matrix is a matrix whose negative-sloping diagonals are constant. For example,
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(400 0 0 0 0
y190 0 0 0 0 M ]
0
y291% 0 0 0 -
1
Y3 Y2 Y1 Yo 0 O -
2
cxy=Tyx=1|0 y3y2y1 %o O -
3

0 0 ys3 Y2 y1 %
T4

00 0ysy2n
Ts5
000O0ysy2| = -

(00000 ys]

The floating-point operations (FLOPs) required to compute x * y are the FLOPs associated with the
nonzero elements in this matrix-vector product. So, assuming that all x; in @ and y; in y are nonzero,

it is clear that the computation of @ * y[k] requires
e k + 1 multiplications and £ additions for each k =0,1,..., K, — 1;
e K, multiplications and K, — 1 additions for k = K,,..., K, — 2;

o (K, + K, — 1)—k multiplications and (K, + K, — 1)—k—1 additions for each k = K,—1,..., K+

K, —2.

Therefore,
Ky,—1 Kp—2 K, +K,—2
S (k+1)+ K,+ > (K.+EK,—1)-k=K.K,
k=0 k=K, k=K,—1

multiplications and K K, — (K, + K, — 1) additions, which is 2K, K, — (K, + K, — 1) FLOPs in total,
are required to compute x * y.

Since the maximum portfolio loss is L. = lx—1, and there are no negative losses, the sum of the
conditional losses from two obligors can not exceed lx_1, which implies p§ * pF[k] = 0 for k > K. Thus,
it is not necessary to compute pg x pf[k] = 0 for k > K. Therefore, to compute pg * pF[k] in for
k=0,...,K —1, where K, = K, = K, we need a total of Ef:_ol(kj + 1) = K(K + 1)/2 multiplications
and ZkK:_Ol k = (K — 1)K/2 additions, for a total of K? FLOPs. The same argument can be applied
to the computation of all linear convolutions in the N-fold linear convolution in . Therefore, the
total number of FLOPs to compute the whole distribution of the conditional portfolio loss, P{L* = [},
k=0,...,K—1,is

(N-1)K*=0(NK?). (5.1.15)

One obvious improvement over the straightforward convolution method described above is to take

advantage of the trailing zeros in pZ. Notice that pZ[k] = 0 for & > kO, whence we can avoid all

99



multiplications and additions involving with pZ[k] for k > kY. Therefore, define pZ = pZ [0 : k0] E| and
N-1 N-1

note that, for k =0,... K — 1, we have ( ® ﬁj) [k] = ( ® pf) [k]. To analyze the number of FLOPs
=0 =0

N—-1 n ~

to compute < ® ﬁ]z) [k], we denote the length of pj; and & p% to be K, and K, respectively for
=0 =0

n=20,...N — 1, then Ky = Ky, and K,=K, 1+K,—1forn= 1,...N — 1. The total number of

N-1
FLOPs to compute ® p7 is
i=0

N-—1
S 2K, K, — (f(n,l YK, — 1) . (5.1.16)
n=1

If all p7 have the same length K, then forn=0,...N —1,

K,=K (5.1.17)
Kn=K, 1+K-1=(n+1)K —n, (5.1.18)

and
K=Ky_,=NK—(N-1). (5.1.19)

Substituting (5.1.17) and (5.1.18)) into (5.1.16)), the total number of FLOPs becomes

(2K —1) (K —1) N(N — 1)
2

+ (N -1DK. (5.1.20)

From (5.1.19) we know

_ K-1
K=—+1. 5.1.21
— (5.1.21)

Substituting (5.1.21)) into (5.1.20)), the total number of FLOPs in (5.1.16)) is

1 N -3 1 N-1
1— — ) K2 —F+ = | K+ ——— .1.22
(1-5) &+ (T e ) K4 2 (5122

which is O (K? + NK) .
The number of points on the grid, K, can be very large, since a fine grid may be needed to re-
duce or to eliminate the discretization error. Also, the number of obligors in the portfolio, N, can be

thousands for large financial institutions. What’s worse, from (3.3.5)), we see that we need to compute

3We adapt the notation in MATLAB to represent the indices of a vector. The notation m : k : n means to access
every kth element in the subvector, starting with the mth element of the original vector and ending at (or before) the nth
element of the original vector. If k = 1, we leave out the step value k and use m : n instead of m : 1 : n. For example, if
x = [z0, 21,2, T3, T4, x5])T, then [0 : 2 : 5] = [z, v2,z4]T and @[l : 3] = [x1, 2, z3]T. This notation is used throughout
this thesis.
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the conditional loss distribution U times for different realizations of systematic risk factors. Therefore,
this straightforward convolution method and its obvious improvements may be very computationally

expensive.

5.1.2 Sparse Convolution Method

To improve the efficiency of the convolution method, we take a closer look at the conditional probability
vectors pZ = [pz[0],...,p3[K — 1]]T. Notice that, from the PMF in (5.1.1), £Z is a discrete random
variable with C possible values. The number of rating classes, C, is much less than the length of pZ
(or pZ). For example, for long-term corporate bonds, S&P’s rating system has 10 rating classes: AAA,
AA, A, BBB, BB, B, CCC, CC, C, and DEI Other rating agencies’ rating systems, as well as financial
institutions’ internal rating systems, have a similar structure. The number of rating classes for short-

term bonds is even smaller. Therefore, all p? (or p?) are highly sparse vectors with C < K (or C < K )

nonzero elements. From (5.1.9) and (5.1.10), it is not difficult to see that the convolution method wastes

many FLOPs on multiplying zeros and adding zeros. Hence, it is a natural step to develop a method to

speed up the convolution method by taking advantage of the sparsity of pZ.

5.1.2.1 Sequential Sparse Convolution Method

n

Let p§ = p§ and p;, = ® p% forn =1,..., N—1. Then P{L* = [} = pX_,[k] and p}; can be computed
=0

recursively by py,, = P xpZ ., forn = 0,...,N — 2. For each obligor n, define a C-element vector

d, = [d,[0],...,d,[C — 1}]T, where d,, [c] represents the index of LS on the grid. That is,
dnle] = LS /3, (5.1.23)

for ¢ =0,...,C — 1. Also, define another C-element vector g2 = [¢Z[0],...,¢Z[C — 1]]T, where ¢Z[c]
is the probability that obligor n’s loss is LS: ¢Z[c] = pZ[dy,[c]], for ¢ =0,...,C — 1. In other words, ¢Z

contains all the nonzero conditional loss probabilities for obligor n. Similarly, we can define d,, to be

the vector of indices of the nonzero elements in ﬁ;ﬂ

4 As presented in Table S&P has a finer rating system, in which rating class AA is divided into AA+, AA and AA-,
rating class A is divided into A+, A and A-, rating class BBB is divided into BBB+, BBB and BBB, rating class BB is
divided into BB+, BB and BB-, rating class B is divided into B+, B and B- and rating class CCC is divided into CCC+,
CCC and CCC-. Therefore, there are 22 rating classes in this finer system.

5Though gZ contains all the nonzero conditional loss probabilities for obligor n, it does not mean that all elements in
gZ are nonzero since some ¢Z[c] are allowed to be zero. However, these zero elements in gZ are treated as structurally
nonzero in our algorithm. Therefore, d,, is actually the vector of indices of the structurally nonzero elements pZ. A similar
argument applies to pZ and d,,. From now on, for convolution methods, the term “nonzero elements” refer to “structurally
nonzero elements” described in this footnote.
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If we use the formula in (5.1.10) to compute p?, then

pilkl = Y plilnili] (5.1.24)
i+j=k

= > Glildl, (5.1.25)
(4,5) €Dk

where Dy = {(¢,7)|dolé] + di[j] = k}. If we ignore for now the FLOPs required to determine Dy,
the computation in requires at most 2C — 1 FLOPs (at most C' multiplications and C' — 1
additions), while, as discussed in the previous subsection, a naive implementation of requires
k + 1 multiplications and k additions for £ = 0,..., K — 1. Therefore, requires much fewer
FLOPs than for most k. However, the computational overhead in determining Dy can not be
ignored. Since there is no special pattern for d,,, for each k, we need to search in dy and d; to find the
pairs (i, j) such that do[i] 4+ d1[j] = k. This overhead is not heavy in computing p3, since both dy and d;
have only C elements. However, to compute pZ for n > 1, we need to search in dn_1 (rather than d,,_1)
and d,, to find such pairs (¢, 7). The length of d,, increases as n increases since the number of nonzero
probabilities in pZ increases after each convolution. Therefore, the overhead to find pairs (i, j) becomes
more and more significant as n increases. Moreover, for many values of k, p7[k] is zero, so there is no
pair (i, 7) such that dy[é] + d; [j] = k. Hence some computation is wasted in determining that Dy = () for

many values of k.

5.1.2.2 Concurrent Sparse Convolution Method

A better way to compute the linear convolution p7 | = P *pZ ,; is to compute d,, and D;, 1 concurrently,
rather than computing them sequentially as described above. The main idea of computing all elements
of pZ ., concurrently is to compute the product of nonzero elements of p and pZ_ |, and assign it to,
or add it to, the appropriate element of p ;. We consider pf = p§ * p{ as an example to demonstrate
how to compute elements of pZ concurrently.

Consider the example, illustrated in Figure @ for which p§ is a vector with three nonzero elements
at positions do[0], do[1], and do[2], with values ¢Z[0], ¢§[1] and ¢§[2], respectively, and pf has a similar
structure.

First, we initialize all K elements in p5 to —em, where ey is the smallest positive normalized floating-

point number in the implementation environment, then for j = 0, we compute

do[i] + d1[0] and g [i]q7 (O]
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and assign do[i] + d1[0] to d;[i] and assign ¢Z[i]q?[0] to p? [Jl [z]}

in Figure [5.2]

Figure 5.1: The structure of p§ and pf

fori =0,..

.,C — 1. This is illustrated

. L Bl @l gkl 1 |
Po 0 1 2 3 4 5
T T T
do[0] do[1] do[2]
. AU L |
p1 0 1 2 3 4 5
T T T
d1[0] di[1] 2]

Figure 5.2: Concurrent computation of the linear convolution pj = pg * pf (j = 0)

Tl U @, @R A |
Po 0 1 2 3 4 5
T T
do]0] dol1] do[2]
o L 1 qF [U] 1 qlz [1] 1 QT [2] L 1 1
P 0 1 2 3 4 5
T T T
d,[0] dy[1] d1[2]
. | 610 (0) |  @Mef0] | g5l2lef (0] | A A |
P 1 4 5 6 7 8
- | do[0H+d1[0] | do[1]+d1[0] | do[2]+d,[0] |
di 0 1 2

Next, for j = 1, we compute

doli] + dy[1] and ¢Fli]q7[1]

for i = 0,...,C — 1. However, the way that we put do[i] + di[1] into d; and ¢ [i]¢?[1] into p7 is a little

more complex for j = 1 than for j = 0, since there might exist a and b such that

That is, there might exist some k such that the set Dy in has more than one pair (¢,7). For
instance, as shown in Figure for k = 4, we have dy[2] + d1[0] = do[1] + di[1] = k. In this case, we
should not add an additional element with value do[1] + d1[1] into the vector dy, since this value already
exists in d;. Also, we should add the value of ¢Z[1]¢Z[1] to py [do[1] + d1[1]], rather than assigning the
value of ¢Z[1]¢Z[1] to py [do[1] 4 d1[1]]. By the construction of p% and dy, to check whether an index, k,

is in dy, we only need to check whether p%[k] > 0. Therefore, for j = 1, the vectors p7 and d; can be
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updated concurrently as follows for all i =0,...,C' — 1.

if % [do[i] + d1[1]] < 0 then
dy[end + 1] « do[i] + di[1];

P7 [doli] + da[1]] < g5 [d]aF [1];
else

Pi [doli] + di[1]] <= ¢F[ilgf[1] + T [dold] + da[1]];
end if

The computation of the linear convolution p§ = pZ * p% for j = 1 is illustrated in Figure For
7 > 1, the computation is similar to that for j = 1. Figure shows the computation for j = 2 in our
example. As we can see, the final result of p7 calculated concurrently is the same as that computed

sequentially.
Figure 5.3: Concurrent computation of the linear convolution pf = pg *p% (j =1)

l a5 [0] 1 1 % [1] 1 a5 [2] 1 1 |

0 1 2 3 4 5
T T
do[0] do[1] do[2]
. o U 1 ! [
P 0 1 2 3 4 5
T T T
a[0] A a2
q [0]gF[1] g Met]  af[2lef1]
. | G610JgF[0] | | ®eF0] | +451206F[0] | { A A |
P 0 1 2 3 4 5 6 7 8
o dolOHd[0] | do[UH 0] | dof214da[0] | do[OFdi[1] | do[2q+di[1]
dy 0 1 2 3 4
Figure 5.4: Concurrent computation of the linear convolution pf = pg * pf (j = 2)
L, L@l @l gl 1 |
bo 0 1 2 3 4 5
T T T
do|0] do[1] do[2]
. A U 1 T d 1 |
P 0 1 2 3 4 5
T T T
d[0] 1] a2
4§ [0]qf (2] ag(laf[2]  ¢f[1]af(2]
g [0]gf (1] aefl]  +a§(2et (1
. | 610JgF[0] | | a8 aF0] | +451206F10] | { . A |
P : 4 5 6
El | d0[0]+d1[0] | d0[1]+d1[0] | d0[2]+d1[0] | d0[0]+d1[1] | d0[2]+d1 [1] | ([1)[2]+d1 [2] |
1

0

1 2

3 4 5
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We can apply the method discussed above to compute the N—fold linear convolution recursively. At

the (n + 1)%¢ step, we compute the two-fold linear convolution
i)fL—‘rl =pj * prz1+1

concurrently using p? and (~1n, which are computed in the previous step. Notice that, though we do not
store the vector, g2, which holds all nonzero elements of pZ, each element of g can be obtained easily
from vector pZ, since q=[i] = pZ [gln [z]} Also, we do not need to store pZ and d,, for all n: we only
need to store the pZ and d,, calculated in the previous step. This iterative procedure to compute the

N —fold linear convolution is summarized in Algorithm

Algorithm 5.1 Sparse convolution method to compute the conditional loss probabilities p3;_;
Input: ¢Z, d, forn=0,...,N — 1,
Output: p=p%_;, d=dyn_1;

L p < —€m;
2: d + dp;
3: forc=0: C—-1do
4 pldle] « g5lc);
5: end for
6: P < P;
7 d d;
8 forn=1: N—-1do
9: P —em;
10: d + NULL;
11: for j=0: C—-1do
12: for i =0 : length(d) — 1 do
13: k « d[i] + d,[j];
14: if p[k] < 0 then
15: dlend + 1] «+ k;
16: plk] < pld[i] x ¢3[5];
17: else
18, Alk]  B1K] + pldll] x az1il;
19: end if
20: end for
21: end for
22: P < D;
23: d« d;
24: end for

25: return p, d;

By (3.3.5)), we need to compute p%,_, for each z = 2("), w = 1,...,U. If we apply Algorithm U
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times to compute iﬁv(z)l, u=1,...,U, then we recompute &n, n=20,...,N—1, U times. However, from
Line 11 and Line 13 in Algorithm we see that d,, is updated from d,, and shows that d,,
does not depend on z. Hence d,, does not depend on z either. Therefore, we need to compute d,, once
only (not U times) to compute (3.3.5). Based on these observations, instead of applying Algorithm[5.1] U
times sequently to compute i)’f\,(z)l foru=1,...,U, we give an algorithm to calculate i)’f\,(z)l concurrently,

where d,, is computed only once. The algorithm is presented in Algorithm

. . o e (D)
Algorithm 5.2 Improved sparse convolution method to compute the conditional loss probabilities p%;_;

Input: qS}‘) :qﬁ(u), d, forn=0,.... N—-1,u=1,...,U;
Output: p :i)Jz\,(i)l, d=dy_1,foru=1,...,U;

1. p «— —ep, foru=1,...,U;

2: d + dp;

3: forc=0: C—-1do

4 P [d[d] « ¢$d, for u=1,...,U;
5: end for

6: p) «— pw,

7. d d;

8 forn=1: N—1do

9: f)(“)<——eM,f0ru:1,...,U;
10: d + NULL;
11: for j=0: C—-1do
12: for i =0 : length(d) — 1 do
13: k < d[i] + d,[j];

14: if 5" [k] <0 then

15: J[end + 1] < k;

16: PO (K] p®[d[i] x & [5], for u=1,...,U;
17: else

18: POE] — pO K] + p@[d[i] x ¢S[j], for u=1,...,U;
19: end if
20: end for
21: end for
22: p™ «— p™ foru=1,...,U;
23: d« d;
24: end for

25: return_p™, d;

5.1.2.3 Complexity of Concurrent Sparse Convolution Method

Compared with the full convolution method, the speedup of the concurrent sparse convolution method

comes from avoiding unnecessary multiplications and additions involving zeros. Consequently, the ef-
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ficiency of the concurrent sparse convolution method depends on the sparsity of the vectors pZ. The

following theorem gives the relationship between the complexity of this method and the sparsity of pZ.

Theorem 5.1. Let H, be the number of nonzero elements in pZ for all z = 2w =1,...,U, and
assume that the vectors qZ are of length C, forn =0,...,N — 1 and all z. Then the total number of

N—1
FLOPs for the concurrent sparse convolution method (Algorz'thm to compute P _, = @0 p is
J:

N—-1 1 N—-1
94+~ \CH, ,—H, )~ 9CH, | —H,). 5.1.27
Z(( U) 1 ) > (0H, 1~ ) (5.1.27)

Proof. At each iteration n, the FLOPs needed are as follows:

1. Additions to compute d,,_1[i] + dy[j] (Line 13 in Algorithm [5.1)), for i = 0,...,H,_y — 1, j =
0,...,C—1. Hence, there are C H,,_; additions in total. However, if we use Algorithm [5.2] as mentioned,
d,, does not depend on z; hence d,, needs to be computed only once for different z(", v =1,...,U.
Therefore, for each z(*), the amount of computation required to calculate d, is CH,_, JU.

2. Multiplications to compute pZ_; |dn_1[i] + d, [j]} x ¢Z[j] (Line 16 or Line 18 in Algorithm ,
fori=0,...,H,_1—1,j=0,...,C — 1. Hence there are C'H,,_; multiplications in total.

3. Additions to compute the summation of p[k] and pZ_, [Jn,l[l] +dnlj]| x ¢Z[j] (Line 18 in Al-
gorithm if needed. If the additions were performed no matter whether p[d[i] + d,[j]] is nega-
tive or not, then there would be CH,,_; additions. However, the additions are performed only when
Pz [cin_l[z] +d, []]} > 0, and from Line 15 it is clear that once the number of nonzero elements in pZ
is increased by one, then one addition in Line 18 is skipped. Therefore, the number of additions that
are skipped (because Line 16 is executed, rather than Line 18) is H,,. Hence, the number of additions is
CH,_,— H,.

Summing the FLOPs above, there are (2 + %) CH,_1 — H, FLOPs at each step n = 1,...,N —
1. Hence, the total number of FLOPs to compute the N-fold linear convolution p%_; = Néolpjz is
Zi::ll ((2 + %) CH,_1 — Hn) Since U is the sample size for the systematic risk factors, jv;hich is

usually very large, 2+ 1/U =~ 2, whence ZnNz_ll (24 &) CHypo1 — Hy) = Zf::ll (2CH,—1 — H,). O

Recall that, in our problem, d,, is related to the conditional individual loss rate by d,[c] = L¢ /6,
c=20,...,C — 1. Therefore, there is no particular pattern to the elements of d,,. Hence there is no
general rule to determine H,, at each step. However, Theorem allows us to analyze the complexity
of the concurrent sparse method for fixed N and C in the best case and in the worse case. All analysis
below is based on Algorithm and the FLOP counts are for each wu.

Notice that H, < CH,,_1, since H,, equals the number of times Line 15 is executed, which can be at
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most CH,,_; (i.e. at most once for each ¢ and j in the nested loop). On the other hand, H,, > H,_1,
therefore, H,, € [H,_1,CH,_1]. This indicates that the minimum/maximum number of FLOPs at each
step n is an increasing function of H, ;. Therefore, to find the best case, H,_1 should be minimized in

each step n, while, to find the worst case, H,,_1 should be maximized.

Best case Minimizing H,, requires all d,, to have the form
d, =[0,a,20,...,(C — 1), (5.1.28)
for some o € N*t. In this case, after each iteration, H,, has C' — 1 more elements than H,,_1:
H,=H, 1+ (C-1). (5.1.29)
To illustrate this, we consider C' = 3 and dy = d; = [0, q,2a]?. Define a matrix A with elements
A;; =doli] + dq[j], for i =0,1,2 and j =0, 1,2, then
0 a2«
A= a 23«
2a 3a 4o

Then it is easy to see that

d, = [0, @, 2, 3, 4a] T

It is clear that the positive diagonals of A are the same, and compared with dy = dy,only C —1=2

extra elements, 3a and 4«, are added into d,. This can be seen more clearly in Figure From (|5.1.29))
Figure 5.5: Best case (C'=3, a = 2)

z I.I I.I I.I 1 | | |

0 0o 1 2 3 4 5 6 7 8 p*
(* @, @ ;g e 0
1
+y 1% 0, @ , | LR
3
o1 19 @ @, o
5
° 6
[ J [ J [ 7
- 4
P *pi = (* 9 0, L,L 19, ]
0 1 2 3 4 5 6 7 8 |
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and Hy = C, we have
H,=C+n(C-1). (5.1.30)

Substitute ((5.1.30)) into ((5.1.27)), the total number of FLOPs in the best case is

\I/b

1
sconv — §

(2C* -3C+1)N* - % (2€* -5C +1) N - C. (5.1.31)

Worst case To maximize H,, consider the pattern:

d,[k] = akC", (5.1.32)
for some o € NT, k=0,...,C —1and n =0,...,N — 1. In this case, Line 16 is never executed, and
H, and H,,_; have the relationship

H,=CH, ;. (5.1.33)

To illustrate this, let C' = 3, then dy = [0, , 207, di = [0,3a,6a]”. Again, define the matrix A with
elements A;; = do[i] + di[j] for ¢ =0,1,2, and j = 0,1,2. That is,
0 a2«
A = |3a4aba
6a Ta 8

Then it is easy to see that

d, = 0, a, 2a, 3, 4av, 5, 6, Tar, 8]

Notice that all elements in A are different, hence (C' — 1)C' extra elements are added into d,. This is

illustrated in Figure From ([5.1.33) and Hy = C, we have

H, =C" (5.1.34)

Substituting (5.1.34)) into (5.1.27)), we see that the total number of FLOPs in the worst case is

w Cc?*(CN-1-1)
\IJSCO’IL’U — W. (5.1.35)
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Recall that the number of FLOPs required by the convolution method discussed in Subsection [5.1.1]
is
N-1 i
\I’conv = Z 2Kn—1Kn + (Kn—l + Kn - 1) 5 (5136)

n=1

~ n
where K,, and K, are the length of pZ and & D5 respectively. In the best case,
=0

K,=(C-1a+1 (5.1.37)
forn=20,...,N — 1, then by (5.1.20),
2K —1) (K —1)N(N —1 _

conv ~ 2

- <a2(C —1)2+ %a(C - 1)) N% 4 (—(c —1)%a® + %(C - 1)a) N—-(C=1a+1).

Consequently, the speedup of the concurrent sparse convolution method compared with the full convo-

lution method in the best case is

U _ (0®(C=1)?+50a(C 1)) N* + (—(O —1)2a% 4+ 1(C = 1)a) N — ((C — 1)a + 1)
I;convi %(202—30—"- ) —%(202_5C+1)N_C
( 2 a?N? (( 2(C— l)a) (2(Ci1)a - 1) % - ((C_ll)a + (C—i)2a2) ﬁ)

-0 (5 - (5] - o)
_(C—1)2aN? 1
c—eve T —1a

=ao? (1 + M) ~ Q(a?). (5.1.38)
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In the worst case, since K,=K,1+K,— 1,forn=1,...,N —1, and
K,=a(C-1)C"+1, (5.1.39)
forn=0,...,N —1, then K,, — K,,_; = K,, —1 = a (C — 1) C", which implies

K,=1+Y a(C-1)C=aC™" — (a—1), (5.1.40)
=0

forn =0,...,N — 1. Hence, substituting ((5.1.39)) and (5.1.40)) into ([5.1.36)), we have

N-1
\I/g)on'u = Z 2[~(n—1Kn + (Kn_1 + Kn — 1)
n=1

N-1 N—-1
=20%(C—1) ) C™+(2(@+C)—aC) Y C"—3(a—1)(N —1)
n=1 n=1
222 (CN - (%) (2(a+C)—aC) (CN -0C)
= o] + o1 —3(a—1)(N —1). (5.1.41)

Consequently, the speedup of the concurrent sparse convolution method compared with the full convo-

lution method in the worst case is

202(C*N-C?) | (2(a+C)—aC)(CN -C)

Veonw _ 11 oS =3(a—-1)(N-1)
W2 (2N (2—850% N <2<a+c>;f) Lt 3<a;2%<211vv_1)>
N N (1= =)
. Cc-1
SH— ~ 2020V ~ Q (0?CN). (5.1.42)
Cc-1

Comparing ([5.1.38) and ([5.1.42)), we can see that the speedup in the worst case is much higher than

that in the best case. The reason is that the vectors pZ are much longer in the worst case than in the

best case, which follows from comparing (5.1.37)) and (5.1.39). This implies that the vectors pZ in the

worst case are much more sparse than those in the best case, since the number of nonzero elements in
Pz , which is C, is fixed. Therefore, in the worst case, the full convolution method wastes more FLOPs
in computing multiplications and additions where at least one of the arguments is zero. Although the
sparse convolution method is slower in the worst case than it is in the best case, the full convolution
method is much slower in the worst case than it is in the best case; hence the speedup in the worst case

is much higher than that in the best case.
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5.1.3 Truncated Sparse Convolution Method

For the sparse convolution method described in the last subsection, we compute every nonzero pZ_ [i]pZ[j]
when computing pZ at each step n. However, as shown in Figure when n is large, many elements in
P2 become very small, since we multiply pZ_,[i], which is less than 1, by pZ[j], which is also less than
1. In our sparse convolution method, we treat those extremely small pZ_,[i]pZ[j] as nonzero. Some of
these very small values may create a new nonzero element (See Line 16 of Algorithm or . This
increases H, and slows down the computation. However, financial institutions do not require extremely
high accuracy. Therefore, it is reasonable to ignore extremely small pZ_,[i|pZ[j]. That is, instead of
computing pZ by

Bkl = > proalilpilils (5.1.43)
u+v=~k

we approximate pZ by its truncated version pZ, where

pi[k] = pg (K],
prlk] = Z H{ﬁf\_l [i]pi[jbe}ﬁiqmpz [j], for n >0, (5.1.44)
i+j=k
where
1 ifxz>e,
Lizsey =
0 ifz<e

The truncation error incurred in approximating pZ by f)\z can be estimated; Theorem gives a

bound of the total truncation error incurred in the N-fold linear convolution.

Theorem 5.2. Assume pZ[k| is defined by (5.1.43) and %[k] is defined by (5.1.44)), and let
A =min{n |3i,j € {0,..., K — 1}, p7_[ilpZ[j] < €}, (5.1.45)

then

0 < (k] — 551 k] < (N — 7)Ce.

Proof. Since pZ[k] = f)%[k:] for n < n, it is sufficient to prove

0 < P24 [k] — D2, k] < (t+1)Ce, (5.1.46)
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Figure 5.7: Small probability mass (n = 100)
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for all t € N. We prove (5.1.46]) by induction on ¢. For ¢t = 0, given the definition of pZ[k] and ;zf)%[k:] in
(5.1.43) and (5.1.44), we have

Pl -~k = D (PR lPED) — L gpa s P2 AL
DI (0T B SRR 0 ))
- (1 - H{ﬁz,_l[i]pzmx}) Pr-1lilpZla]-

Let f(z,€) = (1 — ]I{x>€}) x, then
0 ifx>e
f(x,e) =
r ifz<e
Hence, 0 < f(z,€) < e and
0< k) - Bkl = Y f (Boalilpilile) < > e<Ce,

i+j=k i+j=k

where the rightmost inequality in the line above follows from the observation that the vector pZ has only
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C nonzero elements. For the induction step, assume
0 < P2, [k — 2, [k] < (t+1)Ce (5.1.47)

for some ¢ > 0, and consider

Pty K] = D%y (1) [F]

= Z <15g+t[i]?§+(t+1)[j] - H{ﬁa[i]pzﬂm)[j]>6}ﬁ§+t[i}p§+<t+1>[ﬂ) : (5.1.48)
i+j=k
First note that pZ . (k] — ﬁf:(t\ﬂ)[k] > 0 since (5.1.47) implies that each term in the sum on the
right side of ([5.1.48) is nonnegative. To prove the upper bound on ﬁz+(t+1)[k] — ﬁf:(t\ﬂ)[kL note that
PE 4l < ﬁ/g:t [i] + (t + 1)Ce¢, whence from (5.1.48))
ot = 5, 1 < D0 (B2l + (4 1)C€) i ]
itj=k
T Ea P .
H{ﬁﬁﬂ[i]pﬁwﬂ)[j]>6}p"+t [Z]anr(tJrl)[J])
= 1—T; — , 7% lilpZ '
i;k ( {pfn+t[ﬂp2+<t+1>[3]>f}> PradlilPhsernl]
+(t+1)Ce Z p2+(t+1) (/]
i+j=k
= Z f (ﬁ§+t[i]p2+(t+1)[j]af) + (t+1)Ce Z pf}+(t+1)[j}
i+j=Fk i+j=k
< Ce+ (t+1)Ce
=((t+1)+1)Ce
Therefore, (5.1.46|) is true for all ¢ € N. Consequently, 0 < p%,_,[k] — f)?\,\_l[k] < (N —n)Ce. O

We can apply Theorem [5.2] to obtain an error bound for the truncated sparse convolution method
when computing the conditional cumulative probabilities. This result is presented in the following

corollary.

Corollary 5.3. Let pZ[k], ﬁg[k‘] and . be defined as in Theorem . Then

P{L* <U;},0nn —PILZ <1} < (N —)Ce.

sconv sconv —
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Proof. From (5.1.11)), we have
P{L* < lj}swnv ZPN 1k

k<j
P{L* <li}om = ZPN 1k

k<j

Therefore, from Theorem [5.2]

PLLZ < Ui} gy — PAL" < by = > (PRl — PR [K))
k<j
< J(N —n)Ce.
O
In practice, we wish to pre-define a threshold T'ol such that
Pr—1[k] =% [k] < Tol,
or
P{L* <1}, one — PAL? <1} o < T,
and based on this threshold to determine € in ((5.1.44). Theorem shows that if we set
Tol

i — 5.1.49
‘TN (5.1.49)

then

—

i1k — p%_ k] < (N —n)Ce = Tol.

However, from ([5.1.45)), we know that 7 is determined during the computation, so € can not be determined

before computation by (5.1.49). To solve this problem, notice that

—

Pr—1lk] = PR 1 [k] < (N —7)Ce < NCe.

Hence, for the truncated version of sparse convolution, if we can set

Tol

— 1.
No (5.1.50)

€ =

7



then

Fi_1[k] — %, [k] < NCe = Tol.

Since N and C' are known before computation, € obtained by (5.1.50)) can be determined before compu-
tation.
Similarly, we can let
Tol

so that for any pre-defined Tol, we have

P{L* <L} —P{L*<l;}_—— <Tol.

sconv sconv —

It is trivial to modify Algorithm[5.1]to incorporate the truncation. The only change required is to add
an if statement to test the condition pZ_,[i|pZ[j] > e. If the condition is satisfied, then Line 13 to Line
19 in Algorithm [5.1] are executed. Otherwise, the new algorithm jumps to Line 20 in Algorithm [5.1] The
algorithm for the truncated sparse convolution method is listed in Algorithm However, Algorithm
.2 can not be modified to accommodate this feature, since the if statement to test the condition
p%_1[i]p?[j] > € makes d,, dependent on z. Therefore, d,, may be different for different realizations of

the risk factors. Hence, we have to compute d,, U times (once for each z(*)) rather than just once.

76



Algorithm 5.3 Truncated sparse convolution method to compute the conditional loss probabilities

Input: ¢z, d, forn=0,...,N —1,¢
Output: p = pX_,, d = dy_1;

1: P+ —€m;

2: d <+ dp

3: forc=0:C—-1do

4 pldlc]] < q§c);

5: end for

6: P p;

7. d d;

g8 forn=1: N—1do

9: D < —ewm;

10: d + NULL;

11: for j=0: C—-1do

12: for i =0 : length(d) — 1 do
13: a < pld[i]] x qn[j];

14: if a > € then

15: k<« d[i] + d,[j];

16: if plk] < 0 then

17: dlend + 1] + k;
18: plk] + a;

19: else
20: plk]  plk] + a;
21: end if
22: end if
23: end for
24: end for
25: P < b
26: d« d;
27: end for

28: return p, d;
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5.2 Sparse FFT Method

Another efficient way to compute the N-fold linear convolution in (5.1.9) is to use the fast Fourier
transform (FFT). In this section, we first describe how to apply the full FFT algorithm to compute
the N-fold linear convolution. Then we develop a sparse FFT algorithm and a truncated sparse FFT

algorithm.

5.2.1 Computation of the Conditional Loss Probability by the Fourier Trans-

form

We begin by introducing the discrete circular convolution and the discrete Fourier transform. The

circular convolution of two real vectors & and y, both of length K, is a mapping from R¥ x R¥ to R¥X

defined by
K—1
zxylk] = 3 aljly[(k - ) mod K] (5.2.1)
j:
for kK = 0,..., K — 1. Like the discrete linear convolution, the discrete circular convolution can be

represented in matrix form using a circulant matrix C,. For example, suppose that both x and y have

four elements, then

zxy=Cyx

Yo Y3 Y2 Y1 To
Y1 Yo Y3 Y2 T
Y2 Y1 Yo Y3 T2
Y3 Y2 Y1 Yo T3

The discrete Fourier transform of a complex vector = of length K is a mapping from C* to C¥ defined

by

=

F@)W =Y el

I
=)

for k=0,...,K — 1, where w = e %" and i = v/—1. In matrix form, the discrete Fourier transform

(DFT) of a K-element vector « can be written as the product of a DFT matrix F and the vector x:

w0 w1 WO (E-1) o
w0 wil ... l(E-D) 1
F(x)=Fx= . . ) . . . (5.2.2)
w(K_l)'O w(K_l)'l .. w(K_l)‘(K_l) Tr_1
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Similarly, the inverse discrete Fourier transform (iDFT) is defined by

K-1

1

F @)k = 5 Y alilu ",

0

<

for k=0,...,K — 1, and the matrix form of the iDFT is

w—00 w01 ... 0K

Zo
1 w—10 w-ll ... g L(K-D T
FHz)=F'z= e (5.2.3)
w_(K_l)'o w_(K_l)'l e w_(K_l)‘(K_l) TK_1
Notice that
1 K-1 1 K-1
(F'F) [m,n] = Ve Z w Rk = Ve Z wn=mk,
k=0 k=0

K-1 _ . . .
elfm#mn, > w=™k i a geometric series. Hence,

1 ,w(n—'rn)K -1
_1 —_—_—t,——————
(F F) [m,n] = K e — 1

Since w = e % is a primitive Kth root of unity, which implies w® = 1, whence, w("~™K =1,
However, w(™~™) = 1. Therefore,

(F~'F) [m,n] =0

for m # n.

K

o If m =n, then w™ ™K —= 4,0 = 1. Hence,

(F~'F) [m,n] = 1.

Therefore, we have F~!F = I, where I is an identity matrix. This implies F~! (F (z)) = z.

The circular convolution theorem [§] links the discrete circular convolution and the DFT:
zxy=F ' (F(x)OF(y),

where ® is the component-wise product. Moreover, the circular convolution theorem can be extended

to an N-fold discrete circular convolution:

N-1 N-1
@Own =F! ( ® ]-'(:nn)> . (5.2.4)

n=0
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The conditional loss probabilities we need to compute in ((5.1.9)) are given by an N-fold discrete linear
convolution rather than an N-fold discrete circular convolution. However, Theorem below gives the
relationship between an N-fold discrete linear convolution and the corresponding N-fold discrete circular

convolution.

Theorem 5.4. Let N > 2 and {mn}ffgol be a sequence of vectors, each of length K. Then

(i@:m”) k] = l?_% (:@:“’") [uK + K] (5.2.5)

fork=0,...,K —1, where
UV =max{u e N0 <uK +k<N(K—-1)}.

A proof of this theorem is given in Appendix D. Note that the upper and lower bounds in the sum
on the right side of make indices uK + k, for kK = 0,..., K — 1, range from the first index of
Z@;xn, 0, to the last index of ]:@:wn, N(K —1). Theorem shows that the N-fold discrete circular
co_nvolution is the “wrapped” Ver_sion of the N-fold discrete linear convolution, and the N-fold discrete
circular convolution at k£ can be obtained by summing the N-fold discrete linear convolution at the
points uK + k, which can be “wrapped around” to k. An immediate consequence of this theorem is the
following corollary, which shows that, due to the way that we construct the length, K, of the vectors, pZ,
the N-fold linear convolution agrees with the N-fold discrete circular convolution when each are used to

compute P {L* = [} }.

Corollary 5.5. Assume the perfect discretization scheme discussed in Section [5.1.1] is applied, where

le = k6, p[k] =P{LZ =1;}, k=0,...,K —1, and lg_y = )"V LY, then

n=0
pies =)= ((5,0t) 0 = (@07 ) 1]

fork=0,..., K —1.

N—1
Proof. We have shown P {£* = ;} = ( ® pfl) [k] in Subsection |5.1.1} By Theorem [5.4
n=0

(:é:pf’) k] = (:@:m) [k] + sz:: (:@_‘SSPZ) [uK + k], (5.2.6)

fork=0,..., K—1. Notice that lx_1 = Zg;ol LY is the maximum portfolio loss. Thus, P{£* = I} =0
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for k£ > K. Hence,

N-1
P{L? =luxir} = ( @Opi) [uK +k =0

foru>1and k=0,..., K — 1. Therefore, equation (5.2.6) reduces to

which completes the proof. (Il

According to Corollary the conditional loss probabilities can be computed by an N-fold circular
convolution. So, by (5.2.4]), we have

pies=uy= (8t ) = (7 (0,7 wd)) ) (5:27)

fork=0,...,K —1.
If we implement the DFT as a matrix-vector multiply, as shown in (5.2.2)), we need K2 complex
multiplications (or 4K? real multiplications and 2K? real additions) and K (K — 1) complex additions

(or 2K (K — 1) real additions) to compute one DFT. Hence, if assuming we have the Fourier matrix F,

then the FLOPs required to compute the loss probability by (5.2.7) are: O

e NK? complex multiplications and NK (K — 1) complex additions to compute N DFTs, which is

equivalent to 4N K? real multiplications and 2N K? + 2N K (K — 1) real additions;

e (N —1)K complex multiplications to compute N — 1 component-wise products, which is equivalent

to 4(N — 1)K real multiplications and 2(N — 1)K real additions;

e K2+ K complex multiplications and K (K — 1) complex additions to compute one iDFT, which is
equivalent to 4(K? + K) real multiplications and 2(K? + K) + 2K (K — 1) real additions.

Therefore, we need 8(N + 1)K? + 2(2N — 1)K FLOPs in total, which is even more than the number of
FLOPs required by the full convolution method (as shown in (5.1.15)).

5.2.2 Full FFT Method

Rather than computing (5.2.7) by matrix-vector multiplies, we can accelerate the computation by us-
ing the fast Fourier transform (FFT) instead. This brings down the cost of computing each Fourier

transform from O(K?) to O(K logy K). There are many different FFT algorithms. We briefly review
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the commonly-used Cooley-Tukey radix-2 FFT algorithm to compute F (x). Readers can find a more
complete discussion in [57].
The Cooley-Tukey radix-2 FFT algorithm assumes K = 2! for some integer ¢t. This leads to the

following factorization of the DFT matrix F:

F=A, - -APL,

where
B, 0 0
0 Bg, 0
A, = o L, =29,
| 0 0 ---Bp
I Q- 5.2.8
B, = | " | L:=Ly/2, (5:28)
q IL* _QL; q
0 Li—1 _2mi
Q- —dlag(wL S WLys e WL ), wr, =e La,

I =diag(1,1,...,1).

Note A, is a K x K matrix, where K = 2, consisting of 277 diagonal blocks By, where By, is an
Lq x Ly matrix and L, = 2. QL; is a diagonal L} x L matrix and Ip: is the Ly x L7 identity matrix
where Ly = L, /2 = 2971 P% is a bit-reversal permutation matrix which permutes a vector by

reversing the order of the bits in the binary expansion of its indices:

i(] = le;ﬁ, Lf?() [(bt,1 s blb())ﬂ =T [(bo cee bt,thfl)Q] . (529)

Based on this factorization, the Fourier transform, F (x), can be computed as follows.

S1. Permute z: £y = P%x, which is also called “bit reversal”;

. L:-117T
S2. Compute the weight vectors wy: = w%q,wiq, Wit ] , Ly =202 ... 2t
S3. Compute the matrix-vector products &, = A;&4—1 for ¢ = 1,...,¢. Due to the special structure of

A4, the matrix-vector product A,&,_1 can be implemented efliciently as a series of computations

called “butterfly updates”, discussed later in this section.
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5.2.2.1 Bit Reversal

Let k = (bg---bi—2b;—1), and denote ry(k) = (bs—1---bibg),. Then the permutation (5.2.9) can be
implemented efficiently as

Folre(k)] = k). (5.2.10)

Thus, we need to map k to (k). Notice that

/{i:bo—‘rbl'Q—‘r"'—‘rbt_l-Qt_l,

(k) =D -2 4 by - 2872 4 by,

If we let

ri(k) = b - 20~ 1 4 p, . 2972 + o+ by,

then r,(k) = ri(k) and

Ttl(k) = bo
’I“?(k‘) =2by + b1 = 27“751(16) + by,
r3(k) = 2(2bo + b1) 4 by = 2r2(k) + b,

ri(k) = 2(2(2bo + b1) + ba) + by = 21} (k) + bs,

ri(k) = 27"2_1(1@') +bi_1.

Therefore, given k, once by, ¢ =0,...,t — 1, are determined, we can use the iteration above to compute

r¢(k). To determine by, by, ¢ =0,...,t — 1, denote
h(tl(k) = bq —+ bq+1 244 btfl . 2t717q7

for g=0,...,t — 1. Then k = h9(k) and

Also, notice that
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Hence, we can use the following iteration to determine b,, ¢ =0,...¢t —1:

hi (k) = k,

i = || = o - 20,

0 = | M2 = k) - 2020,

Ri(k) = hi_;(k)J =0, b_y = hi7 (k) — 2hL(EK).

Moreover, since 1 (r+(k)) = k,

Folk] = zfre(k)]. (5.2.11)

From (5.2.10) and (5.2.11]) we see that we only need to swap z[k] and z[r¢(k)] for k =0,...,K — 1 to

obtain &;. Based on the analysis above, an algorithm to perform the bit reversal permutation, with
number of integer operations (INOPs) at each line, is presented in Algorithm . It is clear that this

algorithm requires 5K log, K INOPs to compute o = PLz[]

Algorithm 5.4 Bit reversal to compute &g = Pﬂaz

Input: =, K;
Output: x = x¢;
1: fork=0: K—1do
2 r<0; h<+k;
3 forq=0:t—1do
4 h* + floor(h/2); # Klog2(K) INOPs
5: r < 2r 4+ (h — 2h*); # 4Klog2(K) INOPs
6: h < h*;
7 end for
8 if > k then
9 x[r] > z[k];
10: end if
11: end for

12: return x;

5.2.2.2 Computation of Weights

Since
. _2mji _2m(2§)i )
wr: jl=e T« =¢ 2L =uwg,[2]],

6We assume that £loor(h/2) can be computed using the equivalent of one integer arithmetic operation.
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wr: =wr, [0:2: L, — 1], which indicates that it is sufficient to compute wp /o only to obtain all wrs,
L, = 20 21 .. 2!~ However, as noted in [57], a straightforward implementation of this method leads

to a power-of-two stride access to wg/p. That is, during the gth update £, = A;&,_1, we need to

K/2
L3

reference consecutively elements of wg /o separated by r = = 2'79, since

wi [j] = wiarj]-

This may result in consecutive accesses to noncontiguous memory blocks, which may severely degrade
the performance of the method, especially for small L7, for which the stride r is very large. One way to

avoid this deficiency is to compute the following long weight vector with K — 1 componentsm

w90
Wa1
Wiong =

Waot—1

Therefore, at the qth update, the weight vector is
’UJL; :wlong [LZ —1: Lq — 1} s
with elements
wL; [.7] = wlong[LZ +] - 1] (5212)

accessed from contiguous memory.

There are many methods to compute the elements of w L:- We apply the direct computation

2mj 27j
wr: [j] = cos (—Zj) + isin <_I:7) .

Chu [I0] has shown that this direct method is stable and gives the most accurate result compared with
other methods. An algorithm based on this direct method to compute the long weight vector, with
number of INOPs and trigonometric operations (TROPs) at each line is presented in Algorithm In
total we need 2(K — 1) TROPs, K + 2log, K — 1 INOPs and K + 2log, K — 1 FLOPs. E|

"Notice that, for g =0,...,¢t — 1, each vector waq has 29 components .
8We assume that 29 can be computed using the equivalent of one integer arithmetic operation.
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Algorithm 5.5 Computation of the long weight vector wjong

Input: ¢;

Output: wiong;

1: forg=1:tdo

2: Ly« 29 Ly < Lg/2;

3: Oy 27T/Lq;

4: for j=0: Ly —1do

5: 0 + j0o;

6: wr: [j] = cos(0) — isin(f);
7 end for

8: end for

9: return wjeng;

# 2log2(K) INOPs
# 2log2(K) FLOPs

# K-1 FLOPs
# 2(X-1) TROPs, K-1 INOPs

5.2.2.3 Butterfly Update

Given the form of A, in (5.2.8)), it is helpful to write the matrix-vector products &, = A;&,_1 as

3 Ly Qo | |3
&k I, —Qp. | |&0h |7
where
&bt =&y [kLg: kLy+ L} — 1],
20T = &g [kLy+ L} kLy + Ly — 1]
Ly Lq q q - Flg q )
for k=0,...,K/L; — 1. Therefore, we can compute &, by
g (kL + j] = #q-1[kLg + j] + wre [jl2g1 [kLg + L; + 4], (5.2.13)
&g [KLg+ Ly + 5] = 291 [kLg + j) — wrz [jl8q—1 [kLg + L + 4], (5.2.14)
fork=0,...,K/L,—1,j=0,..., L7 —1, implying the computation of &, reduces to a series of butterfly

updates shown in Figure [5.8] where a solid line indicates that both data and FLOPs are required, and

a dashed line indicates that data are required, but no FLOPs are needed.
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Figure 5.8: Butterfly update

wpy [

]
/ \
g [qu + L; +-7] Tg1 [qu + L; +-ﬂ

An algorithm based on the butterfly update to compute &, = A,&,_1, with number of INOPs and
FLOPs indicated at each line, is presented in Algorithm |5.6 The weights, w L: [7], are accessed from the
long weight vector wiong by (.2.12)). In total, 3K/L, + 3K/2 + 3 INOPs and 5K FLOPs are needed to

compute £, = A, &, for each q.

Algorithm 5.6 Butterfly update to compute £, = A;&,_1

Input: =, K, q, Wiong;

Output: z;
1 Ly =29 Ljy< Lg/2; 1+« K/Ly; # 3 INOPs
2: fork=0:r—-1do
3: Qg0 ¢ kLg; g1 < g0+ L% iy < LE—1; # 3K/Lq INOPs
4 for j=0:L;—1do
5 Yo  wizo];
6 T 4 Z[iz1|Wiongliw); # 6K/2 FLOPs
7 zliz1] < yo — 7; # 2K/2 FLOPs
8 zlizo] < Yo + 7; # 2K/2 FLOPs
9 20 <= Gz0 t 15 dp1 < ig1 + 15 # 2K/2 INOPs
10: B — G + 1 # K/2 INOPs
11: end for

12: end for

13: return x;
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Combining Algorithm and we present in Algorithm[5.7]a complete version of the Cooley-

Tukey radix-2 FFT algorithm to compute F (x).

Algorithm 5.7 Cooley-Tukey radix-2 FFT to compute F (x)
Input: =z, K, t;
Output: z;
1:  + PLx by Algorithm
2: Compute wiony by Algorithm [5.5}
3: forg=1:tdo
4: x + A,z by Algorithm
5
6

: end for

: return x:

It is clear that, in Algorithm the number of TROPs is 2(K — 1) , the number of INOPs is

5K logy K + (K + 2log, K — +Z< +K+3>

q=1

t
=5Klogy K 4 (K +2log, K — +<322’f 4 Klog2K+3log2 )

q=1

1
= ;Klog2K+4K+5log2K — 4.
and the number of FLOPs is

t
(K +2logy K —1)+ » 5K =5Klogy K + K +2log, K — 1.

g=1
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5.2.2.4 Computation of Loss Probability Based on the Full FFT

We can apply Algorithm to compute F (pZ) in forn=0,...,N — 1. Since the weight vector
depends only on the length of the vector pZ, and all pZ have the same length K, we need to compute the
weight vector once only. The inverse Fourier transform can be computed similarly, except that we need
to negate the imaginary part of the weight vector and scale the result by 1/K. Algorithm shows how

to apply the FFT to compute the loss probability.

Algorithm 5.8 Full FFT method to compute the loss probability
Input: pZ, K, t;

Output: p = p%_1;
1: Compute wjong by Algorithm [5.5
p (1,1, 1]

forn=0: N—-1do
p? < PLp? by Algorithm
forg=1:tdo
pZ « A pZ by Algorithm
end for
P POPT;
end for

_ = e
[ el

: Wiong <~ Wiong)
p < PLp by Algorithm
forg=1:tdo

p < A p by Algorithm ﬂ
end for
P < p/K;
return p;

e e e

9The matrix Ay is the conjugate matrix of the matrix A4, which is defined by

BLq o --- 0
0 Br,--- 0 « Qpx
vl I B - e
A Ty
0 0 "'BLq
R L*—1 27i
Qr; = diag (E% Wy, ,ELZ ), Ip; =diag(1,1,...,1), and wy, =ela
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5.2.2.5 Complexity of the Full FFT Method

The computational cost of Algorithm is listed in Table

Table 5.1: Computational cost of Algorithm

Line | Number of TROPs Number of INOPs Number of FLOPs
1 2K —1) K +2log, K — 1 K +2log, K — 1
5 0 5NK log, K 0
7 0 NY', (3L£ +3K + 3) 5NK logy K
9 0 0 6(N — 1)K
12 0 0 K—1
13 0 5K log, K 0
15 0 YO (3L£ +3K + 3) 5K log, K
17 0 0 K

Therefore, the total computational cost is:

o UTHOP =2(K —1) TROPs;

o WINOP = L3(N 4+ 1)K logy K + (3N + 4)K + (3N +5)logy K — (3N +4) INOPs;

o q,;ﬂthOP =5(N +1)Klogy K +2(3N — 1)K + 2logy K — 2 FLOPs,

which is Q(NK log, K).
Denote the computational cost of one TROP (INOP, FLOP) by I'rrop (I'sinop, I'rrop), and

assume that on average,

I'rrop = Bl'rrop, U'inor = T'rrop,

with 8 ~ 10, and that all pZ have the same length K = % + 1, then by (5.1.36)), the speedup of the

full FFT method over the full convolution method is

90



eony (- %) K2+ (B2 + ) K+ 52
Vi T BVROT R WP T
(L- %) K2+ (552 + ) K+ 55
22—3(N+ 1)K logy K + (9N + 25 +2)K + (3N + 7)logy K — (3N + 26+ 6)
K2 ((1- %)+ (P +~) 2+ (57 =)
NKlog, K (22*3(1 + %) + <9+ 2[;\77”) loglzK + (3+ %) % - (3+ 2%6) Klolg;QK)
K>N K
Z Nlog, K
= Q(K/(Nlog, K)) (5.2.15)

Therefore, if K > N, then the full FFT method outperforms the full convolution method in terms of
computational cost. The speedup decreases as the number of obligors, N, increases, but with a slow

rate, since K = % +1, then K = NK — N + 1, which indicates

ol -5 VoK )
Nlogy, K logy K + logy N

5.2.3 Sparse FFT Method

As mentioned in Subsection [5.1.2] in the computation of conditional loss probabilities, the vectors pZ
are very sparse. Therefore, there is some potential to improve the full FFT algorithm described above
by utilizing the sparsity. Recall the three steps involved in the full FFT algorithm. The improvements
mainly come from the bit reversal and from the butterfly updates. We can also improve the performance
of the weights computation, but unlike the bit reversal and the butterfly updates, which must be com-
puted once for each obligor, the weight vector must be computed once only for all obligors. Therefore,

the speedup gained from improving the weight vector computation is not significant.

5.2.3.1 Sparse Bit Reversal

As before, we let d = [d[0],...,d[C — 1]]T be the vector of indices of nonzero elements of the vector .
We need to compute the index bit reversal for the nonzero elements of @ only. Therefore, rather than
performing swaps of all elements of x, as we did in the full bit reversal algorithm, we assign z[d[k]] to
Zo[re(d[k])] for k = 0,...,C — 1. The computation of r;(d[k]) is the same as that described earlier for
the full bit reversal. In addition, we need only to assign the computed indices to a new vector d by

d[k] = r¢(d[k]). Our sparse bit reversal algorithm is presented in Algorithm Compared with the full
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bit reversal algorithm in Algorithm the computational cost is reduced from 5K log, K to 5C log, K.

Algorithm 5.9 Sparse bit reversal to compute &y = P%;ac
Input: =, d, C;
Output: z, ci;

1: &+ 0;

2. fork=0: C—-1do

3: r <+ 0; h<« dk];

forq=0:t—1do
h* < floor(h/2); # Clog2(K) INOPs
4 2r + (h — 2h*); # 4Clog2(K) INOPs
h < h*;

end for

[r] « z[d[k]];

10: dlk] + r;

11: end for

© 2 3 > TR

12: return . d;

5.2.3.2 Sparse Butterfly Update

As described in the previous subsection, for each ¢ = 1,...,¢, the full FFT algorithm computes the
matrix-vector multiplication A &,_1 by performing K /2 butterfly updates shown in (5.2.13)) and (5.2.14).

Due to the sparsity of &4_1 , one or both of &4_1 [kL, + j] and &4—1 [kLq + Ly + j] may be zero.
e If both of them are zero, then no update is needed.
o If only #,_1 [kL, + j] is zero, then the full butterfly update (FBU) reduces to the following lower

butterfly update (LBU)

g [kLq + j) = wi: [12q-1 [kLq + L} + 4], (5.2.16)

g [kLg + Ly + j] = —wrs [jl2-1 [KLg + L + 4], (5.2.17)

which is illustrated in Figure Comparing with the FBU, which needs one complex multi-
plication and two complex additions (10 FLOPs in total), one LBU consumes only one complex

multiplication and one complex addition for the sign change in (5.2.17) (8 FLOPs in total).
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Figure 5.9: Lower butterfly update

g [kLy + 5] g1 [kLq + ]

weg[j]

/ \
g [qu + L:; +-7] Tg1 [qu + L; +-ﬂ

o Ifonly &, ; [qu + Ly + j] is zero, the FBU reduces to the following upper butterfly update (UBU)

&g [kLg + 7] = 2q-1 [kLq + j], (5.2.18)

&g [kLq+ L + j| = &q—1 [kLq + 5], (5.2.19)

which does not require any FLOPs. The UBU is depicted in Figure [5.10]

Figure 5.10: Upper butterfly update

iq[qu"'j] - ——-—-——=-=-=-= Tg1 [qu""j]

Go[kLo+L3+5] € —~ g1 [KLq + L + ]

e If neither &,y [kLq + j] nor &,_1 [kLq 4+ L} 4 j] are zero, then the FBU remains unchanged.

5.2.3.3 Sparse FFT Method

As noted above, there are only C nonzero elements in the initial vector . Since bit reversal only
permutes the vector, the vector &y has only C' nonzero elements as well. In addition, from and
(5.2.14), it is clear that an FBU does not generate any new nonzero elementsH However, LBUs and
UBUs do produce new nonzero elements. Therefore, the number of nonzero elements of £, may increase

with ¢g. To apply the sparse butterfly updates in A,&,_ for each ¢, we need to develop an appropriate

10Tn fact, after an FBU, it is possible that &q [kLq + j] or &4 [qu + L +j] could be zero even though Z4—1 [kLq + j]
and 41 [qu + Ly +j] are nonzero, but this happens so rarely that it is not worth spending the computational effort
to check for it. Instead, from now on, once &4+ [j] is nonzero for some ¢*, we assume Z [j] is nonzero for all ¢ > ¢*. The
same argument applies to LBUs and UBUs as well.
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way to keep track of nonzero elements and to identify which type of butterfly update (FBU, LBU or
UBU) to perform.

To this end, we first give an example to illustrate how the structure of the vector changes after each
matrix-vector product, A &,_1. Consider the 16-element vector after the bit reversal, o, shown in the

Figure where there are 4 nonzero elements depicted by black dots.

Figure 5.11: Initial vector: &g

O [T [l[]of @& [ [TT]

012345678 9101112131415

For ¢ = 1, L; = 2, and the elements of &

are evenly distributed into 8 blocks. As explained Figure 5.12: Structure change of £,

above, each element in an upper half block is used, (a) 1 = A1@o
0 2 4 6 8 1012 14 2 4 6 8 10 12 14

together with a corresponding element in the lower QEBBBEHB _____ H_HHH_H H_BB

half within the same block, to compute a butterfly 5T 09 s Lss 7:@19 s
update. For the first block, a UBU is performed
(b) & = Aoy

since #0[0] # 0 and #[1] = 0. After the UBU, 0 48 12 0 4 8 12

@] A @]
both elements in this block are nonzero. An LBU - EEE """ —2> """ EEE """

@] @]
is performed in the 4th block, since #y[6] = 0 but 3.7 115 s nw

LAl 2

Zo[7] # 0. After the LBU, both elements in this
block are nonzero as well. Similarly, an LBU is
performed in the 5th block and a UBU is per-
formed in the 6th block. No operations are re-
quired for the second, third, seventh and eighth
blocks. As a result, the number of nonzero ele-
ments is doubled from 4 to 8. This process is il-
lustrated in Figure [5.12h, where green, yellow and
red dots represent nonzero elements involved in
UBUs, LBUs and FBUs, respectively.

For ¢ = 2, Ly = 4 and the elements of &;
are evenly distributed into 4 blocks. Two UBUs

are performed in the first block, and two LBUs

are performed in the 2nd block. The number of

nonzero elements in these two blocks are doubled.
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Elements in the third block of &; are all nonzero, thus, two FBUs are performed in this block and the
number of nonzero elements in this block remains unchanged. No operations are required for the fourth
block. As a result, the number of nonzero elements of &5 is increased from 8 to 12. This process is
illustrated in Figure [5.12p.

For ¢ = 3, Ly = 8 and the elements of &, are evenly distributed into 2 blocks. Four FBUs are
performed in the first block, and four UBUs are performed in the second block. The number of nonzero
elements of &3 is increased from 12 to 16. This process is illustrated in Figure [5.12f.

Finally, for ¢ = 4, Ly, = 16 and all elements of &3 are merged into 1 block, and 8 FBUs are performed.
The number of nonzero elements of &4 remains unchanged. This is illustrated in Figure [5.12{d.

This example shows that, at each iteration ¢, the nonzero elements within the same block are all
involved in the same type of butterfly update. Moreover, each LBU or UBU generates a new nonzero
element, and at the end of the iteration, the blocks where the butterfly updates are performed, which we
call the “active blocks”, are filled with nonzero elements. Therefore, to keep track of active blocks in the
gth iteration, at the end of (¢ — 1)st iteration, we put the index of the first element in each active block
into an index vector dq_l, and store the length of ciq_l in C'q_l. In our example, dy = [0,7,9,10]7,
d; = [0,6,8,10]7, dy = [0,4,8]7 and ds = [0,8]”. Then at the gth iteration, we can use the following
criteria to decide which type of butterfly updates should be used in each active block.

o If ch,l[k:] mod L, = 0 and ch,l[k‘ +1] - ch,l[k] = L,_1, then we perform FBUs on all elements

in the active block beginning with £, [czq,l[k]}, and the number of active blocks, éq is reduced

by 1. For example, as shown in Figure [5.12b, at the second iteration, ¢ =2, Ly =4, L1 = 2,

d1[2] mod Ly = 8 mod 4 =0,

A3~ di[2] =10 — 8 =2 = Ly,

and FBUs are performed on the third block (from #1[8] to &1[11]);

e If d, 1[k] mod L, = 0 and dy_; [k + 1] — dy_1[k] # Ly_1, then we perform UBUs on all elements
in the active block beginning with £,_; [dq,l[k]}7 and the number of active blocks, C'q, remains

unchanged. For example, as shown in Figure[5.12b, at the second iteration, ¢ = 2, Ly =4, L1 = 2,

dl[O] mod L2 =0 mod 4 = 0,

d[1] = di[0] =6 —0 =6 # Ly,
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and UBUs are performed on the first block (from #;[0] to Z1[3]);

o If ciq,l[k] mod Ly # 0, then we perform LBUs on all elements in the active block beginning with
Tq—1 {ch_l[k]], and the number of active blocks, C’q, remains unchanged. For example, as shown

in Figure 5.12p, at the second iteration, ¢ = 2, Lo =4, Ly = 2,

dy[1] mod Ly = 6 mod 4 # 0,

and LBUs are performed on the second block (from #1[4] to 1[7]).

We are now able to specify the sparse FFT algorithm. To begin, Algorithm presents the sparse
butterfly updates to compute £, = A &4—1, where we let C'q, 057 C'(IL and C’g be the number of
active blocks, FBU blocks, LBU blocks and UBU blocks in the gth iteration respectivelylEI In total,
5C,+3(L;+1)CF +(3L:+2)CE+2L;CY +3 INOPs and 10L;CF +8L:CEF FLOPs are required for each
&, = Ag,_1. Then Algorithm uses Algorithms and to compute the loss probability.
It is worth mentioning that, we still apply the full FF'T method to compute the inverse FFT, since each

F(p?) is normally not sparse, which should be obvious from our example above.

11'We assume that izo mod Lg can be computed using the equivalent of one integer arithmetic operation.
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Algorithm 5.10 Sparse butterfly update to compute &, = A,&,_1

Input: z, K, q, wiong, d, C;

Output: =z, (f, C’;
1: Lg=2% L+ Lg/2; 1+ K/Ly k*«0; C*« C; # 3 INOPs
:fork=0:C—-1do

2
3 izo < d[k]; g1 ¢ igo + L # C, INOPs
4 if iz0 mod Ly == 0 then # @q INOPs
5 dk*] + igo;
6: if dk + 1] — izo == L} then # FBU # 2C, INOPs
7 iw L — 15 # C, INOPs
8 forj=0:L;—1do
9 Yo < x[izol;
10: T 4 @fig1 | Wiongliw]; # 6L:C, FLOPs
11: xlig1]) < yo — 75 xlizo] < Yo + 7; # 4L§CZ FLOPs
12: G20 g0 + L gy g Ly i 1 # 3L;C, INOPs
13: end for
14: ko k+1; # C, INOPs
15: O O —1; # C, INOPs
16: else # UBU
17: forj=0:L;—1do
18: xliz1] < x[iz1];  Z[izo] < T[izo];
19: G20 g0 + 1 gy < dp1 + 1 # 20;C, INOPs
20: end for
21: end if
22: else # LBU
23; dlk*] ¢ igo — L3; ¢, INOPs
24; i L — 1 # G, INOPs
25: forj=0:L;—1do
26: T 4 Tfig1 |Wiongliw]; # 6L;C. FLOPs
o7: aligt] & —7;  @[igo] < T # 2L;C, FLOPs
28: G20 < ig0 + L g1 < dp1 + L < i+ 1 # 3L2C, INOPs
29: end for
30: end if
31: k* + k* +1; # Cq INOPs
32: end for
33: O+ C%;

34: return x, d, C;
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Algorithm 5.11 Sparse FFT method to compute the conditional loss probabilities

Input: pZ, K, t;
Output: p;
1: Compute wjong by Algorithm [5.5}

P+ [1,1,...,1]7;

forn=0: N—-1do
p= < PLp? and d by Algorithm
sort (d) ;
forq=1:1%do
pZ < A,pZ by Algorithm
end for
P POPL;
: end for

e e
w M B @

Wiong <~ Wiong;

. p « PLp by Algorithm
:forqg=1:tdo

P < A p by Algorithm [5.6

e
gﬁCﬂﬂk

end for
: P+ p/K;
return p;

= = =
© % 3

It should be mentioned that, the sparse FFT method proposed in this subsection is different from
the sparse FFT methods in the existing literatures [11 [7, [16], 27, 28] 29| 30, 35} 37, B8] 60, 54] 2] [42]. The
fundamental difference lies in that, our sparse FFT method utilizes the sparsity of the input vector x,

while the existing sparse FFT methods apply to the cases where the output vector F(x) is sparse.
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5.2.3.4 Complexity of Sparse FFT Method

The computational cost of Algorithm [5.11]is presented in Table

Table 5.2: Computational cost of Algorithm

Line | Number of TROPs Number of INOPs Number of FLOPs
1 2(K -1) K +2log, K — 1 K+2logy, K — 1
5 0 5NC'logy K 0
6 0 O(C'log, C) 0

SnTe s (5Cna +3(L; + 1)CE,

8 0 S S (1025CE, +8L;CE)
+(8L; +2)CE, + 2056, +3)
10 0 0 6(N — 1)K
13 0 0 K—1
14 0 5K logy, K 0
t K 3
16 0 Sir (34 + 3K +3) 5K log, K
18 0 0 K

Though it is clear that the sparse FFT method works faster than the full FFT method, the perfor-
mance of Line 8 depends on the structure of the input data pZ , which makes it difficult to compare
the sparse FFT method to other methods in terms of efficiency. However, as for the sparse convolution
method, we are able to construct the best and worse cases in terms of complexity for the matrix-vector
product in Line 8.

For simplicity, assume C' = 2°, where s < t. Notice that, compared with the full FFT method, at
each g-iteration, the computational saving in the sparse FFT method comes from sparse updates (UBD
or LBD) and from “null updates”, for which both &,_1 [kLq + j] and &, [qu + L +j] are zero and

no update is needed. The following theorem shows the total number of sparse butterfly updates is fixed.

2Good sorting algorithms (Merge sort, Introsort, etc.) can achieve this with O(C logy C') INOPs.
13Note that for each obligor n, the number of active blocks, FBU blocks, LBU blocks and UBU blocks in the gth iteration

are normally different.
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Theorem 5.6. Let x be a vector with K = 2t elements and C > 0 nonzero elements. If the sparse FFT

method is applied to compute F(x), then there are K — C sparse updates (LBU or UBU).

Proof. First, we prove that all the elements of F(x) are nonzero elementsE It is sufficient to show that
this is the case for C' = 1. Suppose z[k*] # 0 and z[k] = 0 for all k¥ # k*, k =0,..., K — 1. From the

definition of discrete Fourier transform, we have

K

Bk = (F(@)) [k] = jz_:olx[j]wjk — k"] (cos (_QWK’“’“) +isin (-%ch)) .

Since cos (—27kk* /K) and sin (—27kk* /K ) can not be zero at the same time and z[k*] # 0, (F(x)) [k] #
0 for all Kk = 0,..., K — 1. Moreover, as mentioned earlier, only LBU or UBU produces fill-in (i.e.,
increases the number of nonzero elements), and each of them adds one nonzero element per update.
Therefore, we need K — C' sparse updates (either LBU or UBU) to convert the K — C zero elements in @
to nonzero elements in F(x). Once &g« [k] becomes nonzero, &4[k] remains nonzero for all ¢ > ¢* (except

in rare cases, as noted in Footnote . Therefore, the total number of sparse updates is K — C. O

We need to find a way to allocate these K — C sparse updates to different g-iterations to maximize
or minimize the number of zero updates to obtain the best case and the worse case, respectively. Recall
that at each g-iteration, the total number of butterfly updates is fixed at K/2. A sparse update at the
gth iteration converts a zero element to a nonzero element, which reduces the number of zero updates
at this iteration by one. Moreover, the zero element involved in this sparse update normally remains
nonzero for all later iterations, which means the numbers of zero updates in the later iterations are all
reduced by one. Therefore, to minimize the total number of zero updates, we allocate the K — C' sparse
updates as early as possible. Likewise, we need to delay the K — C sparse updates as much as possible
to maximize the total number of zero updates.

Based on the analysis above, the best case and the worst case for the sparse FFT method are

constructed as follows.

Best case In this case, we maximize the number of zero updates and make all K — C sparse updates
be UBUs. Specifically, we let

Zolk] #£0, k=0,...,2°—1,
(5.2.20)

Folk] =0, k=2°,...,2t 1.

14The term “nonzero element” here means a “structurally nonzero element”, as explained in Footnote
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Then from the first iteration to the sth iteration, only FBUs are performed. Starting from the (s+ 1)th
iteration, only UBUs are applied. The vector &, is filled up with nonzeros in the last iteration. This is

depicted in Figure in which K = 16, C = 4. If we use the notation employed in Algorithm

then
Cp=Cf =279 Cp=C =0, q=1,....5,
v R (5.2.21)
éq:Ag:17 Aé’:A;—‘:O q:S+1, ,t
In total,
D CiLy=2 2712 = Clog, C)2
g=1 g=1
FBUs and

t

t
Y ClLp=> 27 =K-C

g=s+1 q=s+1

UBUs are used.

Worse case In this case, we minimize the number of zero updates and make all K — C sparse updates
be LBUs. Specifically, we let

j"o[th_s_l]#O’ j:17"'7235
(5.2.22)

Zolk] =0, otherwise.
Then from the first iteration to the (¢ — s)th iteration, only LBUs are performed. At the end of the
(t — s)th iteration, the vector is filled with all nonzero elements. Starting from the (¢t — s+ 1)st iteration,
FBUs are applied to every element. This is depicted in Figure [5.13b] in which K = 16, C' = 4. If we use

the notation employed in Algorithm [5.10} then

é: LZQS,CF: U:O’ Q—L 7t_87
B ¢ (5.2.23)
Co=CF=2t71 CL=CVU =0, g=t—s+1,....¢
In total,
t—s t—s
AL 1 % s -1
S - Yo
qg=1 q=1
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Figure 5.13: Sparse FFT method (t =4, s = 2)

(a) Best case (b) Worst case
0 2 4 6 8 10 12 14 A, 0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
PR S (12 2 N o AEEEAEEEE
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- —> @
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3 By s 4

LBUs and

t t
> i Y arar

g=t—s+1 q=t—s+1
= Klog, C/2

FBUs are used.

We can extend this analysis to the computation of the loss probabilities p% _;. First, both the best
case and the worse case are not achievable when the sparse FFT algorithm is applied to compute pi _;.
In the best case, pZ[1] is nonzero for n = 0,..., N —1, where pZ is the vector obtained after bit-reversing
pZ. Hence, pZ[K/2] is nonzero for n = 0,..., N — 1. Therefore, pZ * p? has length at least K + 1 since a
nonzero element occurs at K/2+ K/2 = K, indicating that there is nonzero possibility that the portfolio
loss is lx. However, this contradicts our assumption that the largest portfolio loss is lx_1 = (K — 1)4,

which is enforced by the the way we choose K. A similar argument can be applied to the worst case,
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in which nonzero pZ[K — 1] implies nonzero pZ[K — 1]. If we denote \Ilgfft and VY, as the amount of

computation needed in Algorithm in the best case and in the worst case, respectively, then
‘I’I;fft < ‘I’sfft < \Ijg]fftv

where W,¢s; is the amount of computation needed in Algorithm @ to compute the loss probabilities
PX_1in any feasible case.

It is very difficult to obtain the achievable lower bound and upper bound for W ;¢ because of the
bit reversal operations. Therefore, we analyze W° spe and W instead. For the best case, we can let

the permuted conditional loss probability vectors have the same structure as in (5.2.20). That is,

qA’rzL,O[k]#Ov k:(),...72s—1,

@z olk] =0, k=2°,...2"—1,

for all obligors n =0,..., N — 1. In this case, by(5.2.21]), Line 8 in Algorithm costs

N-1

Zq

0
s t
N( (527794320 +1)2 7 +3) + > (5~1+2-2q1-1+3)>

Mﬁ

(5Cu.q +3(L; + DCE, + BL; + 2)CE, +2L;CY, +3)

q-n,q

3
I
—

I
-

q g=s+1

N

C’logQC’4—6C—&—7log2 —510g20—8)

INOPs and

N—-1 t s
SN (10L;é§q + 8L;C’ﬁ’q> =N (Z 10297 -28-Q> =5NClog, C

n=0 ¢g=1 q=1
FLOPs. Therefore, in the best case, the total amount of computation needed in Algorithm [5.17] is

o TROPs: W, /10" = 2(K —1);
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e INOPs:

WINOPY — (K 4 21l0g, K — 1) + 5NClogy K + NClog, C

3
+N <2K+ §Clog20+60+7log2[(— 510g2C’—8>

t
K 3
5K log, K 3= + K +3
+5K log, +q§_1<2q+2 +>

1
:2NK+(2310g2K+4)K

5
+ (5C’log2K+ 2010g2C+GC+710g2K—5log2C—8> N

+ (5logy K —4);

e FLOPs:
U 7P = (K + 2logy K — 1) + 5NClog, C + 6(N — 1)K
+(K—-1)+5Klog, K+ K

=6NK + (5log, K —3)K +5NC'log, C + 2log, K — 2.

In the best case, all p> have the same length, K = % + 1. Therefore, by ([5.1.36)), the speedup of the

sparse FFT method over the full convolution method in this best case is

Voo _ (1= RV K2+ (M52 4 4) K 4 52
b TROP,b INOPb FLOPD
Yire R T Y

L R R (R K
SNEK + f 1, (K, B)K + g% 1, (K, C)N + hl; 1, (K, B)

where

23
Foppe(K, B) = 5 logy K + 28 + 1,

15
92 (K,C) = 5Clog, K + ~ Clogy C'+6C + Tlog, K — 5log, € — 8,

Wy (K, B) = Tlogy K — 23 — 6).
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Hence,

U eonw _ KQ(( %)4.(%4_% %_‘_N;l%)
v Dl | Fr0) |y (9
7 o e g
KpN K
SN
= QEM). (5.2.24)

Similarly, for the worst case,

qATzL,O[th_S_l]#O’ j:17"'7287

5 olk] =0, otherwise,

for all obligors n =0,..., N — 1. In this case, by ([5.2.23)), Line 8 in Algorithm costs

=

-1

(]

> (5Cuq +3(L; + )CE, + (BLy +2)CF, + 20,6, +3)

3

Il

—~ —
+

[V R

t
N (5-2°+(3-207" +2)2° +3) + > (5-2H+3-(2‘1—1+1)-2f—Q+3)>

q=t—s+1

=

q=

3

N 210g20+3>K—|-(7C+3)10g2K+(—7Clog20+50—8)>

INOPs and

N-1

22
t
8-2071.20 4 - 10-2q1-2tq>

0
- <
q=1 q=t—s+1

=8N(K —C)+5KNlog, C

(10L*CF +8L:CT )

q-n,q q-n,q

M”M“

FLOPs. Therefore, the total amount of computation needed in Algorithm is

o TROPs: W. /107" = 2(K —1);

105



e INOPs:

WIVOPY = (K 4 21og, K — 1) + 5NClogy K + NClog, C

+N ((210&04—3) K + (7C + 3)logy, K 4+ (—7C'log, C + 5C — 8))

t
K 3
5K logy K 3= + K +3
+5K log, +q§_1<2q+2 +>

3
= <210g20+3) NK + (5logy K +4) K

+ (12Clogy, K — 6C'log, C' + 5C + 3logy K — 8) N + (5logy K — 4);

e FLOPs:

IR = (K + 2logy K — 1) + (8N(K — C) + 5K N log, C) + 6(N — 1)K
+(K—-1)+5Klogy K+ K

= (5logy C +14) NK + (5logy K —3) K —8C'N + 2 (log, K — 1).

Thus, the speedup of the sparse FF'T method over the full convolution method in the best case is

Woy  (1— ) K24 (852 4 1)K 4 850

w TROP, INOP, FLOP,
\Ilfft /B\I'fft w+\ijft w—l—\I/fft w
. (1= ) K24 (050 + ) K+ 25
(17 + Hlog, C) NK + f2 (K, B)K + g% 1, (K, C)N + h¥; 1, (K, B)
where
sfpe(J, B) = 10logy K + 28 + 1,
9% 11(K, C) = 12Clogy K — 6Clog, C — 3C + 3logy K — 8,
W (K, B) = Tlogy K — 23 — 6.
Hence,
Ty _ K2 (1 4) + (72 + ) &+ 25 )
v P55 GB) 0% (K.O) | by, (KB)
Ve NE (17 + B 1og, ) + Z2elED | 950 ED) 15000
K>»N K
N (17 + £ log, O)
= Q(K/(Nlog,(C)). (5.2.25)
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Comparing (5.2.24)) and ([5.2.25)) with (5.2.15)), we see that the speedup of the sparse FFT method
over the full FFT method is

L
\I,bff.t ~ Q(log, K) (5.2.26)
sfft
in the best case and
R
,fft ~ Q(log, K/log, C) (5.2.27)
\I/;Ufft

in the worst case.

5.2.4 Truncated Sparse FFT Method
5.2.4.1 Truncated N-fold Convolution

The distribution of portfolio credit losses often has a very fat tail, which means the distribution is quite
skewed and there is a small, but not insignificant, probability for the occurrence of a very large loss.
Figure shows a typical distribution of portfolio credit losses. In this example, we set K = 29 = 512,
lo = Limin and I 1 = Ly, where L, and Ly, are the minimum and maximum portfolio losses,
respectively. With this discretization scheme, each vector pZ has a length of K, with many zeros
padded on the end of pZ. From Figure the range of the portfolio losses is from [y to l511, but the
probabilities P {L£ = [} are very small for £ > 100, and the tail probabilities P{L > I} are less than
1078 for k£ > 100. In practice, risk managers are primarily concerned about calculating the 99.9% credit
VaR for regulation capital, and the 99.98% credit VaR for economic capital to maintain an AA rating.
In this example, the 99.9% credit VaR corresponds to l57 and 99.98% credit VaR is between lg; and lgs.
Thus both the 99.9% and 99.98% credit VaR are much less than the maximum loss [x_;. Moreover, in
the computation of VaR, we are not concerned with the probabilities of portfolio losses exceeding VaR.
Therefore, if we truncate p? by dropping many zeros in its tail such that I%z_; > VaR, where K is the
length of the truncated vectors pZ, then we can compute the N-fold convolution of pZ to approximate
the conditional probabilities P {£* = I3} for k =0,..., K — 1.
We let K = 2, where

t =min {t € N|ly_y > max (VaRq, Ly,..., LY ) }, (5.2.28)

and VaR, is the credit VaR with a confidence level . Construct the truncated vectors pZ by pz[k] =
pZ[k] for k =0,..., K —1. The reason we put LY in the maximum function in (5.2.28) is that we do not

want to drop nonzero probabilities in pZ. Since L) = wnLGCg is the largest loss for obligor n, then the
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definition of 7 in (5.2.28) makes pZ?[k] = 0 for k > K, which guarantees the truncated vectors pZ include
all nonzero conditional loss probabilities for obligor n.
Next, the conditional portfolio loss probabilities can be approximated by the N-fold circular convo-

lution of pZ :

P{L* = I} ~ (Nealpg) (K] (5.2.29)

n=0

fork=0,...,K —1.

The benefit of computing the truncated N-fold convolution lies in its efficiency. From the previous
subsection, we know that the length of vectors pZ, K, is the most significant parameter influencing
the computational cost for the FFT methods. Since the truncated vectors pZ are much shorter than
the full vectors pZ, the computation of the N-fold convolution of pZ is expected to be much faster
than the computation of the N-fold convolution of pZ. For instance, in the example shown in Figure
to compute the 99.9% or 99.98% credit VaR, if we use the full FFT method or the sparse FFT
method, the length of the vectors is K = 29 = 512, while, if we use the approximation , then we
can choose K = 26 = 64. Therefore, instead of computing an N-fold convolution of vectors with 512
elements, we only need to compute an N-fold convolution of vectors with 64 elements. The improvement

of performance is significant.

5.2.4.2 Aliasing Error

As we mentioned, ([5.2.29) is an approximation to the conditional loss probability. The difference between
N-1

P{L* =1;} and ( ® pr> [k] in (5.2.29) is called the aliasing error. The following theorem gives a
n=0

formula for the aliasing error.

Theorem 5.7. Let K = 2¢, where T is defined in (5.2.28)), and construct pz by pZ[k] = pZ[k] for

k=0,...,K—1, then
N—-1__
pic =i - (®7) b0 -
n=0
where
Uyt

=Y P{L* =1z} (5.2.30)

u=1

U,?Ll:max{u€N|0§uF+k§N(F—l)}.
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Proof. To begin, note that pZ[k] = pZ[k] for k =0,...,K — 1 and p?[k] = 0 for k > K. Therefore,
N-1 N-1__
(&) 1= (&%) W (5.2.31)
for k=0,...,N(K — 1). We have shown that

P{L* = I} = (f@;p;) %] (5.2.32)

for k=0,...,N(K — 1) in Subsection Thus, (5.2.31)) and (5.2.32)) imply

N-1
P{LZ =1} = <n@_9opg) (k] (5.2.33)

for k=0,...,N(K —1). By Theorem 5.4, we have

N—1__ N-1__ v N-1_\ __
< ® p;) k] = ( ® p;) LEDY < ® pg) WK + k] (5.2.34)
n=0 n=0 u—1 n=0
Thus, (5.2.33]) and (5.2.34)) imply
Uyt

Pic = ih = (@5 ) - X Pt = limi}.

which completes the proof. O

It should be noted that, Theorem [5.7] shows that
N-1__

hence

P{L*<h}=Y P{Lr=i}< Y (j@;ﬁJ k],

k<m k<m
Consequently, VaR calculated with truncated probability vectors, pZ, would be smaller than VaR cal-
culated with probability vectors without truncating, pZ. Therefore, VaR calculated with truncated

probability vectors would underestimate the risk.
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5.2.4.3 Aliasing Reduction

Theorem shows that the truncated N-fold circular convolution may incur aliasing errors. One way
to reduce the aliasing errors is to apply an exponential window to decrease the value of the elements at
the end of each vector pZ and to recover the values after the N-fold circular convolution is completed.
The exponential window was originally applied in the field of signal processing [26 47], and Schaller and
Temnov [53] used this idea in the loss aggregation problem in insurance.

To begin, consider a sequence of vectors, each of length K, {wn}fgol. We construct a sequence of

transformed vectors {acnﬁ}n]\:()1 by applying an exponential window to each x,, :
T [K] = e F/Tx, k] (5.2.35)

with 7 > 0. The following theorem shows how to recover the N-fold linear convolution of x,, from the

N-fold linear convolution of x,, -.

Theorem 5.8. Let N > 2, {wn}gz_ol be a sequence of vectors, each of length K, and {x, .} ' be the

n=0

associated sequence of transformed vectors satisfying (5.2.35). Then

N-1 N-1
( ®Own> [k] = ekl ( @033”’7) [k] (5.2.36)
fork=0,...,. K —1.

Proof. We prove this theorem by induction. For the base case, let N = 2. We need to prove
ek/T:BO’T * 1,7 [k] = ®o * 21 [K].

By Lemma [D.I]in Appendix [D] we have
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ek/Ta:OyT * 1 k]

k
ek/T ZxO,T[j]a:LT[k—j] , k=0,...,K—1,
j=0
- K—1
ek/T S wmoLllen k-4, k=K, 2(K-1),
i=k—(K—1)
k
e/ Ze*j”xo[j]e*(k*j)”xl[k —Jll, k=0,...,K -1,
§=0
- K—1
ek/m Z e I Taoljle”* D k=4 |, k=K,...,2(K 1),
Jj=k—(K-1)
k
> " aoljlaa [k - 4], k=0,...,K—1,
_ ) =0
= K-1
Z xO[J]xl[k_j]v k:K’ ,Q(K—l),
j=k—(K-1)
= xo * x1[k].

Therefore, (5.2.36) is true for N = 2. For the induction step, assume ([5.2.36) is true for some N > 2.

Then
(N+1)—1 N-1
e/ < ® :1:,M> [k] = ek/T (( ® 1:7“) * :L‘N,-,—> [k].
n=0 n=0

Applying Lemma [D.1] again, we have

(N+1)—1 E /N1
k)7 _ Jk/T . s
) ( % a:) M = Z(®O$m) lexalk -4,

fork=0,...,K —1,

(N+1)—1 k N-1
ek/T ( @ wn,T) []C] = ek/‘r Z (n@:)own’T> [j]Z‘N’T[k _j] 5

j=k—(N(K—1)—1)

fork=K,...,N(K —1), and

(N+1)—1 K-l N-1
/r K] = ekl 3 o [k — j
e ( n@o (Bn’7> [ ] e (n@own,r> [J]mN,T[ .7] )

j=k—(N(K—1)—1)
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fork=N(K-1)+1,...,(N+ 1)(K — 1). Since (5.2.36) is true for N,

<N€k_3;w> k) = e=/" (N@:"”> .

Thus,
(N+1)—1 k . /N-1 ,
ek:/'r ® T, [k] _ ek/T Ze—]/T ( @ mn) [j]e_(k_])/Ter[kn _]] ,
n=0 =0 n=0
ko/n—1
=3 (08,0 ) Ulewli 1
- n=0
7=0
fork=0,..., K -1,
(N+1)—1 k . /N-1 _
A A T RS D SR U R 1 e e
n=0 =k (N(K—1)-1) =0

~ ¥ (7)) ol -

jmk—(N(K—1)—1) \"=°
fork=K,...,N(K —1), and

o (N+1)—1 &/ K1 e (NS Yy
4 ny | K] = T T n jle” T k—j )
(D = > (8w ) et i

j=k—(N(K—1)—1)

-y (") ) ot -

jmk—(N(K—1)—1) \"=°

fork=N(K—-1)4+1,...,(N+1)(K —1). Hence,

(N+1)-1 N-1 (N41)—1
kI ( @0 mn,r) (k] = ( @Oa}n *wN> [k] = ( @0 :cn> (k]

for k=0,...,(N +1)(K — 1). Therefore, (5.2.36) is true for N + 1. This completes the proof. O
Combining Theorem and Theorem we obtain the following corollary.

Corollary 5.9. Let N > 2, {ﬁ}ﬁ:ol be a sequence of truncated vectors, each of length K defined in

Theorem . Define a sequence of transformed vectors {pfm}izol by

PELIk = e/ pz K]
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fork=0,...,K —1. Then

pier =) = (8 7 ) I - ot

where

upN-t
= e IR = e )

U,iv_l:max{ueN‘OSuF—i—kSN(F—l)}.

Proof. To begin, by Theorem we have

N-1__ N—1
(g5 = (o)

In addition, Theorem [5.4] shows that

Substituting (5.2.39) into (5.2.38)), we obtain

(o (S-S o ()

N-1 _
Applying Theorem again to ( ® pZ T) [uK + k], we have
n=0 "

N—
(a7 ) ke 0 = %o (T 57 i+

which leads to

N—-1
Ulc

n= n= n=

u=1

UNl
N—

= /7 ( ® pi T> Z e uK/T ( ;) (WK + k.

n=0
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N_17 _ k)T (N_l = ) _ k/7 —(uK+k)/T (N_lz) N7
(g7 m = (@7 ) 1~ X ebire P ) [ + 4

(5.2.37)

(5.2.38)

(5.2.39)

(5.2.40)



As discussed in the proof of Theorem we know

P{L* =1} = (]:@_5;%> (K], (5.2.41)

for k=0,...,K — 1. Therefore, substituting (5.2.41) into (5.2.40)) gives

UN—l
N-1 k —
Pict == (@7 ) - X e (L = )
n=0 et
for k=0,...,K — 1, which concludes the proof. O

Corollary suggests that we can approximate the conditional portfolio loss probabilities by

N-1
P{ﬁz — lk} ~ ek/‘r (anOpz,T) [k] (5242)

As we discussed in [5.2.4.2] VaR calculated by (5.2.42) would underestimate the risk as well. However,
comparing the aliasing errors 0y, . in (5.2.37) and 6y in (5.2.30)), it is obvious that oy < d since 7 > 0.
Therefore, the truncated approximation with the exponential window in ([5.2.42) reduces the aliasing

errors incurred in the truncated approximation in ([5.2.29)).

5.2.4.4 Optimal 7

Formula for 3 . shows that df  is a strictly increasing function of the parameter 7. Thus
the aliasing error increases as 7 increases, which suggests that we should make 7 as small as possible.
However, the aliasing error is not the only source of errors incurred in the approximation . The
exponential window makes the value of the elements in the tail of the vector pZ decrease exponentially
to zero. Notice that the elements in the tail of pZ are probabilities of big losses from the obligor n, which
are already very small. When we compute (5.2.42)), we need to handle extremely small numbers. Due
to the finite precision of the computer, rounding errors play a very significant role when operating with
extremely small numbers.

We give an example to illustrate the importance of the rounding errors in the approximation .
Consider K = 2! = 2048, and, for all n = 0,...,99, let pZ[0] = 0.9, pZ[8] = 0.05, pZ[16] = 0.03,
pZ[24] = 0.02, and pZ[k] = 0, for all other k = 0,...,K — 1. Let K = 2% = 256, and truncate pZ? at

K — 1 to obtain pZ, where P {Cz < l?—l} ~ 0.9897. Then we compute the following:

1. Apply the sparse convolution method using double-precision floating-point arithmetic to compute
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N-1 N—1
the N-fold linear convolution &® pZ[k]fork =0,..., K—1, denoting the results by ¢ (( ® p;ﬁ) [kz]) ;
n=0 0

n—=
2. Apply the sparse FFT method using single—precisiorﬁ floating-point arithmetic to compute the

N-1__
truncated N-fold circular convolution without exponential windowing, [ @ pﬁ) [k], and the trun-
n=0

N-1 —
cated N-fold circular convolution with exponential windowing, */7 ( ® pz T) [k]fork=0,..., K—
n=0 ’

N—1 N—1
1 and 7 = 20, 30, 40, 50 and 60, denoting the results by ¢ (( ® pr) [k]) and ¢ (ek/T ( ® pz T) [k]),
0 n=0 ’

n=

respectively;

N—1
3. Treat ¢ ( ® pZ [k]) as the benchmark for P {£* = [}, and approximate the error incurred in the
n=0

approximation (5.2.29) and in the approximation ([5.2.42) for different values of 7 by

= () <57 )|
o= k{ () <(+ () )

)

4. Compute the theoretical aliasing error by

N—-1 N—-1

N-1 -
5 = Zl P{Lz :luch} ~ Zl (((n(i)()pi) [uK—l—k]),

vt vt N-1
61%,7 _ Z e—uK/T]P) {ﬁz — lu?_pk} s Z C_UK/TC <(n@=30p7z1> [’U,F—F k]) .
u=1 u=1

The numerical results for 03 and dj; - are presented in Figure and the numerical results of §; and

N—1
0k,r are given in in Figure|5.15bl If the rounding errors were not significant, then ¢ <ek/7 < ® Pi;) [k])

n=0

N-1

would be very close to e*/7 ( ® pz T) [k]. Consequently, by Theorem and Corollary the total
n=0 ’

error dy and dj r should be very close to the aliasing error 3 and 513,7 for all k and 7. However, numerical

results show that this is not true. Comparing the curves of d; and 43 _ in Figure with the curves

of 65 and 6y, in Figure we see that, for small k, the actual errors d, and Jy , are close to the

aliasing errors ¢ and 67, which decrease as k increases, indicating that the rounding errors are not
.

significant for small k. However, as k increases, unlike the aliasing errors 6 and d3 _, which decrease,

the actual errors 5 and Jx » begin to increase, and the actual error dj , with small 7 starts to increase

15By using single precision here, we aim to amplify the impact of rounding errors incurred in the approximations (5.2.29)

and (5.2.42)), and to ignore the impact of rounding errors in our benchmark, which is computed with double precision.
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earlier than that with large 7. This implies that the rounding errors increase with k. We also observe
that, for some 7, the errors incurred in computing P{L* =[;} by the truncated sparse FFT method
with an exponential window can be even larger than the errors for the truncated sparse FFT method
without an exponential window. This indicates that the reduction in the aliasing errors associated with
using the exponential window can be offset by the increase in the rounding errors if an inappropriate 7
is used.

Moreover, to compute VaR,, we need to find the smallest { such that P{L£ <[} > «, which, in
our approach, requires the computation of P{£?* <1}, since P{L <[} = E[P{L* <[}]. To compute

P{L* <l,}, m=0,...,K — 1, we need to compute the sum

P{L* <ln} =) P{L* =1} (5.2.43)

k<m
The aliasing error in computing P {£?* < ,,} is the sum of the aliasing errors in computing P {£?* = I}, }:
AL = Dm0 and AL = >, 6 . There are rounding errors involved in the summation in
(5.2.43)) as well. For the example outlined above, we also compute the aliasing error and the actual error

in computing P{£* < [,,}:

U’iv_l N—1
ALm > ¢ << @Opﬁ> [uKHf}) :
k<m u=1 n=
UN—l

>
g@
2
2
g
¢
=
5
o~
N
—
@
i)
=
N———
=
=
+
-
<

Am.r = g

(j@:%> K] = D e (J:@olp 5”) "

k<m

|§M

The numerical results are shown in Figure and Figure As we can see, when we compute
P{L* <} with the truncated FFT method with exponential windowing, the choice of 7 plays a
significant role in both aliasing errors and rounding errors. Large 7 is ineffective in reducing aliasing
errors, while small 7 makes rounding errors explode. Therefore, we need to find an appropriate 7 to

balance aliasing errors and rounding errors.
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Denote the rounding error in the computation of P {£* <,,} by

8= (em)m-c| X (o) m

k<m k<m

Figure 5.15: The impact of rounding errors on the computation of P {£* = [;.}

(a) Aliasing errors, 67 and 63
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(b) Actual errors, 65, and &,
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20|

10
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Figure 5.16: The impact of rounding errors on the computation of P{L* <1,,}

(a) Aliasing errors, Ay, and Ag,
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(b) Actual errors, Ay, and An, 7
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Then

N-1
pier <) =¢ | 3 (95 W] - A+ Al

k<m

To obtain the optimal 7, we wish to solve the following optimization problem:
min  |A], . — AL (5.2.44)

Though we know how the aliasing errors behave, it is more difficult to analyze the rounding errors. Most
rounding error models ignore the signs of the rounding errors and thereby produce the worst-case bound
of the rounding errors. If we consider the rounding errors in every operation, then we get a rounding
error bound at each operation. By applying appropriate inequalities to the bound obtained at each

operation, we obtain a bound for A7 . However, this approach is normally too pessimistic, and the
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bound for A7, | is usually much larger than A7, . Consequently, the optimal 7 obtained by minimizing
the distance between this bound and A7, _ is not particularly helpful.

Instead, we apply a method suggested in [53] to estimate the optimal 7. For the aliasing error, instead

of using formula (5.2.37)), we amplify it by

uN-t
a .= Z Z e—u?/TIP){EZ — luf.t,-k}
k<m u=1
Uyt
TN TN P{LF =1 )
k<m u=1

< e ™TP{L* > 1,,}
=e T (1 —P{L* <I,)})

= A"m - (5.2.45)

where m < K is used in the inequalities above.
For the rounding error, due to the finite precision of the floating number system, each element,
pZ k], in pZ | is stored in a computer as fI (pZ [[k]), where fI(z) is the nearest floating number to x

in a floating point number system. Thus, there is a rounding error

€7 k] = fL(P7 K]) = p7 [K).

In the truncated sparse FF'T method with exponential windowing, if we consider only the propagation

of rounding errors €7, ., then the total rounding error A7, . can be approximated by

~ Y eMTE (H F(f (pfm))) k] = > eMTF ! (H f(%)> [K]. (5.2.46)

k<m n=0 k<m

In any floating point number system, we have € _[k] = uj,  [k]pZ _[k] for k = 0,. — 1, where

uj; . [k] € [~u,u], and u is the unit roundoff in the floating point number system. Therefore,

F (1 FE) W = X 10 () wt
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Denote 12, [k] = Y755 uz  [jlpz , [jjw*, then

F(f1(p7-)) K] = F (p77) (k] = w7, [K],

and

K-1
i R < D Juf | 7 ] [
§=0
K-1
= > |ui |k - 1]
§=0
< ug, . [K]
<u
Therefore, |uZ[k]| ~ O(u).
Consequently,
N—1 N—1
[ 7t @in) W= 11 (7 0F7) (6] + 5, [K)
n=0 n=0
N—1 N—1
= I 7 @z.) k] + pi K T F 03) K] +0 (w?) . (5.2.47)
n=0 n=0 vFEN
Since

3 2
‘Ol >—-
/

i R T (P) )

n=0 v#EN v#EN
and
K-1 K-1
|7 (p7,) [R]] = | D pZ-lilw™| < D e 9 pilj] [w*] < 1
j=0 j=0
we have
N-1 N-1
) (mm I17 %) [k]) < 3wz ) < Nu. (5.2.48)
n=0 v#EN n=0

Denote v7  [k] = SV (un AR Ty F (pZ,) [k]) + O (u?), then (5.2.47) and (5.2.48) show that

N-1

II = (r1(®z,)) Hf (pZ.,) (k] = v . [¥]

n=0 n=0
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and |vZ [k]| ~ O(Nu) for k=0,..., K — 1.
For the inverse Fourier transform, we could perform the analysis as we did for the Fourier transform.
However, as we mentioned, this would give a rather pessimistic estimation. Instead, a statistical error

analysis is applied. The basic idea of the statistical error analysis is to assume the rounding errors
0= fl(z)—=x

are i.i.d. random variables with a uniform distribution on the interval [—uz,uz], and to use the root
mean square error (RMSE) as a measure for the rounding error, where RMSE of a random variable )

is defined by
RMSE(Y) = /E [V~ E[V])’].

Usually the statistical error analysis gives a more realistic estimate of the rounding errors than does the
worst-case error bound. One can find more details about the statistical error analysis in [31, [32] B3] [34]
39).

In our problem, since v _[k] ~ O(Nu) for k =0,...,K —1, we assume Re (v7 . [k]) and Im (v7 _[k])

are i.i.d. random variables with a uniform distribution on the interval [—- Nu, N U]E Hence,

" " ’ 2,,2
¥ [Re (v, 1K)] =V [Im (v7,.[K))] =

Note that

=0
N-1 1 K-1 ‘
— (T F @) + 2 X v,

=0

16For a complex number x, Re(z) and Im(x) are the real part and imaginary part of z, respectively.
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V[Re (£2]k])] = ;2 VR | cos (__ ( jk)> +V [Im (v . [5])] sin® <_R7T(—jk)>>
_ L — N2y2
K = 3
_ N2u2
3K’

since Re (vZ .[k]) and Im (vZ ,[k]) are independent and V [Re (vZ .[k])] = V [Im (vZ [k])] = Noo?
Therefore, the RMSE of Re (2[k]) is

RSB (Re (67) = | & [(Re (214)  E [Re (€2 1))’
VRe (&[]

—

Similarly, RMSE (Im (¢2[k])) = Nu/V3K. Therefore,

N-1 N—1
o (H F(f1 (pfm))> (k] - F~! (H F(p%,) [k]) = £7[K], (5.2.49)
n=0

n=0

where |€2[k]| ~ O (Nu/\/?) .
Finally, by (5.2.46]) and (5.2.49)), we have

Ar, L~y e k]
k=0

Again, assuming Re (§Z[k]) and Im (£Z[k]) are i.i.d. random variables with a uniform distribution on the
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interval [—Nu/\/?, Nu/\/f}7 we have

E[Re (&7 [F])] = E [Im (£Z[k])] = 0,

N2y?2
VIRe(EZ[k])] =V[I k)] = —.
[Re (£2[k])] [Tm (§Z[k])] Ve
By similar arguments, we have
E [Re (A7, )] = Y ¢"/"E[Re(EZ[M)] = 0,
k=0
E [Im (A7, )] = " E [Im (&Z[K])] = 0,
k=0
i N2u2 5 — 1
V [Re (A7, )] = 2k/TY [Re (£2[k])] = —=
[Re (A7) = 30V Re (€] = "=
m 2k/ N2u2 62(W:'+1) 1
V [Im (AT = VI 2k = — S ,
T (A7) = 30Vl (€ 6)] = g =
and
Nu 62(":'+1) —1

RMSE (Re (A},,,)) = /¥ [Re (87, )]

- VBK er —1 '
NU 662(7n+1)/7 - 1

TR\ er-1

RMSE (Im (A7, ) = /V [Im (A7, ,)]

m,T

which indicates

X N 2m/T _ ]

an | ~o [N femr =t
’ VK| e/m—1

Therefore, we can approximate the solution to the problem ([5.2.44)) by solving

A?’n,‘r = A:’n;r?
where
i . Nu [e¥m/m —1
m,T \/[? 62/T -1 !
That is,

Nu [|e2m/Tm —1 /T -
NG —r =€ /T (1 =P{L? <ln}). (5.2.50)

However, the conditional loss probabilities P{L£* <,,}, which is what we aim to compute, is in the
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equation ([5.2.44)). To solve this problem, we can apply the asymptotic approximation based on the central
limit theorem to approximate P {£* < I,,}. Applying the CLT approximation described in Section (4.2),
the conditional loss probability can be approximated by

P{L* <l,}~® <lmg—(ﬂ<z)> |

z)

where pu(z) = E[£L?] and o(z) = y/V [£Z]. Therefore we can solve the following equation to obtain an

approximation to the optimal 7.

% 662;:% = m/T (1 -9 (lma_(g)(z)» : (5.2.51)

Notice that, the optimal 7 obtained by is dependent on m and z. If we need to compute
P{L* <I,,} for only one quantile l,,, then we need to solve once to get 7,,. If we need to
compute the distribution P {£* < I,,} for m =0, ..., K — 1, then a more accurate approximation to the
distribution can be achieved by solving to obtain 7, for each m, and applying the truncated
sparse FFT method plus exponential windowing with 7,,, to compute P{£* < [,,}. For the example we
discussed in the beginning of this subsubsection, we compare the total errors in computing P{£* < ,,}

form =0, ..., K —1 using different optimal 7,,, to that using other values of 7. The results are presented

in Figure Figure shows the optimal 7,,, for different m.

125



Figure 5.17: Comparison of actual errors in computing P {£* < [,,,} with different 7

(a) Actual errors, Ay, and Ay, -
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(b) Optimal 7y,
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We conclude this section by presenting Algorithm which is based on the truncated sparse

FFT method plus exponential windowing with optimal 7.
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Algorithm 5.12 Truncated sparse FFT method with exponential window to compute P{£* < ,,}

Input: pZ, K, t, m;
Output: pZ ;

: T4 [logy(m)]; K + 2F;
: pZ +—pz(0: K —1);

Compute wjong by Algorithm with #;
D < P§;

Compute 7 by solving (5.2.51));

:fork=1: K—1do
pilk] e /" pz[k];
: end for

© % N D TR

— e

:forn=0: N—-1do
pZ + PLpZ by Algorithm [5.9
sort (d);
forg=1:tdo
PpZ + AypZ by Algorithm
end for
if n > 0 then
P PO PE;
end if

: end for

I I R N e i e S
B el R N B A T

I Wiong <~ Wiong;

: p < PLp by Algorithm 5.4}
:forg=1:tdo

P < Ayp by Algorithm [5.6}
: end for

s P+ p/K;

NN NN NN
© ® S A

cfork=0: K—1do
plk] < €™/ 7 plk];

: end for

W W W w w

F P 0
:fork=0:mdo
ph,  ph + BLEL;
: end for

W o W W
0 I S O

: return pZ ;
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5.3 Numerical Results and Comparisons

In this section, we conduct numerical experiments to compare different exact methods. In Subsection
we compare the sparse convolution (SCONV) method and the truncated sparse convolution (TR
SCONYV) method to the benchmark full convolution (FCONV) method in the best/worse case discussed
in Subsection [5.1.2} The purpose of this comparison is to provide numerical support for the speedups we
derived in and , and to check the error estimation in . In Subsection we
compare the sparse FFT method (SFFT) to the benchmark full FFT (FFFT) method in the best/worst
case described in Subsectionto provide numerical support for the speedups we obtained in
and . As we discussed before, the best/worse case may not be achievable for real portfolios, while
we are more interested in the performance of different methods when they are used for real portfolios.
Therefore, in Subsection [5.3.3] we build several test portfolios, and compare the efficiency and accuracy
of the SCONV method, TR SCONV method, SFFT method, the truncated sparse FFT (TR SFFT)
method, and the truncated sparse FFT method with exponential windowing (EW TR, SFFT) to those of
the benchmark FCONV method. Finally, in Subsection [5.3:4] we compare the efficiency and accuracy of
the exact methods to MC method for some synthetic portfolios. All methods are implemented in C++
and the computation was performed on a workstation with a 2.8GHz Intel Core 2 Duo CPU and 6GB
667 MHz DDR2 SDRAM.

5.3.1 Best/Worst Cases: (Truncated) Sparse Convolution Methods

As shown in (5.1.38) and ((5.1.42)), the speedup of the SCONV method over the FCONV method is Q(a?)

in the best case and Q (o*C?™) in the worst case. Therefore, we build different test cases to determine
the impact of the parameters N, «, and C, respectively, in both best and worst cases.

To provide numerical support for Theorem and Corollary we let the threshold Tol = 10716,
and set € by . Then we compare Tol and the maximum absolute difference of p%;_, [k] computed
by the TR SCONV method and by the FCONV method.
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5.3.1.1 Best Case

Testing N. The nonzero index vector d,, is constructed by . To test the impact of the
parameter N, we set « = 5, C = 2, g% = [0.99,0.01]7 for n = 0,..., N — 1, and compute p%_, for
N =10, 500, 1000, 1500, 2000, 2500, 3000, 3500, 4000, 4500, 5000 by FCONV, SCONV and TR SCONV
method. The CPU time, speedup and maximum absolute error in p% _,[k| are listed in Table The

CPU time and speedup are given in Figure

Table 5.3: Numerical results for testing N in the best case for the SCONV and TR SCONV methods

FCONV SCONV TR SCONV
N
CPU time CPU time Speedup CPU time Speedup Max error
10 1.3424E-05 | 3.7019E-06 3.6262E+400 | 3.8064E-06 3.5267E+400 9.9000E-19
500 | 3.0142E-02 | 5.9117E-03 5.0987E+00 | 4.1962E-04 7.1832E+01 1.5590E-18
1000 | 1.1617E-01 | 2.0850E-02 5.5717TE+400 | 1.1123E-03 1.0444E+02 1.2533E-18
1500 | 2.5580E-01 | 4.3483E-02 5.8828E+00 | 1.9280E-03 1.3268E+02 1.0603E-18
2000 | 4.4709E-01 | 7.3202E-02 6.1076E+00 | 3.0786E-03 1.4523E+02 9.8600E-19
2500 | 6.8955E-01 | 1.0992E-01 6.2732E+400 | 4.0676E-03 1.6952E+02 9.8813E-19
3000 | 9.8746E-01 | 1.5380E-01 6.4204E+00 | 5.8243E-03 1.6954E+402 8.8315E-19
3500 | 1.3369E+00 | 2.0607E-01 6.4876E+00 | 6.8472E-03 1.9525E402 7.7952E-19
4000 | 1.7383E+00 | 2.6373E-01 6.5912E+4+00 | 8.2931E-03 2.0961E402 7.2973E-19
4500 | 2.1886E+00 | 3.2870E-01 6.6584E+00 | 1.0200E-02 2.1457E+02 7.0412E-19
5000 | 2.6983E+00 | 4.0255E-01 6.7030E+00 | 1.2288E-02 2.1959E+02 6.7083E-19
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Figure 5.18: CPU time and speedup for testing N in the best case for the SCONV and TR SCONV
methods
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The numerical results show that, as N increases, the CPU time required by each convolution method
increases. The SCONV method and the TR SCONV method run much faster than the FCONV method,
and the TR SCONV method has a much larger speedup than the SCONV method. The speedup of the
SCONV method over the FCONV method increases with N for small N, but, when N is larger than

2000, the increase of the speedup is rather slow, with the speedup remaining between 6 and 7. This
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implies that, when N is large enough, it has no significant impact on the speedup of the SCONYV method.
This result agrees with our theoretical speedup in , where there is no IV in the expression.

However, for the TR SCONV method, the speedup is much more significant and depends strongly
on N. As N increases from 10 to 5000, the speedup of TR SCONV method increases steadily from 3.57
to 219.59. The reason for this is that, when N is large, more extremely small pZ_, [{]pZ[j] are truncated
to zero, which saves computational time.

The last column in Table [£.3] indicates that the maximum absolute error in all cases tested is around
10718 ~ 10719, which is less than our pre-defined threshold Tol = 107'6. These numerical results

support the way we choose € in ((5.1.50)), which follows from Theorem and Corollary

Testing a. The nonzero index vector d,, is constructed by (5.1.28). To test the impact of the
parameter a, we set N = 5000, C' = 2, ¢ = [0.99,0.01]7 for n = 0,..., N — 1, and compute p%_; for
a=24,6,8, 10, 12, 14, 16, 18, 20 by the FCONV, SCONV and TR SCONV methods. The CPU time,

speedup and maximum absolute error in p%,_,[k] are listed in Table The CPU time and speedup
are given in Figure
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Table 5.4:

Numerical results for testing a in the best case for the SCONV and TR SCONV methods

FCONV

SCONV

TR SCONV

CPU time

CPU time

Speedup

CPU time

Speedup

Max error

10

12

14

16

18

20

7.1225E-01

1.9379E+-00

3.6616E-+00

6.0961E+00

8.9407E+00

1.1965E+01

1.5858E+-01

2.0172E+01

2.5335E+01

3.0947E+01

4.0126E-01

4.0220E-01

4.0488E-01

4.1231E-01

4.1099E-01

4.1276E-01

4.2376E-01

4.2474F-01

4.2623E-01

4.3193E-01

1.7750E+-00

4.8182E+00

9.0437E+00

1.4785E+01

2.1754E+-01

2.8988E+01

3.7422E+01

4.7493E+01

5.9440E-+01

7.1648E-+01

1.1616E-02

1.1545E-02

1.1773E-02

1.1561E-02

1.1734E-02

1.1745E-02

1.1764E-02

1.1857E-02

1.1907E-02

1.1849E-02

6.1316E-+01

1.6786E+-02

3.1102E+02

5.2730E+02

7.6195E+02

1.0187E+-03

1.3480E+-03

1.7013E4-03

2.1277E+03

2.6118E+03

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19

6.7084E-19
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Figure 5.19: CPU time and speedup for testing « in the best case for the SCONV and TR SCONV
methods
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The numerical results show that, as « increases, the CPU time required by all convolution methods
increases. The SCONV and TR SCONV methods are much faster than the FCONV method, and the
TR SCONYV method has a much larger speedup than the SCONV method. The speedup of the SCONV

method over the FCONV method increases with a. We performed a linear least squares fit to the
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speedup of the SCONV method to

SCO
best,aNV (a) = p2a27

~Ii§t(?aNV(a) = P3043 + p2042 + p1a + po.

The results are

oV (@) = 0.1907,

fECONV (0) = 8.6TE-04 - o + 0.12 - a? 4 0.95 - a — 0.75. (5.3.1)

best,a

Figure compares the fitted curves foCONV () and f,;gegt?aN V(a) to the actual SCONV speedup.

best,«

Figure 5.20: Comparison of the fitted curves fbsegt?aN V(a) and f,;i?t?aN V() to actual speedup for the
SCONV method
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Figure shows fSCONV (a) and f2CONV (q) are good fits to the SCONV speedup. Moreover, the

best,a best,a

coefficient of a® in fligthN V(a) is insignificant compared to the coefficient of a?. Therefore, we conclude

that, in the best case, the speedup of the SCONV method grows quadratically in «, which agrees with
our theoretical speedup in .

For the TR SCONYV method, there is a rapid increase of the speedup as a grows. More specifically,
as « increases from 2 to 20, the speedup of the TR SCONV method increases from 61.32 to 2611.82,
which shows that a has a significant impact on the speedup of the TR SCONV method.

The last column in Table [£.4] indicates that the maximum absolute error in all cases tested is around

6.71 x 10719, which is less than our pre-defined threshold Tol = 10~ !¢, These numerical results support
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the way we choose € in (5.1.50]), which follows from Theorem and Corollary

Testing C. The nonzero index vector d,, is constructed by (5.1.28)). To test the impact of the
parameter C, we set N = 5000, o = 5, and vary C =2, 3, 4, 5, 6, 7, 8, 9, 10. For each C, the nonzero

probability vector gZ is set to

1-0.015 'k, c=0, (5.3.2)

0.01(C — ¢),

forn=0,..., N — 1. For example, we have g = [0.99,0.01]7 for C' = 2, and qZ = [0.97,0.02,0.01]7 for
C = 3. We compute p%_; for C =2, 3,4, 5,6, 7, 8,9, 10 by the FCONV, SCONV and TR SCONV
methods. The CPU time, speedup and maximum absolute errors are listed in Table[5.5] The CPU time

and speedup are given in Figure [5.21]

Table 5.5: Numerical results for testing C' in the best case for the SCONV and TR SCONV methods

FCONV SCONV TR SCONV
c

CPU time CPU time Speedup CPU time Speedup Max error
2 | 2.7020E+00 | 4.0286E-01  6.7070E+00 | 1.2369E-02  2.1845E+02 6.7083E-19
3 | 8.7557TE+00 | 1.1851E+00 7.3882E+00 | 4.3140E-02  2.0296E-+02 7.1550E-19
4 | 1.8338E+01 | 2.3692E+00 7.7402E+00 | 1.0581E-01 1.7331E+02 6.5983E-19
5 | 3.1189E+01 | 3.9493E+00 7.8973E+00 | 2.0932E-01  1.4900E-+02 5.9852E-19
6 | 4.7585E+01 | 5.9644E+400 7.9782E+00 | 3.5692E-01 1.3332E+02 5.4234E-19
7 | 6.8201E+01 | 8.8232E+00 7.7297E+00 | 5.5200E-01  1.2355E+02 7.3922E-19
8 | 9.4349E+01 | 1.3111E4+01 7.1962E+00 | 7.9805E-01 1.1822E+402 4.5567E-19
9 | 1.2767E+02 | 1.9604E+01 6.5124E+00 | 1.0951E+00 1.1658E+02 4.1625E-19
10 | 1.7050E+-02 | 2.9386E+01 5.8021E+400 | 1.4350E+00 1.1882E+02 3.8501E-19
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Figure 5.21: CPU time and speedup for testing C' in the best case for the SCONV and TR SCONV
methods
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The numerical results show that, as C' increases, the CPU time required by each convolution method
increases. The SCONV method and the TR SCONV method run much faster than the FCONV method,
and the TR SCONV method has a much larger speedup than the SCONV method. The speedup of the

SCONV method over the FCONV method varies in a narrow range between 5.8 and 7.8 as C increases

136



from 2 to 10. This implies that C has no significant impact on the speedup of the SCONV method. This
result agrees with our theoretical speedup in 7 where there is no C' in the expression.

However, for the TR SCONV method, as C increases from 2 to 6, the speedup of the TR SCONV
method decreases rapidly from 218.45 to 133.32, while for C' > 7, the change in the speedup is much
smaller (within [116,118]). We believe this is related to the way that we construct the nonzero probability
vector gZ.

The last column in Table indicates that the maximum absolute error in all test cases is around

10719, which is less than our pre-defined threshold T'ol = 1076, These numerical results support the

way we choose € in ([5.1.50)), which follows from Theorem and Corollary

5.3.1.2 Worst Case

Testing N. The nonzero index vector d,, is constructed by . To test the impact of the
parameter N, we set a = 5, C = 2, g% = [0.999,0.001]7 for n = 0,...,N — 1, and compute p%_, for
N =5,6, 7, 8,9, 10, 11, 12, 13, 14, 15 by FCONV, SCONV and TR SCONV method. Unlike our
testing for the best case, we can not choose very large test parameters N for the worst case, because the
length of the resultant vector, as shown in ([5.1.40)), is too large, so it is impractical to use the benchmark
FCONV method. Since N in our tests is not large, most pZ_;[i|]pZ[j] are not truncated in the TR
SCONYV method. Hence, to differentiate between the SCONV method and the TR SCONV method, we
set g% = [0.999,0.001]7 instead of g% = [0.99,0.01]7 as we did in the best case. The CPU time, speedup
and maximum absolute error in p%;_,[k] are listed in Table The CPU time and speedup are given

in Figure
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Table 5.6: Numerical results for testing NV in the worst case for the SCONV and TR SCONV methods

FCONV SCONV TR SCONV
N

CPU time CPU time Speedup CPU time Speedup Max error
5 | 4.8879E-05 | 2.8456E-06 1.7177E-+01 | 2.8084E-06 1.7405E+01 0.0000E+00
6 | 1.8328E-04 | 4.1232E-06 4.4451E+401 | 4.1147E-06 4.4543E+01  1.0000E-18
7 | 7.1740E-04 | 6.4959E-06 1.1044E-+02 | 6.4813E-06 1.1069E+02  9.9900E-19
8 | 2.8440E-03 | 1.1487E-05 2.4758E+402 | 1.1287E-05 2.5197E+02  9.9800E-19
9 | 1.1339E-02 | 2.2779E-05 4.9778E+02 | 2.1028E-05 5.3923E+02  9.9700E-19
10 | 4.5390E-02 | 4.6737E-05 9.7118E+402 | 4.0010E-05 1.1345E+03  9.9600E-19
11 | 1.8338E-01 | 9.8854E-05 1.8551E4-03 | 7.2842E-05 2.5175E+03  9.9500E-19
12 | 7.3656E-01 | 1.9506E-04 3.7761E4-03 | 1.2859E-04 5.7280E+03  9.9400E-19
13 | 2.9516E+00 | 4.1519E-04 7.1090E+403 | 2.2741E-04 1.2979E+04  9.9300E-19
14 | 1.1838E+01 | 1.0949E-03 1.0812E+-04 | 6.5229E-04 1.8148E+04  9.9202E-19
15 | 4.7299E+01 | 2.4584E-03 1.9240E+404 | 1.5208E-03 3.1101E+04  9.9104E-19
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Figure 5.22: CPU time and speedup for testing N in the worst case for the SCONV and TR SCONV
methods
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The numerical results show that, as N increases, the CPU time required by each convolution method
increases. The SCONV method and the TR SCONV method run much faster than the FCONV method,
and the TR SCONV method has a larger speedup than the SCONV method. The speedup of the SCONV

method over the FCONV method increases with IV. Setting a = 5 and C' = 2, we perform a least squares
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fit to the speedup of the SCONV method to

SCONV(N) — p0a2CN,

worst,N

FSCONV (N — poa2pX.

worst,N

The results are

SCONV(N) = 2.48E-02-a? - CV, (5.3.3)

worst,N

fSCONV(N) = 0.26 - a* - 1.73V. (5.3.4)

worst,N

Figure compares the fitted curves fSCONV(N) and fSCONV(N) to the actual SCONV speedup.

worst,N worst,N

Figure 5.23: Comparison of the curves fSCONV(N) and fSCONV(N) to the actual speedup for the
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Comparing (5.3.3) and (5.3.4), the fitted parameter po = 1.73 in is close to C' = 2 in (5.3.3),
and Figure shows Ngg?tjyj\‘,/ (N) and gg?tN]\‘,/ (N) are good fits to the SCONV speedup. Therefore,
we conclude that, in the worst case, given C, the speedup of the SCONV method grows with NV at a
rate approximately proportional to CV, which agrees with our theoretical speedup in .

For the TR SCONV method, we also see an increase of the speedup with N. More specifically,
as N increases from 5 to 15, the speedup for the TR SCONV method increases from 1.7405E+01 to

3.1101E+04. Moreover, Figure [5.22shows that the speedup for the TR SCONV method increases faster
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than for the SCONV method.
The last column in Table [5.6] indicates that the maximum absolute error in all test cases is around

10718, which is less than our pre-defined threshold T'ol = 10716, These numerical results support the

way we choose € in (5.1.50)), which follows from Theorem and Corollary

Testing a. The nonzero index vector d,, is constructed by (5.1.32). To test the impact of the parameter
a, we set N =10, C' = 2, ¢ = [0.999,0.001]7 for n =0,..., N — 1, and compute p%_; for a = 2, 4, 6,
8, 10, 12, 14, 16, 18, 20 by the FCONV, SCONV and TR SCONV methods. The CPU time, speedup
and maximum absolute error in p%;_,[k] are listed in Table The CPU time and speedup are given
in Figure

Table 5.7: Numerical results for testing « in the worst case for the SCONV and TR SCONV methods

FCONV SCONV TR SCONV
e

CPU time CPU time Speedup CPU time Speedup Max error
2 | 7.2563E-03 | 4.0056E-05 1.8115E4-02 | 3.0984E-05 2.3420E+02 9.9600E-19
4 | 2.8978E-02 | 4.9368E-05 5.8698E+02 | 3.6531E-05 7.9324E+02 9.9600E-19
6 | 6.5528E-02 | 5.5913E-05 1.1720E+4-03 | 4.2510E-05 1.5415E+03 9.9600E-19
8 | 1.1636E-01 | 6.2294E-05 1.8679E+-03 | 4.7268E-05 2.4617E+03 9.9600E-19
10 | 1.8198E-01 | 6.9105E-05 2.6334E+03 | 5.2628E-05 3.4579E-+03 9.9600E-19
12 | 2.6328E-01 | 7.3040E-05 3.6046E+03 | 5.7074E-05 4.6130E+03 9.9600E-19
14 | 3.5772E-01 | 7.6822E-05 4.6565E+03 | 6.0807E-05 5.8829E-+03 9.9600E-19
16 | 4.6826E-01 | 8.3836E-05 5.5854E4-03 | 6.5697E-05 7.1276E+03 9.9600E-19
18 | 5.9164E-01 | 8.7474E-05 6.7636E+03 | 6.9958E-05 8.4571E+03 9.9600E-19
20 | 7.5155E-01 | 9.3215E-05 8.0625E+03 | 7.4498E-05 1.0088E+04 9.9600E-19
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Figure 5.24: CPU time and speedup for testing « in the worst case for the SCONV and TR SCONV
methods
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The numerical results show that, as « increases, the CPU time required by each convolution method
increases. The SCONV method and the TR SCONV method are much faster than the FCONV method,
and the TR SCONV method has a larger speedup than the SCONV method. Moreover, the speedup of
the SCONV method over the FCONV method increases with . Setting N = 10 and C' = 2, we perform

a least squares fit to the speedup of the SCONV method to
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SCONV _ 2N
worst,a (a) = Poc C )

Eocrgtlxxv(a) = p20420N + pra+ po.

The results are

worsia (@) = 2.09B-02- a® - C*, (5.3.5)
faONY (a) = 1.29E-02 - o® - CN + 1.73E2 - a — 2.67E2. (5.3.6)

Figure compares the fitted curves fSCONV (o) and fSCONV () to the actual SCONV speedup.
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Figure 5.25: Comparison of curves fSCONV (a) and fSCONV () to the actual speedup for the SCONV
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Figure shows ES;%ILV (a) and 259NV (a) are good fits to the SCONV speedup. Therefore, we
conclude that, in the worst case, the speedup of the SCONV method grows with « at an approximately
quadratic rate, which agrees with our theoretical speedup in .

For the TR SCONV method, we also see an increase of the speedup with «. As « increases from 2 to
20, the speedup of the TR SCONV method increases from 2.3420E+02 to 1.0088E-+04. Moreover, Figure
[5-25]) shows that the speedup of the TR SCONV method increases faster than the SCONV method.

The last column in Table shows that the maximum absolute error in all test cases is less than
1 x 107 '8, which is less than our pre-defined threshold T'ol = 10~!6. These numerical results support

the way we choose € in (5.1.50]), which follows from Theorem and Corollary
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Testing C. The nonzero index vector d,, is constructed by . To test the impact of the
parameter C, we set N =5, a = 5, and compute p%_; for C = 2,3, 4, 5,6, 7, 8,9, 10 by the FCONV,
SCONV and TR SCONV methods. The nonzero probability vector gZ is set by . The CPU time,
speedup and maximum absolute error in p%,_,[k] are listed in Table The CPU time and speedup
are given in Figure [5.26

Table 5.8: Numerical results for testing C' in the worst case for the SCONV and TR SCONV methods

FCONV SCONV TR SCONV
c

CPU time | CPU time Speedup CPU time Speedup Max error
2 | 4.7681E-05 | 2.7492E-06 1.7344E-+01 | 2.7615E-06 1.7266E-+01 1.0000E-17
3 | 1.9000E-03 | 8.7902E-06 2.1615E+02 | 8.2259E-06 2.3098E-+02 6.6667E-18
4 | 2.6975E-02 | 3.5919E-05 7.5100E402 | 2.7927E-05 9.6591E+02 5.0000E-18
5 | 2.1314E-01 | 9.3964E-05 2.2683E-+03 | 7.0636E-05 3.0174E-+03 4.0000E-18
6 | 1.1339E+00 | 2.5541E-04 4.4395E+03 | 1.6440E-04 6.8972E+03 3.3333E-18
7 | 4.6423E+00 | 8.9170E-04 5.2061E-+03 | 6.6096E-04 7.0236E-+03 2.8571E-18
8 | 1.5689E+01 | 1.9104E-03 8.2124E+03 | 1.7044E-03  9.2050E+03  2.5000E-18
9 | 4.5850E+01 | 4.8498E-03 9.4540E-+03 | 4.4943E-03 1.0202E-+04 2.2222E-18
10 | 1.1949E+02 | 9.8298E-03 1.2156E+04 | 8.8366E-03 1.3522E+04 2.0000E-18
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Figure 5.26: CPU time and speedup for testing C' in the worst case for the SCONV and TR SCONV
methods
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The numerical results show that, as C' increases, the CPU time required by each convolution method
increases. The SCONV method and the TR SCONV method are much faster than the FCONV method,
and the TR SCONV method has a larger speedup than the SCONV method. Moreover, the speedup of
SCONV method over the FCONV method increases with C. Setting N = 5 and a = 2, we perform a

least square fit to the speedup of the SCONV method to
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SCONV (C) _ poOé2CN,

worst,C

rSCONV _ 2
worst,C (C) = Pox crr.

The results are

SCONV((C) = 5.83E-03 - % - CV, (5.3.7)

worst,C

fSCONV(C) = 2.36 - o2 - 0232, (5.3.8)

worst,C

Figure compares the fitted curves f)ggt{vcv((}') and Eggtlycv(C) to the actual SCONYV speedup.

Figure 5.27: Comparison of the curves ifr?t]ycv(C) and fSCONV () to the actual SCONV speedup
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Comparing (5.3.7) and (5.3.8), the fitted parameter p; = 2.32 in (5.3.8) is significantly smaller than
N =51in (5.3.7). Moreover, Figure shows that fjggtjycv (C) fits the actual SCONV speedup much

better than f3CONY (C). We believe the reason for this is that, N = 5 is fairly small in this example,

worst,C

while the theoretical speedup in ([5.1.42)) is obtained for a large N. Varying C from 2 to 10, we are not

able to conduct an adequate test for large IV, since as shown in (5.1.35) and (5.1.41)), the total number

of FLOPs in the worst case for both the TR SCONV method and the SCONV method grows with NV
at an exponential rate. Our test cases show that, for small N, given «, the speedup of SCONV method

grows with C' at a rate proportional to ozzCN, for some N < N.
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For the TR SCONV method, we also see an increase of the speedup with C. As C increases from
2 to 10, the speedup of the TR, SCONV method increases from 1.7266E+01 to 1.3522E+404. Moreover,
Figure shows that the speedup of the TR SCONV method increases faster than that of the SCONV
method.

The last column in Table shows that the maximum absolute error in all test cases is around
10717 ~ 1078, which is less than our pre-defined threshold Tol = 1076, These numerical results

support the way we choose € in (5.1.50)), which follows from Theorem and Corollary

5.3.2 Best/Worst Cases: Sparse FFT Method

Asshown in (5.2.24)) and (5.2.25)), the speedup of the SFFT method over the FCONV method is Q(log, K)

in the best case and € (log, K/log, C) in the worst case. Therefore, we build different test cases to

determine the impact of the parameters N, K, and C respectively in both the best and worst cases.

5.3.2.1 Best Case

Testing N. Forn =1,..., N, the nonzero index vector d,, is constructed such that the bit reversal
of pZ has the pattern shown in . To test the impact of the parameter N, we set K = 2'2 = 4096,
C =2,q% =100.99,0.01]7 for n = 0,..., N — 1, and compute p%_, for N =10, 500, 1000, 1500, 2000,
2500, 3000, 3500, 4000, 4500, 5000 by the FFFT and the SFFT methods. The CPU time and speedup
for the SFFT method over the FFFT method are shown in Table 5.9 and Figure [5.28]
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Table 5.9: Numerical results for testing N in the best case for the SFFT method

FFFT

SFEFT

CPU time

CPU time

Speedup

10

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

1.3058E-02

4.1576E-01

8.3717E-01

1.2479E+00

1.6801E+-00

2.0955E+00

2.5143E-+00

2.9283E-+00

3.3653E+00

3.7721E+00

4.1405E+-00

1.4168E-03

3.8490E-02

7.5225E-02

1.1217E-01

1.5183E-01

1.8730E-01

2.2704E-01

2.6131E-01

2.9840E-01

3.3843E-01

3.7541E-01

9.2167E+00

1.0802E+-01

1.1129E+-01

1.1125E+01

1.1065E+01

1.1188E+01

1.1074E+-01

1.1206E+01

1.1278E+-01

1.1146E+-01

1.1029E+-01
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Figure 5.28: CPU time and speedup for testing IV in the best case for the SFFT method
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The numerical results show that, as IV increases, the CPU time required by both the FFFT and
SFFT methods increases. However, the SFFT method is much faster than the FFFT method. The
speedup of the SFFT method over the FFFT method varies within the narrow range [10.80, 11.28], for
N > 10. This implies that when N is large, it has no significant impact on the speedup of the SFFT

method. This result agrees with our theoretical speedup in ([5.2.26)), where there is no dependence on
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N.

Testing K. Forn =1,..., N, the nonzero index vector d,, is constructed such that the bit reversal
of pZ has the pattern as shown in . To test the impact of the parameter K, we set N = 500,
C =2, q* =1[099,0.01]7 for n = 0,..., N — 1, and compute p%_, for K =2¢ t = 6,...,16, by the
FFFT and SFFT methods. The CPU time and speedup for the SFFT method over the FFFT method

are shown in Table [5.10] and Figure [5.29]

Table 5.10: Numerical results for testing K in the best case for the SFFT method

FFFT SFFT
log, K
CPU time | CPU time Speedup

6 4.2739E-03 | 1.9121E-03  2.2351E-+00
7 9.0629E-03 | 2.4977E-03  3.6285E-+00
8 1.9059E-02 | 3.6985E-03 5.1531E+400
9 4.1372E-02 | 5.9792E-03  6.9193E+00
10 8.9180E-02 | 1.0159E-02 8.7787E+00
11 1.9197E-01 | 2.0042E-02 9.5784E+00
12 | 4.1730E-01 | 3.8440E-02 1.0856E+01
13 8.9428E-01 | 7.4671E-02 1.1976E+01
14 | 1.9138E+00 | 1.4725E-01 1.2997E+01
15 | 4.3107E+00 | 3.0983E-01 1.3913E-+01
16 | 9.1930E+00 | 6.0983E-01 1.5075E+01
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Figure 5.29: CPU time and speedup for testing K in the best case for the SFFT method
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The numerical results show that, as K increases, the CPU time required by both FFT methods
increases. However, the SFFT method is much faster than the FFFT method. Moreover, the speedup

of the SFFT method over the FFFT method increases with K. We perform a least squares fit of the
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speedup of the SFFT method to

llesrflq(w(K) = p1logy K + po,

ﬁgfg([() = p3(logy K)* + p2(logy K)* + p1 logy K + po.
The results are

WEFT(K) = 1.28 - logy K — 4.91,

fbFE(K) = 1.07E-3 - (logy K)? — 8.10E-2 - (log, K)* + 2.66 - logy K — 11.19. (5.3.9)

Figure compares the fitted curves ftigtF T(K) and fti]:tF T(K) to the actual SFFT speedup.

Figure 5.30: Comparison of the curves f;;geff T(K) and fziftF T(K) to the actual speedup for the SFFT
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The coefficients for }f;ff T(K) in show that the speedup for the SFFT method has a strong
dependence on log, K, but a weak dependence on (log, K)? and (log, K ). Moreover, Figure shows
;;iff i (K) and fREFL(K) are good fits to the SFFT speedup. Therefore, we conclude that, in the
best case, the speedup of the SFFT method grows with log, K at a linear rate, which agrees with our

theoretical speedup in (5.2.26)).

Testing C. Forn=1,..., N, the nonzero index vector d,, is constructed such that the bit reversal of

p? has the pattern shown in (5.2.20). To test the impact of the parameter C, we set K = 215 = 32768,
N =500, and vary C =2¢, t =1,...,6. For each C, the nonzero probability vector gZ is set to

1-00019" 1k c=0,
2l = h=t (5.3.10)

0.001(C — ¢), c=1,...,C—1.
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forn=0,...,N —1. We compute p%_; for C =2¢, t =1,...,6, by the FFFT and SFFT methods. The
CPU time and speedup of the SFFT method over the FFFT method are shown in Table and Figure

B.3T

Table 5.11: Numerical results for testing C' in the best case for the SFFT method

FFFT SFFT
log, C
CPU time CPU time Speedup
1 | 4.2453E+00 | 3.0555E-01 1.3894E-+01
2 | 4.2444E+00 | 3.0541E-01 1.3898E-+01
3 | 4.2331E+00 | 3.0392E-01 1.3929E+01
4 | 4.2280E+00 | 3.0733E-01 1.3757E-+01
5 | 42252E+00 | 3.1371E-01 1.3468E-+01
6 | 4.2264E+00 | 3.1270E-01 1.3515E-+01
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Figure 5.31: CPU time and speedup in testing C' for the best case for the SFFT method
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The numerical results show that, as C' increases, the CPU time required by both FFT methods
does not change significantly. However, the SFFT method is much faster than the FFFT method. The
speedup of the SFFT method over the FFFT method varies within the narrow range [13.47,13.93], which
implies that C has no significant impact on the speedup of the SFFT method. This result agrees with

our theoretical speedup in ([5.2.26)), where there is no dependence on C'.
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5.3.2.2 Worst case

Testing N. Forn =1,..., N, the nonzero index vector d,, is constructed such that the bit reversal
of pZ has the pattern shown in . To test the impact of the parameter N, we set K = 22 = 4096,
C =2,q% =100.99,0.01]7 for n =0,..., N — 1, and compute p%_, for N =10, 500, 1000, 1500, 2000,
2500, 3000, 3500, 4000, 4500, 5000 by the FFFT and SFFT methods. The CPU time and speedup of

the SFFT method over the FFFT method are shown in Table and Figure [5.32

Table 5.12: Numerical results for testing N in the worst case for the SFFT method

FFFT SFFT

CPU time

CPU time

Speedup

10

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

1.0966E-02

4.1209E-01

8.2536E-01

1.2383E+-00

1.6509E+00

2.0623E-+00

2.4708E-+00

2.8903E-+00

3.2969E-+00

3.7097E+00

4.1149E+-00

2.0292E-03

7.5271E-02

1.4959E-01

2.2363E-01

3.0255E-01

3.7351E-01

4.5089E-01

5.2536E-01

5.9861E-01

6.7783E-01

7.4766E-01

5.4044E+00

5.4748E+00

5.5175E+00

5.5372E+00

5.4566E-+00

5.5214E+00

5.4799E+00

5.5015E+00

5.5075E+00

5.4729E+00

5.5037E+00
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Figure 5.32: CPU time and speedup for testing N in the worst case for the SFFT method
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The numerical results show that, as N increases, the CPU time required by both FFT methods
increases. However, the SFFT method is much faster than the FFFT method. The speedup for the
SFFT method over the FFFT method varies within the narrow range [5.40,5.54]. This shows that N

has no significant impact on the speedup of the SFFT method. This result agrees with our theoretical

speedup in ([5.2.27)), where there is no dependence on N.
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Testing K. Forn =1,..., N, the nonzero index vector d,, is constructed such that the bit reversal
of pZ has the pattern as shown in . To test the impact of the parameter K, we set N = 500,
C =2, q* =1099,0.01]T for n = 0,...,N — 1, and compute p%_, for K =2¢ ¢t = 6,...,16, by the
FFFT and SFFT methods. The CPU time and speedup for the SFFT method over the FFFT method

are shown in Table [5.13] and Figure [5.33

Table 5.13: Numerical results for testing K in the worst case for the SFFT method

FFFT SFFT
log, K
CPU time CPU time Speedup
6 3.8460E-03 | 2.4288E-03  1.5835E-00
7 8.7737TE-03 | 3.5982E-03  2.4384E-+00
8 1.8969E-02 | 5.9309E-03  3.1982E-00
9 4.0623E-02 | 1.0245E-02  3.9653E-+00
10 8.6628E-02 | 1.9518E-02  4.4383E+00
11 1.9047E-01 | 3.8004E-02  5.0119E-00
12 4.1286BE-01 | 7.5320E-02  5.4815E+00
13 8.8957E-01 | 1.4934E-01  5.9566E+00
14 | 1.8956E+00 | 2.9417E-01  6.4437E+00
15 | 4.2369E+00 | 6.1615E-01  6.8764E+00
16 | 9.0529E+00 | 1.2406E+00 7.2973E+00
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Figure 5.33: CPU time and speedup for testing K in the worst case for the SFFT method
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The numerical results show that, as K increases, the CPU time required by each FFT method
increases. The SFFT method is much faster than the FFFT method. The speedup of the SFFT method

over the FFFT method increases with K. We perform a least squares fit of the speedup of the SFFT
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method to

SPFT(K) = p1logy K + po,

worst, K

FSEPT (K) = ps(logy K)® + pa(log, K)? + p1 logy K + po.

worst, K
The results are

SEFT (K) = 0.55 - logy K — 1.32,

worst, K

FSPFT (K) = 1.97E-3 - (logy K)® — 8.68E-2 - (log, K)? + 1.71 - log, K — 6.03. (5.3.11)

worst, K

Figure compares the fitted curve f3IFT, (K) and ngftTK(K) to the actual SFFT speedup.

worst, K

Figure 5.34: Comparison of the curves S(ﬂng(K) and E(I)TTEFK(K) to the actual speedup for the
SFFT method
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The coefficients of ngfK(K) in (5.3.11f) show that the speedup for the SFFT method has a strong
dependence on log, K, but a weak dependence on (log, K)? and (log, K)3. Figure shows fSEFT, (K)
and fSFET (K) are good fits to the SFFT speedup. Therefore, we conclude that, in the worst case, the

worst, K

speedup of SFFT method grows with log, K at a linear rate, which agrees with our theoretical speedup

in (5.2.27).

Testing C. Forn=1,..., N, the nonzero index vector d,, is constructed such that the bit reversal of

p? has the pattern shown in (5.2.22)). To test the impact of the parameter C, we set K = 215 = 32768,
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N =500, and vary C =2%, ¢t =1,...,6. For each C, the nonzero probability vector gZ is set to

1-0.001¢ "k, c=0,
@ d = = (5.3.12)

0.001(C — ¢),

forn=0,...,N—1. We compute p%_; for C =2¢, t =1,...,6, by the FFFT and SFFT methods. The
CPU time and speedup of the SFFT method over the FFFT method are shown in Table [5.14] and Figure

Table 5.14: Numerical results for testing C' in the worst case for the SFFT method

FFFT SCONV
log, C
CPU time CPU time Speedup
1 | 4.2592E+00 | 6.1680E-01  6.9054E--00
2 | 4.2533E+00 | 7.7951E-01  5.4564E+00
3 | 4.2556E+00 | 9.5273E-01  4.4667E+00
4 | 4.2354E+00 | 1.1072E+00 3.8255E+00
5 | 4.2371E+00 | 1.2736E+00  3.3268E+00
6 | 4.2371E+00 | 1.4482E+00 2.9259E+00
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Figure 5.35: CPU time and speedup for testing C' in the worst case for the SFFT method
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The numerical results show that, as C increases, the CPU time required by the FFFT method does
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not change significantly, but the CPU time for the SFFT method increases. The number of rating classes
does have an impact on the efficiency of the FFFT method, as can be explained by the complexity analysis
presented in Subsection As C increases, the probability vectors become less sparse, causing the
SFFT method to slow down. Nevertheless, the SFFT method is much faster than the FFFT method.
The speedup of the SFFT method over the FFFT method decreases with C. We perform a least squares

fit of the speedup for the SFFT method to

SFFT (1) = b1
worst,C 10g2 C?
rSFFT P1
worst,C(O)

~ pa+pslogy O
The results are

8.87
SFFT (C) _

worst,C - @7
15.52

FSFFT _
(©) = 2.71 +log, C”

worst,C

(5.3.13)

Figure [5.36 compares the fitted curves igftTC(C) and Nifgfgc(C’) to the actual SFFT speedup.

Figure 5.36: Comparison of the curves f5FFT _(C) and EEEFC(C) to the actual speedup for the

worst,C

SFFT method

e SFFT

() = 1026'
— I"(0) = st

Speedup

Figure @ shows that fbseff L (K) does not fit the SFFT speedup very well, but beEftF T (K) does.

Note that fSFFT_(C) ~ Q(1/log, C). Therefore, as C increases, it is still true that, for fixed N and K,

worst,C

the speedup of the SFFT method varies approximately proportional to 1/log, C, which agrees with our
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theoretical speedup in (5.2.27)).

5.3.3 Testing on Synthetic Portfolios

In this subsection, we compare the SCONV, TR SCONV, FFFT, SFFT, TR SFFT and EW TR SFFT
methods to the benchmark FCONV method in computing the loss distribution for realistic synthetic
portfolios. We build six testing portfolios to test the efficiency and accuracy of different methods.
For all portfolios, the number of obligors is N = 500, and all obligors are in the highest rating class.
The synthetic testing portfolios are divided into two groups: homogeneous and inhomogeneous. The
portfolios within each group differ in the the number of rating classes, C', which is also the number of
nonzero elements in pZ. We test C = 2 and 18, where C' = 2 corresponds to the simplest rating system
- default and no default - and C' = 18 corresponds to a typical rating system in the market (see Table

2.1). The following table summarizes the portfolios we use in our tests.

Table 5.15: Testing portfolios for exact methods

Portfolio C | ¢(n) EAD,, LGC; | Bn
Homo. |Th| 2 | 1 LGCT,
1

BOMCONS 118 | 17 LGCZ.

0.5
Hetero- | 1 | 2 1 LGC!,,

Unif(0.5,1)

SEREONS e 118 | 17 LGC2,

The loss-given-credit-event, LGCy,, given in Table are set to be

LGC?, = [0.9,0]7;
LGC?, = [0.9,LGC*]T, LGC* = [0.8 : —0.05 : 0];

Unif(0.9,1), if ¢c=0

-1

—~—— C c
LGCh2, = ¢ Unif (O,LGCMN ) if O<e<C—2

0, if c=C—1

The unconditional credit migrating probabilities are listed in Table for C = 2 and in Table for
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Table 5.16: Credit migration matrix for C' = 2

1] 0.9073 0.0927
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Table 5.17

: Credit migration matrix for C' = 18

c 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

17 | 0.9062 0.0502 0.0186 0.0050 0.0049 0.0021 0.0009 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0119
16 | 0.0324 0.7989 0.0841 0.0517 0.0137 0.0036 0.0015 0.0011 0.0002 0.0001 0.0003 0.0001 0.0004 0.0000 0.0000 0.0000 0.0000 0.0119
15 | 0.0146 0.0458 0.8073 0.0795 0.0287 0.0077 0.0027 0.0007 0.0002 0.0001 0.0000 0.0001 0.0003 0.0001 0.0003 0.0000 0.0000 0.0119
14 | 0.0025 0.0080 0.0367 0.8225 0.0778 0.0277 0.0068 0.0010 0.0009 0.0008 0.0001 0.0004 0.0001 0.0007 0.0001 0.0000 0.0000 0.0139
13 | 0.0008 0.0013 0.0067 0.0505 0.8157 0.0716 0.0250 0.0062 0.0018 0.0007 0.0014 0.0014 0.0005 0.0004 0.0001 0.0000 0.0000 0.0159
12 | 0.0004 0.0005 0.0024 0.0101 0.0503 0.8014 0.0751 0.0286 0.0077 0.0026 0.0007 0.0008 0.0008 0.0005 0.0001 0.0000 0.0003 0.0177
11 | 0.0004 0.0007 0.0012 0.0024 0.0154 0.0733 0.7589 0.0679 0.0364 0.0125 0.0036 0.0020 0.0015 0.0015 0.0005 0.0001 0.0003 0.0214
10 | 0.0004 0.0007 0.0011 0.0012 0.0031 0.0233 0.0692 0.7456 0.0816 0.0293 0.0088 0.0028 0.0033 0.0026 0.0013 0.0005 0.0002 0.0250
9 0.0001 0.0010 0.0008 0.0011 0.0022 0.0089 0.0281 0.0633 0.7446 0.0773 0.0233 0.0064 0.0068 0.0033 0.0027 0.0010 0.0005 0.0286
8 0.0004 0.0001 0.0004 0.0005 0.0022 0.0035 0.0070 0.0314 0.0871 0.6977 0.0675 0.0314 0.0175 0.0077 0.0036 0.0011 0.0015 0.0394
7 0.0003 0.0001 0.0007 0.0004 0.0014 0.0011 0.0033 0.0075 0.0285 0.0850 0.6877 0.0543 0.0467 0.0141 0.0108 0.0054 0.0028 0.0499
6 0.0000 0.0000 0.0004 0.0001 0.0004 0.0008 0.0010 0.0035 0.0068 0.0253 0.0810 0.6625 0.0810 0.0289 0.0304 0.0119 0.0057 0.0603
5 0.0000 0.0000 0.0001 0.0003 0.0004 0.0013 0.0011 0.0016 0.0028 0.0059 0.0230 0.0583 0.6699 0.0707 0.0511 0.0223 0.0073  0.0839
4 0.0000 0.0000 0.0003 0.0000 0.0004 0.0007 0.0010 0.0011 0.0013 0.0021 0.0054 0.0221 0.0601 0.6724 0.0650 0.0456 0.0155 0.1070
3 0.0000  0.0000 0.0003 0.0000 0.0006 0.0001 0.0004 0.0009 0.0012 0.0011 0.0026 0.0105 0.0245 0.0545 0.6320 0.1001  0.0417 0.1295
2 0.0000 0.0003 0.0003 0.0000 0.0000 0.0001 0.0006 0.0004 0.0014 0.0020 0.0013 0.0032 0.0086 0.0291 0.0466 0.6707 0.0840 0.1514
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0003 0.0037 0.0051 0.0032 0.0009 0.0045 0.0159 0.0154 0.0321 0.7307 0.1881
0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000




For each testing portfolio, we first compute the maximum portfolio loss L;,q. by , and set the
minimum portfolio loss to be zero, since initially all obligors are in the highest credit rating state. Then
we construct a discretization grid by and with K = 26 = 65536. Notice that K is
chosen to be a power of two for our FFT methods which are based on the Cooley-Tukey radix-2 FFT

algorithm. Based on this discretization scheme, indices of nonzero elements are computed by
dule] = [L5/6) (5.3.14)

forc =0,...,C—1. The discretization errors associated With have no impact on our comparisons
of the accuracy of the different methods, since all methods use the same d,,. Since the methods tested
here only differ in how they compute the conditional loss probabilities, it is enough to sample once only
for systematic risk factors Z. That is, in our testing, the sample size for the outer simulation is 1, and,
to eliminate the impact of sampling error, all methods share the same sample of systematic risk factors
Z. It should be mentioned that, changing the values of Z does not change the location of the nonzero
elements in the conditional probability vectors; hence different values of Z would not have an impact
on the efficiency of the sparse methods. Conditional on Z = z, the nonzero conditional probabilities
az = [¢Z[0],...,¢Z[C — 1]]T are computed by (5.1.1).

For the FCONV, SCONV, TR SCONV, FFFT, SFFT methods, we first compute the portfolio loss

probabilities by

plk] =P{L =)}, (5.3.15)
where [, = k6, for k =0,..., K — 1, and then we compute the cumulative loss probabilities by
Pl =P{L <UL} = plj] (5.3.16)
J<k

method o< the cumulative

fork=0,..., K—1. To distinguish the results for different methods, we denote p
loss probabilities vector computed by method method. As mentioned above, we use the FCONV method
as the benchmark, then based on p”¢°"V we compute VaR at the confidence level v = 95%, 99%, 99.9%

and 99.98% by VaR, = k.0, where k, = min {k : preo~v[k] > ~}. For the TR SFFT and EW TR SFFT
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methods, we first determine the length, K, of truncated vectors pZz by
K = min {2" 2" > VaR, } (5.3.17)

and then apply the TR SFFT and EW TR SFFT methods to and to compute the
cumulative loss probabilities p7 % SFFT[k] and pZW TR SFFT[E] for k = 0,..., K — 1. Notice that, for
the TR SCONV method, we let the threshold for errors in cumulative loss probabilities be Tol = 104,
and set € by (5.1.51)). For the EW TR SFFT method, the optimal threshold is applied.

5.3.3.1 Accuracy

~method [k'y] to ﬁFCONV

To assess the accuracy, we compare p [k+] by computing the relative difference

6method — ﬁmethod [k’Y] — ﬁFCONV [k’)’]
oy

ﬁFCONV [k'y}

Numerical results are listed in Table [5.18
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Table 5.18: Relative difference in computing cumulative loss probabilities for the synthetic portfolios

Portfolio o4 SCONV TR SCONV FFFT SFFT TR SFFT EW TR SFFT

95.00% | 0.0000E+4-00 1.4462E-12 6.9944E-15 6.9944E-15  4.6121E-03 1.5212E-10
99.00% | 0.0000E4+00  6.6760E-10 2.0203E-15 2.0203E-15  4.5668E-03 6.0558E-10
II; 99.50% | 0.0000E4+00  9.2452E-10 4.0185E-15 4.0185E-15  4.5419E-03 1.0029E-09
99.90% | 0.0000E4+00  2.2267E-09 2.0005E-15 2.0005E-15  2.5059E-09 8.7274E-11

99.98% | 0.0000E4+00  3.6096E-09 2.9982E-15 2.9982E-15  2.5038E-09 5.4503E-11

95.00% | 0.0000E+00 5.7029E-10 1.0529E-15 1.0529E-15  4.9932E-04 3.8893E-11
99.00% | 0.0000E+00 1.1255E-09 1.0093E-15 1.0093E-15  4.7867E-04 7.1638E-11
Iy 99.50% | 0.0000E+00 1.4293E-09 1.0042E-15 1.0042E-15  4.7626E-04 8.5115E-11
99.90% | 0.0000E+00 2.2645E-09 1.0002E-15 1.0002E-15  4.7434E-04 1.1316E-11

99.98% | 0.0000E4+00  3.3572E-09  0.0000E4+00  0.0000E400  1.3372E-09 2.0055E-11

95.00% | 0.0000E+-00 7.8558E-10 2.1038E-15 2.1038E-15  2.1308E-02 1.1229E-09
99.00% | 0.0000E4+00  2.3471E-09 1.0093E-15 1.0093E-15  3.7618E-11 6.5662E-13
I3 99.50% | 0.0000E400  3.2772E-09 1.0042E-15 1.0042E-15  3.7425E-11 1.4614E-12
99.90% | 0.0000E4+00  5.9515E-09 1.0002E-15 1.0002E-15  3.7277E-11 5.0555E-13

99.98% | 0.0000E4+00  9.3155E-09  0.0000E+00  0.0000E400 3.7248E-11 4.9315E-13

95.00% | 0.0000E400  8.4618E-11 1.0521E-15 1.0521E-15  4.0012E-03 1.5583E-10
99.00% | 0.0000E4+00  2.2055E-10  0.0000E4+00  0.0000E400  4.0256E-03 3.1577E-10
115 99.50% | 0.0000E4+00  3.5677E-10  0.0000E4+00  0.0000E400  4.0054E-03 1.0353E-09
99.90% | 0.0000E400  9.5019E-10 1.0002E-15 1.0002E-15  9.6766E-10 1.8468E-12

99.98% | 0.0000E+00 1.9823E-09  0.0000E+00  0.0000E+400  9.6689E-10 1.7900E-13

If we consider the cumulative loss probabilities computed by the FCONV method to be exact, the
following observations can be made. First, the SCONV method generates exactly the same cumulative
loss probabilities as the FCONV method. The relative errors for the TR SCONV method are about
1072 — 1072, which are much smaller than the specified threshold of TOL = 10~*. For the FFT
methods, the relative errors for the FFFT method are the same as those for the SFFT method: both
are of order 10~'®. The TR SFFT method suffers from significant aliasing errors, which may be as large
as 1072. On the other hand, thanks to the effective aliasing reduction, the EW TR SFFT method has
errors of 107°—107'3, which is much better than the TR SFFT method. Comparing the TR SCONV

method and the EW TR SFFT method, for the selected parameters, both methods provide comparable
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accuracy: the TR SCONV method is slightly more accurate when -~y is small, while the EW TR SFFT

method is more accurate when + is very close to 1.

5.3.3.2 Efficiency

To compare the efficiency, we record the CPU time in seconds required by the different methods to

compute the loss probabilities p[k], and compute the speedup of the different methods over the benchmark

FCONV method. The results are listed in Table Table Figure and Figure [5.38

Table 5.19: CPU time to compute the cumulative loss probabilities for the synthetic portfolios

Portfolio ¥ FCONV SCONV TR SCONV FFFT SFFT TR SFFT EW TR SFFT
95.00% 7.2478E-02 7.5574E-02
99.00% 7.3006E-02 7.5970E-02
I 99.50% 1.1480E+-01 1.0573E-02 2.4508E-03 8.3550E+00  1.2472E400  1.4293E-01 1.4715E-01
99.90% 1.4505E-01 1.4601E-01
99.98% 1.4330E-01 1.4693E-01
95.00% 4.6687E-02 4.8128E-02
99.00% 4.6568E-02 4.8182E-02
I 99.50% 2.3397E+01  6.0346E+-00 1.2276E-01 8.3001E+00  2.7862E+400  4.6691E-02 4.8197E-02
99.90% 4.6590E-02 4.8510E-02
99.98% 8.6040E-02 8.7429E-02
95.00% 6.1093E-02 6.3298E-02
99.00% 1.1981E-01 1.2355E-01
Iy 99.50% 1.9534E+01 6.7058E-01 6.9470E-02 8.3285E+00  1.0317E+00  1.2119E-01 1.2319E-01
99.90% 1.2081E-01 1.2320E-01
99.98% 1.2041E-01 1.2385E-01
95.00% 4.6147E-02 4.8056E-02
99.00% 4.6382E-02 4.9104E-02
115 99.50% 2.2968E+01  6.2474E+00 1.5334E-01 8.6662E-+00  2.7181E+00  4.6001E-02 4.7835E-02
99.90% 8.2625E-02 8.3669E-02
99.98% 8.2738E-02 8.3888E-02
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Table 5.20: Speedup to compute the cumulative loss probabilities for the synthetic portfolios

Portfolio ¥ SCONV TR SCONV FFFT SFFT TR SFFT EW TR SFFT
95.00% 1.5839E+-02 1.5190E+-02
99.00% 1.5724E4-02 1.5111E4-02
11, 99.50% 1.0858E+03  4.6841E+03 1.3740E4+00  9.2042E+00  8.0318E+01 7.8011E+01
99.90% 7.9143E4-01 7.8622E+01
99.98% 8.0110E+01 7.8131E+01
95.00% 5.0115E+02 4.8614E+02
99.00% 5.0243E-+02 4.8560E+02
I, 99.50% 3.8772E+00 1.9060E+4-02 2.8189E+00  8.3974E+00  5.0111E+02 4.8545E+02
99.90% 5.0220E-+02 4.8232E+02
99.98% 2.7194E-+02 2.6761E-+02
95.00% 3.1974E-+02 3.0860E+02
99.00% 1.6303E+02 1.5811E+02
I 99.50% 2.9129E+01 2.8118E+02 2.3454E+-00 1.8934E+01 1.6118E+02 1.5856E+-02
99.90% 1.6169E+02 1.5855E+-02
99.98% 1.6223E+02 1.5772E+-02
95.00% 4.9772E-+02 4.7795E+02
99.00% 4.9519E-+02 4.6774E+02
113 99.50% 3.6765E+00 1.4979E+02 2.6503E+00  8.4501E+400  4.9930E+02 4.8016E+-02
99.90% 2.7798E-+02 2.7451E-+02
99.98% 2.7760E-+02 2.7380E+02
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Figure 5.37: Comparison of the CPU time for the synthetic portfolios

upper: linear scale; lower: log scale
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Figure 5.38: Comparison of the speedups for the synthetic portfolios
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We make the following observations based on the numerical results.

Speedup of the sparse methods Figure and Table show us that

e In all testing cases tested, the sparse methods (SCONV and SFFT method) are more efficient
than the corresponding full exact methods (FCONV and FFFT). In addition, the truncated sparse

methods (TR SCONV and (EW) TR SFFT ) are faster than the corresponding sparse methods.

e The speedups for the TR SFFT and EW TR SFFT methods are very close in the cases tested,

which indicates that the additional computational cost incurred by EW TR SFFT is negligible.

e Compared with the SFFT method, the SCONV method is more efficient when the vector of condi-
tional probabilities is very sparse (C' = 2), but slightly less efficient when the vector is less sparse
(C = 18). Similar observation holds for the comparison of the TR SCONV method and the (EW)
TR SFFT method for tested portfolios.

e For a fixed portfolio, as the confidence level 7 increases, the speedup of the (EW) TR SFFT method
behaves like a decreasing step function. For example, for portfolio Iy, the speedup of (EW) TR
SFFT method for v = 99% is almost the same as that for v = 95%. However, the speedup
decreases as 7 increases to 99.5%, but thereafter remains the same level for v = 99.9% and 99.98%.
We believe this is due to the length, K, of the truncated vectors of conditional probabilities. A
larger confidence level a leads to a larger VaR, = k., and consequently a larger k. Since K is
determined by (5.3.17)), it is an increasing step function of 7. Indeed, as shown in Table for
portfolio IT;, K = 2'2 = 4096 for v = 95% and 99%, and K = 2'3 = 8192 for v = 99.5%, 99.9%
and 99.98%. The same observation can be made for other portfolios. These observations show

that the efficiency of the (EW) TR SFFT methods depends mainly on K E

17This conclusion also applies to the SFFT method, although we did not examine the impact of K on the SFFT method.
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Table 5.21: k. and K for (EW) TR SFFT method

jig} I, I1; 115

v K|k K|k K|k K

95.00% | 3536 22 | 631 2% | 3775 212 | 781 210

99.00% | 4046 22 | 782 20| 4319 213 | 941 20

99.50% | 4191 2% | 842 20| 4525 213 | 1003 2'°

99.90% | 4584 23 | 968 20 | 4959 2'3 | 1137 2!

99.98% | 4846 23 | 1084 2'!' | 5351 2! | 1261 2!

When VaR, is very large, K, could be very close to K. For example, for some portfolios, percentage
VaR,, could be larger than 0.5, then K = K, and no truncation could be made to improve the
SFFT method. Therefore, this could be a major factor which discourages people to rank (EW)
TR SFFT method over the TR SCONV method.

Impact of sparsity. Based on Table for each method, we compute the ratio of the CPU time
required for C'= 18 and for the similar portfolio with C' = 2. The results are shown in Table

Table 5.22: Ratio of CPU time for similar portfolios with C'= 18 and C' = 2

Portfolio 0% FCONV  SCONV TR SCONV  FFFT SFFT TR SFFT EW TR SFFT
95.00% 0.64 0.64
99.00% 0.64 0.63
Homo-
99.50% 2.04 570.78 50.09 0.99 2.23 0.33 0.33
geneous
99.90% 0.32 0.33
99.98% 0.60 0.60
95.00% 0.76 0.76
99.00% 0.39 0.40
Hetero-
99.50% 1.18 9.32 2.21 1.04 2.63 0.38 0.39
geneous
99.90% 0.68 0.68
99.98% 0.69 0.68

Based on the results in Table we make the following observations.

e For the convolution methods, if the portfolios are homogeneous, it takes longer to compute the

cumulative loss probabilities for C' = 18 than for C' = 2. Moreover, the impact of sparsity on the
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SCONYV method and the TR SCONV method is much greater than on the FCONV method. This
is as expected since larger C' makes the vectors of conditional probabilities less sparse, which makes
sparse convolution less effective. For heterogeneous portfolios, a similar observation holds, except
the impact of sparsity is less significant in this case, because when a portfolio is inhomogeneous,
nonzero elements are not aligned, whence the number of nonzero elements in pZ increases more
quickly than in the homogeneous case. The difference in the speed of increase of the number of
nonzero elements in pZ is more significant for C = 2 (we will see this point shortly in connection
with Table , since, when C' = 18, the vectors of conditional probabilities are less sparse, so

the number of nonzero elements in p? increases rapidly in any case.

e Sparsity has almost no impact on the FFFT method. The SFFT method runs about twice as
fast for C = 2 compared to C = 18 for both the homogeneous and inhomogeneous portfolios.
For the TR SFFT and EW TR SFFT methods, if we exclude the cases where K is different for
different values of C' (the case where the ratio of CPU times are in bold in Table , then the
ratios of CPU time are around 0.60-0.64 for homogeneous portfolios and around 0.68-0.76 for the
inhomogeneous portfolios, indicating that the (EW) TR FFT method runs faster for C' = 18 than
for C' = 2. The reason for this is that K is smaller for C' = 18 than for C' = 2, as can be seen from

Table 5211

e For the FFT methods, the impact of sparsity is less significant than for the convolution methods,
which follows from the observation that the ratios for the FFT methods are closer to 1 than are

the ratios for the convolution methods.

Impact of heterogeneity. Based on Table [5.19] for each method and each of C' =2 and C = 18, we
compute the ratio of the CPU time required for inhomogeneous portfolios over the homogenous portfolios

for the same value of C'. The results are shown in Table [5.23]
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Table 5.23: Ratio of CPU time: heterogeneous over homogenous

C o FCONV  SCONV TR SCONV  FFFT SFFT TR SFFT EW TR SFFT
95.00% 0.84 0.84
99.00% 1.64 1.63

2 99.50% 1.70 63.43 28.35 1.00 0.83 0.85 0.84
99.90% 0.83 0.84
99.98% 0.84 0.84
95.00% 0.99 1.00
99.00% 1.00 1.02

18 99.50% 0.98 1.04 1.25 1.04 0.98 0.99 0.99
99.90% 1.77 1.72
99.98% 0.96 0.96

Based on the results in Table [5.23] we make the following observations:

e Except for the SCONV and TR SCONV methods in cases where the vectors of conditional proba-
bilities are very sparse (C' = 2), the impact of heterogeneity is not very significant, since the ratios

of CPU time are within the range [0.83,1.77].

e For convolution methods, when C' = 2, it takes longer to compute the cumulative loss probabilities
for inhomogeneous portfolios than for homogeneous portfolios, and the impact of heterogeneity
on the SCONV and TR SCONV methods is much more significant than on the FCONV method.
When C' = 18, the impact of heterogeneity is not significant. For the SCONV and TR SCONV
methods, notice that shows that the CPU time depends on both the number of nonzero
elements, C, and the positions of the nonzero elements. When C' = 2, the vectors of conditional
probabilities are very sparse. For homogeneous portfolios, nonzero elements are aligned for all
obligors. This is the best case, as explained in Subsubsection [5.1.2.3] that generates the minimum
number of new nonzero elements after each convolution operation. However, for inhomogeneous
portfolios, the nonzero elements are not aligned, hence the number of nonzero elements increases
more quickly. Therefore, it takes much more CPU time for the SCONV and TR SCONV methods
to compute the cumulative loss probabilities for inhomogeneous portfolios. However, when C' = 18,
the vectors of conditional probabilities are no longer very sparse, and even for the homogeneous
portfolios, vectors of conditional probabilities are not perfectly equally spaced, which leads to a

rapid increase in the number of nonzero elements. Therefore, the impact of the difference in the
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positions of the nonzero elements between homogeneous portfolios and inhomogeneous portfolios

is much less significant, hence the impact of heterogeneity on the CPU time becomes very small.

e For FFT methods, the impact of heterogeneity is not very significant. Heterogeneity has almost no
impact on the FFFT method. For sparse FFT methods (SFFT, TR SFFT and EW TR SFFT ), if
we exclude cases where K is different for the corresponding homogeneous portfolio and inhomoge-
neous portfolio (the case where the ratio of CPU times are in bold in Table , then the ratios
of CPU times are quite stable around 0.84 for C' = 2, indicating that the sparse FFT methods
run a little faster for inhomogeneous portfolios. The reason for this is that the bit reversals of
the conditional probabilities vectors are closer to the best case we discussed in Subsection [5.2.3.4]
For C' = 18, the ratios of CPU times are quite stable around 1.00, implying that heterogeneity
has almost no impact on sparse FFT methods as well. The reason for this is similar to that
for convolution methods. That is, when the conditional probabilities vectors are not very sparse,
the impact of the difference in positions of nonzero elements between homogeneous portfolios and

inhomogeneous portfolios is much less significant.

e Compared with sparse convolution methods, the efficiency of the sparse FFT methods is much less
sensitive to heterogeneity of portfolios when the conditional probabilities vectors are very sparse
(C =2). When C = 18, the impact of heterogeneity is very limited for both sparse convolution

methods and sparse FFT methods.

5.3.4 Comparison: MC and Exact Methods

In this subsection, we compare some sparse convolution methods to the MC methods for some synthetic
portfolios.

We divide our testing cases into four groups depending on the homogeneity and the size of rating
classes. Within each group, we vary the size of portfolios to check the impact of portfolio size on methods
tested. For all portfolios, all obligors are in the highest rating class. In order to avoid discretization
errors, the loss-given-credit-event, LGC,, and the EAD, EAD,,, are specified such that each of L¢ is on
the discretization grid of loss with length of K = 2'6 = 65536 constructed by and . The

following table summarizes the portfolios used in our tests.
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Table 5.24: Testing portfolios for exact methods against MC method

Group | Homogeneity | C | ¢(n) N EAD,, | LGC;, B
1 2| 20 |2t t=2,...12 &
Homogeneous 1 0.5
2 17| 24 |26, t=2,...,10 &
3 2 | 20 |2 t=2.. 12| BAD%, | &
Heterogeneous — Unif(—1,1)
4 17| 24 |2, t=2,...,10 | EAD%, | %

The credit migration matrices used in tests in this subsection are the migration matrix in Table [5.16]
for C' = 2, and the submatrix of the migration matrix in Table for C=17.

For Groups 3 and 4, we would like to have the histogram of the EAD similar to the PDF of the
exponential distribution, whence the portfolio has more obligors with smaller EAD and less obligors
with larger EAD. Meanwhile, to make each L¢ fall on the discretization grid, we set EX\D?A,I € NT,
Zr]:[:_ol IZA\]')/‘?” =216 and Zr]:[:_ol E/A\l')/‘ln = 212, Specifically, EAD’s in Group 3 and 4 are set as follows:

Step 1 Generate X,, ~ exp(10),n=0,...,N — 1;

Step 2 For n =0,..., N — 1, calculate

v _ Zﬂ%{:{xn x 216 Group 3 .

—n— x 2'2 Group 4

i

Step 3 Forn=1,..., N — 1, calculate

— [Y.]; if Y, <medium(Y")
EAD34, = ,

|Y,]; 1Y, > medium(Y)

where medium(Y") is the medium of a sample of Y;

Step 4 Calculate
EAD3, = 2'° — 3" EAD3,,
n=1

N-1
EAD*, = 2'% — 3" EAD*;
n=1

Step 5 If E/A—\D?Ao > 0, stop, else repeat Step 1 to 5.

As an illustration, Figure shows the histogram of EADs for the portfolio with size 2'? in Group
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3 and for the portfolio with size 2'° in Group 4.

Figure 5.39: Histogram of EADs

a) Histogram of EADs for the portfolio with size 212 in Group 3
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b) Histogram of EADs for the portfolio with size 2'° in Group 4
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For each constructed portfolio, we compute the cumulative loss probabilities
Z5method[k/,] ~ P {E < lk}

for k=0,..., K —1 using the SCONV, TR SCONV and MC method, respectively, then we can compute
VaR at the confidence levels v = 95%, 99%, 99.9% and 99.98% by VaRfy”ethOd = k?e“wd& where
kZ{”EthOd = min {k : pmetred[k] > v} . Also, using the SCONV method as the benchmark, we compute the
loss probability for the TR SCONV and MC methods, pmethod [kﬁCONV], at the quantile VaRf?CONV.
Notice that, for the MC method, we vary the sample size from 22 = 4 to 2'* = 16384, and compare

the results for each sample size. For the TR SCONV method, we let the threshold for errors in the

cumulative loss probabilities be Tol = 10~* and set € by (5.1.51]).
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5.3.4.1 Accuracy

To assess the accuracy, using the SCONV method as the benchmark, we first compare the loss probability
at VaR computed by the TR SCONV and MC methods by computing the absolute difference

Prob,method __ | smethod [.SCONV] _ 2SCONV [L.SCONV
gprabmethod _ |methed [SCONV] _ jSCONV [1300NV]|
The numerical results are presented in Figures [5.40]- [5.47] We then compare VaR computed by the TR

SCONV and MC methods by computing the absolute difference

VaR,method __ method __ SCONV
5 ~ [VaR] VaR® .

The numerical results are presented in Figures -

From the numerical results, we make following observations:

e Figures - show that, for all tested portfolios, 65”1”:”% SCONV s much smaller than
5,I;T0b’MC and the predetermined the error bound T'ol = 10~* | which shows that the TR SCONV
method generates much more accurate loss probabilities than the MC method. Also note that, due
to the random nature of the MC method, 5,}; 7ob,MC flyctuates randomly (but with a downward trend

with the sample size), while the 55T0b>TR SCONV

is deterministic and constant, which indicates
that the TR SCONV method enjoys a more stable error control in loss probabilities than the MC

method.

e Figures - show that, for all tested portfolios, 627" tends to decrease as the sample
size increases. That is, the accuracy in the loss probabilities computed by the MC method tends to
improve as the sample size increases. The reason for this is that the variance of the MC estimates

deceases as the sample size increases.

e Figures - show that 5¥aR’TR SCONV s zero for most of the testing portfolios, while

5}7/ al,MC i5 generally nonzero, especially for small sample sizes. Even in the case where

5¥aR,TR SCONV
is nonzero, it is usually smaller than 5¥ al,MC " This indicates that the TR SCONV method is
more accurate at computing VaR than the MC method. The portfolio loss distribution in Merton’s
model is discontinuous and piecewise constant, hence a small fluctuation in the confidence level
might have no impact on VaR. Therefore, even though the errors in the loss probability in both

the MC and TR SCONYV methods are not zero, small errors in the loss probability might lead to

zero error in VaR.
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Figure 5.40: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 1
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Figure 5.41: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 1 (Cont’d)
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Figure 5.42: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 2
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Figure 5.43: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 2 (Cont’d)
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Figure 5.44: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 3
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Figure 5.45: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 3 (Cont’d)
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Figure 5.46: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 4
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Figure 5.47: Comparison of the errors in the loss probability at VaR computed by
the TR SCONV and MC methods
Portfolios in Group 4 (Cont’d)
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Figure 5.48: Comparison of the errors in VaR computed by the TR SCONV and MC methods
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Figure 5.49: Comparison of the errors in VaR computed by the TR SCONV and MC methods
Portfolios in Group 1 (Cont’d)
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5.50: Comparison of the errors in VaR computed by the TR, SCONV and MC methods
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Figure 5.51
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Figure 5.52: Comparison of the errors in VaR computed by the TR SCONV and MC methods

(a) v =95%
100 -
lo-l -
@102
IS
©
=}
o
£
S
w102
10
10-5 1 1 1 1 1 1 1 1 1 1 1 1
22 23 24 25 26 27 28 29 210 211 212 213 214
Sample size (V)
(b) v = 99%
100 -
10-1 -
—— MC,
— MC,
o 1072 MC,
% — MC,
E —— Mg,
£ ~—— MC, N=
g — MC,
102 MG,
~MC, N=
— MC,
“ MC,
10
10-5 1 1 1 1 1 1 1 1 1 1 1 1
22 23 24 25 26 27 28 29 210 211 212 213 214

Portfolios in Group 3

Sample size (V)

192

,N=212 e

N2l -
N=2'2 -

TR SCONV, N=2?
TR SCONV, N=2°
TR SCONV, N=2*
TR SCONV, N=2°
TR SCONV, N=2°
TR SCONV, N=2’
TR SCONV, N=2°
TR SCONV, N=2°
TR SCONV, N=2'°
TR SCONV, N=2""
TR SCONV, N=2"2

TR SCONV, N=2°
TR SCONV, N=2°
TR SCONV, N=2*
TR SCONV, N=2°
TR SCONV, N=2°
TR SCONV, N=2’
TR SCONV, N=2°
TR SCONV, N=2°
TR SCONV, N=2'°
TR SCONV, N=2""
TR SCONV, N=2"2



Figure 5.53: Comparison of the errors in VaR computed by the TR SCONV and MC methods
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Figure 5.54: Comparison of the errors in VaR computed by the TR SCONV and MC methods
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Figure 5.55: Comparison of the errors in VaR computed by the TR SCONV and MC methods
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5.3.4.2 Efficiency
To compare the efficiency, we record the CPU time in seconds required by the MC, SCONV and TR
SCONYV methods to compute the loss distribution. The results are shown in Figures -

Figure 5.56: Comparison of the CPU time to compute the loss distribution by SCONV, TR SCONV
and MC methods
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Figure 5.57: Comparison of the CPU time to compute the loss distribution by SCONV, TR SCONV
and MC methods (Cont’d)
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We make the following observations based on the testing results shown in Figures [5.56] - [5.57]

e For portfolios in Group 1, the CPU time of TR SCONV method is comparable to that of the

MC method with the sample size of 2°, and for portfolios in Group 2, the CPU time of the TR
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SCONV method is comparable to that of the MC method with the sample size of 27, except for
the portfolio with 2'° obligors where the CPU time of the TR SCONV method jumps to a level
comparable to that of the MC method with the sample size of 2''. In contrast to the CPU time of
the TR SCONV method for homogeneous portfolios, the CPU time of the TR SCONV method for
inhomogeneous portfolios increases with the the portfolio size at a faster speed when the portfolio
size is small, but at a slower speed when portfolio size is large. Even though the TR SCONV
method is slower for inhomogeneous portfolios than homogeneous ones, it is still faster than the

MC method with the largest sample size of 24

in almost all cases, with the only one exception
being for the portfolio with 2* obligors in Group 4. For example, for the portfolio with 2'2 obligors
in Group 3, the CPU time of the TR SCONV method is between that of the MC method with
the sample size of 2% and 2'°, and for the portfolio with 2% obligors in Group 4, the CPU time of
the TR SCONV method is between that of the MC method with the sample size of 2! and 2'2.
Therefore, together with our comparison on the accuracy in the last subsubsection, it is clear that

TR SCONV method is more efficient and more accurate than the MC method with a reasonably

large sample size.

The CPU time of the MC method is similar for portfolios in different groups, which shows that the
MC method is not sensitive to the sparsity and heterogeneity of the portfolio. However, testing
results in Figures - re-confirm the conclusion reached in the last subsubsection on the
impact of the sparsity and heterogeneity of the portfolio on the efficiency of the SCONV and TR
SCONYV methods: they are sensitive to the sparsity and heterogeneity of the portfolio, and as the
portfolio becomes less sparse and less homogeneous, the SCONV and TR SCONV methods run

slower.

Regardless of size, sparsity and heterogeneity of the portfolio, the TR SCONV method is con-
sistently faster than the SCONV method, which shows that dropping terms involving extremely

small probabilities is very effective in reducing the computing time of the SCONV method.
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Chapter 6

Hybrid Methods

One particular type of inhomogeneous, coarse-grained portfolio that often arises in practice is what we
call a “lumpy” portfolio, which consists of a large, fairly homogeneous, fine-grained sub-portfolio and
a small inhomogeneous sub-portfolio with large exposures to a few obligors. For lumpy portfolios, the
methods discussed in the previous two chapters have different characteristics of efficiency and accuracy.
Exact methods are very accurate, but relatively slow, even though the efficiency can be improved sub-
stantially by exploiting the sparsity. Asymptotic approximations are very fast, but their loss probabilities
are close to the true loss probabilities only when the portfolio is fairly fine-grained and close to being
homogeneous. Hence the accuracy of asymptotic approximations is problematic for lumpy portfolios. In
this section, we develop a hybrid approximation for such lumpy portfolios. This hybrid approximation
combines an asymptotic approximation (CLT or LLN) and an exact method or MC approximation. Our
goal for the hybrid method is to be more accurate than either the LLN or CLT approximation for lumpy
portfolios, but much less computationally expensive than an exact method or MC simulation.

For a given lumpy portfolio II, we first divide it into two sub-portfolios Ilhome and Iljmp. The sub-
portfolio Ilpomo is fine-grained and close to homogeneous, while the sub-portfolio IIm, consists of the
remaining few obligors which are highly heterogeneous and coarse-grained. We relabel the obligors in
IT so that obligors 0, 1, ..., Nhomo — 1 are in Ilpome, and obligors Nhomo, Nhomo + 1, ..., N — 1 are in
IIjmp, and denote the number of obligors in Ilimp by Nimp = IV — Npomo. Therefore, conditional on the

systematic risk factors Z = Z( | the loss of the portfolio II can be written as
LM (2,E) = Liomo(%; Enomo) + Limp(2, Eimp)s

where Lnomo(Z, Enomo) ald Limp(2, Eimp) are the conditional losses of the sub-portfolios homo and Ilimp,
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respectively. Consequently, given loss level [ on a discrete grid, the conditional loss probability can be

computed as

P {L(N)(z, £) < zk} = P{Lhomo(%, &) + Limp(2, €) < 11}

= E[P{ Lhomo(2, &) + Limp(2, €) < | Limp (2, €)}]. (6.0.1)

Since Ilpomo is fine-grained and close to homogeneous, an asymptotic approximation can be applied to
estimate the conditional loss probability very fast with good accuracy. Since Iy, is small, but highly
coarse-grained and heterogeneous, we can apply MC simulation or one of our exact methods to calculate
its conditional loss probability. Notice that conditional on Z = 2, Lnomo(2, Ehomo) a0d Limp(2, Eimp) are
independent, since elements in Epomo and elements in €jmp are mutually independent. Therefore, we can
easily obtain the conditional loss probability for the whole portfolio by computing the conditional loss
probability for each sub-portfolio. Depending on the method applied to the lumpy sub-portfolio, two

types of hybrid method can be developed.

6.1 Hybrid Method: MC+CLT/LLN

To compute , we can apply MC simulation to generate i.i.d. samples of Limp(2,E), then calcu-
late the loss probability conditional on each of these samples, and use the sample mean to approxi-
mate the expectation. To this end, we first sample from the multivariate standard normal distribution
N (0, IN\mprmp) to obtain samples of the individual risk factors Sl(rzzj, v=1,...,V, and then generate

V loss scenarios 1) (2), 1@ (z), ..., IV)(z) by

N-1 Cc—1

v -

lop(@) = 2 wn [ LGOS et r e e |- (6.1.1)
= = Al <e <Gl
1= Nhomo c=0 { \/175£ﬁn - \/1*["%571, }

From (6.0.1)) and (6.1.1)), we now have

<=
M=

P {L(N)(z,g) S l} ~ P { Lhomo(za ghomo) + lep(zyglmp) S lk| lep(zvglmp) == l&;(z)}

1

S
Il

<| =

M=

P {Lhomo(za Ehomo) < lk - l%;(z)} . (612)
1

S
I
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Notice that, for the second equation, we used the fact that conditional on Z = 2, Lpomo(Z, Ehomo) and
Limp(2, Eimp) are independent.
On the other hand, since Iljome is fine-grained and close to homogeneous, an asymptotic approxima-

tion can be applied to estimate the portfolio loss. If we use the CLT approximation, then

Lhomo(z; ghomo) ~ Uhomo(z)X + ,uhomo(z)7 (613)

where X ~ N(0,1), 02,..(2) = V[Lhomo(2, Ehomo)] and fihomo(2) = E [Lhomo(2, Enomo)]. Substituting
(6.1.3) into (6.1.2), we have

Q

< \

P{L<N>(z,£)§z} P { Ghomo(2)X + fnomo(2) < Ik — iy (2) }

< G ““°m°(z)) . (6.1.4)

Uhomo(z)

<1 \

3

If the LLN approximation is applied instead of the CLT approximation, then Lpomo(Z,Enomo) =

Hhomo (z) > and

1 Vv
(N) ~= 3
F {L (2,8) < lk} Y vzl]I{;Lhomc,(z)szk—z(“)(z)}- (6.1.5)

Imp

To summarize, on the discretized gird, the portfolio loss probability is calculated by the MC+CLT /LLN
method as follows
\%

_ (u)
Z P (lk lm(ﬂ(ﬁj)) “homo) , MC+CLT,

1 T homo

S
<

P{L <)} = (6.1.6)

4

1

0=1 { Mo S, u, v>}

1

MC+LLN,

c
<

IS IS
£MQ|§MQ

where m(wv) = (% U)/(S uhomo L Lihomo (Z(u)) (W) 2 Ohomo (Z(u)) , and Z™) is the uth realization

Imp Thomo

of the systematic risk factor in the MC simulation.
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6.2 Hybrid Method: EXACT+CLT/LLN

We can also apply one of the exact methods to calculate the conditional probability mass function of

the loss of the lumpy sub-portfolio ITjyp:
P {lep(zv glmp) = lm} £ pmp(z)’ (621)

for m € ci|mp, where (i.mp £ {m : pl’;”np(z) #+ O} is the set which includes indices of nonzero elements in

the loss probability vector as shown in Algorithm |5.3] Therefore, from (6.0.1) and (6.2.1]) we have

P {L(N)(zag) < lk} = Z IP){Lhomo(zv‘ghomo) + lep(za 8Imp) < lk| lep(zaglmp) = lm}pmp(z)

medlmp

Z IP){Lhomo(zv‘ghomo) < lk - lm}pmp(z%

medlmp

Notice that, as in MC+CLT /LLN method, we used the fact that conditional on Z = 2, Lpomo(2, Enomo)
and Limp(2, & imp) are independent to obtain the second equation. Applying CLT/LLN to the homoge-

neous sub-portfolio, we have

d I
PP ‘I’<”"?>“) P EXACT+CLT,
]P){E S lk} _ u;lme Imp homo (622)
L (m,u)
Uu;mez. H{nﬁsgoszmm}pmp , EXACT+LLN,

where pl(r:;’”) £ Pimp (Z(“)) and Z™ is the uth realization of the systematic risk factor in the MC

simulation.

Among the exact methods developed in the previous chapter, we believe the best choice of the exact
method to apply to the lumpy sub-portfolio is the truncated sparse convolution method. Compared with
the sparse convolution method, it provides significant improvement in efficiency at a cost of a user con-
trolled loss of accuracy. Compared with the truncated sparse FFT method with exponential windowing,
the truncated sparse convolution method only introduces truncation errors caused by dropping products
of extremely small probabilities, while the truncated sparse FFT method with exponential windowing
suffers from the two types of errors: (1) conditional probabilities, pi (), m > K, are ignored, where K
is the length of the truncated version of the conditional loss probability vector of the lumpy sub-portfolio;
(2) aliasing errors are introduced in the computation of py (z), m < K. An additional complication

associated with using the truncated sparse FFT method is that, it is not easy to determine KEI and the

I This is not a problem if we apply the (truncated) sparse FFT method with exponential windowing to calculate VaR. of
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optimal 7 chosen to compute the truncated conditional loss probability Vectorﬂ

6.3 Implementation of the Hybrid Methods

In this section, we discuss how to implement the hybrid methods to calculate the portfolio loss distribu-

tion and VaR based on (6.1.6) and (6.2.2).

6.3.1 Implementation of the Hybrid Methods to Compute the Portfolio Loss

Distribution
6.3.1.1 Implementation Details

Several factors should be considered carefully when implementing the hybrid methods to compute the
portfolio loss distribution efficiently.

First of all, it is not efficient to directly implement for the MC+LLN method or for the
EXACT+LLN method. Given I, —[fw" and iy

mo’

a direct implementation of (6.1.6)) for the MC+LLN
method costs UV K evaluations of the indicator function and the summation of UV K terms. Similarly,
(6.2.2) for the EXACT+LLN method requires U HJ;,,,—1 K evaluations of the indicator function and the

(i|mp is the the number of nonzero values in the

summation of UHy, 1K terms, where Hy, 1 =
vector of loss probabilities of the lumpy sub-portfolio as defined in Theorem Alternatively, two

better options are offered for the MC+LLN method:

e Sort a = {u,(:ér)no e, u=1,... U, v=1,..., V} in ascending order, denoted by

a={amy: a1 <ag <---<ayy}, then, for each k =0,..., K — 1, compute P{L < I} by

My
P{L <y} = —,
{L<l} =gy

where my = max{m: @, <lx, m=1,...,UV}. A good sorting algorithm, such as quick sort

and merge sort, can sort a(*?) in O(UV logUV) comparisons, and a bisection search for my, for

the whole portfolio, in which case K can be estimated by a pre-run of the CLT approximation or LLN approximation. By
a pre-run of CLT method, one can obtain VaR, denoted by VaR.;, obtained by the CLT method, then K can be estimated
by
K =min {2" 2" > VaRey } .
2The proposed method to determine the optimal 7 discussed in the previous section does not apply in this case since
it is designed to compute the optimal 7 for the cumulative unconditional loss probability function valued at a particular

point, P{L <[}, while in the hybrid method, the exact method is used to calculate the conditional probability mass
function of the lumpy sub-portfolio.
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allk=0,..., K —1 requires O(K log, UV') comparisons. The total number of comparisons needed

by this option is O(UV log UV) given UV > K.

For each u = 1,...,U, sort a(*) = {u,(f;r)m F e, v=1,..., V} in ascending order, denoted by

a™W = {CL(#) : dgu) < dgu) << &S‘)}, then, for each £ =0,..., K — 1, compute P{L <} by

U
1 (u)
P{L<Il}= W;mk )
where m,(gu) = max {m : dﬁ,ﬁ‘) <lg, m=1,..., V}. Sorting a(®*) requires O(UV log V') compar-
isons for all w = 1,...,U, a bisection search for m,iu) forallu =1,...,U and k =0,..., K — 1
requires O(U K log, V') comparisons and the summations require O(UK) FLOPs . The total num-

ber of operations (i.e. comparisons or FLOPs) needed by this option is O(U K log, V) given K > V.

Both options are less computationally intensive than the direct implementation of (6.1.6)) for the MC+LLN

method, which requires O(UV K) FLOPs. Comparing the two options, we believe the second option is

often likely to be better even though its total number of FLOPs is larger than that required by the first

option. The reason for this is, the first option needs to store and access a huge vector, a, of UV elements

while the second option only needs to store and access a vector, a(*), of V elements. If the sample sizes

U and V are very large, the system might not have large enough memory to store UV elements, and,

even if the system is able to hold UV elements, memory access to a very long array could be very slow,

which could offset the gain in CPU time from less operations. For the EXACT+LLN method, a similar

strategy can be applied. For example, for the second option, instead of sorting a(*), we need to sort the

matrix

W _ | w W
A = a( ), p|mp ’
- T
u (u) Y
a = _Mhomo + ldlmp[l]’ e a/“Lk(mr)no + lJ'mP[HNImp’l]} ’
- 5 T
u dimp[1],u (d'mP[HNmp_l]’u)
pl(ml)a = I(mp )"”7plmp | ] ’

by the first column in ascending order, denoted by

Al = [fﬁ“% ﬁfﬁﬂ :
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then for each k£ =0,..., K — 1, compute P{L < ;} by

()
U my

1 (m,u)
P{L<I}= i ;;p,mp , (6.3.1)
where m,(vu) = max {m: a;Zf) <lg, m= 1,...,HN,mp_1}. Sorting A by its first column requires
O(UHN,,,~1log Hy;,,,—1) comparisons for all u = 1,...,U, a bisection search for m,(eu) forallu=1,...,U

and k = 0,..., K — 1 requires O(UK logy Hy;,,—1) comparisons. Notice that, unlike the MC+LLN
method, for the EXACT+LLN method, summations in (6.3.1)) take O(UK Hy;,,—1/2) FLOPs on aver-
age. Therefore, the total number of FLOPs needed by this option is still O(UK Hy;,,—1). Even though

(6.3.1) requires less FLOPs to compute summations than (6.2.2)), the total saving on the computational

effort by (6.3.1)) over (6.2.2) for the EXACT+LLN method is not as large as that for MC+LLN method.

Secondly, for the EXACT+CLT method, for each u = 1,...,U, a naive implementation of ([6.2.2))

) ~
could compute ¢ (W) for every k =1,..., K and m € djmp. This wastes computational time

homo

. . L=l —p™) L =Ly — i)
on computing duplicate values of ® ('W) For example, the value of ® ( km(iu)”“""“’ based on
Thomo Fhomo

the combination of kK = 3 and m = 1 is exactly same as for k =4 and m =2, or £k = 5 and m = 3, etc.,

since Iy — l,, = (k —m)d. This could result in a severe loss in efficiency since the computation of the

normal CDF function ® is costly. Instead, for each w =1,...,U, one can first compute and save
() li ~ fihen ; 7
oY) = @ | L Lhome ) i = —max (d|mp) .....K—1—min (d.mp) 7 (6.3.2)
Thomo
and then compute
U
1 u) (m,u)
P{L <} = EZ ST e pim. (6.3.3)
u:lmelj‘mp

Compared with the naive implementation of the EXACT+CLT method based on , the implemen-
tation based on and can reduce the number of evaluations of the normal CDF function
significantly from K Hy;, 1 to K —min (J.mp) +max ((i.mp>. This trick can be applied to the MC+CLT
method as well.

Based on discussion above, we propose Algorithms|[6.1]- [6.4] to compute the portfolio loss distribution
by the MC+LLN, EXACT-+LLN, MC+CLT and EXACT+CLT methods, respectively.
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Algorithm 6.1 MC+LLN method to compute P{L <;}, k=0,..., K —1
Input: Subportfolio IThomo, limp and loss levels I;

Output: p;

1: p<+ 0;

2: foru=1:Udo

3: Generate Z(W) | z « 2, # O(US) FLOPs
4: Compute uﬁzr)m based on z, fthomo ,uﬁ:rlo; # O(UNpomo) FLOPs
5: forv=1:V do

6: Generate Sfr::;’v), €lmp Sfr::[’,v); # O(UV Nimp) FLOPs
7 Compute I (u,») based on z and €imp, lmp[v] <= 1, (u,v); # O(UV NimpC) FLOPs
8: afv] < fhomo + limp[V]; # O(UV) FLOPs
9: end for
10: sort(a); # O(UV log(V) FLOPs
11: fork=0: K—1do
12: Apply bisection search to find m,g") based on a and [[k], m + m;ﬂu) ; # O(UK logy(V)) FLOPs
13: plk] < plk] + m; # O(UK) FLOPs
14: end for
15: end for
16: p < p/(UV); # O(K) FLOPs

17: return p;

Algorithm 6.2 EXACT-+LLN method to compute P{L <y}, k=0,... K —1
Input: Subportfolio Ilhome, Ilimp and loss levels I;

Output: p;

1: p <+ 0;

2: foru=1:Udo

3: Generate Z2(W), z « (), # O(US) FLOPs
4 Compute ,uﬁzr)no based on 2, phomo uﬁzzw; # O(UNpomo) FLOPs
5 Compute HNlmp_17 cﬂmw and pf::g based on z by an exact method, p,, < pf::g;

# O(UC?N? ) FLOPs (best case, SCONV)
# O(UCNmp) FLOPs (worst case, SCONV)

6: for v =0: HN|mp—1_1 do

T afv] < phomo + l[dlmp[v”§ # O(UHN|mp_l) FLOPs
8: fork=0: K—1do

9: plk] « plk] + H{a[vlgl[k]}plmp[dlmp[v]]§ # O(UKHN‘mpfl) FLOPs
10: end for

11: end for

12: end for

13: p+ p/U; # O(K) FLOPs

14: return p;
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Algorithm 6.3 MC+CLT method to compute P{L <}, k=0,..., K —1
Input: Subportfolio IThomo, limp and loss levels I;

Output: p;

1: p<+ 0;

2: Compute indices of minimum and maximum loss of the lumpy sub-portfolio i,,in and imaaz; # O(Nimp) FLOPs
3: foru=1:Udo

4: Generate Z2(W), z « (), # O(US) FLOPs
5: Compute ,uﬁzr)no and ‘7}(13210 based on z, fhomo ,uﬁzr)no, Ohomo U}EZ&O; # O(UNpomo) FLOPs
6: for i = iyin ¢ tmax dO

7: D] « @ (%) # O(UK) FLOPs
8: end for

9: forv=1:V do
10: Generate Sfr:év), €lmp — 8|(r:,;v)§ # O(UV Nimp) FLOPs
11: Compute I, (u,») based on z and €jmp, m[v] <= m(wv); # O(UV NimpC) FLOPs
12: fork=0: K—1do
13: plk] < plk] + @[k — m[v]]; # O(UVK) FLOPs
14: end for
15: end for
16: end for
17: p«+p/(UV); # O(K) FLOPs

18: return p;

Algorithm 6.4 EXACT+CLT method to compute P{L <3}, k=0,...,K —1
Input: Subportfolio IThemo, [limp and loss levels I;

Output: p;

1: p+ 0

2: Compute indices of minimum and maximum loss of the lumpy sub-portfolio i,,in and imax; # O(Nimp) FLOPs
3: foru=1:U do

4: Generate Z(W), z « 2, # O(US) FLOPs
5: Compute /,L:]Zr)no and Ur(]::n)no based on z, thomo ,LL:]Z;O, Ohomo aﬁgg]o; # O(UNpomo) FLOPs
6 Compute HNImP,l, J|mp, and pﬁ:g based on z by an exact method, Pimp pl(ljfg;

# O(UC?N ) FLOPs (best case, SCONV)
# O(UCNmp) FLOPs (worst case, SCONV)

7: for i = imin ¢ imax dO

8: i) @ (%) # O(UK) FLOPs
9: end for

10: forv=0: HN|mp71*1d0

11: fork=0: K—1do

12: plk] < plk] + @[k — dimp[V]]Pimp dimp [v]]; # O(UKHy,, 1) FLOPs
13: end for

14: end for

15: end for

16: p « p/U; # O(K) FLOPs

17: return p;

6.3.1.2 Complexity Analysis

In this subsection, we examine the complexity of the hybrid methods to compute the whole loss
distribution, P{L <}, for £ = 0,..., K — 1, Our analysis is based on the following observations:

K>»V>»Nmnp2C,and UV 2 K.
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e For the MC+LLN method, Algorithm shows that the total complexity to compute the whole

loss distribution is O (U log, VK'), where we use the observation that K log, V 2 V NimpC';

e For the MC+CLT method, Algorithm [6.3] shows that the total complexity to compute the whole

loss distribution is O (UV K), where we use the observation that KX > Nim,C;

e For EXACT+LLN/CLT methods, Algorithmandshow that the total complexity to compute
the whole loss distribution in the best case is O (UKHN|mP—1) = O (UK NimpC), where we use the

observation that KHy, 1 > C?NZ  and the fact Hy, —1 = NimpC by (6.1.30). In the worst

2
mp
case, the complexity is O (UHy,,,—1K) = O (UCNm K, where we use the fact Hy,, 1 = CNm

by (5.1.34).

As a comparison, to compute the whole portfolio loss distribution, the pure MC method requires
O(UVNCQC) FLOPSEL SCONV method requires O (UNQCQ) FLOPs in the best case, and O (UCN)
FLOPs in the worst caseﬂ and the TR SCONV method requires much less computation than the SCONV
method. Hence, if the goal is to compute the whole loss distribution, it is clear that all the hybrid meth-
ods, except possibly the MC+LLN method, have a very slim advantage in efficiency over the MC method,

or may even be inferior to it.

6.3.2 Implementation of the Hybrid Methods to Compute VaR
6.3.2.1 Implementation Details

VaR of a portfolio can be easily determined once the loss distribution of the portfolio is calculated.

However, it is not necessary to compute the whole loss distribution to determine VaR. Notice that

the portfolio loss probability, P{L < I}, as shown in (6.1.6) and (6.2.2]) for the hybrid methods, is an

increasing function of the loss percentage level, I, hence one can apply a bisection search to calculate
VaR. The number of evaluations of the portfolio loss probability function is at most log, K in this case.
This is much less than K, which is required to compute the whole loss distribution. Since we only need
to evaluate the portfolio loss probability function at log, K loss percentage levels, rather than all K loss
percentage levels, improvements designed to calculate the whole loss distribution in the last subsection
are not efficient when calculating VaR.

We propose below two new schemes to implement the bisection search to calculate VaR based on the

hybrid methods.

3The complexity of the pure Monte Carlo method to compute the loss distribution is similar with that of the Monte
Carlo method applied to the lumpy sub-portfolio in the MC+CLT/LLN method.

4The complexity of the SCONV method to compute the loss distribution is similar to that of the SCONV method
applied to the lumpy sub-portfolio in the EXACT+CLT/LLN method.
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e Memory-intensive Scheme Calculate and store l,,,(u.v) , u=1,...,U and v =1,...,V for the

MC+CLT /LLN method, or Iy, and p{"™™ w=1,...,U and m € dimp for the EXACT+CLT/LLN

Imp u

(m7u)

method, then perform the bisection search based on the stored [,,,(u.») , or l,; and Dimp

. Algorithms
based on this scheme are presented in Algorithm for the MC+CLT/LLN method, and in

Algorithm for the EXACT+CLT/LLN method.

Algorithm 6.5 MC+CLT/LLN method to compute VaR,(£) (Memory-intensive Scheme)

Input: Subportfolio Ilhemo, limp and loss levels I, ;

Output: VaR;
1: foru=1:U do
2: Generate 2", z « (), # O(US) FLOPs
3: Compute uﬁzzw and 0}22210 based on 2z, fhomo|u] /‘}(11:210’ Chomo|U] 0'}(1701}310; # O(UNpomo) FLOPs
4: forv=1:V do
5: Generate El(r:;)v), €lmp Sl(r:[;v); # O(UV Nimp) FLOPs
6: Compute I, (u,) based on z and €imp, {[u, V] <=1 (u,0); # O(UV NimpC) FLOPs
7 end for
8: end for
9:
10: kL < 0, kg +— K — 1;
11: while k| # kg do
12: km < [(kL + kr) /27;
13: p <+ 0; # O(log,(K)) FLOPs
14: foru=1:Udo
15: forv=1:V do
p+® (l[kM]_llrr:[“v”[]u_]P‘homo[“]) ., MC+CLT,
16: p home # O(UV logy(K)) FLOPs
P ol <l —timp o}, MOTEEN,
17: end for
18: end for
19: p <« p/(UV); # O(logy(K)) FLOPs
20: if p < then
21: ki < km;
22: else
23: kR — k‘M;
24: end if
25: end while
26:
27: VaR « [[ky];
28: return VaR;
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Algorithm 6.6 EXACT+CLT/LLN method to compute VaR,(£) (Memory-intensive Scheme)

Input: Subportfolio Ilhemo, Ilimp and loss levels I, v;

and ?homo

Compute HNImp_17 dlmp7 and p

p+¢(

p+1

Generate Z(W) | z + 2,

(u)
(u

Im

forv=0: HNImp,l —1do

(

g based on z by an exact method, pj,,[u,:] < p,

Thomo 1]

{ thomo [ <U[K] —Limp [, dimp

Output: VaR;
1: foru=1:U do
2:
3: Compute ,U,}EZI)“O
4:
5: end for
6:
7 kLHO,kR%Kfl;
8: while k_ # kg do
9: km +— [(k)L + kJR) /2—‘ H
10: p <+ 0;
11: foru=1:U do
12:
13: p
FLOPs
14: end for
15: end for
16: p <« p/V;
17: if p < v then
18: kL < kwm;
19: else
20: k‘R — k‘M;
21: end if
22: end while
23:
24: VaR < l[knm];
25: return VaR;

1[k]—=limp [, dimp [V]] — homeo [ =
(k) Hon (1 i [0]] = o ])nmp[u,dlmp[v]l,

[v”}nmp[u’(i'mp[vﬂv

# O(US) FLOPs

based on 2, fhomo[u] ,u,hz)mo, Chomo|U] o # O(UNpomo) FLOPs

homo?
(u),

Imp?

# O(UC?N( ) FLOPs (best case, SCONV)
# O(UCNmp) FLOPs (worst case, SCONV)

# O(logy(K)) FLOPs

EXACT+CLT,
# O(UHp,, —1logs(K))
EXACT+LLN,

# O(logy(K)) FLOPs

e Memory-saving Scheme For each evaluation of the portfolio loss probability function, re-

calculate l,uvy ,u =1,...,Uandv = 1,...,V, using the same random seed for the MC+CLT/LLN

method, or [,,, and p

Imp

(m’“), u=1,...,U and m € J.mp, for the EXACT+CLT/LLN method. Algo-

rithms based on this scheme are presented in Algorithm for the MC+CLT/LLN method, and

in Algorithm for the EXACT+CLT/LLN method.
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Algorithm 6.7 MC+CLT/LLN method to compute VaR.,(£) (Memory-saving Scheme)

Input: Subportfolio Ilhemo, Ilimp and loss levels I, v;

Output: VaR;

1: k’L(—O,k’R<—K—l;

2: while k| # kg do

3: km <« [(kL + kr) /2]; # O(log,(K)) FLOPs
4: p <+ 0;

5: foru=1:Udo

6: Generate Z(W, z + Z(*) with seed 0; # O(USlog,(K)) FLOPs
7 Compute I‘l(er)no and Uﬁggm based on 2, phomo u,izr)no, Thomo 0'}(13210; # O(U Nhomo logo(K)) FLOPs
8: forv=1:V do

9: Generate £|(r:’;“), €lmp 8;::’;“); # O(UV Nimp logy(K)) FLOPs
10: Compute I, (u,) based on z and €jmp, I[v] <=1, (u,0); # O(UV NimpC'log,(K)) FLOPs

{er & <l[kM]—l|Umhp[U]—uhomo) . MC+CLT,
11: D ome # O(UV logy(K)) FLOPs
Pt o<t —timplot},  MOTEEN

12: end for

13: end for

14: p < p/(UV); # O(log,(K)) FLOPs
15: if p <y then

16: kL < km;

17: else

18: kr < km;

19: end if
20: end while
21:
22: VaR + l[kM];
23: return VaR;
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Algorithm 6.8 EXACT+CLT/LLN method to compute VaR.,(£) (Memory-saving Scheme)
Input: Subportfolio Ilhemo, Ilimp and loss levels I, v;

Output: VaR;

1: kL <0, kr +— K — 1;

2: while k_ # kr do

3: km <« [(kL + kr) /2]; # O(log,(K)) FLOPs
4: p <+ 0;

5: foru=1:Udo

6: Generate Z(W, z  Z(W); # O(USlogy(K)) FLOPs
7 Compute I‘l(er)no and Uﬁggm based on 2, phomo u,ﬁzr)no, Thomo 0'}(13[210; # O(U Nhomo logo(K)) FLOPs
8: Compute HNlmp_l, ti|mp, and pl(::g based on z by an exact method, pj,, < pl(r:g;

# O(UC’QNl?np log,(K)) FLOPs (best case, SCONV)
# O(UCNme log,(K)) FLOPs (worst case, SCONV)
9: forv=0: HN|mp—1_1d0
bt d (z[k]fz|mp[u;hi‘mp[vnfuhomo) prpldme[v]l, EXACT4+CLT,
10: D ome . # O(UHn,,,—1logy(K)) FLOPs
P L o 4] <118] iy o) P i 0]]: - EXACTFLLN,
11: end for
12: end for
13: p < p/V; # O(log,(K)) FLOPs
14: if p <y then
15: kL < km;
16: else
17: kr < km;
18: end if
19: end while
20:

21: VaR « l[kM];
22: return VaR;

Compared to the memory-saving schemes, the memory-intensive schemes reduce the number of
FLOPs by a factor of log, K but increases the memory usage by a factor of U. As we discussed in
the last subsection, memory access to a very long array could be very slow, which could offset the

advantage of fewer FLOPs. Therefore, we believe the memory-saving scheme is preferable.

6.3.2.2 Complexity Analysis

In this subsection, we examine the complexity of the hybrid methods to compute VaR, VaR,(L). Our

analysis is based on the following observations: K >V > Nimp, 2 C, and UV 2 K.

~

e For the MC+CLT/LLN method, Algorithm shows that the total complexity to compute VaR
is O (UV NimpC'log, K);

e For the EXACT+LLN/CLT method, Algorithm shows that the total complexity to compute
VaR in the best case is O (UC’QNﬁnp log, K) . In the worst case, the complexity is O (UHN‘mp_l log, K)
=0 (UCN'mp log, K), where we use the fact Hy, 1 = CNme by (5.1.34).
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The complexity of the benchmark pure MC method and the (TR) SCONV method to calculate VaR is
similar to that required to calculate the whole distribution. Therefore, if the goal is to compute VaR,
it is clear that all hybrid methods are more efficient than the benchmark pure MC method and (TR)
SCONV method.

6.4 Numerical Results and Comparisons

We end this chapter with a comparison of the accuracy and efficiency of the hybrid methods developed in
this chapter and the MC, asymptotic and exact methods developed in earlier chapters. The comparison
includes the computation of both the loss distribution and VaR with different confidence levels.

As mention in Subsection [6.1] a lumpy portfolio is a portfolio consisting of two sub-portfolios: a
large, fairly homogeneous sub-portfolio and a small heterogeneous sub-portfolio, where the obligors in
the fairly homogeneous sub-portfolio have about the same EAD, while the obligors in the heterogeneous
sub-portfolio have substantially larger EAD. For our tests, we construct eight testing lumpy portfolios

differing in the following factors:
e Number of obligors in the homogeneous sub-portfolio: 64 or 2048;

e Homogeneity of the homogeneous sub-portfolio: homogeneous or inhomogeneous, depending on

whether 3,, are identical or randomly generated from Unif(—1,1);
e Size of rating classes: 2 or 17.

For all the portfolios, all the obligors start in the highest rating class. In order to avoid discretization
errors, the loss-given-credit-event, LGC;,, and the EAD, EAD,,, are specified such that each L¢ is on

the discretization grid for the loss with length of K = 2'6 = 65536 constructed by (5.1.13)) and (5.1.14)).

The following table summarizes the portfolios used in our tests.
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Table 6.1: Testing portfolios for hybrids methods against exact/MC methods

Homogeneous sub-portfolio Inhomogeneous sub-portfolio
Portfolio | C | ¢(n) | LGCE
Nhomo | EADy, Bn SEAD, | Nimp EAD,, Bn STEAD,
64-1 2 20 1-55
0.5 0.5
64-2 7] 2t | 1-% o
64 1 64 16 EADS4,, 448
64-3 2 20 1-55
Unif(—1,1) Unif(—1,1)
64-4 17 | 24 1-57
2048-1 2 20 |1-5
0.5 0.5
2048-2 | 17 | 2% | 1-% o
2048 1 2048 64 | EAD?2048, 2048
2048-3 2 20 |1-5
Unif(—1, 1) Unif(—1, 1)
2048-4 7] 2t | 1-%

The credit migration matrices used in the tests in this subsection are the migration matrix in Table

for C' = 2, and the submatrix of the migration matrix in Table for for C' =17 .

In the portfolios with 64 obligors in the homogeneous part, there are 16 obligors in the inhomoge-

neous part. In the portfolios with 2048 obligors in the homogeneous part, there are 64 obligors in the

inhomogeneous part. The EADs of obligors in the inhomogeneous sub-portfolio are generated in a way

similar to that used in Subsection That is, we specify the EADs as follows.

Step 1 Forn =0,...
Step 2 For n =0, ...

Step 3 Forn=1,...

, Nimp — 1, generate X,, ~ exp(10);

7JV|mp - 1, calculate

N)fi’{x x 448,  for EADS4,,

Y, = { Xnco Xn :
ﬁ x 2048, for EAD?2048

, Nimp — 1, calculate

[Y,]; ifY, < medium(Y)

)

if Y,, > medium(Y")

EAD,
\_YnJ ;
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Step 4 Calculate

Aﬂmp4*1 o
EADG) =448 — »~ EADS,,
n=1
—_~— ]\hnu)"l —_~—
EAD2048; = 2048 — EAD2048,;
n=1

Step 5 If EAD64,2048 ~ (), stop, else repeat Step 1 to 5.
As an illustration, Figuresand show the histograms for EAD%4,, and EAD?2048, | respectively

Figure 6.1: Histogram of EADs for inhomogeneous portfolios

(a) Histogram of EAD%4,,

# of obligors
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(b) Histogram of EAD?2048,,
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200 250
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6.4.1 Comparison for Computing the Loss Distribution

For each constructed portfolio, we compute the cumulative loss probabilities
ﬁmethod[k] - P{ﬁ < lk}
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for k=0,...,K — 1 using the LLN, CLT, Hybrid MC+LLN (Algorithm , Hybrid MC+CLT (Algo-
rithm , MC, TR SCONV, and SCONV method. For the TR SCONV method, we let the threshold
for the errors in the cumulative loss probabilities be Tol = 1074, and set € by (5.1.51)). For the MC

method, we set the sample size to U = 2, V = 212,

6.4.1.1 Accuracy

Figures - compare the loss probabilities P{£ < I3} and P{L > I} } for different testing portfolios
computed by different methods. Since the tail is very close to zero and very flat, we plot P{L£ >} on a
semi-log scale. To further assess the accuracy, we use SCONV method as the benchmark, and compute
the absolute errors in the loss probabilities by:

5Prob,method _
k = p

2amethod [k] _ ~SCONV [k” )

Figures - present these absolute errors.
We make the following observations about the numerical results in Figures -

1. Both the CLT approximation and the LLN approximation fail to produce accurate loss distribu-
tions. The distributions generated by the MC+CLT approximation and by the MC+LLN approx-
imation are much closer to the true distributions, and the accuracy of these two hybrid methods
is comparable with that of the pure MC simulation. This shows that the hybrid methods’ use of a
MC simulation for the lumpy sub-portfolio is effective, and the hybrid approximations are indeed

superior to the corresponding pure asymptotic approximations in terms of accuracy.

2. When the loss level [ is not too big, the TR SCONV method produces the most accurate loss
probabilities. As the quantile /) increases, errors associated with the two hybrid approximations
decrease, while errors associated with the TR SCONV method increase. For our testing portfolios,
given the selected sample sizes and drop tolerance, the two hybrid approximations tend to outper-
form the TR SCONV method to produce extremely large loss probabilities in the right tail of the

loss distribution (P{£ < I3} >1—1078).

3. From Figures [6.10] - we see that the errors associated with the MC+CLT approximation are
usually smaller than those for all approximations other than TR SCONV. Errors associated with
the MC+LLN approximation are smaller than those associated with the CLT approximation and
the LLN approximation. Though errors associated with the MC+LLN approximation are generally

larger than those associated with the MC+CLT, the difference in accuracy for two hybrid methods
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is not material, especially at the high probability end.

Figure 6.2: Comparison of the loss distribution
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Figure 6.3: Comparison of the loss distribution (Cont’d)
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Figure 6.4: Comparison of the loss distribution (Cont’d)
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Figure 6.5: Comparison of the loss distribution (Cont’d)
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1-P{L< I}

Figure 6.6: Comparison of the loss distribution (Cont’d)
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1-P{L< I}

Figure 6.7: Comparison of the loss distribution (Cont’d)
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1-P{L< I}

Figure 6.8: Comparison of the loss distribution (Cont’d)
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Figure 6.9: Comparison of the loss distribution (Cont’d)
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Figure 6.10: Comparison of the errors in the loss distribution
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Figure 6.11: Comparison of the errors in the loss distribution (Cont’d)
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Figure 6.12: Comparison of the errors in the loss distribution
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Figure 6.13: Comparison of the errors in the loss distribution (Cont’d)
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6.4.1.2 Efficiency

Figure compares the CPU time in seconds required by the tested methods, as well as the speedup
of the the MC+LLN method relative to the pure MC, TR SCONV and SCONYV methods, to compute
the loss distribution. In the bottom part of Figures and we plot the CPU time on a semi-log

scale to better distinguish the efficiency of different methods. We make the following observations.

1. In all our tests, the MC+LLN method is faster than the MC method. Compared with the MC
method, the MC+LLN method is more than 3 times faster for the coarser portfolios 64-1, 64-2,
64-3 and 64-4, and more than 50 times faster for the finer portfolios 2048-1, 2048-2, 2048-3, and
2048-4. There are two sources for this speed-up. First, fewer random numbers are generated by
the hybrid approximations compared to the MC approximation. As mentioned earlier, the MC
approximation generates U-(V - N + S) random numbers, while the hybrid approximations require
only U - (V- Nimp + §) random numbers, where usually Nimp < N. (For our numerical results,
N = 64, 2048, while Njmp = 16, 64.). Secondly, because Nimp < N, the computational work
required for is much less than that required for , which accelerates the computation

significantly.

2. In all our tests, the MC+CLT method is significantly slower than the MC+LLN method, and
it is even slower than the MC method, as in Subsection [6.3.1.2] predicted. Since the MC+CLT
and MC+LLN methods are comparable in accuracy, we recommend using the MC-+LLN method

instead of the MC+CLT method to compute the loss distribution.

3. In most of our tests, the MC+LLN method is significantly faster than the SCONV method, es-
pecially for finer portfolios with a complex rating system. On the other hand, the speed of the
MC+LLN method is comparable to that of the TR SCONV method for portfolios 64-1, 64-2, 64-3,
64-4, 2048-1 and 2048-3. Given that the TR SCONV method is more accurate than the MC+LLN
method to generate most of the loss probabilities, we recommend using the TR SCONV method
to compute the loss distribution for coarse portfolios with more complex rating systems. However,
the MC+LLN method is more than 10 times faster than the TR SCONV method for Portfolio
2048-2 and 2048-4, which shows that, for a very fine portfolio with a complex rating system, the

MC+LLN method provides a very good balance between accuracy and efficiency.
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Figure 6.14: Comparison of efficiency in computing the loss distribution
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6.4.2 Comparison for Computing VaR

For Portfolios 2048-1 and 2048-2, we compute VaR at the confidence levels v = 95%, 99%, 99.9% and
99.98% by the following methods: LLN, CLT, Hybrid MC+LLN (Algorithm , Hybrid MC+CLT
(Algorithm[6.7)), MC, Hybrid TR SCONV+LLN (Algorithm [6.8), Hybrid TR SCONV+CLT (Algorithm
, TR SCONV, Hybrid SCONV+LLN, Hybrid SCONV+CLT and SCONV method. As in Subsection
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for the TR SCONV method, we set the threshold for errors in the cumulative loss probabilities to
Tol =107, and set € by (5.1.51). For the MC method, we set the sample size to U = 24, V = 212,

6.4.2.1 Accuracy

To assess the accuracy of these methods, we use VaRs calculated by the SCONV method as the bench-

mark, and compute the errors in VaRs computed by other methods by

VaR,method __ method SCONV
5 — |[VaR; VaR? .

The testing results are presented in Figure[6.14] where we plot the errors on a semi-log scale in the bottom
part of each subfigure to better distinguish errors of different methods. From the numerical results, it
is clear that the errors in the computed VaR associated with all hybrid methods are comparable, and
are significantly smaller than the asymptotic methods. This shows that the hybrid method is effective
to reduce the asymptotic errors in VaR calculation for lumpy portfolios. On the other hand, there are
still small but acceptable errors associated with the hybrid methods in all testing cases, while the errors
associated with the exact methods or the MC method are zero in most testing cases. This shows that, to
calculate VaR, the exact methods and the MC method are more accurate than the hybrid methods, which
is as expected since the hybrid methods suffer from asymptotic errors associated with the homogeneous

sub-portfolio.
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Figure 6.14: Comparison of the errors in computing VaR
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(c) Confidence level: 99.9%
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6.4.2.2 Efficiency

Figure [6.14] compares the average CPU time in seconds, to compute VaR at different confidence levels,
required by the tested methods, as well as the speedup of the hybrid methods relative to the pure MC,
TR SCONV and SCONV methods. In the bottom part of Figure we plot the CPU time on a
semi-log scale to better distinguish the efficiency of different methods. The following observations can

be made.

o The MC+LLN method and the MC+CLT method are comparably efficient to compute VaR, and
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they are approximately four times faster than the MC method. However, notice that the CPU time
required by the MC method to compute the loss distribution is comparable with that to compute
VaR, and as we observed in Subsection the MC+LLN method is around 50 times faster
than the MC method to compute the loss distribution for the same testing portfolios. Moreover,
given the loss distribution, it takes little additional computational time to compute VaR. Therefore,
we recommend using Algorithm [6.1] rather than Algorithm [6.7] to compute VaR if the MC+LLN

method is selected.

The SCONV+LLN method and the SCONV+CLT methods are comparably efficient to compute
VaR, and they are approximately 5-10 times faster than the SCONV method. However, the
SCONV+LLN and SCONV+CLT methods are significantly slower than the MC+LLN method.
Given these three methods have approximately the same accuracy, we recommend using the

MC+LLN method over the SCONV+LLN and SCONV-+CLT method to compute VaR.

Though the TR SCONV+LLN method and TR SCONV-CLT method are faster than the SCONV-+LLN
method and the SCONV+CLT method, the TR SCONV+LLN method and the TR SCONV+CLT
method are slower than the TR SCONV method. This proves again that dropping extremely small
probabilities applied in the TR SCONYV method is a very effective approach to boost the perfor-
mance of the SCONV method. Figure shows that the MC+LLN method (Algorithm
is around 10 time slower than the TR SCONV method for portfolios with a simple rating system
(portfolio 2048-1 and portfolio 2048-3), and approximated as fast as the TR SCONV method for
portfolios with a more complex rating system (portfolio 2048-2 and portfolio 2048-4). However,
as we discussed in Subsection [6.4.1.2] if Algorithm [6.1]is applied to calculate VaR, the MC+LLN
method would be around 10 times faster than the TR SCONV method to compute VaR, which

shows a good balance between accuracy and efficiency.
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Figure 6.14: Comparison of efficiency in computing VaR
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Chapter 7

Conclusion and Future Work

In this thesis, we develop several new asymptotic and exact methods to compute conditional loss prob-
abilities of credit portfolios in the CreditMetrics framework.

We propose an asymptotic approximation based on the CLT. We prove that both the conditional
and unconditional loss distributions converge to our CLT limiting distribution under conditions similar
to those used by Gordy to prove the convergence of the LLN approximation. To assess the accuracy
of the CLT approximation, we use Berry-Esseen-type results to bound the error incurred in the CLT
approximation.

We improve the efficiency of the exact methods by exploiting the sparsity that often occurs in the
obligors’ conditional losses. We develop a sparse convolution method which enjoys a speedup between
Q (a?) and Q (a2C") compared with the straightforward convolution method. To further accelerate the
computation, we introduce a truncated sparse convolution method, which is subject to some additional
truncation error to a user-specified level, but gives a significant speedup compared to the sparse convo-
lution method. Moreover, we develop a sparse FFT method that enjoys a speedup of  (K/N) in the
best case and 2 (K/ (N log, C)) in the worst case. We also construct a truncated sparse FFT method to
further improve its efficiency, with an optimal exponential windowing approach used to balance aliasing
errors and roundoff errors.

For lumpy portfolios, we introduce hybrid methods which combine an asymptotic approximation
(CLT or LLN) and MC simulation or an exact method to achieve a good balance between accuracy and
efficiency. Several algorithms are proposed to apply hybrid methods to compute the loss distribution
and VaR.

We conduct several numerical experiments to test our methods. For asymptotic methods, we have
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the following conclusions from our numerical results. The CLT approximation generates more accurate
approximations to the loss distribution than does the LLN approximation in most cases, especially for
coarse-grained heterogeneous portfolios. Also the CLT approximation consistently outperforms the LLN
in the high probability tail of the loss distribution, which makes the CLT approximation more attractive
as a method to compute downside risk measures, such as VaR and ES. Moreover, the CLT approximation
is almost as efficient as the LLN approximation, both of which are significantly more efficient than the
MC approximation.

For exact methods, numerical results in the best/worst cases agree with the theoretical speedup of
the SCONV method and the SFFT method, and errors in the TR SCONV method are significantly

smaller than the predefined error bound. In our tests with synthetic portfolios, we find that

e Both the SCONV method and the SFFT method produce excellent accuracy, and are faster than
the FCONV method. The TR SCONV and (EW) TR SFFT methods greatly improve the efficiency
of the SCONV and SFFT methods, respectively, at the cost of larger errors. However, it is easy to
keep the errors in the TR SCONYV method below a user specified threshold. The TR SFFT suffers
significant aliasing errors, but, by using exponential windowing, the EW TR SFFT method can
reduce the aliasing errors to approximately the same level as the errors of the TR SCONV method

at negligible computational cost.

e The sparsity of the conditional probability vectors (or the number of rating classes) has an im-
pact on sparse methods and truncated sparse methods. In general, as C' increases, the efficiency
decreases, but sparse FFT methods are less sensitive to the sparsity of portfolios than sparse con-
volution methods. However, one exception is the EW TR SFFT method, which might run faster

as C increases due to the increase in the length of the truncated conditional probability vectors.

e The heterogeneity of portfolios is another major factor which affects the efficiency of sparse con-
volution methods (SCONV and TR SCONV). When C' is small, sparse convolution methods run
faster as the portfolio becomes more homogeneous. However, when C' is large, the impact of the
heterogeneity of portfolios on the efficiency of sparse convolution methods is very limited. The
impact of the heterogeneity of portfolios is not significant on sparse FFT methods (SFFT and
(EW) TR SCONV).

e Comparing the sparse convolution methods (SCONV and TR SCONV) with the sparse FFT meth-
ods (SFFT and (EW) TR SFFT), the sparse convolution methods are much more efficient than

the sparse FFT methods when C' is small. However, sparse FF'T methods are much less sensitive
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to sparsity and heterogeneity of portfolios than sparse convolution methods, and as the portfo-
lio becomes less sparse and less homogeneous, the advantage in efficiency of sparse convolution
methods is gradually reduced and even reversed. Moreover, the length of the truncated vector of
probabilities has significant impact on the efficiency of the (EW) TR SFFT method. As the length
of the truncated vector of probabilities increases, the efficiency of the (EW) TR SFFT method

decreases.

e Compared to the MC method with a reasonably large sample size to achieve acceptable accuracy,
the TR SCONYV method is more efficient and more accurate. In addition, compared to the random
errors incurred in the MC method, the errors incurred in the TR SCONV method are deterministic

and can be controlled by the user specified threshold.

For lumpy portfolios, numerical results show that both of the asymptotic approximations (CLT and
LLN) are inaccurate. For the calculation of the loss distribution and VaR, we conduct numerical exper-
iments to compare the efficiency and accuracy of different hybrid methods to those of exact methods
and asymptotic methods. Hybrid approximations produce much more accurate loss distributions than
asymptotic approximations for lumpy portfolios, especially in the high probability tail of the loss distri-
butions. The MC+LLN method is 3 — 50 times faster than the MC approximation, as much as 10 times
faster than the TR SCONV method, and as much as 700 times faster than the SCONV method, which
shows that the MC+LLN method provides a good balance between efficiency and accuracy.

In the future, we hope to perform the following improvements on the methods discussed in this thesis:
e Improve the efficiency of exact methods by allowing discretization errors.

e Further improve further simulation-based methods by developing importance sampling (IS) tech-

niques.
e Develop efficient methods for multi-period models.

For the exact methods, this thesis assumes that a perfect discretization grid is used. That is, each possible
loss is located exactly on our discretization grid. Hence, there is no discretization error involved in our
exact methods. It is worth mentioning that, subject to user specified discretization error tolerance,
we could round some losses to a coarser grid to reduce the total number of points on the grid and
consequently to accelerate the exact methods (especially the SFFT and TR SFFT methods). We could
combine this coarsening approach with other techniques described in this thesis to achieve a more

efficient, but less accurate, approximation to the conditional portfolio loss.

240



Glasserman et al. [I7), I8 [19] developed IS schemes for both the inner-level and the outer-level MC
simulations. For the inner-level simulation, their methods are quite effective. However, we believe that
it may be possible to improve their outer-level simulation. In their work, the IS scheme shifts the mean
of the normal distribution of systematic risk factors to approximate the IS zero-variance distribution.
The shifted mean is chosen by matching the mode of the shifted normal distribution and the mode of an

upper bound on the IS zero-variance distribution. This IS scheme suffers from the following problems:

1. The shifted normal distribution may not be close to the IS zero-variance distribution. Indeed,
we have found that the shape of the IS zero-variance distribution can be quite different from a
normal distribution. For example, the IS zero-variance distribution has more than one mode in

many cases.

2. The IS zero-variance distribution and its upper bound may have very different modes. Therefore,

the shifted mean may be very far away from the mode of the IS zero-variance distribution.

3. Their IS scheme does not match the variance. Instead, it takes the variance to be I. However, The

variance of the IS zero-variance distribution may be very different from I.

Currently, we are working on an improvement over Glasserman’s method. Our plan is to use a mix-
ture of Gaussians to approximate the IS zero-variance distribution to solve the first and last problems
outlined above. For the second problem, from the discussion in Section [£:2] the conditional portfolio
loss probabilities can be approximated by the CLT, hence we can use the CLT approximation to find a
good estimate of the IS zero-variance distribution. By minimizing the difference of the density function
of the CLT estimate of the IS zero-variance distribution and the density of the Gaussian mixture, we
may be able to determine the parameters in the Gaussian mixture. Once this is done, we can use the
measure corresponding to the Gaussian mixture to compute the unconditional portfolio loss distribution.
Since our CLT method approximates the conditional portfolio loss probabilities quite well, at least for
fine-grained portfolios, the CLT estimate of the IS zero-variance distribution should be close to the IS
zero-variance distribution. Therefore, the variance reduction in our IS scheme should be good.

All methods introduced in this thesis are based on a single-period Merton’s model. That is, we assume
all credit event can only occur at the end of the considered time-horizon. In recent years, multi-period
models have become more attractive to both regulators and financial institutions. In a multi-period
model, the considered time-horizon is divided into several periods, and it is assumed that credit events
can happen at the end of each period. If the assumption of a constant level of risk is applied (i.e.,

positions with changed credit quality at the end of a period are replaced with positions having similar
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credit quality to what they had at the start of the period), then the portfolio loss distribution in each
period can be assumed to be the same. Moreover, portfolio losses in different periods are independent,
hence the portfolio loss probabilities in the considered time-horizon can be computed by a multi-fold
convolution of portfolio loss probabilities in each period. Portfolio loss probabilities in each period can
be computed using any method introduced in this thesis. In the more complicated cases, for which the
assumption of constant level of risk is not applied, the portfolio loss probabilities in the considered time-
horizon can be computed by either a grouping method, for which the computation is based on grouping
all possible credit rating sequences by their corresponding losses, or a multi-period CLT approximation.
We are working on the methods for multi-period models in both cases.

We had originally planned to develop the improved IS scheme, as well as methods for multi-period
models in this thesis. However, we believe that this thesis already contains more than enough results.
Therefore, we plan to develop the improved IS scheme and the methods for multi-period models as two

separate projects.
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Appendix A

Proof of Theorem 4.

We use Linderberg’s version of CLT to prove Theorem The proof is based on the following two

lemmas.
Lemma A.1. If &,..., XN are independent with finite second moments, and
= ,
Ve>0, W 7;) /{.’c—un,|250(1\’)} (x — pp)” dFp(z) = 0as N — oo,
then

ZnN:_ol Xn - /L(N)
o)

—d>./\f(0,1)7 as N — oo,

where (O'(N))z = Zg:_ol VXl pn = E[X,], ) = Z,J:[:_ol tn, Fo(x) is the CDF of X,.

Proof. The proof of this lemma can be found in [56 pp. 328-337].

(A.0.1)

O

Lemma A.2. Under the model assumptions and conditions of Theorem[{.1}, the conditional loss rate of

each obligor, L,(z,E), is not a degenerate random variable. That is, 30 (2) such that V[L,(z,E)] >

o2, (z)>0.

min

Proof. To begin, notice that, since Z = z < oo, there exists M > 0 such that

zeD 2 [-M,M] x --- x [-M, M].

(A.0.2)

Let p¢ (z) be the probability conditional on Z = z that obligor n is in credit state ¢ at time t = t; given
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that it is in credit state c¢(n) at time t = ¢o. It follows from (3.1.7)) and (3.3.2) that

HCl,Bz ﬁz

“Te(m)  Mn”

V1= 6.8, \/1—5ﬁ

c T
- Hc(n) - an _® c(n) ’6 z
\V1-B18, V1-8.8,

Thus, the variance of L, (z, &) is

c-1 -1 2
V[Ln(2,E)] = ) (LGCE)? ( LGCyp;, (= >
c=0 c=0
1 c-1 c-1 c-1
= (Z (LGC%)2pe (2) S b (2) + (LGCb) .
a=0 b=0 b=0
Cc-1C-1

1 CcC-1C-1
_ 4 b
=5 (LGC LGCn) P (2)ph(2)
a=0 b=0
_ (LG LGCZ) P (z)pn(2)
a>b

where we use Z —o ' ¢ (z) = 1 in the second equation.

(A.0.3)

(A.0.4)

Next we prove that, under our model assumptions in Chapter 4| and (A.0.2)), for p¢ (z) defined by

(A.0.3), the following statement is true:

Vn, 3i,5 € {0,...,C — 1}, i # 4, such that p,(z) > 0 and p’,(z) > 0.

(A.0.5)

Suppose (A.0.5) is not true, then there must be a credit state ¢* such that p¢ (z) = 1 and p¢(z) = 0 for

all ¢ # ¢*. From (|A.0.3)), we see that this is equivalent to

He  —BT2

c(n) n _

JipTe, %
n

H:("_)l R

V1-BL8,

From assumption 6 in Chapter [4]
BB < Bmas <1,
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and from (A.0.2]), we see that (A.0.6)) is equivalent to

e = 400,

o) (A.0.7)
=1 _
Hc(n) = —00.
Since
c _ —1

Hiy = > Pl (A.0.8)

v<c

is equivalent to
E’ygc* PZ(,L) =1,
Z’yfc*—l Pg(n) =0,
which implies P, cc(*n) =1 and P;,,) = 0 for all ¢ # ¢*. However, this contradicts our model assumptions

4 and 5 in Chapter [4] that ensure that for all n € {1,...,N}, all ¢(n) € {1, ..., C —1}, and all
ce{0,...,C—-1}0< Pc(n) < Pz < 1. Therefore, (A.0.5) is true.

c

Next, we show that the conditional loss probabilities in (A.0.5) are bounded below by a positive
constant that is independent of n. That is, for ¢, j in (A.0.5),

3n > 0 such that p’,(z) > n and p/,(z) > . (A.0.9)

If Hé(_nl) = —00, then (A.0.2)), (A.0.3)) and model assumption 6 in Chapter [4| give that

Pi(z) =0 w7
V1-818,
e <P5<n>) — Bz
- (A.0.10)
From (A.0.5) we see that for such 4,
Feon Z Fin > 0 (A.0.11)
where
P+ = : Pcl . Pcl > 0 .
men co,C1 G{rOI,n.I.l., c-1} { co co }

Otherwise, we would have Pé(n) = 0, implying p’ (z) = 0, which contradicts (A.0.5). Thus, (A.0.2),
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(A.0.10), (A.0.11)) and model assumption 6 in Chapter [4| ensures that
ph(2) = m >0, (A.0.12)

where

o (F B =5

(%

1 if @~ (PF.) > SM,

min

Vliﬂmax if &~ (mzn)<SM

)

S is the number of systematic factors.

On the other hand, if H l(n) > —o0, then (A.0.3) and the mean value theorem gives that

i 1—1
z— Bz Hey = He

\/l—ﬁ 8,) \J1-818,

] where ¢(x) is the PDF of the standard normal distribution. Since ¢(z) is

for some z € [H7 Lofi

c(n)’ *e(n)

always positive and decreases as |x| increases, it follows from (A.0.2)) and model assumption 6 in Chapter

[ that
T
o m > ¢ () >0,
where
o= P{f)ﬁ;SM it o (i) <0 (Hig))
T 100 (Higw) > 0 (H:).
Consequently,

P(2) 2 6(0) (Hi — HIGY ) - (A.0.13)

Notice that, by (A.0.8) and the mean value theorem, we have

~<i y<i—1

d
=91 P
dx c(n

y<i—1

)+ | Poays (A.0.14)
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where k € {0, Pé(n)] Notice that, since

d 1 _d
dz ((I) (3:)) dz” L,
and
Lo (071@) = ¢ (071 (@) Lo~ (a)
dz dz ’
thus we have
d 1 1
7@71 ) = > = \/ﬂ
=’ = 5E ) 750
Therefore,
d 4
s ;1]3‘3(”’“ > V2. (A.0.15)
y<i—

For Pg(n), if Pci(n) = 0, then Hé(n) = Hz(jll) implying pf (2) = 0, which contradicts (A.0.5). Therefore,

(IA.0.11f) also holds for the case H;(_nl) > —oo. By (A.0.11)), (A.0.14) and (A.0.15)), we have

Hyy = Higy = V21PL,, > 0. (A.0.16)

Consequently, (A.0.13)) and (A.0.16) give

ph(2) > 2 > 0, (A.0.17)

where 7o = ¢ (0) V27 P, > 0.

min

Let 7 = min (91, 72) . Then (A.0.12) and (A.0.17) give that, there exists 7 > 0, such that p¢ (2) > .

Similarly, we can show p (z) > n > 0. Therefore, (A.0.9) is true. As a consequence of (A.0.4), (A.0.9),
and model assumption 3 in Chapter {4 which ensures that |LGC2L — LGC{L| > &> 0if ¢ #£ j for all

n€{0,....N — 1}, we have

V[Ln(z, €)] > (LGC!, — LGCY) ply(2)pl (2)
> &2

> 0.

Therefore, we conclude that there exists o2, (2) = £2n? such that V[L,(z,E)] > 02,,,,(2) > 0. O

min
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Next we use the two lemmas above to prove Theorem First, note that

E[i2(=8)] =u? <CZ (LOCS) <z>>

c=0

Cc-1
_ <ZNE?EAD> (Z (LGCE)? )). (A.0.18)

c=

From

He  — Bz He L gl

p(z) =0 | —dm TrT ) g [ e TrT ) o,
V188, V1-8.8,
and model assumptions 1, 2 and 7, which ensure that LGC{, < LGC,p,4: < 00, |[EAD,,| < EAD, 4, < 00,
and 25:1 EAD,, # 0, we see that is finite. That is, Z,,(z, £) has a finite second moment.
Next, we show that Linderberg’s condition is satisfied with &, = zn(z,f)). To this end,

choose any € > 0 and let

( |lz—Fin (2)|>ec (M) (2)}

N—
K(N) = =Y /{ (¢ — fin(2))? dFa(a)
Z

~ 2
E |:<Ln(z7£) 7:“%(2)) H{|Zn(z,£)ﬁn(z)|>60(N)(Z)}:| )

= ol
where
c-1
fin (2) = E{ n(Z, 5)} = wn (Z LGCrpi, (2 )> ’
c=0
2
(@) (&) =V [1(=.8)] = ZwV el
Since
(2,€ ‘ = |wn| Z LGC.I Pnzem) oo Mo TPrZsm)
c=0 { \/1 82 "< V1-83 }
< sup {|wn |} LGCraz,
and

Z LGC;pf, (2)

< sup {|wn|} LGCaz,

|t (2)] = |wnl
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it follows that

Tn(z,€) —ﬁn(z)‘ <

Lu(z,8)| + [fin(2)]

< 2sup {|wn|} LGCpaa.
n

Therefore,

4LGC$nax (Supn {‘wn‘})Z
e AT LD I Yz szeooion]
4LGCE,W$ (sup,, {‘Wn‘})z - T (% — T (2 o™ (z
(O(N)(Z))Q n—oP{ Ln(2,€) = fin )’ = ( )}

By the generalized Chebyshev’s inequality,

V | Lu(2,€)]

Ye>0, IP’{ W

n(2,) = fin(2)| 2 oM (2)} < —
Thus,

) 4LGC$nax (Supn {|wn|})2 N-1VY |:Ln(z7£):|
€2 (O'(N)(Z))2 n—=0 (U(N)(Z))Q
_ 4LGC$MM (sup,, {|wn|})2
€2 (O'(N)(Z))2 .

Lemma gives that (O'(N)(Z>)2 > 02, (2) ij 01 w2, whence

min

4LGCmaz . (Supn {|wﬂ|})2

K(N) = 72nzn(z) 27]2]:1 WTQL

€20

Using Cauchy-Schwartz inequality, we have

N-1 N-1 N-1 2
OJ 12 2 <Z Wn, * 1) )

=0 n=0

3

from which it follows that

=

since Z 0 wpn, = 1. Hence,

ALGC?,. 2
< 202 (2) (sup{|wn|}> N.

K(N)
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The hypothesis of Theorem ensures that there exists a § > 0 such that sup,, {|w,|} = O (N~(1/29)).
This implies that (sup,, {|wn|})* N = O (N~29) for some positive d, whence
ALGC?

mazx —26
KN < Gz o)

2

Since LGCjnqq < 00 and o;,;,,(2) > 0, for any fixed € > 0, we have

K(N)—0 asN — oo.

Thus we have shown that Linderberg’s condition (A.0.1]) holds. Therefore, as a consequence of Lemma

we have
LN (2,E) —E [LW)(2,€)]

VL. 8)

—CZ>J\/'(0,1)7 as N — +o0.
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Appendix B

Proof of Theorem 4.2

We prove Theorem for the 1-dimensional case, for which there is only one systematic risk factor
(S =1). That is, for all [ € R,

IP{L(N)(Zj) gl}—/ﬂg@(laﬁ]\f(j\f(l()z)) d®(z) — 0 as N — oo, (B.0.1)

where ®(z) is the CDF of the standard normal distribution. The proof can be generalized easily to the

multi-dimensional case.

To show (B.0.1)), we prove below that

+o0o
lim fM(2)dd(z) =0,
N—o0 — oo

where
FM () = IP’{L(N)(Z,S) < l‘ z - Z} _ (W)

P {L<N)(z,g) < z} ) (l_“(m(z)) .

oM (z)

More specifically, we show below that

+oo
VIER, V>0, 3N*>0suchthat N > N* = ’/ fMN(2)dd(2)| < 6.
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First, note that, for all M € [0, 00), we have

+oo +oo +M —M
M (2 z (N (z z (N (z z (N (z z
‘/mf (2)d%(2) A f <mw>+/ f <mw>+/ S (2)dd(2)

M —-M —00

+M —-M

< [ l@|aee+ [ e)| e+ [

Since both of P {L(N)(z,g) <1} and ® (%) are probability measures, |f(N)(z)‘ < 1. Hence,

F™(z)| do(z)

oo

/:Oo ‘f(N)(z)’ 4 (z) < /+°O d®(z) = 1 — B(M).

M +M
Similarly, f__g ’f(N)(z)‘ d®(z) <1—®(M). Thus,

+M

+oo
[ 1)) da().

§2(1—<I>(M))+/

-M

For any 6 > 0, we can choose M > 0 such that 1 — ®(M) < /4. For such an M, Theorem
implies that | f(")(z)| — 0 point-wise on the closed interval [—M, M]. Also, |f™)(z)| < g(z) =1 and

fiVIM 9(2)d®(z) = 2®(M) — 1 < oo. Thus, according to the Dominated Convergence Theorem, we have

+M +M

lim ’fW)(z)‘dcb(z):/ lim ’f(N)(z)‘dcb(z):O.

N—oo M M N—oo

Therefore, V 6’ = 6/2 > 0, 3 N* > 0 such that V N > N*

/+M V()| da(z) <87 = 2

Y 2

Hence, VI € R, V6 >0, 3 M € [0,+00), 3 N* > 0such that V N > N*

too +M
‘/ FMN(2)dd(2)| <2 (1 — d(M)) "’/ ‘f(N)(Z) d®(z)
— 00 -M
5 6
=2ty
— 5.

Therefore, we conclude that P{L(V)(Z,€) <1} — [ @ (%) d®(z) — 0, as N — +oo0.
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Appendix C

Proof of Theorem 4.3

T
MtxzxmazﬂﬂLWMZ£)guZ}X::@(zm)wwx(zwﬁ),mﬂuX:EMXZﬂ
ThenP{L (Z2,€) <1} = pxr. Since X (Z (“)> are independent and identically-distributed, the confidence

interval, [P, (X), P (X)], for uy at level 1 — o, can be computed as

PE(X) =X+ tU71,17a/2\/531»7, (C.0.1)

where X = 25:1 X (Z(”)) /U, ty_1,1—a2 is the 1 — /2 critical value for the ¢ distribution with U — 1

degrees of freedom, and S% is the sample variance of X (Z) defined by

2 1 z 3\ 2
- g 3 (x(2) - #)"

That is,
P {ux € [Py (X).PHA)]} =1 -a.

Since we use the CLT approximation to estimate the conditional loss probability X (Z(“)),

l_mm<zw>

X(ZW)“¢ dm(zw)

, (C.0.2)

there is an asymptotic error associated with (C.0.2), § (l ,Z (“)), mentioned earlier in (4.2.4]). Therefore,

l_mm(zm)

X(ZW):@ dm(zm)

+5@2W0.
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By (4.2.7), the error function ¢ (l, Z(“)> can be bounded:

I— ™ (2@
sy

Therefore,
o(N) (Z(u)) o) (Z(“))
and
X(Z“”)SCI) M + B M .
o) (Z(u)) o) (Z(“))
Let
X:t(z(u)):q) M LB M
o (2) o) (20)
Xt = [Xi (z“)) L XE (Z(U))}T7
and

Ua(X) = Py (X7), va(X) = PH(&XH).

[0

Han [23] has shown that both P} (X) and P, (X) are non-decreasing functions with respect to each

element of X. Hence

ua(X) < P, (X) < PF (&) < ().

= o =

That is, we find an observable interval [uq (X)), v, (X)] bracketing the interval [P, (X), P (X)]:
[Py (X), PY(X)] C [ua(X),va(X)]. (C.0.3)

Since the set F = {pux € [uq(X),va(X)]} can be partitioned as £ = Ey U Ey, Ey N Ey = (), where

Ey = {MX € [UQ(X)»UQ(X)L/‘X € [P;(XLP;(X)]},

By = {jx € [ua(X),0a(X)] , px ¢ [Py (X), PH(X)]},

254



we have

P{ux € [ua(X),va(X)]} = P{E1} + P{E,}

>P{E}.

Due to (C.0.3), we have P{E1} = P{px € [P, (X), P{(X)]}. Thus

P{px € [ua(X),va(X)]} = P{px € [Py (X), Py (X)]}

=1-aq.
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Appendix D

Proof of Theorem 5.4

To prove Theorem we need the following lemmas.

Lemma D.1. Let x and y be vectors of length K, and K, respectively, where, without loss of generality,

we assume K, > K,. Then

j=0 j=0
k Ky,—1
2 % y[k] = > awllylk—4= Y alk—jlylil,
j=k=(Ky=1) 3=0
Ko—1 Ky—1

j=h—(K,—1) j=k—(K.—1)

Consequently, if K, = K, = K, then

Proof. First, we prove
min{k,K,—1}

x xylk] = > z[jlylk — j].

j=k—min{k,K,—1}

The discrete linear convolution ([5.1.10) is equivalent to
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Yoo alllk—i= Y alk—jylil k=K.

(D.0.1)
LK —1,
(D.0.2)
52 (K - 1)
(D.0.3)
(D.0.4)



for k=0,...,(Ky;—1)+ (Ky — 1) with the added constraint that the indices j and K — j do not go out

of range. That is,

(D.0.5)
0<k—j<K,—1
Since the second pair of inequalities above is equivalent to
k—(Ky—-1)<j<k, (D.0.6)
together with the first pair of inequalities in (D.0.5)) imply
max{0,k — (K, — 1)} < j <min{k, K, — 1},
or equivalently,
k—min{k, K, —1} < j <min{k, K, — 1}.
Therefore, (D.0.4) together with the constraints (D.0.5)) on its indices is equivalent to
min{k,K,—1}
x ylk] = > z[jlylk - j)- (D.0.7)

j=k—min{k,K,—1}

Similarly, we can prove
min{k,K,—1}

x x ylk] = > wlk — jlylj]- (D.0.8)
j=k—min{k,K,—1}

Finally, (D.0.7) and (D.0.8]) are equivalent to (D.0.1)) and (D.0.2]). O

Lemma D.2. Let x and y be vectors of length K, then

S alilylk -+ S allylK k-, k=0, K-2,
zxylk] = {170 =kt (D.0.9)
’ z[jly[(K — 1) — j], k=K—1.

Proof. For convenience, we repeat the definition of the discrete circular convolution (5.2.1)):
K—1

zxylk] = 3 aljly[(k - ) mod K]

=0
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fork=0,... K—1. For j=0,...,k,since 0 <k —j < K,

(k—j)mod K =k — j. (D.0.10)

Forj=k+1,...,K—1,since — K <k —j <0,

(k—j)mod K =K+ k —j. (D.0.11)
Therefore, for £ =0,..., K — 2,
k K-1
zxylk] =) a[jly[(k —j)mod K]+ a[jly[(k —j)mod K]
=0 j=k+1
k K-1
= aljlylk =51+ > alilylK +k—j],
J=0 j=k+1
and for k = K — 1,
K-1
zxylkl = ) x[jly[(k —j)mod K]
j=0
K—1

Next we prove Theorem [5.4] by induction for K > N. One can use similar arguments to prove this

theorem for K < N.

First notice that, for allmn e Nt ={n e N: n > 1},

U =max{u e N0<uK+k<(n+1)(K-1)}

0<u<(n+1)—(n+1)+k}

:max{ueN %
e - [0 R,

(D.0.12)

For the base case of the induction, let N = 2. Since K > N,

21k 1, fork=0,...,K—2,
ea -

K
0, fork=K—1.
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Thus we need to prove

(n({eomn) k] = (nzi:) Uj " <n@0w"> [+, 11:: Z - j{lK o (D.0.13)
(20 ) 1

Applying Lemma [D.2] we have

(n@l_aoazn> k] = @0 % a1 [K]

k K-1
Zxo[ﬂﬂh[k —Jjl+ Z wo[jlei[K +k—j], k=0,...,K -2,
== J=k+1 (D.0.14)
olglar [(K = 1) — 4], k=K -1
§=0
For k=0,..., K — 1, we have
1 k
( @O:cn> [k] = o x @1 [k] = ng[j]xl[k —J] (D.0.15)
n= =

by the first equation in (D.0.2). For k =0,..., K — 2, we have K + k = K,...,2(K — 1), whence, by
the second equation in (D.0.2]),

K—-1
(éﬁn) (K + K =moxai[K+ K= ) woljlea[K +k—j]. (D.0.16)
- j=k+1

Substituting (D.0.15)) and (D.0.16)) into (D.0.14)), we obtain (D.0.13]). Therefore, (5.2.5) is true for N = 2.

For the induction step, suppose ([5.2.5) is true for some N > 2 and N < K. That is

N-—-1
Uk:

Enalkl = D En_a[uK + k], (D.0.17)

u=0

1

N—
We prove below that (5.2.5)) is true for N + 1. Denote &y_1 = ®

N—1
x, and Ty_; = ® x,. Since
0 n=0

(N+1)—1
~ %
® mn:mN—l*xNa

n=0
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and both &}_; and xy are of length K, by Lemma we have

K 1

k
(N+1)—1 jzzxAT]
( ) mn) (k] =

K-1
i1+ > analilanK+k—j], k=0,...,K -2,
j=k+1
Ty aljlen[(K —1) =], k=K -1

Jj=0

Fvalilen K +E—d1+ )

K-1

Substituting (D.0.17)) into the equation above, we have

(N4+1)—1
6_90 z, | k] =

From (D.0.12)), we have

J

UN-1 - N — N+Jj N-1,
K

j=K—N+1
k UST
DD Enoa[uK +jlan(k— ]
=0 u=0

K-N U !

+ >0 > inaauK + jlay[K + k- j]
j=k+1 u=0

N—1
K—-1 Uj

+ Y > inauK +jlay[K + k-]

j=K—N+1 u=0

j=0,...,K - N,

N-2 j=K-N+1,...,K—1.
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Therefore,

N e ) K= 3 S Eauk 4 ek~ (D.0.15)
® x| [k = In_1[uK + jlenlk—j D.0.18
n=0 u=0 j=0

N—-1 K—N

+ .’f?Nfl[UK +]].’1?N[K + k— j] <D019)
u=0 j=k-+1
N-—-2 —1

+ > Enoa[uK + jlan[K + k- j]. (D.0.20)

u=0 j=K—N+1

Make the change variable j* = k — j for (D.0.18)) and j* = K + k — j for (D.0.19)) and (D.0.20)) to get

(N+1)-1 N-1 &
( ® wn> k= Z Iy 1[uK +k— " len[i"]

u=0 j*=0
N—-1 K-1
+ > inaal(u+ DE +k - j ]
u=0 j*=N+k
N—-2 N+k—1
+ > Enallu+ DK +k— 5 Jan[j]
u=0 j*=k+1
N—-1 k
= > Ena[uK +k— jlan]j]
u=0 j7=0
N K-1
+3 Y En-a[uK + k- jlan]]]
u=1j=N+k
N—-1N+k—-1
+3 Y Enaa[uK +k— jlan]j]
u=1 j=k+1
k
=Y @n-alk— jlen]j]
j=0
N—-1K-1
+ In-1[ul +k — jlzn|j]
u=1 5=0
K—-1
+ > EnvaNK + k- jlayli]. (D.0.21)
j=N-+k
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Similarly, for k = K — N, we have

(N+1)—1
(190 ., | [k]

K—-N K-1

= > Fnallan[(K=N) =41+ Y #F_llen[K + (K= N) -]
j=0 j=K—N+1
N—-1K-N N-—-2
=3 Y inauK +jlay[(K = N) =41+ > Z In-1[uK + jlan[K + (K — N) — j]
u=0 j=0 u=0 j=K—-N+1
N—-1K-N

N—-1
= > iEnauK + (K = N) =5 lan[i* ]+ Y Z In-1[uK + (K —N) —j"lan[j"]

u=0 j*=0 ulj—(KN+1
N—-1K-N
= ZCCN 1[uK + (K = N) — jlan[j +Z Z In-1[uK + (K = N) = jlon]j]
u=0 u=1 j=(K—-N)+1
K—-N N—1K-—
= In_1[(K — N) — jlzn]j Z Z in_1[uK + (K — N) — jlanli], (D.0.22)
j=0 u=1 j=C
and for k=K —-N+1,..., K —2, we have
(N+1)—1
® x| [K]
n=0
K—N k
= > analblenlk =41+ > @n_ililan(k -]
j=0 j=K—N+1
K—-1
+ > analilen[K + k-]
j=k+1
N—-1K—-N
= Yo avaluK +jlanlk =41+ Y Enoa[uK +jlen(k— ]
u=0 j=0 u=0 j=K—N+1
N-2 K-1

N_1[UK —|—j}$N[K + k —j]

+

i

M- EM
IS

N-1 N—-2N—-K+k—1
= En-1[uK +k —j*len]j +Z Z Ena[uK + k- jlen[5]
u=0 j*=N—-K+k
N—-1 K-1
+ In-1[uK +k—j*lan[i"]
u=1 j*=k+1

+ IN-a[(N = 1)K +k — jlzn[j]; (D.0.23)
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and for k = K — 1, we have

K—-1

= Z Fvoallen(K—1) =41+ > #olilen((E —1) -]
=0 j=K—N+1
N—-1K-N N-2

= > Enoa[uK +jlan[(K —1) =]+ Y Z In-1[uK + jlan[(K —1) = j]
u=0 ;=0 u=0 j=K—N+1
N—-1 K-1 N—-2 N

= > anaauK + (K = 1) = 5 an[ 1+ Y D inoa[uk + (K = 1) = j*lan[5*]
u=0 j*=N—-1 u=0 j*=0
N-2K-1 K—-1

= in_1[uK 4 (K — 1) — jlan[j] + Z In_a[(N = 1)K + (K — 1) — jlan]]
u=0 j*=0 *=N—1
N-2K-1 K—

= In—1[uK + (K —1) = jlan[j] + In-1[NK —1—jlan[j]. (D.0.24)
u=0 j=0 j=N-1

On the other hand, consider

(N4+1)-1 N
Ul U}

Z ((%a:n>[uK+k Za:N 1* ey [ul + k.

n=0 w—=0

Fork=0,...,K — N —1,

U5—<N+1>{<N+1>+kw

K

Since N < K, then

[(N+1)+lﬂ < {(N+1)+K—N—1W _1

K K
(N4 +R][N+1]
K - K
Therefore, UN = N and
U£N+1)—1
> ( ) [uK + k]

u=0

—ZmN 1 *xy[uK + K]

N-1
=&y 1 xaylkl+ Y Ev-1xxnuk + k] +Ey 1 x@n[NK + k). (D.0.25)
1

u=

Notice that, since & y_1 has length K, = N(K—1)+1, xy haslength K, = K,and0 <k < K—N-1<
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K, by the first equality in (D.0.1)),

k
Zy_xoy[k] = Fy 1k — jlenj]. (D.0.26)
=0

Also, foru=1,...,N — 1,
uK+k<(N-1)K+K-N-1=NK-1)-1< K, —1,

and

uK +k> K=K,

thus by the second equality in (D.0.1)),

N—1K-1
1 xxnuK + k) = In_1[uK +k — jlzn]j]. (D.0.27)

u=1

N

iMf
l

<.
Il
=)

Similarly,
NK+k<NK+K-N-1=(N+1)(K-1)=(K,—-1)+ (K, - 1),

and

NK+k>NK>NK-1)+1=K,,

hence by the third equality in (D.0.1)),

K-1
En_1xxny[NK + k| = > in 1[NK +k — jlenl]j]
j=NK+k—N(K-1)
K-1
= > Ena[NK+k—jlan|j] (D.0.28)
j=N+k
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Substituting (D.0.26)), (D.0.27) and (D.0.28]) into (D.0.21)), we obtain

U£N+1)71

k
N
S (S ) WK =3 aale - dlowi]
u=0 n= 7=0
N-1K-1
+ In-1[ul +k — jlen]j]
u=1 j=0
K—1
+ In-1[NK +k = jlen[j]
j=N+k
which is the same as (D.0.21), implying
(V411 U£N+1)—1 N
n@:eo x, | [k] = UZ:% <n®0mn) [uK + k]
fork=0,..., K—N—1.
For k= K — N,
N+1)+ (K —N) K+1
N:Nl—( =(N+1)—|———| =N-1
thus,

U}SN+1)—1

Z (né%)own) [uK + (K — N)]
= i Zy_1*xxy[uK + (K — N)]

N-1

=&y *xn[K — N+ > @y *zy[uK + (K - N)|.

u=1
Since 0 < K — N < K, — 1, by the first equality in (D.0.1]), we have
K—N
Zy-1xxN[K - N| = Z IN_1[(K = N) = jlenli],

=0

Also, foru=1,...,N — 1,

uK +k<(N—1)K+(K—-N)=N(K-1) < K, —1,
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(D.0.30)



and

K+(K-N)>K=K,,

thus, by the second equality in (D.0.1)),

N— N-1K—
Z Zy_1 *xxy[uK + (K — N)] ZZE 1[uK + (K — N) — jlzn[j].
u=1 u=1 j=0

Substituting (D.0.30) and (D.0.31)) into (D.0.29), we obtain

U’iN+1>71 B
> <®mn> [uK + (K — N)] = Z in_1[(K — N) = jlzn]j]
u=0 n= :
N-1K-1
+ EN-1[uK + (K = N) = jlan(j]
u=1 j=0
which is the same as (D.0.22)), implying
(N+1)_1 U£N+1)—1 N
n | k] = n | [uK +k
RILENE SIS

for k=K — N.
Fork=K-N+1,...,K -2, UN=(N+1)— | YD+, | Gince K > N,
k K

(N+)+k] [(N+D+E=2] | [N-1]_,
= [=+ %

(N+I§)+k (N+1)IiK N+17 _ 2] _
e o e Sl R T

Therefore U,iv =N -1, and

(N+1)—1
Uk'

N
Z <®mn) [uK + K]
n=0
u=0

N-1
= Z TN_1 * :I}N[UK+I<J]

u=0

N-2

=TN_1 *ZCN[]C] + Z TN_1 *ZBN[UK—F]{] +TN_1 *:EN[(N— 1)K+k‘]

u=1

Since 0 < k < K — 2 < K, by the first equality in (D.0.1)),
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(D.0.32)



k
iNfl*iL'N[k] :Zfi‘]\ffl[k_j]x]\l[j}.
§=0
Also, foru=1,...,N — 2,
uK+k<(N-2)K+K-2=NK-K-2<NK-1)=K,

and

WK +k>K+(K-N+1)>K=K,,

thus by the second equality in (D.0.1)),

N—

1M
2

gM“
Hx

Similarly, since K > N,

(N-1D)K+k<(N-1)K+K -2
=NK-2<NK+(K-N)-1
=NK-1)+ (K -1)

= (KE_1)+(KQ_1)7

and

(N-DK+k>N-1)K+K-N+1=N(K-1)4+1=K,,

hence, by the third equality in (D.0.1)),

iN—l *:EN[(Nf 1)K+k]

K—-1
= Z In-1[(N = 1DK +k — jlan(j]
J=(N—1)K+k—N(K—1)
K—-1
= Y inalN-1)K +k—jlan(j]
J=N—K+k
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(D.0.33)

7]_7

(D.0.34)

(D.0.35)

(D.0.36)



Substituting (D.0.33)), (D.0.34)) and (D.0.35|) into (D.0.21)), we obtain

U£N+l)—l

k
S (S ) WK =3 aali - dlowi]
u=0 n=0 7=0
N—2K-1
+> 0> EvauK +k— jlanj]
u=1 j=0
K—
+ In-1[(N = 1)K +k = jlen(j],
J=N—K+k
which is the same as (D.0.23), implying
(V411 U£N+1)—1 N
n@:eo x, | [k] = UZ:% <n®0mn) [uK + k]
fork=K-N+1,..., K—-2.
For k= K — 1, since K > N,
N+1)+(K-1) N
N:Nl—( =N-|=|=N-1
Uk ( + ) K K )
and
U}(CN+1)71
N
Z <®$n> [uK + (K —1)]
n=0
u=0
N—-1
= Z iN,1 *:BN[UK+ (K — 1)]
u=0
N—
=ZN_ l*wN Z 1*(BNUK+(K—1)]-‘r(iN,l*Zl:N[(N—].)K'F(K—
u=1
N-—2

Ty xxn[K — 1]+ Zy_1 xxny[uK + (K- 1]+ &y_1xzn[NK —1].
1

e
Il

Since 0 < K — 1 < K, — 1, by the first equality in (D.0.1)), we have

o xxn[K 1= ) Ina[(K—1)—jlzxlj],

Also, foru=1,...,N — 2,

WK+k<(N-2)K+(K-1)=NK-K—-1<N(K-1)=FK, — 1,
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(D.0.37)

(D.0.38)



and

K+(K-1)>K=K,,

thus by the second equality in (D.0.1)),

=

N—-2 2 K—
Y @y ray[uk + (K —1)] = in_1[uK + (K —1) — jlen[j]. (D.0.39)
u=1 j=0

=

u

Il
-
~

Also, since K > N

NK-1<NK+(K—-N)-1=N(K-1)+ (K —1) = (K, - 1) + (K, — 1),

and since N > 2

NK—-1>NK—-(N-1)=N(K-1)+1=K,,

hence, by the third equality in (D.0.1)),

K-1
Ey_1xxy[NK —1] = > EN_1[NK — 1 — jlzn]j]
j=NK—1-N(K-1)
K-1
= L%Nfl[NK —1 —]]Z'N[j] (D040)
j=N-1

Substituting (D.0.38)), (D.0.39) and (D.0.40)) into (D.0.37)), we obtain

U£N+1)71 N
Z ( ®Own> [uK + (K — N)]
u=0 n=
N—-2K-1
=3 inoa[uK + (K — 1) — jlay]j]
u=0 j5=0
-1
+ InN_1[NK —1— jlenl[j],
j=N-1

for k=K — 1.
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Therefore, we have proved that

(V411 U£N+1)—1 N
8 )= T (Ee)wred

for k=0,..., K — 1, which implies (5.2.5) is true for N + 1. This completes the proof.
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