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Abstract

We study allocation of (divisible) public bads, where agents incur costs for alternatives and the goal is
to pick a lottery over the alternatives. We show that the traditional definitions of the core, a central criterion
of proportional representation for allocation of public goods, private goods, and private bads (chores), do
not make sense for allocation of public bads.

We introduce two formalizations of the core tailored to public bads. Under a structural condition which
subsumes allocation of private bads, we show that zero-respecting Lindahl equilibria satisfy both formal-
izations, exhibit additional fairness guarantees, and strictly generalize competitive equilibria from equal
incomes (CEEI) for allocation of private bads. Without this structural condition, we show that Lindahl
equilibria exhibit undesirable behaviors, prove sharp impossibility results separating public bads from
public goods, but show that a rule using a reduction to public goods recovers one of our formalizations
of the core. Our results lay the groundwork for studying fair allocation of public bads, an overlooked yet
fundamental problem, and highlight several structural and algorithmic directions that remain open.
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1 Introduction

Many collective decisions concern not the distribution of benefits, but the allocation of burdens. Commu-
nities must decide where to put landfills, power plants, or highways, which imposes noise, pollution, or
disruption on nearby residents. Regulators must determine how compliance costs for new environmental
targets are distributed across sectors. During periods of scarcity, utilities must choose which neighborhoods
experience load shedding and at what times. In each case, society faces a public decision: a single outcome
must be chosen, and that outcome imposes (potentially different) costs on each affected party.

Despite the ubiquity of such problems, the theory of public bads allocation remains strikingly underdevel-
oped compared to its well-studied counterparts of public goods, private goods, and private bads (known
as chores). The allocation of private goods (divisible resources distributed among agents) and public goods
(a single outcome chosen for all, where agents derive positive utility) are classical subjects of study in eco-
nomics and social choice, with well-understood solution concepts including competitive equilibrium from
equal incomes (CEEI) / Lindahl equilibrium, proportional fairness, and maximum Nash welfare. These
concepts turn out to be equivalent under linear utilities and satisfy compelling fairness properties such as
the core. More recently, the allocation of private bads has received significant attention, with Bogomolnaia
et al. (2017) providing an elegant characterization of CEEI in terms of critical points of the Nash product
on the Pareto frontier. Yet public bads—the fourth and final cell of this two-by-two classification—has been
largely neglected.

A natural instinct is to reduce public bads to public goods by simply negating costs to obtain utilities.
However, the lessons learned from the transition from private goods to private bads suggest that moving
from utilities to costs fundamentally changes the structure of fair allocation. Indeed, the equivalence be-
tween market equilibria, proportional fairness, and maximum Nash welfare—which holds for both public
and private goods—breaks down for private bads: CEEI allocations correspond not to Nash welfare maxi-
mizers but to critical points of the Nash product on the efficient frontier, and multiple equilibria with distinct
cost vectors may coexist.

A similar breakdown is to be expected for public bads. But while, for private bads, market equilibria
remain well-defined and satisfy the core, the public case introduces yet another layer of difficulty. The
issue is that fairness, and in particular the notion of the core, becomes hard to define and is conceptually
problematic. For private goods and bads, the core asks whether any coalition S could “go it alone” and
divide its proportional share of the resources among its members to make everyone in S better off. For
public goods, this extends naturally: a coalition considers alternative outcomes, with its share of influence
scaling with its size. But for public bads, neither of these approaches makes sense, because any outcome
chosen by a coalition will impose externalities on non-members. There is no obvious way to “allocate all
the bads among coalition members” for public outcomes. This conceptual gap leaves us without a formal
notion of fairness for public bads.

These observations motivate the central questions of our work:

What is the right definition of Lindahl equilibrium for public bads, and how does it relate to propor-
tional fairness? Can one define a meaningful notion of the core when coalitional deviations inevitably
impose externalities on outsiders? What fairness guarantees and axioms are achievable, and what are the
fundamental trade-offs among them?

1.1 Our Results & Techniques

Our main contribution is to provide a theory of public bads allocation, paralleling the established frame-
works for public goods and private bads allocation where relevant, while also highlighting where the tech-
niques from those areas break down, and new ideas must be developed.
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We begin the paper in Section 2 with a systematic review of what is known about the fair allocation
of public and private goods, explaining the connections between Lindahl equilibrium, maximum Nash
welfare, proportional fairness, and CEEI.

In Section 3, we discuss difficulties that arise when extending the theory of allocating public goods to
the allocation of public bads, as well as when generalizing results about the allocation of private bads to
public bads. We introduce several fairness notions designed specifically for public bads allocation prob-
lems, including two, named Bounded Externality Core and Completion Core, which aim to capture the spirit
of core-based fairness properties that are discussed in the literatures on public goods and private bads.

In Section 4, we provide a formal definition of a Lindahl equilibrium for public bads, building upon a
recent proposal of Tao and Zheng (2025). We show that the set of zero-respecting Lindahl allocations (Lindahl
allocations where every agent receives a strictly positive cost) have attractive properties: they correspond
exactly to the well-studied concept of CEEIs when restricted to instances corresponding to private bads
allocation, and they achieve very strong fairness guarantees when restricted to what we call axes-cutting
instances. However, we show that outside of these special cases, zero-respecting Lindahl equilibria lose
much of their desirability, and can exhibit notably unfair behavior. This is a surprising result, since Lindahl
equilibria are always fair in the goods world.

In Section 5, we aim to find fair solutions beyond the special cases in Section 4. We give an axiomatic
characterization of zero-respecting Lindahl allocations by generalizing a result of Mariotti and Villar (2005).
This characterization highlights the properties which cause the unfair behavior of Lindahl on general in-
stances. Based on this, we introduce a new rule called Flipped-MNW which does achieve favorable fairness
properties on general instances, though it fails to behave as nicely as zero-respecting Lindahl allocations on
the special cases we studied in Section 4.

Finally, in Section 6, we address algorithmic considerations. We discuss a method for enumerating all
essentially different Lindahl allocations for a given instance in an approximate sense. We also give a (non-
convex) optimization program whose KKT points correspond to zero-respecting Lindahl equilibria, and
show that in the axes-cutting special case, the greedy Frank–Wolfe algorithm proposed by Chaudhury et al.
(2024) can be applied to this program to efficiently find a zero-respecting Lindahl equilibrium.

1.2 Related Work

Public goods allocation. The problem of fairly dividing a budget between several public goods has been
studied in several models (Bogomolnaia et al., 2005; Aziz et al., 2020; Airiau et al., 2023; Brandl et al.,
2021). Fain et al. (2016) connected this problem to the Lindahl equilibrium introduced by Foley (1970),
which was further studied by Munagala et al. (2022), Kroer and Peters (2025), and Tao and Zheng (2025).
Indivisible versions of this problem have also received a lot of attention (Fain et al., 2018), including as part
of the literature on committee elections (Lackner and Skowron, 2023) and participatory budgeting (Aziz
and Shah, 2021; Rey and Maly, 2023).

Fair division of private goods and chores. The allocation of divisible private goods via competitive equi-
librium from equal incomes (CEEI) is classical (Varian, 1974). For linear utilities, this is equivalent to maxi-
mizing Nash welfare (Eisenberg, 1961), which allows applying convex programming and other techniques
to efficiently find CEEI allocations (Vazirani, 2007). For private bads (chores), Bogomolnaia et al. (2017)
characterize CEEI allocations as critical points of the Nash product on the Pareto frontier. They also dis-
cuss axiomatic properties of the CEEI solution. In particular, they establish that CEEI satisfies the core
and always yields strictly positive costs—properties that turn out to be challenging to port to public bads.
Several algorithms for computing CEEI for chores have been proposed (Brânzei and Sandomirskiy, 2024;
Boodaghians et al., 2022; Chaudhury et al., 2024). The allocation of goods and chores has been intensely
studied for indivisible items. In particular, the interaction of fairness (envy-freeness up to one item) and
efficiency (Pareto optimality) has been a major theme: for goods, the maximum Nash welfare rule achieves
both properties (Caragiannis et al., 2019); the recent breakthrough of Mahara (2026) shows that the two
properties are also compatible for chores. We refer to the surveys of Amanatidis et al. (2023) and Liu et al.
(2024) for broader coverage of fair division.
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Proportional fairness in social choice. The proportional fairness (PF) criterion we study originates in the
work of Kelly (1997) in the context of network resource allocation. It has been applied to (probabilistic)
social choice by Ebadian et al. (2022) in a distortion framework and by Banerjee et al. (2023) in an online
setting. The concept was also recently applied to facility location and clustering (Chen et al., 2019; Micha
and Shah, 2020; Caragiannis et al., 2024; Kellerhals and Peters, 2024). The PF criterion implies notions of
the core, and the core has been used as an axiomatic formalization of proportional representation in many
subfields of computational social choice in recent years. Prominent examples include participatory budget-
ing (Fain et al., 2018; Aziz et al., 2020; Brandl et al., 2022; Airiau et al., 2023) and committee selection (Aziz
et al., 2017; Lackner and Skowron, 2023; Brill and Peters, 2023; Peters, 2025).

Previous work on public bads selection. The work most closely related to ours is that of Mariotti and
Villar (2005). They study the problem of allocating losses in utility space relative to a fixed reference vector
by selecting a utility vector from a feasible set, and propose the Nash rationing solution for this problem.
This solution is closely related to our strictly positive PF allocations. Specifically, our public bads model
can be translated into their setting by taking the reference vector to be 0 and the feasible utility set to
be the downward closure of the negations of the feasible cost vectors induced by all lotteries. The key
difference between our work and that of Mariotti and Villar (2005) is that we focus on defining fairness
notions for public bads and studying the relationships among PF, Lindahl equilibrium, and competitive
equilibrium, whereas Mariotti and Villar (2005) focus primarily on an axiomatic analysis and existence of
the Nash rationing solution and other loss allocation rules. We leverage several of their results, and discuss
similarities in greater detail in Sections 4.2 and 5.

2 Review: Allocation of Public (and Private) Goods

Preliminaries. For t ∈ N, define [t] ≜ {1, 2, . . . , t}. For a finite set S, ∆(S) ≜ {x ∈ RS
⩾0 : ∑a∈S x(a) = 1} is

the probability simplex over S. For a lottery x ∈ ∆(S), its support is supp(x) = {a ∈ S : x(a) > 0}. Given
x ∈ RN and S ⊆ N, define x restricted to S as xS ≜ (xi)i∈S. We sometimes view a mapping p : S → R as a
vector p ∈ RS. The dot product of vectors p, q ∈ RS is p · q ≜ ∑s∈S p(s) · q(s). For vectors p, q ∈ Rk, we say
p ⩽ q (equivalently, q ⩾ p) when pi ⩽ qi for all i ∈ [k], and p < q (equivalently, q > p) if p ⩽ q and p ̸= q.
We write p≫ q when pi > qi for all i ∈ [k].

Model of public goods. A public goods instance is given by the tuple (N, A, v), where N = [n] is a set
of agents, A is a set of m alternatives, and v = (v1, . . . , vn), where vi : A → R⩾0 is the (von Neumann–
Morgenstern) valuation function of agent i ∈ N. Assume that for each agent i ∈ N, vi(a) > 0 for at least one
alternative a ∈ A (otherwise the agent always gets zero utility and can be ignored). These valuations induce
linear utilities over lotteries: for x ∈ ∆(A), define, with slight abuse of notation, vi(x) ≜ ∑a∈A x(a) · vi(a),
and v(x) ≜ (v1(x), . . . , vn(x)) to be the utility vector induced by x. The (feasible) utility set is

U ≜ {v(x) : x ∈ ∆(A)} = conv{v(a) : a ∈ A} ⊆ RN
⩾0,

where the equality is due to linearity of utilities. U is a non-empty, compact, and convex polytope.
For this model, three well-known rules coincide and yield a particularly appealing solution concept.

The first is Lindahl equilibrium, a virtual market equilibrium defined by Foley (1970) drawing on ideas
of Lindahl (1919), in which every agent simultaneously finds the same lottery x to be utility-maximizing
subject to their personalized prices and a common budget.

Definition 2.1 (Lindahl Equilibrium for Public Goods). For public goods, given a lottery x ∈ ∆(A) and
personalized prices p = (pi : A→ R⩾0)i∈N , we say that (x, p) is a Lindahl equilibrium if:

(1) Spending constraint: pi · x ⩽ 1/n for all i ∈ N.

(2) Utility maximization: For every i ∈ N and y ∈ RA
⩾0 such that pi · y ⩽ 1/n, we have vi(y) ⩽ vi(x).
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(3) Profit maximization: ∑i∈N pi(a) ⩽ 1 for every a ∈ A, with equality if x(a) > 0.

Finally, x is a Lindahl allocation if (x, p) is a Lindahl equilibrium for some personalized prices p.

Note that the spending constraint condition is sometimes referred to as affordability.
Foley (1970) proves the existence of such an equilibrium under general convex and strictly monotone

utility functions. Fain et al. (2016) provide an efficient algorithm via convex programming for a class of util-
ity functions they term “non-satiating”. For our special case of linear utilities, this convex program simply
maximizes ∑i∈N log vi(x) (Fain et al., 2016, Corollary 2.3), or equivalently, the Nash welfare ∏i∈N vi(x); its
KKT conditions turn out to be precisely the Lindahl equilibrium conditions.

Definition 2.2 (Maximum Nash Welfare (MNW)). The Nash welfare of a lottery x ∈ ∆(A) is NW(x) ≜
∏i∈N vi(x). We say that x is a maximum Nash welfare (MNW) lottery if x ∈ arg maxy∈∆(A) NW(y).

First-order optimality for this convex program yields the following alternative formalization, dating
back to the work of Kelly (1997), which has been explored in social choice (Ebadian et al., 2022; Banerjee
et al., 2023) and beyond (Ray Chaudhury et al., 2022). For a formal proof of equivalence, see the works of
Ebadian et al. (2024, Proof of Theorem 2) and Kroer and Peters (2025, Proof of Theorem 4).

Definition 2.3 (PF for Goods). A lottery x ∈ ∆(A) is proportionally fair if we have 1
n ∑i∈N

vi(y)
vi(x) ⩽ 1 for all

y ∈ ∆(A), with the convention that 0/0 = 1 and α/0 = +∞ for any α > 0. Due to linear utilities, this is
equivalent to having 1

n ∑i∈N
vi(a)
vi(x) ⩽ 1 for all a ∈ A with equality if x(a) > 0.

Foley (1970) proves that Lindahl equilibria satisfy a compelling fairness desideratum.1

Definition 2.4 (The Core for Public Goods). A lottery x ∈ ∆(A) is in the core if there exist no S ⊆ N,
y ∈ ∆(A) such that |S|n · vi(y) ⩾ vi(x) for all i ∈ S, with at least one inequality being strict.

This is a strengthening of Pareto optimality, which imposes the above condition only for S = N.

Definition 2.5 (Pareto Optimality). A lottery x ∈ ∆(A) is Pareto optimal if there exists no y ∈ ∆(A) such
that vi(y) ⩾ vi(x) for all i ∈ N, with at least one inequality being strict.

We will not reproduce the Pareto optimality definition for the other settings—private goods, public
bads, and private bads—as it is essentially identical, with the only difference being a reversed inequality
between costs for the case of bads.

The following folklore result follows from the discussion above; we give a proof in Appendix A for
completeness.

Theorem 2.6. For any public goods instance with linear utilities, the following are equivalent for a lottery x ∈ ∆(A).

(1) x is a Lindahl allocation.

(2) x is proportionally fair (PF).

(3) x is a maximum Nash welfare (MNW) lottery.

Further, all such lotteries x lie in the core for public goods (and hence, are Pareto optimal) and induce the same utility
vector v(x), which gives a strictly positive utility vi(x) > 0 to every agent i ∈ N.

1Technically, Foley (1970) proves that they are in the weak core in a more general setup; the fact that they are in the core for our setup
can be inferred from Proposition 2 of Kroer and Peters (2025), whose “cap-sufficiency” and “zero-respecting” conditions automatically
hold in our “uncapped” setting. See also Aziz et al. (2020, Theorem 3).
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2.1 Relation to Private Goods

Allocation of public goods strictly generalizes allocation of divisible private goods. A private goods in-
stance is given by the tuple (N, G, v), where N = [n] is a set of agents, G is a set of divisible goods, and
v = (v1, . . . , vn), where vi : G → R⩾0 and vi(g) is the value of agent i for good g. These values induce
linear utilities, given by vi(z) ≜ ∑g∈G vi(g) · z(g) for every (fractional) bundle z ∈ [0, 1]G. We assume that
vi(g) > 0 for at least one g ∈ G, otherwise the agent can be safely ignored with no goods allocated to them.
Similarly, we assume that for each g ∈ G, vi(g) > 0 for at least one i ∈ N.

The goal is to find a fractional allocation x = (x1, . . . , xn), with xi : G → [0, 1] and xi(g) denoting the
fraction of good g ∈ G allocated to agent i ∈ N, that is feasible: ∑i∈N xi(g) = 1 for all goods g ∈ G. The
utility of agent i under this allocation is vi(xi).

Reduction R from private to public goods. Any private goods instance (N, G, v) can be reduced to a
public goods instance (N, A, v) ≜ R(N, G, v) with the set of alternatives A consisting of all nm integral
allocations x satisfying xi(g) ∈ {0, 1} for all i ∈ N and g ∈ G; linear utilities for lotteries over integral
allocations precisely map to linear utilities for fractional allocations. Specifically, for any allocation x over
a private goods instance (N, G, v), we say that a public allocation y over R(N, G, v) is the public allocation
induced by x if for each i ∈ N and g ∈ G, we have that xi(g) = ∑z:y(z)>0 y(z) · zi(g). We refer to (N, A, v) as
a private-induced public goods instance, induced by (N, G, v).

Solution concepts for private goods. In economics, the private goods model is known as a Fisher market,
which admits the following market equilibrium concept.

Definition 2.7 (CEEI for Private Goods). For private goods, we say that the pair (x, p) of a fractional allo-
cation x and a price vector p ∈ RG

>0 is a competitive equilibrium from equal incomes (CEEI) if:

(1) Maximum bang-per-buck: For all i ∈ N and g ∈ G, xi(g) > 0⇒ g ∈ arg maxg′∈G
vi(g′)
p(g′) .

(2) Budget exhaustion: p · xi = 1/n for all i ∈ N.

We say that x is a CEEI allocation if (x, p) is a CEEI for some p.

In a private goods instance (N, G, v), the set of CEEI allocations (i.e., allocations x that form a CEEI
(x, p) with some price vector p) coincides with the sets of maximum Nash welfare allocations (Eisenberg,
1961) and proportionally fair allocations (Arrow et al., 1981, Volume 2, Chapter 14). For the induced public
goods instance R(N, G, v), these maximum Nash welfare allocations coincide with Lindahl allocations (by
Theorem 2.6). Hence, Lindahl equilibria generalize CEEI for private goods to public goods.

Varian (1974) shows that CEEI allocations satisfy the core for private goods.2

Definition 2.8 (The Core for Private Goods). An allocation x of private goods is in the core if there exist no
subset of agents S ⊆ N and allocation y of the goods to the agents in S (i.e., yj(g) = 0 for all j ∈ N \ S and

g ∈ G) such that |S|n · vi(y) ⩾ vi(x) for all i ∈ S, and at least one inequality is strict.

It is easy to see that the core for a private goods instance (N, G, v) coincides with the core for its induced
public goods instance R(N, G, v): the core definition for R(N, G, v) allows a coalition S to pick any lottery
over alternatives (integral allocations), but any violation can also be produced by a lottery over alternatives
in which all the private goods are allocated to agents in S, as in the core definition for (N, G, v).

Theorem 2.9. For any private goods instance with linear utilities, the following are equivalent for a fractional allo-
cation x.

(1) x is a CEEI allocation.
2Varian (1974) shows that CEEI allocations satisfy the weak core in a model allowing more general utility functions. A folklore proof

that they satisfy the core under linear utilities is given by Freeman et al. (2020, Appendix B).
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(2) x is proportionally fair (PF).

(3) x is a maximum Nash welfare (MNW) allocation.

(4) x is a Lindahl allocation in the induced public goods instance.

Further, all such allocations x lie in the core for private goods (and hence, are Pareto optimal) and induce the same
utility vector, which gives a strictly positive utility vi(xi) > 0 to every agent i ∈ N.

3 Allocation of Public Bads

Let us now introduce a model of public bads that mirrors the model of public goods from Section 2. A public
bads instance is given by the tuple (N, A, c), where N = [n] is a set of agents, A is a set of m alternatives,
and c = (c1, . . . , cn) is a list of cost functions for each agent, where ci : A → R⩾0 for each agent i. For
a ∈ A, write c(a) = (c1(a), . . . , cn(a)). The cost functions induce linear costs (or disutilities) over lotteries:
for x ∈ ∆(A), define, with slight abuse of notation, the cost to agent i under x as ci(x) ≜ ∑a∈A x(a) · ci(a),
and the cost vector induced by x as c(x) ≜ (c1(x), . . . , cn(x)). The (feasible) cost set is

C ≜ {c(x) : x ∈ ∆(A)} = conv{c(a) : a ∈ A} ⊆ RN
⩾0,

where the equality is due to linearity of costs. Like for goods, C is a non-empty compact convex polytope.
We make two assumptions on the agents’ cost functions. First, we assume that 0 ̸∈ C: every alternative
incurs a strictly positive cost for some agent. Secondly, we assume that for every agent i ∈ N, there exists
some alternative a ∈ A such that ci(a) < maxa′∈A ci(a′): no agent is indifferent between all bads (as such
an agent would have no stake in what allocation is chosen).

3.1 Review: Allocation of Private Bads

Our starting point is the allocation of private bads (or chores). The model mirrors that of private goods
allocation, but we will use B to denote the set of private bads (instead of G for the set of private goods) and
ci(b) to denote the cost of agent i for bad b. A private bads instance is then given by the tuple (N, B, c). We
will also assume that ci(b) > 0 for all agents i ∈ N and bads b ∈ B; if any bad has zero cost to at least one
agent, it can be allocated to any such agent and safely ignored.

Bogomolnaia et al. (2017) characterize CEEI allocations in the Fisher market with private bads. To un-
derstand this, we need additional concepts.

Definition 3.1 (CEEI for Private Bads). For private bads, we say that the pair (x, p) of a fractional allocation
x and a price vector p ∈ RB

>0 is a competitive equilibrium from equal incomes (CEEI) if:

(1) Minimum pain-per-buck: For all i ∈ N and b ∈ B, xi(b) > 0⇒ b ∈ arg minb′∈B
ci(b′)
p(b′) .

(2) Budget exhaustion: p · xi = 1/n for all i ∈ N.

We say that x is a CEEI allocation if (x, p) is a CEEI for some p.

Hidden within their proofs, they show that all CEEI allocations of private bads satisfy a condition mir-
roring proportional fairness for goods. This definition applies to both private and public bads.

Definition 3.2 (PF for Bads). An allocation x of bads is called proportionally fair (PF) if we have 1
n ∑i∈N

ci(y)
ci(x) ⩾

1 for all allocations y ∈ ∆(A), with the convention that 0/0 = 1 and α/0 = +∞ for any α > 0. Note that the
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direction of inequality is reversed compared to the case of goods. Due to linear costs, PF is equivalent to
having 1

n ∑i∈N
ci(a)
ci(x) ⩾ 1 for all a ∈ A with equality if x(a) > 0.3

They also note that CEEI allocations satisfy the core for private bads.

Definition 3.3 (The Core for Private Bads). An allocation x of private bads is in the core if there exist no
subset of agents S ⊆ N and allocation y of the bads to the agents in S (i.e., yj(b) = 0 for all j ∈ N \ S and

b ∈ B) such that |S|n · ci(y) ⩽ ci(x) for all i ∈ S, and at least one inequality is strict.

The core still implies Pareto optimality. Like in the case of goods, the existence of CEEI is known under
very general conditions (Shafer and Sonnenschein, 1975), but it is no longer obtained by maximizing Nash
product of costs—this would be a terrible allocation, giving bads to agents who dislike them the most—
or minimizing it, which would simply give zero cost to one of the agents. Instead, Bogomolnaia et al.
(2017) characterize CEEI for private bads via critical points of the Nash product of costs, given by NP(z) =
∏i∈N zi, that lie on the Pareto frontier.

Definition 3.4 (Critical Points). Given a smooth function f : X → R and Y ⊆ X , the critical points of f in
Y are given by

Γ( f ,Y) = {x ∈ Y : (∀y ∈ Y ,∇ f (x) · x ⩾ ∇ f (x) · y) ∨ (∀y ∈ Y ,∇ f (x) · x ⩽ ∇ f (x) · y)}.

Critical points include local minima, local maxima, and saddle points.

Definition 3.5 (Pareto Frontier). Given a feasible cost set C, its Pareto frontier is Ceff ≜ {z ∈ C : ∄z′ ∈
C with z′ < z}. These are the cost vectors induced by Pareto optimal allocations.

Theorem 3.6 (Bogomolnaia et al., 2017). For a private bads instance with linear costs, the following hold.

(1) An allocation x is a CEEI allocation if and only if its induced cost vector is strictly positive (ci(x) > 0 for all
i ∈ N), is a critical point of the Nash product NP in C (i.e., c(x) ∈ Γ(NP, C)) and lies on the Pareto frontier
(i.e., c(x) ∈ Ceff).

(2) All CEEI allocations x are proportionally fair and lie in the core (hence, they are Pareto optimal).4

(3) There may be multiple CEEI allocations that yield different induced cost vectors.

(4) One CEEI allocation is obtained by maximizing the Nash product on the Pareto frontier, i.e., the allocations in
arg maxx:c(x)∈Ceff ∏i∈N ci(xi) are CEEI.

The magical equivalence between market equilibria (CEEI for private and Lindahl for public), propor-
tional fairness, and Nash welfare that holds for public and private goods (Theorems 2.6 and 2.9) turns out
to break down for private bads:

• CEEI still implies proportional fairness, but the converse is no longer true, see Example 3.7 below.
Note that Bogomolnaia et al. (2017) do not comment on the converse direction.

• CEEI is no longer obtained simply by maximizing the Nash welfare; instead, it is tied intricately to
the critical points of the Nash product on the efficient frontier. Maximizing the Nash product on the
efficient frontier just produces one of possibly exponentially many CEEI allocations.

3To see the equivalence, for any lottery y, we claim 1
n ∑i∈N

ci(y)
ci(x) = ∑a′∈supp(y) y(a′)( 1

n ∑i∈N
ci(a′)
ci(x) ). Indeed, this is clear for all i with

ci(x) > 0, but under our ratio convention, equality also holds when some i has ci(x) = 0: if ci(y) = 0, every alternative in supp(y)
has zero cost for i and both sides contribute 1, while if ci(y) > 0, both sides are +∞. The claim and the fact that ∑a′∈supp(y) y(a′) = 1
establish sufficiency. Necessity follows because every deterministic alternative is itself a lottery.

4Technically, Bogomolnaia et al. (2017) only proves that CEEI allocations are in a weak version of the core, where a group of agents
can deviate if they all strictly improve. This is due to the fact that Bogomolnaia et al. (2017) studies a more general model of mixed
manna (items that are goods to some agents and chores to others), where our stronger core does not always exist. For completeness,
we prove that all CEEI allocations for private bads are in the core in Appendix B.
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• CEEI allocations no longer all have the same induced cost vector.

Example 3.7 (PF Does Not Imply CEEI for Bads). Consider the case of two agents and a single private bad
b, with both agents having a cost of 1 for the bad. While the unique CEEI allocation splits the bad equally
between the two agents, yielding the cost vector (1/2, 1/2), it is easy to check that the allocations giving the
bad entirely to one of the agents, yielding cost vectors (1, 0) and (0, 1), are also proportionally fair.

Despite this broken equivalence, CEEI remains an appealing rule for allocating private bads, providing
fairness guarantees via proportional fairness and the core, and the characterization of Bogomolnaia et al.
(2017) uncovers useful structural insights about CEEI.

3.2 Difficulties in Extending to Public Bads

Our goal is to establish a similar story for allocating public bads.

Do Lindahl equilibria yield convincingly fair allocations of public bads? Do they satisfy some version of
the core and give strictly positive costs to all agents? Does the critical point characterization from private
bads still hold? Does maximizing the Nash product on the Pareto frontier still yield an equilibrium?

Upon investigation, we find that allocating public bads turns out to be much trickier than the clean story
so far may lead one to believe.

3.2.1 Difficulty in Defining Lindahl Equilibrium

First, there is essentially no literature on defining and studying Lindahl equilibria for public bads. The
first clear definition of this concept has been proposed very recently by Tao and Zheng (2025, Section 6.2).
They only showed that their version of Lindahl equilibrium guarantees weak Pareto optimality (i.e., that
no alternative lottery can strictly reduce the cost to every agent simultaneously). As we show below, their
version can indeed violate Pareto optimality, even for linear costs. For this reason, we term their concept
weak Lindahl equilibrium.

Definition 3.8 (Weak Lindahl Equilibrium for Public Bads). For public bads, given a lottery x ∈ ∆(A) and
personalized prices p = (pi : A→ R⩾0)i∈N , we say that (x, p) is a weak Lindahl equilibrium if:

(1) Spending constraint: pi · x ⩾ 1/n for all i ∈ N.

(2) Cost minimization: For every i ∈ N and y ∈ RA
⩾0 such that pi · y ⩾ 1/n, we have ci(y) ⩾ ci(x).

(3) Profit maximization: ∑i∈N pi(a) ⩾ 1 for every a ∈ A, with equality if x(a) > 0.

We say that x is a weak Lindahl allocation if (x, p) is a weak Lindahl equilibrium for some personalized
prices p.

Example 3.9 (Weak Lindahl Equilibria Can Violate Pareto Optimality). Consider the instance with 2 agents
and 3 public bads given in the table below.

costs prices pain-per-buck

Bad 1 Bad 2 Bad 3 Bad 1 Bad 2 Bad 3 Bad 1 Bad 2 Bad 3

Agent 1 0 0 1 3/4 1/2 1/2 0 0 2
Agent 2 3 4 4 1/4 1/2 1/2 12 8 8

Clearly, the only Pareto optimal lottery is the one that places all weight on Bad 1. However, it can easily
be seen that with the prices given, the lottery that places all weight on Bad 2 is a weak Lindahl allocation.
This lottery will be weakly Pareto optimal.
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Because the proportional fairness property implies Pareto optimality, this means that not all weak Lin-
dahl equilibria are proportionally fair, so the analogy to CEEI for private bads breaks, since CEEI is always
Pareto optimal. One of our contributions in Section 4 is to propose a stronger definition of Lindahl equilib-
rium, which not only achieves PF (and hence, PO), but in fact turns out to be equivalent to PF.

3.2.2 Difficulty in Defining the Core

As noted in Section 2.1, the core for private goods (Definition 2.8), which allows a coalition S to choose
an allocation y of all the private goods among its members, extends naturally to the case of public goods
(Definition 2.4), where it can pick any lottery y over the alternatives. In both cases, the outcome y chosen
by the coalition can be great for its members, but scaling the utilities down by |S|/|N| makes it comparable
to the outcome x chosen by the rule.

The core for private bads, in contrast, forces a coalition S to pick an allocation y of all the private bads
among its members, which is terrible for them. Hence, scaling their costs down by |S|/|N| makes it com-
parable to x. But how does one force a coalition to allocate “all the bads among its members” in the public bads
model?

One possible formalization arises from noticing that the allocation y picked by S is required to impose
no cost to agents in N \ S (i.e., has zero externality). This is not always enforceable in the public bads model
as there may be no such outcome. However, one can still force S to bound the externality it imposes on
N \ S, or rather, the factor by which the costs of its members will be scaled down can be made a function of
the externality imposed. This leads us to propose the following definition of the core.

Definition 3.10 (The BE Core for Public Bads). We say that an allocation x ∈ ∆(A) of public bads lies in the
bounded-externality (BE) core if there exist no ∅ ̸= S ⊆ N, y ∈ ∆(A), and α ∈ R⩾0 such that

(1) ci(y) ⩽ α · ci(x) for all i ∈ N \ S; and

(2) ci(y) ⩽
|N|−|N\S|·α

|S| · ci(x) for all i ∈ S, and at least one of the inequalities is strict.

When α = 0, the two conditions above reduce precisely to what the core for private bads enforces.
Hence, in a private-induced public bads instance, every allocation in the BE core is also in the core for the
corresponding private bads instance. That is, the BE core extends the core for private bads to public bads.
We provide a formal statement and proof of this fact as Theorem C.1 in Appendix C.

However, the BE core may be empty. Consider a public bads instance with two agents and a single bad
b, yielding the cost vector (0, 1). The outcome x that selects b with probability 1 is the only feasible outcome,
yet it technically fails to satisfy the BE core because S = {2}, y = x, and α = 0 produce a violation of the
above definition: c1(y) ⩽ 0 · c1(x) (because c1(y) = 0) and c2(y) < 2 · c2(x). In fact, this argument can
be generalized to show that every outcome in the BE core must have a strictly positive cost vector. This is
a desirable fairness property that CEEI satisfies for private bads (Theorem 3.6). We discuss it in depth in
Section 4.

But before that, we discuss another issue with the BE core. To understand it, let us consider the following
criterion of individual fairness, applicable to both public and private bads (and to public and private goods,
by using values instead of costs and flipping the direction of inequalities). We adopt the term “individual
fair share” used by Aziz et al. (2020), but note that in the private fair division literature, an individual
fairness guarantee of this sort is often referred to as “proportionality” which we avoid here to prevent
confusion with the notion of “proportional fairness”.

Definition 3.11 ((Strong) Individual Fair Share). Let cmax
i and cmin

i denote the largest and smallest possible
costs to agent i, respectively, under any outcome. We say that the allocation x satisfies individual fair share
(IFS) if, for all i ∈ N,

ci(x) ⩽
1
n
· cmin

i +
n− 1

n
· cmax

i ,
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and satisfies strong individual fair share (sIFS) if, for all i ∈ N,

ci(x) ⩽
n− 1

n
· cmin

i +
1
n
· cmax

i .

For public and private goods, one can guarantee IFS via a random dictatorship, which chooses each
agent’s favorite outcome with probability 1/n, but not sIFS. Strikingly, for private bads, one can guarantee
sIFS via a random martyr rule, in which each agent takes on all the private bads with probability 1/n. For
public bads, sIFS is again infeasible, as the example below shows, while IFS is still guaranteed by random
dictatorship.

Example 3.12 (Infeasibility of Strong Individual Fair Share for Public
Bads). Consider the instance shown on the right with three agents
and three bads, in which each agent has cost 0 for a unique bad and cost
1 for the other two bads. Every lottery assigns probability at most 1/3

to at least one bad, which gives the agent favoring that bad a cost of at

Bad 1 Bad 2 Bad 3

Agent 1 0 1 1
Agent 2 1 0 1
Agent 3 1 1 0

least 2/3, violating sIFS.

For public and private goods, the core enforces that for each agent i ∈ N:

vi(x) ⩾
1
n
· vmax

i

This comes from taking the deviating set S to be the individual agent {i} (for private goods, 1
n · vmax

i can
be interpreted as 1

n · vi(G): agent i’s value for the entire set of items). When vmin
i = 0 for all agents (as can

be assumed in the case of private goods, where there is always at least one allocation that assigns a given
agent none of the goods), this is equivalent to IFS. For public goods instances in which some agents may
have vmin

i > 0, this is a weaker guarantee than IFS. Our definition of IFS for public goods can be thought
of as enforcing the above requirement after translating each agent’s valuation so that its minimum is zero
(v′i(a) = vi(a)− vmin

i ), as it is equivalent to the following:

vi(x)− vmin
i ⩾

1
n
· (vmax

i − vmin
i )

Similarly, in the case of private bads, the core guarantees that for all i ∈ N, ci(x) ⩽ 1
n · ci(B). Since cmax

i =

ci(B) and cmin
i = 0 in the corresponding private-induced public bads instance, this exactly guarantees sIFS.

When adapting the individual fairness guarantees of the core to the public bads setting, one may think
that the analogous approach would be to define a notion that also depends only on cmax

i , such as:

ci(x) ⩽
n− 1

n
· cmax

i

In the goods setting, the definition of IFS that also has vmin
i on the right-hand side makes the definition

stronger. However, because of the inverted inequality in the bads case, going from the above inequality
to the one enforced by IFS would actually make the requirement weaker for instances where cmin

i > 0. In
fact, it is easy to see that the above requirement is too strong. For example, consider the instance shown in
Example 3.12 with all the 0 costs replaced with some ε > 0. Clearly, in any lottery x over this instance, some
agent i ∈ N must incur ci(x) > 2

3 .
Thus, our definition of IFS for public bads is quite weak and is guaranteed always to exist. With this in

mind, it would be natural to expect that a reasonable definition of the core for public bads should at least
imply (a) IFS for all instances, and (b) the core (which implies sIFS) for private-induced instances.

In Section 4, we show that the BE core achieves (b) for a class of instances broader than private-induced
instances. However, in general instances, it fails to guarantee (a).
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Example 3.13 (The BE Core Can Violate Individual Fair Share). Consider the
instance shown on the right. The unique BE core allocation places all weight on
Bad 2. This allocation is in the BE core (by the upcoming Theorem 4.10, as it is
PF with strictly positive costs), yet it clearly violates IFS (c2(x) = 1 > 1/2). To

Bad 1 Bad 2

Agent 1 1 1/2

Agent 2 0 1

see uniqueness, consider any allocation x placing weight β ∈ (0, 1] on Bad 1. The coalition S = {1} can
deviate using y (all weight on Bad 1) and α = 0. For agent 2, c2(y) = 0 ⩽ 0 · c2(x). For agent 1, the deviation
holds because c1(y) = 1 < 1 + β = 2( 1

2 β + 1
2 ) =

n
|S| c1(x).

This leads us to define an alternative definition of the core, which achieves (a), albeit it fails (b).

Definition 3.14 (Completion Core). A lottery x is in the completion core if there exist no group of agents
S ⊆ N and lottery y ∈ ∆(A) such that for every agent i ∈ S,

|S|
n
· ci(y) +

n− |S|
n

·max
a∈A

ci(a) ⩽ ci(x),

and at least one inequality is strict.

The completion core is a variant of the α-core considered in the theory of partition function games (Thrall
and Lucas, 1963), in which the deviating coalition S assumes that the other players in N \ S will respond
in the worst possible manner for S. For the completion core, one can view S as choosing how to allocate
probability mass |S|/|N| and N \ S as choosing how to allocate the remaining probability mass 1− |S|/|N|,
with each i ∈ S assuming that the coalition N \ S will choose the outcome that is worst for agent i.

Theorem 3.15. Every allocation in the completion core satisfies individual fair share.

Proof. For any allocation x in the completion core, fix some agent i. With S = {i}, completion core guaran-
tees that for any alternative allocation y:

ci(x) ⩽
1
n

ci(y) +
n− 1

n
max
a∈A

ci(a)

Taking y to be the allocation that places all the probability mass on arg mina∈A ci(a) gives the IFS guarantee
for agent i.

With some fairness definitions in hand, the natural question is: Which rules, if any, achieve these defi-
nitions? A natural place to start this search is with the rules we know work well for goods instances and
private bads instances: market equilibria and proportional fairness.

4 Lindahl Equilibria for Public Bads

We begin by introducing our formalization of Lindahl equilibria for public bads.

Definition 4.1 (Lindahl Equilibrium for Public Bads). A pair (x, p) of an allocation x ∈ ∆(A) of public bads
and personalized prices p = (pi : A→ R⩾0)i∈N forms a Lindahl equilibrium if:

(1) Spending constraint: pi · x ⩾ 1/n for all i ∈ N.

(2) Cost minimization: For every i ∈ N and y ∈ RA
⩾0 such that pi · y ⩾ 1/n, we have ci(y) ⩾ ci(x); moreover,

if ci(y) = ci(x) = 0, then ∑a∈A y(a) ⩾ 1.

(3) Profit maximization: ∑i∈N pi(a) ⩾ 1 for every a ∈ A, with equality if x(a) > 0.

We say that x is a Lindahl allocation if (x, p) is a Lindahl equilibrium for some prices p.
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The crucial change from the definition of weak Lindahl equilibrium due to Tao and Zheng (2025) lies
at the end of the cost minimization condition, where we set an additional restriction in case of ci(x) = 0.
This is needed to ensure Pareto optimality even when some agents receive zero cost. With this strengthened
definition, we can establish a relationship between proportional fairness, market equilibrium, and the Nash
welfare function, akin to that established for private bads. In particular, we will consider critical points of
Nash welfare that lie in the upward closure of the cost set.

Definition 4.2 (Upward Closure). Define the upward closure of C as C⩾ ≜ {z ∈ RN
⩾0 : ∃z′ ∈ C with z ⩾ z′}.

For S ⊆ N, define CS
⩾ = {zS = (zi)i∈S : (z ∈ C⩾) ∧ (zi = 0, ∀i ∈ N \ S)}.

We can now state our main equivalence theorem for public bads.

Theorem 4.3. For public bads with linear costs, the following are equivalent for any x ∈ ∆(A).

(1) x is proportionally fair (PF).

(2) x is a Lindahl allocation.

(3) For S := {i ∈ N : ci(x) > 0}, cS(x) = (ci(x))i∈S is a critical point in CS
⩾ of the function f S

Nash : RS
⩾0 → R⩾0

given by f S
Nash(z) = ∏i∈S zi, i.e., cS(x) ∈ Γ( f S

Nash, CS
⩾).

The proof is split into two lemmas. The first shows the equivalence of the first two conditions.

Lemma 4.4. A lottery x is proportionally fair if and only if there exists some prices p such that (x, p) is a Lindahl
equilibrium.

Proof. PF⇒ Lindahl equilibrium. Let x ∈ ∆(A) be a PF lottery. Define personalized prices as follows:

pi(a) =


1
n

ci(a)
ci(x) if ci(x) > 0,

1
n if ci(x) = 0 and ci(a) = 0,
1 if ci(x) = 0 and ci(a) > 0.

We will show that (x, p) is a Lindahl equilibrium.
First, we show profit maximization. For each a ∈ A such that x(a) > 0, we have ∑i∈N

1
n

ci(a)
ci(x) = 1 from

the PF conditions (Definition 3.2). For each i ∈ N such that ci(x) > 0, we have pi(a) = 1
n

ci(a)
ci(x) , and for

each i ∈ N such that ci(x) = 0, we must have ci(a) = 0, so by our convention that 0/0 = 1, we have
pi(a) = 1

n = 1
n

ci(a)
ci(x) . Thus ∑i∈N pi(a) = 1 as desired.

For each a ∈ A such that x(a) = 0, for all i ∈ N with ci(x) > 0 or with ci(x) = 0 and ci(a) = 0 we have
that pi(a) = 1

n
ci(a)
ci(x) . If there is no agent j such that cj(x) = 0 and cj(a) > 0, then we have that

∑
i∈N

pi(a) = ∑
i∈N

1
n

ci(a)
ci(x)

⩾ 1.

If there is such an agent j, then we have that pj(a) = 1, so clearly ∑i∈N pi(a) ⩾ 1 is true.
For the spending constraint, for any i ∈ N such that ci(x) > 0, we have:

pi · x =
1
n ∑

a∈A

ci(a)
ci(x)

x(a) =
1
n

∑a∈A ci(a)x(a)
ci(x)

=
1
n

.

For any i ∈ N with ci(x) = 0, then for each a ∈ A with x(a) > 0 we must have ci(a) = 0, so we will have
pi(a) = 1

n . Thus pi · x = ∑a∈A
1
n xa =

1
n .
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For cost minimization, for any i ∈ N with ci(x) > 0, the pain-per-buck ratio of a ∈ A for i ∈ N is

ci(a)
pi(a)

= nci(x),

which is constant, so all lotteries that induce spending 1/n have the same cost, including x. For any i ∈ N
such that ci(x) = 0, note that since x satisfies i’s spending constraint and has cost 0, to establish the cost
minimization condition for i, we need to ensure that there is no alternative lottery y satisfying i’s spending
constraint with ci(y) = 0 and ∑a∈A y(a) < ∑a∈A x(a) = 1. All bads a ∈ A with ci(a) = 0 have price
pi(a) = 1/n, so clearly any alternative lottery y with total price at least 1/n must have size at least 1,
completing this half of the proof.

Lindahl equilibrium ⇒ PF. Let (x, p) be a Lindahl equilibrium. For contradiction, assume that there is an
a ∈ A such that 1

n ∑i∈N
ci(a)
ci(x) < 1.

First, note that for any i ∈ N, pi · x > 1/n is true only if ci(x) = 0. If ci(x) > 0 were true, then i could
decrease his consumption of some b ∈ A with x(b) > 0 and ci(b) > 0 by some small amount without
violating the spending constraint. Therefore, for all i ∈ N with ci(x) > 0, we must have pi · x = 1/n

Next, note that since x meets the cost minimizing condition, for any i ∈ N with ci(x) > 0, all bads
b ∈ A with x(b) > 0 must minimize pain-per-buck for i. For each agent i ∈ N, let mpbi be the minimum
pain-per-buck of i. Then we must have that:

ci(a) ⩾ pi(a)mpbi

Additionally, following from the fact that pi · x = 1/n when ci(x) > 0 and the same pain-per-buck logic,
we must also have that:

ci(x) =
1
n

mpbi

Thus, for all i ∈ N with ci(x) > 0, we have:

1
n

ci(a)
ci(x)

⩾
1
n

pi(a)mpbi
(1/n)mpbi

= pi(a)

For all i ∈ N such that ci(x) = 0, note that we must also have ci(a) = 0. Otherwise ci(a)
ci(x) = ∞, which

would be a contradiction to 1
n ∑i∈N

ci(a)
ci(x) < 1.

From this, (and recalling that we use the convention that 0/0 = 1) we can say that for all i ∈ N such
that ci(x) = 0, we must have that:

1
n

ci(a)
ci(x)

=
1
n

0
0
=

1
n

Let S ⊆ N be the set of all agents i such that ci(x) = 0. Then, we can say the following:

1 > ∑
i∈N

1
n

ci(a)
ci(x)

= ∑
i∈N\S

1
n

ci(a)
ci(x)

+ ∑
i∈S

1
n

ci(a)
ci(x)

⩾ ∑
i∈N\S

pi(a) +
|S|
n

Rearranging we get:

∑
i∈N\S

pi(a) < 1− |S|
n

If S = ∅ (all agents have positive cost for x), then we immediately get a contradiction to the profit
maximization condition. If we have that |S| > 0, then in order for the profit maximization condition to be
true, we must have that:

∑
i∈S

pi(a) >
|S|
n
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This implies the existence of an agent i ∈ S with pi(a) > 1
n . However, take the vector y ∈ [0, 1]A where

y(a) = 1
npi(a) < 1, and y(b) = 0 for every other b ∈ A. We will have that pi · y = pi(a) 1

npi(a) = 1
n , so y

satisfies the spending constraint. But this means that

∑
a∈A

x(a) = 1 > ∑
a∈A

y(a),

contradicting the fact that (x, p) meets the cost minimizing condition for i.

The second lemma shows the equivalence between PF and suitable critical points of Nash welfare.

Lemma 4.5. Allocation x is proportionally fair if and only if for S := {i ∈ N : ci(x) > 0}, cS(x) = (ci(x))i∈S is a
critical point of f S

Nash : RS
⩾0 → R⩾0 given by f S

Nash(z) = ∏i∈S zi in CS
⩾ (i.e., cS(x) ∈ Γ( f S

Nash, CS
⩾)).

Proof. Fix any allocation x ∈ ∆(A) and let S = {i ∈ N : ci(x) > 0}. Define AS = {a ∈ A : ci(a) = 0, ∀i ∈
N \ S}. The standing assumption 0 /∈ C ensures that S ̸= ∅. Moreover, all coordinates of cS(x) are positive,
so

∇ f S
Nash(cS(x)) = f S

Nash(cS(x))∇ f log,S
Nash(cS(x)),

where f S
Nash(cS(x)) > 0. Thus, the two gradients differ by a positive scalar and yield the same critical-point

inequalities; below we use the log-Nash gradient for convenience.
For the forward direction, assume that x is PF. We show that cS(x) ∈ Γ( f S

Nash, CS
⩾). In particular, we will

show that for w∗ = ∇ f log,S
Nash(cS(x)) =

(
1

ci(x)

)
i∈S

, we have that w∗ · z ⩾ w∗ · cS(x) = |S| for all z ∈ CS
⩾.

Due to x being PF, we have that for all y ∈ ∆(A),

1
n ∑

i∈N

ci(y)
ci(x)

⩾ 1. (1)

Hence, the same condition holds for all y ∈ ∆(AS) as well. However, y ∈ ∆(AS) implies ci(y) = 0 for all
i ∈ N \ S, so ci(y)

ci(x) =
0
0 = 1 according to our convention in the PF definition. Plugging this into Equation (1),

we get that ∑i∈S
ci(y)
ci(x) ⩾ |S|. Thus, we have that w∗ · z ⩾ |S| for all z ∈ CS = {zS : z ∈ C, zN\S = 0}.We need

to establish the same for all z ∈ CS
⩾. However, note that CS

⩾ = CS + RS
⩾0 = {z′ + z′′ : z′ ∈ CS, z′′ ∈ RS

⩾0}.
Since we have w∗ · z′ ⩾ |S| and w∗ · z′′ ⩾ 0 (recall that w∗ ∈ RS

>0 and z′′ ∈ RS
⩾0), we get the desired

inequality that w∗ · z ⩾ |S| for all z ∈ CS
⩾, so cS(x) ∈ Γ( f S

Nash, CS
⩾).

For the reverse direction, suppose cS(x) ∈ Γ( f S
Nash, CS

⩾). Note that we must have cS(x) ∈ RS
>0 for the

gradient to be well-defined. Further, for w∗ = ∇ f log,S
Nash(cS(x)) =

(
1

ci(x)

)
i∈S
∈ RS

>0, we must have either

w∗ · z ⩾ w∗ · cS(x) = |S|, ∀z ∈ CS
⩾, (2)

or

w∗ · z ⩽ w∗ · cS(x) = |S|, ∀z ∈ CS
⩾. (3)

Noting that cS(x) ∈ CS, take z = cS(x) + ε ∈ CS
⩾ for any ε ∈ RS

>0. Then, w∗ · z = w∗ · cS(x) + w∗ · ε >

w∗ · cS(x) = |S|. Hence, Equation (3) cannot hold, so Equation (2) must hold.
In particular, we get that for any y ∈ ∆(AS), because cN\S(y) = 0, cS(y) ∈ CS. Hence, from Equation (2),

we get that ∑i∈S w∗i · ci(y) = ∑i∈S
ci(y)
ci(x) ⩾ |S|. For each i ∈ N \ S, we have ci(y)

ci(x) =
0
0 = 1 according to our PF

convention. Hence, we get

∑
i∈N

ci(y)
ci(x)

⩾ |N|. (4)

15



It simply remains to establish the same for all y ∈ ∆(A) \ ∆(AS). However, for any such y, there exists
i ∈ N \ S for which ci(y) > 0, which makes ci(y)

ci(x) = +∞, so Equation (4) holds trivially. This completes the
proof.

Contrast between our characterization and that of Bogomolnaia et al. (2017). Recall that Bogomolnaia
et al. (2017) characterize CEEI allocations of private bads as critical points of the whole Nash product
fNash = f N

Nash in C that lie on the efficient frontier Ceff, i.e., c(x) ∈ Ceff ∩ Γ( fNash, C). Our characteriza-
tion differs in two crucial aspects.

First, we work with Nash product over the set of agents with positive costs. This is understandable.
Bogomolnaia et al. (2017) work with CEEI allocations, which yield positive costs to all agents, their condi-
tion resembles ours for the special case of S = N; the same holds for us in Theorem 4.9, where we consider
allocations yielding strictly positive costs to all agents. But, more crucially, our critical points are defined
in the upward closure CS

⩾ (which is C⩾ for S = N) whereas those of Bogomolnaia et al. (2017) are defined
in C, making our critical points more restrictive because the gradient condition needs to be enforced for a
larger set of cost vectors. In the proof, we need this to deduce that the inequality in the critical point def-
inition (Definition 3.4) holds in the correct direction. Bogomolnaia et al. (2017) get around this by instead
requiring x to be Pareto optimal, and stating that c(x) ∈ Ceff will imply that the gradient inequality holds
in the correct direction. While this works in the private bads setting, it is demonstrably false in our domain
of public bads.

Example 4.6 (Necessity of Critical Points in Upward Closure). Consider the instance used in Example 4.12.
We noted that the only PF solution chooses bad b2 deterministically, yielding a cost vector of (0, 3). Let us
show that the cost vector (1, 2) induced by bad b1, which is not a PF solution and for which S = {i ∈ N :
ci(b1) > 0} = N, is a critical point of fNash in C (but not in C⩾). This shows that replacing CS

⩾ with CS and
additionally demanding Pareto optimality (which b1 satisfies) in Theorem 4.9 cannot work.

Let f log
Nash be the log of f Nash. Because there are only two bads, C is simply the straight line between

the cost vectors of b1 and b2, i.e., C = {λ · (1, 2) + (1− λ) · (0, 3) : λ ∈ [0, 1]}. At c(b1) = (1, 2), we have
w∗ = ∇ f log

Nash(c(b1)) = ( 1
1 , 1

2 ). Hence, it follows that for all z ∈ C,

w∗ · z = (1, 1/2) · λ · (1, 2) + (1, 1/2) · (1− λ) · (0, 3) = λ · 2 + (1− λ) · 1.5 ⩽ 2, (5)

which means c(b1) ∈ Γ( fNash, C), but b1 is not a PF solution. The problem arises because the inequality in
Equation (5) goes in the opposite direction than what we need to establish PF.

Proposition 4.7. There always exists a deterministic, proportionally fair allocation. Specifically, an allocation that
deterministically selects an alternative which (a) maximizes the number of agents with zero cost and (b), subject to
that, minimizes the product of costs of the agents with positive costs is guaranteed to be proportionally fair.

Proof. Let a be such a deterministically selected alternative. We need to show that it satisfies PF, which
means that 1

n ∑i∈N
ci(a′)
ci(a) ⩾ 1 for all a′ ∈ A (see Definition 3.2).

For contradiction, assume that there exists some a′ ∈ A such that ∑i∈N
ci(a′)
ci(a) < n. Let S = {i ∈ N :

ci(a) > 0}. The standing assumption 0 /∈ C ensures that S ̸= ∅. We must have ci(a′) = 0 for all i ∈
N \ S; otherwise we would have ∑i∈N

ci(a′)
ci(a) = +∞. It must also be the case that ci(a′) > 0 for all i ∈ S;

otherwise, the fact that a maximizes the number of agents with zero cost would be contradicted. Thus, by
our convention that 0/0 = 1, we must have that

∑
i∈S

ci(a′)
ci(a)

< |S|. (6)

But by our definition of a, we must have 0 < ∏i∈S ci(a) ⩽ ∏i∈S ci(a′). Dividing by ∏i∈S ci(a) gives:

1 ⩽ ∏
i∈S

ci(a′)
ci(a)

,
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and then using the AM–GM inequality we can derive that

1 = 11/|S| ⩽

(
∏
i∈S

ci(a′)
ci(a)

)1/|S|

⩽
1
|S| ∑i∈S

ci(a′)
ci(a)

,

which contradicts (6).

The equivalence between PF and Lindahl allocations, the close relationship to critical points of the Nash
product in Theorem 4.9, and the guaranteed existence of a deterministic solution from Proposition 4.7 are
particularly appealing. However, previous examples have already established that an allocation simply
being PF is not an indication of its fairness. Recall from Example 3.7 that in private-induced instances, all
allocations corresponding to CEEI give all agents strictly positive costs, while there may be PF allocations
that give some agents 0 cost at the expense of other agents.

4.1 Strictly Positive Allocations

The above discussion leads us to a refinement of the previous theorem based on ensuring that each agent
receives strictly positive costs — we term such allocations strictly positive allocations.

Definition 4.8 (Zero-Respecting Lindahl Equilibrium). A Lindahl equilibrium (x, p) is zero-respecting if for
all i ∈ N and a ∈ A, ci(a) = 0 implies that pi(a) = 0.

Theorem 4.9. For any x ∈ ∆(A), the following are equivalent.

(1) c(x)≫ 0 and x is proportionally fair (PF).

(2) There exist personalized prices p ∈ RN×A
⩾0 for which (x, p) is a zero-respecting Lindahl equilibrium.

(3) c(x) ≫ 0 and c(x) is a critical point of the Nash welfare fNash : RN
⩾0 → R⩾0 given by f (y) = ∏i∈N yi in

C⩾.

Proof. (1)⇔ (3). This equivalence clearly follows from Theorem 4.3, as we are simply imposing the restric-
tion of c(x)≫ 0 for both conditions.

(1)⇔ (2). To complete the proof, we will show that a Lindahl equilibrium (x, p) will be zero-respecting if
and only if ci(x) > 0 for all i ∈ N.

To see this, note that for any Lindahl equilibrium (x, p), and for any agent i ∈ N, if ci(x) > 0, then it
cannot be the case that there exists some a ∈ A with ci(a) = 0 and pi(a) > 0. If this were the case, then
i would have a pain-per-buck ratio of 0 for a, and thus, any lottery whose support does not exclusively
include bads that have ci(a) = 0 would violate the cost-minimizing condition of the Lindahl equilibrium.

Conversely, for any zero-respecting Lindahl equilibrium (x, p), we must have that ci(x) > 0 for all
i ∈ N. If this were not true, and ci(x) = 0 for some i ∈ N, then all the bads a in the support of x would have
to have ci(a) = 0. By the zero-respecting property, we have pi(a) = 0 for all such goods, and thus (x, p)
would violate the spending constraint of the Lindahl equilibrium with respect to i.

Restricting our attention to the set of strictly positive PF allocations, desirable fairness properties begin
to emerge. First, we show that strictly positive PF allocations lie in the BE core, something that certainly
was not true for all PF allocations.

Theorem 4.10. Every strictly positive PF allocation is in the bounded-externality core.

Proof. For contradiction, assume this is false. There exists an allocation x ∈ ∆(A) such that ci(x) > 0 for all
i ∈ N and x is PF, but not in the bounded-externality core.

Thus, there exists some S ⊆ N, y ∈ ∆(A), α ∈ R⩾0 such that:

17



(1) ci(y) ⩽ α · ci(x) for all i ∈ N \ S; and

(2) ci(y) ⩽
|N|−|N\S|·α

|S| · ci(x) for all i ∈ S, and at least one of the inequalities is strict.

These inequalities straightforwardly imply the following:

∑i∈N
ci(y)
ci(x)

= ∑i∈N\S
ci(y)
ci(x)

+ ∑i∈S
ci(y)
ci(x)

< |N \ S| · α + (n− |N \ S| · α) = n

The strictness of the inequality comes from the strictness of one of the inequalities from condition (2). This
implies that x is not a PF allocation, a contradiction, which completes the proof.

As mentioned earlier, under private-induced public bads instances, BE core implies the core for private
bads. This means that in all such instances, if y is a strictly positive PF allocation, and x is a private bads
allocation that induced y, then x will be in the core. Kroer and Peters (2025) asked whether there are
connections between Lindahl equilibrium and CEEI. We can show that enforcing strict positivity is enough
to establish a perfect correspondence between PF allocations of public bads and CEEI allocations of private
bads in private-induced instances. This gives a connection between Lindahl equilibria and CEEI that is
quite different from the duality connection recently established by Tao and Zheng (2025).

Theorem 4.11. Let x be any allocation in a private bads instance (N, B, c) and y be its induced allocation in the
induced public bads instance R(N, B, c). Then, x is a CEEI allocation for (N, B, c) if and only if y is a strictly
positive proportionally fair allocation forR(N, B, c).

Proof. We will start with the forward direction, which follows easily from past results. If (x, p) is a CEEI
for the private bads instance (N, B, c), and y is an allocation over R(N, B, c) that is induced by x, then
there exists personalized prices q such that (y, q) is a zero-respecting Lindahl equilibrium for R(N, B, c).
By construction, the private bads instance (N, B, c) and its corresponding public bads instance R(N, B, c)
will have an identical cost space C. We know from Bogomolnaia et al. (2017) that all CEEIs will be strictly
positive PF solutions with respect to the cost space of the private bads instance. Therefore, since x and
y have the same cost vector, y must also be strictly positive PF with respect to the cost space C. From
Theorem 4.9, we know that this implies y is a zero-respecting Lindahl allocation.

Now we prove the other direction. If (y, q) is a zero-respecting Lindahl equilibrium in R(N, B, c), and
x is a private allocation over (N, B, c) that induces y, then there exists prices p such that (x, p) is a CEEI.
Let A be the set of all nm possible private integral allocations z over (N, B, c). For each i ∈ N, let mpbi =

minz∈A:qi(z)>0
ci(z)
qi(z)

be the minimum pain-per-buck value of agent i under the equilibrium (y, q). Thus, for

all z ∈ A with qi(z) > 0, we have that ci(z)
qi(z)

⩾ mpbi, and if y(z) > 0, then either ci(z)
qi(z)

= mpbi, or ci(z) = 0

and qi(z) = 0. For each b ∈ B, define the price p(b) = mini∈N
ci(b)
mpbi

. We will show that (x, p) is a CEEI.
First note the following fact: for each z ∈ A such that y(z) > 0, zi(b) = 1 for any i ∈ N implies that

i ∈ arg mini∈N
ci(b)
mpbi

. For contradiction, assume this fact is not true, so there is some z ∈ A with y(z) > 0,

and some b∗ ∈ B and i∗, i∗∗ ∈ N such that zi∗(b∗) = 1 but ci∗ (b
∗)

mpbi∗
> ci∗∗ (b

∗)
mpbi∗∗

.
Consider the allocation z′, where all goods except for b∗ are allocated the same as in z, but b∗ is allocated

to i∗∗ rather than i∗. Since y(z) > 0, z must be profit maximizing among all private integral allocations in
A. Specifically, we must have 1 = ∑i∈N qi(z) ⩽ ∑i∈N qi(z′). From y(z) > 0, it also follows that for all i ∈ N
such that qi(z) > 0, we have

ci(z)
qi(z)

=
∑b:zi(b)=1 ci(b)

qi(z)
= mpbi.

Thus we must have:

∑
i∈N

∑
b:zi(b)=1

ci(b)
mpbi

⩽ ∑
i∈N

∑
b∈z′i

ci(b)
mpbi

.
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However, because z′ is just z with b∗ reallocated, we can say that

∑
i∈N

∑
b:z′i(b)=1

ci(b)
mpbi

= ∑
i∈N

∑
b:zi(b)=1

ci(b)
mpbi

− ci∗(b∗)
mpbi∗

+
ci∗∗(b∗)
mpbi∗∗

.

Plugging this into the profit maximization inequality gives ci∗ (b
∗)

mpbi∗
⩽ ci∗∗ (b

∗)
mpbi∗∗

, a contradiction, which proves
the fact.

Now we will show that (x, p) is a CEEI. The first step is to show that each agent is spending their entire
budget, i.e., for each i ∈ N, ∑b∈B xi(b)p(b) = 1/n. From the fact that y is induced by x, we have that
xi(b) = ∑z∈A y(z)zi(b) for all i ∈ N, b ∈ B. This gives us that for all i ∈ N,

∑
b∈B

xi(b)p(b) = ∑
b∈B

p(b) ∑
z∈A

y(z)zi(b) = ∑
z∈A

y(z) ∑
b∈B

zi(b)p(b).

We can show that for each i ∈ N and z ∈ Awith y(z) > 0, we have qi(z) = ∑b∈B zi(b)p(b) = ∑b:zi(b)=1 p(b).

This is due to the fact that for each b with zi(b) = 1, we have i ∈ arg mini∈N
ci(b)
mpbi

. Using this together with
the definition of the private goods price vector p, for each i ∈ N, we have

∑
b:zi(b)=1

p(b) = ∑
b:zi(b)=1

ci(b)
mpbi

=
ci(z)
mpbi

= qi(z).

Plugging this into the previously derived equation gets us:

∑
b∈B

xi(b)p(b) = ∑
z∈A

y(z) ∑
b∈B

zi(b)p(b) = ∑
z∈A

y(z)qi(z) = 1/n,

where the last equality follows from the fact that (y, q) is a zero-respecting Lindahl equilibrium, and thus
each agent pays exactly 1/n for y.

As a final step, we must prove that for each i ∈ N and b ∈ B with xi(b) > 0, b minimizes i’s pain-
per-buck in the private bads instance. For contradiction, assume this is false, so there is some i ∈ N and
b, b′ ∈ B such that xi(b) > 0 and ci(b)

p(b) > ci(b′)
p(b′) . Because xi(b) > 0, there must be some z ∈ A such that

y(z) > 0 and zi(b) = 1. This implies that i ∈ arg mini∈N
ci(b)
mpbi

, thus p(b) = ci(b)
mpbi

and mpbi =
ci(b)
p(b) . Thus we

must have mpbi >
ci(b′)
p(b′) . But this would imply that p(b′) > ci(b′)

mpbi
, a contradiction to how we define p. This

completes the proof.

These two theorems initially seem very promising. Is “strictly positive PF” the ultimate fair solution
concept for allocation of public bads? For private-induced instances, it coincides with CEEI, which is ar-
guably the ultimate solution. However, there are very simple non-private-induced instances, in which
strictly positive PF exhibits rather undesirable behaviors.

Problem of non-existence. To begin with, strictly positive PF allocations may not always exist.

Example 4.12 (Strictly Positive PF Allocations May Not Exist, Mariotti and
Villar, 2005). Consider the instance shown on the right. Note that there ex-
ists a Pareto optimal solution (namely, picking b1 deterministically), which in-
duces a strictly positive cost vector. Despite this, we can show that the unique

Bad b1 Bad b2

Agent 1 1 0
Agent 2 2 3

PF lottery x∗ puts probability 1 on b2 and yields zero cost to agent 1: It is easy to check that x∗ is PF because
1
2 · (

c1(b1)
c1(b2)

+ c2(b1)
c2(b2)

) = 1
2 · (+∞ + 2

3 ) > 1. On the other hand, for any other lottery x that puts probability

α ∈ (0, 1] on b1 and 1− α on b2, we have 1
2
( c1(x∗)

c1(x) + c2(x∗)
c2(x)

)
= 1

2 ·
3

3−α < 1.

Problem of completion core failure. Even when strictly positive PF allocations exist, they do not lie in the
completion core, which can lead to very counterintuitive behavior on extremely simple instances.
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Example 4.13. On the instance shown on the right, it can be checked that the
unique strictly positive PF allocation places probability 2/3 on Bad 1 and 1/3 on
Bad 2. This is in contrast to the unique allocation in the completion core, which
places probability 1/3 on Bad 1 and 2/3 on Bad 2. The latter allocation makes
much more sense for this extremely simple binary instance, as it is what would

Bad 1 Bad 2

Agent 1 1 0
Agent 2 1 0
Agent 3 0 1

be achieved if we gave each agent 1/3 probability mass and allowed them to place it on the bad they did not
disapprove of.

In fact, if one extrapolates this example to k agents with cost 1 for bad 1 and 0 for bad 2, and still a single
agent with cost 0 for bad 1 and 1 for bad 2, the unique strictly positive PF allocation will place probability
k/k+1 on bad 1 and 1/k+1 on bad 2. Thus, the larger the cohesive group of agents preferring bad 2 becomes,
the weaker it becomes, in contrast to the traditional proportional representation principle, which demands
that cohesive groups get stronger as they get larger. In Appendix D, we provide a discussion of a fairness
notion called participation that captures this specific undesirable behavior.

Problem of IFS failure. In Example 3.13, we demonstrated that allocations in the BE core can fail to
achieve even the weakest form of IFS, which can be guaranteed for public bads. Since all strictly positive
PF allocations lie in the BE core, they fail to achieve this simple fairness guarantee as well.

Given these undesirable behaviors of strictly positive PF allocations, why are they so compelling in
private-induced instances? What structural property of such instances makes them magically achieve the
fairness properties of CEEI allocations, such as even sIFS? Can we isolate this structural property and extend
the positive results to a broader class of public bads instances? The answer is yes!

4.2 Axes-Cutting Instances

We now introduce a special class of instances, generalizing private-induced instances, in which strictly
positive PF allocations turn out to be well-behaved.

Definition 4.14 (Axes-Cutting Instance, Mariotti and Villar, 2005). A public bads instance (N, A, c) is an
axes-cutting instance if, for every agent i ∈ N, there exists an alternative ai ∈ A such that ci(ai) > 0 and
ci′(ai) = 0 for all i′ ∈ N \ {i}.

In words, axes-cutting requires that for each agent, there exists an option where they become a martyr,
bearing all the cost. The name comes from the fact that the feasible cost set C of such an instance cuts (or
rather touches) the n axes at c(a1), . . . , c(an).

This restriction was originally proposed by Mariotti and Villar (2005), who studied a related version of
public selection where a cost vector must be selected from an arbitrary convex cost space C. They studied
a solution concept called the “Nash rationing solution”, which can be shown to be equivalent to strictly
positive PF solutions in our setting. Facing a similar problem of non-existence in general instances, they
proposed the axes-cutting restriction as a means to guarantee existence. Specifically, they show that max-
imizing the Nash product of costs subject to Pareto optimality, a solution concept that is guaranteed to
be CEEI on private bads instances, turns out to be strictly positive PF on all axes-cutting instances. For
completeness, we provide a direct proof of the following result without establishing equivalence with their
definition.

Theorem 4.15 (Mariotti and Villar, 2005). For any axes-cutting public bads instance, a strictly positive PF allo-
cation always exists. Specifically, there exists a strictly positive PF allocation whose cost vector maximizes the Nash
product of costs over the Pareto frontier.

The following lemmas establish the proof.

Lemma 4.16 (Convexity of Nash Superlevel Sets). For λ ⩾ 0, define the Nash superlevel set

Dλ ≜ {z ∈ RN
⩾0 : fNash(z) ⩾ λ}. (7)

For every λ > 0, the set Dλ is closed and convex, and Dλ ⊆ RN
>0.
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Proof. For λ > 0, we have
Dλ = {z ∈ RN

>0 : ∑
i∈N

log zi ⩾ log λ}.

Because the sum of logarithms is concave on RN
>0, its superlevel sets are convex. Closedness follows from

the continuity of fNash on RN
⩾0, and Dλ ⊆ RN

>0 because fNash(z) = 0 whenever any zi = 0.

Lemma 4.17 (Large Nash Contours Lie in Upward-Closure). Let αi = ci(ai), where ai is the axes-cutting
alternative corresponding to agent i that yields zero cost to all other agents. Then, under the axes-cutting condition,
we have Dλ ⊆ C⩾ for every λ ⩾ (∑n

i=1 αi/n)n.

Proof. The axes-cutting condition implies that αiei = c(a(i)) ∈ C ⊆ C⩾. Since C⩾ is upward closed, if
z ∈ RN

⩾0 satisfies zi ⩾ αi for any i ∈ N, then z ∈ C⩾. Now, fix z ∈ Dλ. By the AM–GM inequality,

∑i∈N zi
n

⩾
(

∏
i∈N

zi

)1/n
⩾ λ1/n.

When λ ⩾ (∑n
i=1 αi/n)n, this implies ∑i∈N zi ⩾ ∑i∈N αi. Hence, there must exist some i ∈ N with zi ⩾ αi,

which implies z ∈ C⩾.

The next lemma provides a self-contained proof of a supporting vectors argument used by Mariotti and
Villar (2005) in their original proof of this theorem.

Lemma 4.18 (Supporting Vectors for Upward-Closed Convex Sets are Nonnegative). Let K ⊆ RN
⩾0 be closed,

convex, and upward closed (i.e., z ∈ K and z′ ∈ RN
⩾0 implies z + z′ ∈ K). If z⋆ ∈ ∂K, then there exists a nonzero

w ∈ RN
⩾0 such that

w · z ⩾ w · z⋆, ∀z ∈ K. (8)

Proof. Because z⋆ ∈ ∂K and K is closed, there exists a sequence (zt)t⩾1 with zt /∈ K and zt → z⋆. By the
separating hyperplane theorem applied to the disjoint closed convex sets K and {zt}, for each t there exists
a nonzero vector wt and a scalar βt such that

wt · z ⩾ βt > wt · zt, ∀z ∈ K.

Normalize wt so that ∥wt∥2 = 1. By compactness of the unit sphere, pass to a convergent subsequence (still
indexed by t) with wt → w. Taking limits along this subsequence and using zt → z⋆ yields Equation (8) for
some nonzero w.

It remains to show w ∈ RN
⩾0. Suppose for contradiction that wk < 0 for some coordinate k. Fix any

z ∈ K. By upward closure, z + tek ∈ K for all t ⩾ 0. Then Equation (8) gives

w · (z + tek) ⩾ w · z⋆ for all t ⩾ 0,

i.e., (w · z) + twk ⩾ w · z⋆ for all t ⩾ 0, which is impossible when wk < 0 and t→ ∞. Hence, w ⩾ 0.

Lemma 4.19 (Existence of PF with Strictly Positive Costs; Nash Maximization on Ceff). In any axes-cutting
public bads instance, there exists an allocation x⋆ ∈ ∆(A) such that:

(1) c(x⋆) ∈ RN
>0 and x⋆ is PF.

(2) The vector z⋆ ≜ c(x⋆) maximizes the Nash product of costs over the Pareto frontier Ceff:

z⋆ ∈ arg maxz∈Ceff ∏
i∈N

zi, and ∏
i∈N

z∗i > 0. (9)
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Proof. Step 1: Define the critical Nash level λ⋆ > 0. By Lemma 4.17, there exists λ̄ > 0 such that Dλ̄ ⊆ C⩾.
Define

λ⋆ ≜ inf{λ ⩾ 0 : Dλ ⊆ C⩾}. (10)

Then λ⋆ ⩽ λ̄. Because Dλ is decreasing in λ and C⩾ is closed, we have Dλ⋆ ⊆ C⩾.
We claim λ⋆ > 0. By our assumption that 0 /∈ C, since C is compact, there exists ε > 0 such that

[0, ε]n ∩ C = ∅. (11)

By upward closure, this implies [0, ε]n ∩ C⩾ = ∅ as well. Let λ0 ≜ εn > 0. Then the vector ε1 ∈ Dλ0 but
ε1 /∈ C⩾, so Dλ0 ⊈ C⩾. Hence λ⋆ ⩾ λ0 > 0.

Step 2: There exists z⋆ ∈ Dλ⋆ ∩ ∂C⩾ and z⋆ ≫ 0. If Dλ⋆ ⊆ int(C⩾), then the compact set [0, ∑i αi]
N \ int(C⩾)

is disjoint from Dλ⋆ . Hence, by continuity of fNash, there exists η ∈ (0, λ⋆) such that

Dλ⋆−η ∩ [0, ∑ i αi]
N ⊆ C⩾.

Moreover, any z ∈ Dλ⋆−η lying outside of [0, ∑i αi]
N satisfies zi > ∑j αj ⩾ αi for some i ∈ N, and therefore

belongs to C⩾ by the same argument as Lemma 4.17. Thus Dλ⋆−η ⊆ C⩾, contradicting the definition of λ⋆

as an infimum. Therefore Dλ⋆ ∩ ∂C⩾ ̸= ∅; fix any

z⋆ ∈ Dλ⋆ ∩ ∂C⩾. (12)

Since λ⋆ > 0, we have z⋆ ∈ RN
>0.

Step 3: A supporting vector w⋆ exists and is proportional to (1/z⋆). Apply Lemma 4.18 to K = C⩾ at z⋆ to
obtain a nonzero w⋆ ⩾ 0 such that

w⋆ · z ⩾ w⋆ · z⋆, ∀z ∈ C⩾. (13)

Since Dλ⋆ ⊆ C⩾, Equation (13) holds in particular for all z ∈ Dλ⋆ , so z⋆ minimizes w⋆ · z over Dλ⋆ .
We claim z⋆ ∈ ∂Dλ⋆ , i.e., fNash(z⋆) = λ⋆. Indeed, if fNash(z⋆) > λ⋆, then z⋆ lies in the interior of

Dλ⋆ (because fNash is continuous), so there exists δ > 0 and a vector u ∈ RN with w⋆ · u < 0 such that
z⋆ + τu ∈ Dλ⋆ for all τ ∈ [0, δ], contradicting minimality of z⋆ for the linear objective w⋆ · z over Dλ⋆ . Thus,

fNash(z⋆) = λ⋆. (14)

Because z⋆ ∈ RN
>0 and Dλ⋆ = {z ∈ RN

>0 : fNash(z) ⩾ λ⋆}, the KKT conditions for minimizing a linear
function over the convex set Dλ⋆ imply that there exists µ > 0 such that

w⋆ = µ∇ f log
Nash(z

⋆) = µ
( 1

z⋆1
, . . . ,

1
z⋆n

)
. (15)

In particular, w⋆ ∈ RN
>0.

Step 4: z⋆ ∈ Ceff and it yields a PF allocation. First, we show z⋆ ∈ C. By definition of C⩾, there exists z ∈ C
with z ⩽ z⋆. If z ̸= z⋆, then z < z⋆, and since w⋆ ∈ RN

>0 we have w⋆ · z < w⋆ · z⋆, contradicting Equation (13)
because z ∈ C ⊆ C⩾. Hence z = z⋆ ∈ C.

Next, z⋆ is Pareto efficient in C: if there were z ∈ C with z < z⋆, then w⋆ · z < w⋆ · z⋆ (since w⋆ ≫ 0),
contradicting Equation (13). Thus, z⋆ ∈ Ceff.

Finally, since z⋆ ∈ C, there exists x⋆ ∈ ∆(A) with c(x⋆) = z⋆. Using Equations (13) and (15) gives

∇ f log
Nash(z

⋆) · z ⩾ ∇ f log
Nash(z

⋆) · z⋆, ∀z ∈ C⩾.

This is exactly the necessary critical point condition with z⋆ = c(x⋆). Hence, by Theorem 4.3, x⋆ is PF and
has strictly positive costs.
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Step 5: z⋆ maximizes the Nash product of costs on CPE. We already have fNash(z⋆) = λ⋆ > 0 from Equation (14).
Let z ∈ CPE. If fNash(z) > λ⋆, choose λ with λ⋆ < λ < fNash(z). Then, z ∈ Dλ, and moreover z ∈ int(Dλ)

because f log
Nash(z) > log λ. Hence, there exists z′ ∈ Dλ with z′ < z (e.g., z′ = z− ε1 for a sufficiently small

ε > 0). Since Dλ ⊆ C⩾ (by definition of λ⋆), we have z′ ∈ C⩾, so there exists z′′ ∈ C with z′′ ⩽ z′ < z. Thus
z′′ < z, contradicting Pareto efficiency of z. Therefore fNash(z) ⩽ λ⋆ = fNash(z⋆) for all z ∈ Ceff, proving
Equation (9).

Theorem 4.15 already highlights the power of axes-cutting instances, as they allow us to get around
the non-existence of strictly positive PF in general instances, shown by examples such as Example 4.12.
Combining this with Theorem 4.10, this also shows the existence of outcomes in the bounded-externality
core for such instances. However, their utility extends even further. We can also show that the structure of
axes-cutting instances allows us to circumvent other counterintuitive behavior exhibited by strictly positive
PF and the BE core, leading to very compelling definitions of fairness in this setting and rules for achieving
them. We can now show that under axes-cutting instances, the BE core implies sIFS and the completion
core.

Theorem 4.20. In all axes-cutting instances, any allocation that is in the bounded-externality core satisfies strong
individual fair share.

Proof. If n = 1, every allocation satisfies sIFS because c1(x) ⩽ cmax
1 , so the result is immediate. So suppose

that n ⩾ 2. For every agent j, an axes-cutting alternative for any other agent has zero cost to j, and therefore
cmin

j = 0. For the sake of contradiction, assume that the result is false and there is an allocation x in
the bounded-externality core that does not satisfy sIFS. Thus, there exists some j ∈ N such that cj(x) >
1
n maxa∈A cj(a). Let aj ∈ A be the axes-cutting bad for agent j (i.e., the bad such that ci(aj) = 0 for all i ̸= j).
Then, clearly, we must have cj(x) > 1

n cj(aj) as well.
Now, consider the potential BE core deviating group with S = {j}, α = 0, and y being the lottery that

places all its weight on bad aj. For each i ∈ N \ S, we have that ci(y) = 0 ⩽ 0 · ci(x), so the inequalities in
condition (1) of a BE core deviating group are satisfied. For agent j, we have that

n− |N \ S|α
|S| cj(x) = ncj(x) > cj(aj) = cj(y),

where the second transition follows from the sIFS violation. Therefore, condition (2) for a BE core deviation
holds, and thus x cannot be in the BE core, a contradiction.

Theorem 4.21. Any allocation that is Pareto optimal and satisfies strong individual fair share is in the completion
core.

Proof. If a lottery x satisfies sIFS, then for each i we have ci(x) ⩽ 1
n maxa∈A ci(a) + n−1

n mina∈A ci(a). Now,
fix some strict subset of agents S ⊊ N and some lottery y. For all i ∈ S,

ci(x) ⩽
1
n

max
a∈A

ci(a) +
n− 1

n
min
a∈A

ci(a) ⩽
n− |S|

n
max
a∈A

ci(a) +
|S|
n

min
a∈A

ci(a) ⩽
n− |S|

n
max
a∈A

ci(a) +
|S|
n

ci(y).

Hence, when |S| < n, no group S, y can serve as a completion core deviating group. Finally, if |S| = n,
the deviating condition requires ci(y) ⩽ ci(x) for every i ∈ N, with at least one strict inequality, which is
impossible as x is Pareto optimal.

Putting the above results together, along with the fact that all strictly positive PF solutions will be Pareto
optimal, we get the following:

Theorem 4.22. In axes-cutting instances, all strictly positive PF solutions will satisfy strong individual fair share,
and will be in the completion core.

However, this analysis of axes-cutting instances still leaves open a very important question: How do we
handle instances that are not axes-cutting? We have already established that strictly positive PF solutions
are not the solution in these cases. This is what we will address in the next section.
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5 Fairness Beyond Axes-Cutting Instances

Beyond axes-cutting instances, we know that fairness properties such as sIFS may cease to exist, and that
even when strictly positive PF solutions do exist, they may fail to achieve basic fairness notions. To begin
our search for fairness in general instances, we highlight exactly which properties of strictly positive PF
solutions are causing the unfairness by introducing an axiomatic characterization of strictly positive PF
solutions, first explored by Mariotti and Villar (2005) in the axes-cutting setting.

In previous sections, we introduced the notation of C as the cost set of a public bads problem, and C⩾
as the upward-closure of that cost set. When speaking about the cost sets of a specific instance I, we will
refine this notation as C(I) and C⩾(I), respectively. Additionally, a public bads allocation rule ϕ maps each
instance I = (N, A, c) to a possibly empty set ϕ(I) ⊆ ∆(A) of lotteries over the alternative set A.

Finally, recall that for a fixed lottery x, c(x) ∈ RN denotes the cost vector of that lottery. For any rule ϕ
and any instance I, let c(ϕ(I)) = {c(x) : x ∈ ϕ(I)}.

Definition 5.1 (Cost consistency). A rule ϕ is cost consistent if for any instance I and any pair of lotteries
x, x′ over I with the property that ci(x) = ci(x′) for all i ∈ N, x ∈ ϕ(I) if and only if x′ ∈ ϕ(I).

Definition 5.2 (Weak symmetry). Define an identity instance to be an instance with n agents and n bads,
where for each agent i ∈ N, there exists a unique bad ai ∈ A such that ci(ai) = 1 and ci′(ai) = 0 for all
i′ ̸= i.

A rule ϕ is weakly symmetric if for any identity instance, ϕ returns a single allocation, the allocation which
places weight 1/n on each bad.

Definition 5.3 (Scale-freeness). A rule ϕ is scale-free if for any two instances I = (N, A, c) and I′ = (N, A, c′),
where for some agent i ∈ N, there exists a constant k > 0 such that c′i(a) = kci(a) for all a ∈ A, and
c′i′(a) = ci′(a) for all i′ ̸= i, then ϕ(I) = ϕ(I′).

Definition 5.4 (Lower contraction consistency). A rule ϕ satisfies lower contraction consistency if, for any pair
of instances I = (N, A, c) and I′ = (N, A′, c′) such that C⩾(I) ⊆ C⩾(I′), we have

c′(ϕ(I′)) ∩ C(I) ⊆ c(ϕ(I)).

In words, if some lottery x ∈ ϕ(I′) induces a cost vector c′(x) that is feasible in I (i.e., c′(x) ∈ C(I)), then
ϕ(I) must select some lottery that induces the same cost vector.

Mariotti and Villar (2005) take similar formulations of the axioms above (defined slightly differently
for their general setting that is only concerned with cost vectors rather than lotteries over sets of alterna-
tives), and show that for all axes-cutting instances, the rule which returns all strictly positive PF allocations
satisfies the axioms of cost consistency, weak symmetry, scale-freeness, and lower contraction consistency.
Furthermore, they show that the cost vectors returned by any rule that satisfies these axioms must be a
superset of the strictly positive PF cost vectors. Their proof is based on the original proof of Nash (1950),
showing that MNW is characterized by a similar set of axioms in the positive-utility version of this problem.
It is not difficult to see that both directions of their proof easily generalize to non-axes-cutting instances as
well. For the sake of completeness, we include full versions of these proofs in Appendix D.

With these results in hand, we can next leverage impossibility results to identify which aspects of strictly
positive PF cause it to be unfair on non-axes-cutting instances.

Theorem 5.5. No rule satisfying weak symmetry and lower contraction consistency returns only allocations that
satisfy individual fair share.

Proof. Consider some rule ϕ that satisfies weak symmetry and lower contraction consistency, and fix some
n ⩾ 2. By weak symmetry, ϕ will choose the uniform lottery over all n bads when run on the identity
instance I for n agents.
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Next, consider the instance I′ shown on the right with n agents and 2 bads.
It is easy to see that C⩾(I′) ⊆ C⩾(I), as the cost vector of Bad 1 is achievable
in both I and I′, and Bad 2 from I′ has a cost vector (1/n, 1/n, . . . , 1/n), which
can be achieved by the uniform lottery over all n options in I. Therefore, by
lower contraction consistency, ϕ(I′) must select some lottery y which has the
cost vector (1/n, 1/n, . . . , 1/n). The only such lottery places all weight on Bad
2.

Bad 1 Bad 2

Agent 1 1 1/n

Agent 2 0 1/n
...

...
...

Agent n− 1 0 1/n

Agent n 0 1/n

However, for a lottery y to satisfy IFS, for any agent i ∈ N \ {1}we must have ci(y) ⩽ n−1
n

1
n < 1

n , which
is not true for y.

Looking at this impossibility, if one regards IFS as a necessary fairness requirement for a rule, either
weak symmetry or lower contraction consistency must be dropped. It is reasonable to assume that weak
symmetry is the more desirable property. Any rule that does not satisfy it would return very counterintu-
itive results on identity instances. Luckily, there is a very straightforward rule that drops lower contraction
consistency while achieving the other three axioms and, on all instances (axes-cutting or otherwise), always
finds an allocation in the completion core, which implies IFS.

Definition 5.6 (Flipped-MNW Solution). For a given public bads instance with agents N and public bads
A, construct a dual public goods instance over the same agents and bads, where for each i ∈ N, i’s valuation
function over A is given by vi(a) = maxa′∈A ci(a′)− ci(a) for all a ∈ A. The Flipped-MNW solution returns
the set of all lotteries that maximize Nash welfare over the agents in the dual public goods instance.

Note that a similar rule, called the “Dual Nash Bargaining Solution”, was also briefly considered by
Mariotti and Villar (2005) because it satisfies all axioms other than lower contraction consistency (though
again, their rule was formulated specifically for axes-cutting instances, and for a model where only cost
vectors were considered).

Theorem 5.7. All lotteries returned by Flipped-MNW are in the completion core.

Proof. For a contradiction, assume that x is a Flipped-MNW lottery for some public bads division instance,
and it is not in the completion core, meaning that there exists some nonempty S ⊆ N and an alternative
lottery y such that for every i ∈ S,

|S|
n

ci(y) +
n− |S|

n
max
a∈A

ci(a) ⩽ ci(x)

with the inequality being strict for some i′ ∈ S.
First, note that for every agent i ∈ N, there exists an alternative a′ ∈ A such that ci(a′) < maxa∈A ci(a).

This implies that maxa∈A ci(a)− ci(a′) > 0. Thus, in the corresponding dual goods instance that Flipped-
MNW constructs, every agent i ∈ N must have some good a′ such that vi(a′) > 0. This meets the non-
degeneracy condition we established for public goods problems, and thus, by Theorem 2.6, the lottery x
lies in the core for this dual public goods instance. This means that, for S and y in particular, it cannot be
the case that for each i ∈ S, |S|n vi(y) ⩾ vi(x), with the inequality being strict for i′.

However, we can rearrange the completion core violation inequality to derive a contradiction. Using
the definition of the dual valuation function, we get

|S|
n

max
a∈A

ci(a)− |S|
n

vi(y) +
n− |S|

n
max
a∈A

ci(a) ⩽ max
a∈A

ci(a)− vi(x).

The max terms on the two sides cancel, yielding, for all i ∈ S,

|S|
n

vi(y) ⩾ vi(x),

with the inequality being strict for i′ ∈ S, a contradiction.
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While Flipped-MNW has advantages over strictly positive PF in general instances, it is worth noting
that on private-induced public bads instances, Flipped-MNW can give unintuitive results, for example, by
failing to find an allocation that satisfies sIFS even though one is always possible on such instances. An
example of this is included in Appendix D.

With this, we were able to establish two rules for the division of public bads. Strictly positive PF achieves
fairness guarantees under axes-cutting and private-induced instances, but beyond those settings, may fail
to satisfy the completion core or IFS, or even fail to exist at all. Flipped-MNW is not nearly as strong on
axes-cutting instances or private instances, but it maintains the fairness guarantee of the completion core
for all instances.

6 Computation

How can we compute PF allocations in the public bads setting? It is easy to find some PF allocation because,
as we have seen in Proposition 4.7, there always exists a deterministic PF allocation (i.e., one with weight
1 placed on a single bad). Thus, we can iterate through all m deterministic allocations and check which
are PF. Checking whether a given allocation satisfies PF is easy because, due to linear costs, this reduces to
checking that 1

n ∑i∈N
ci(a)
ci(x) ⩾ 1 for all a ∈ A.

However, we may also be interested in finding non-deterministic PF allocations, for example to compute
strictly positive allocations (which correspond to zero-respecting Lindahl equilibria, Section 4.1). For this
task, the following characterization is helpful.

Proposition 6.1. For any x ∈ ∆(A), write S = supp(x) and write N(S) = {i ∈ N : ci(a) > 0 for some a ∈ S}.
Then the following are equivalent.

(1) x is proportionally fair (PF),

(2) we have xS ∈ arg maxy∈∆(S) ∏i∈N(S) ci(y) and for all a ∈ A \ S, 1
n ∑i∈N

ci(a)
ci(x) ⩾ 1.

Proof. (1)⇒ (2). Suppose x is PF. Definition 3.2 immediately gives us the second part of (2), i.e., that for all
a ∈ A \ S, 1

n ∑i∈N
ci(a)
ci(x) ⩾ 1. It also tell us that for every a ∈ S, we must have 1

n ∑i∈N
ci(a)
ci(x) = 1. Therefore, for

every allocation y with supp(y) ⊆ S we have 1
n ∑i∈N

ci(y)
ci(x) = 1 and thus in particular 1

n ∑i∈N
ci(y)
ci(x) ⩽ 1 and

also 1
n ∑i∈N(S)

ci(y)
ci(x) ⩽ 1 (because for every i ∈ N \ N(S) we have ci(y) = 0). Therefore, with the alternative

set restricted to S and the agent set restricted to N(S), the allocation xS satisfies the public-goods version of
PF (Definition 2.3) with costs interpreted as valuations. Hence, by Theorem 2.6, xS maximizes Nash welfare
among agents N(S) over ∆(S) with costs interpreted as valuations, which gives us the first part of (2).

(2) ⇒ (1). Suppose that xS ∈ arg maxy∈∆(S) ∏i∈N(S) ci(y). Then by Theorem 2.6, xS satisfies the public-

goods version of PF and so ∑i∈N(S)
ci(a)
ci(x) ⩽ |N(S)| for all a ∈ S. In fact, this holds with equality, since if it

was < |N(S)| for some a ∈ S (for which by definition of S we have x(a) > 0), then

|N(S)| = ∑i∈N(S)
ci(x)
ci(x) = ∑a∈S x(a)∑i∈N(S)

ci(a)
ci(x) < |N(S)|,

a contradiction. Thus, for all a ∈ S, we have ∑i∈N(S)
ci(a)
ci(x) = |N(S)|. In addition, for each i ∈ N \ N(S),

we have ci(a) = ci(x) = 0 and thus ci(a)
ci(x) = 1 by our ratio convention. Hence 1

n ∑i∈N
ci(a)
ci(x) = 1 for all

a ∈ S. Together with the assumption of (2) about a ∈ A \ S, we in fact have 1
n ∑i∈N

ci(a)
ci(x) ⩾ 1 for all a ∈ A,

establishing that x satisfies PF.
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The characterization implies that for each support, if there exists a PF allocation with that support, it
can be obtained by maximizing the Nash product of costs. Since there are only 2m − 1 supports and since
by strict concavity the maximizer of a Nash product is unique in costs, we can deduce the following.

Corollary 6.2. Let CPF = {c(x) : x ∈ ∆(A) s.t. x is PF} be the set of cost vectors of all PF allocations in a given
instance. Then |CPF| ⩽ 2m − 1.

Proposition 6.1 suggests a simple exponential-time algorithm for enumerating all essentially different
PF allocations, at least approximately: iterate through all supports S, approximately compute the Nash
optimizer y on S using convex programming, and check whether supp(y) = S (i.e., it places strictly pos-
itive weight on each member of S) and whether y satisfies the PF condition with respect to A \ S (as in
Proposition 6.1(2)).

While this algorithm is exhaustive and practical for analyzing small instances, it does not scale to cases
with many alternatives. To efficiently compute an approximate strictly positive PF allocation, we follow
a technique developed by Chaudhury et al. (2024) for computing CEEI in private bads instances. Their
approach is based on deriving an optimization program with a similar structure to that of the dual of
the Nash product maximization program and then arguing that its KKT points are equivalent to CEEI
allocations. A similar dual program can be written down for the case of public bads, by analogy to the
public goods dual program derived by Kroer and Peters (2025, Theorem 5).

maximize
β⩾0

− ∑
i∈N

1
n log βi

subject to ∑
i∈N

ci(a)βi ⩾ 1 for all a ∈ A
(16)

The standing assumption 0 /∈ C ensures that this program is feasible. Indeed, it implies ∑i∈N ci(a) > 0 for
every a ∈ A, so setting all βi to any sufficiently large common value satisfies every constraint.

We show below that the KKT points of this program correspond exactly to PF allocations x with c(x)≫
0, or equivalently to zero-respecting Lindahl equilibrium allocations (see Theorem 4.9).

Proposition 6.3. The KKT points (β, x) of the optimization program (16) are in one-to-one correspondence with
allocations x ∈ ∆(A) that are PF and satisfy c(x)≫ 0.

Proof. Write x = (xa)a∈A for the dual variables corresponding to the constraints of program (16). Suppose
(β, x) is a KKT point of the program. That means that β is feasible and the following conditions hold.

(1) Feasibility and domain constraint: β is a feasible solution to program (16) and βi > 0 for all i by the
implicit domain constraint of the log objective.

(2) Dual feasibility: xa ⩾ 0 for all a ∈ A.

(3) Stationarity: 1
nβi

= ∑a∈A ci(a)xa for each i ∈ N.

(4) Complementary slackness: xa(∑i∈N ci(a)βi − 1) = 0.

Define personalized prices pi(a) = ci(a)βi. We claim that (x, p) is a zero-respecting Lindahl equilibrium
(see Definition 4.1) and hence that x is a strictly positive PF allocation (Theorem 4.9).

Zero-respecting: Follows immediately from the definition of pi(a).
Profit maximization: From feasibility, ∑i∈N pi(a) ⩾ 1, and by complementary slackness (4), if xa > 0 then

∑i∈N pi(a) = 1.
Spending constraint: We have

∑
a∈A

pi(a)xa = βi ∑
a∈A

ci(a)xa
(3)
=

1
n

.
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Algorithm 1: Greedy Frank–Wolfe algorithm for solving program (17)

Input: An initial feasible point x0 ∈ X ; stopping tolerance η > 0.
1 for t = 1, 2, . . . do
2 xt ← arg maxx∈X −∑i∈[n] ai

xi
xt−1

i
3 if ∑i

( xt
i

xt−1
i
− 1
)2

⩽ η2 then

4 return xt

5 end
6 end

Sum of x: We have x ∈ ∆(A) because, using profit maximization and summing the spending-constraint
equality above,

∑
a∈A

xa = ∑
a∈A

(
∑
i∈N

pi(a)

)
xa = ∑

i∈N
∑

a∈A
pi(a)xa = n · 1

n
= 1.

Cost minimization: Let y ∈ RA
⩾0 such that pi · y ⩾ 1/n. Then

ci(y) = ∑
a∈A

ci(a)ya =
1
βi

∑
a∈A

pi(a)ya ⩾
1

nβi

(3)
= ∑

a∈A
ci(a)xa = ci(x).

The clause “ci(y) = ci(x) = 0” of Definition 4.1 never occurs in a zero-respecting Lindahl equilibrium (be-
cause ci(y) = 0 implies that for every a ∈ A with ya > 0 we have pi(a) = 0, so pi · y = 0 ̸⩾ 1

n ).

Conversely, suppose that x is a strictly positive PF allocation. Define βi = 1/(nci(x)). We claim that
(β, x) is a KKT point of the program. Indeed, for (1) feasibility follows from PF since ∑i∈N ci(a)βi =
1
n ∑i∈N

ci(a)
ci(x) ⩾ 1, and the implicit domain constraint holds by strict positivity; (2) holds because x ∈ ∆(A);

(3) holds by definition of β and of ci(x); and complementary slackness (4) holds by the PF condition which
holds with equality on its support.

As we discussed in Section 4, zero-respecting Lindahl allocations do not always exist, and thus the
program may not have KKT points. Therefore, we again consider the axes-cutting assumption under which
existence of such allocations is guaranteed (Theorem 4.15). Under this assumption, one can check that the
objective value of (16) is bounded, and thus the program has no “poles”. This means that we can apply
the Greedy Frank-Wolfe algorithm proposed by Chaudhury et al. (2024) on the program (16) to compute
an approximate zero-respecting Lindahl equilibrium. That algorithm is an iterative first-order method that
in each update step only needs to solve a linear program; thus can be run in polynomial time. We give the
details below.

Theorem 6.4. For an axes-cutting instance, for each i ∈ N let αi = ci(ai), where ai ∈ A is the alternative that
only imposes costs on i, and let δ = min{ci(a) : i ∈ N, a ∈ A, ci(a) > 0} be the smallest positive cost in the
instance. Then, for every 0 < ε ⩽ 1, the Greedy Frank-Wolfe algorithm finds an ε-approximate zero-respecting
Lindahl equilibrium in O(∑i log(αi/δ)

ε2 ) iterations.

We prove this result using the methods of Chaudhury et al. (2024) who study the following optimization
problem, of which program (16) is a special case:

maximize
x∈Rn

>0

g(x) := − ∑
i∈[n]

ai log xi

subject to x ∈ X ,
(17)

where ai > 0 for each i ∈ [n] and X ⊆ Rn
>0 is a nonempty closed convex set.
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Chaudhury et al. (2024) prove the following convergence bound, generalizing results of Journée et al.
(2010).

Theorem 6.5 (Chaudhury et al., 2024, Theorem 6). Suppose we solve program (17) using the Greedy Frank-Wolfe
algorithm (Algorithm 1) starting from a feasible point x0. Assume we are given a finite upper bound g∗ < +∞ on
the value of the objective function of (17). Then, for any η > 0, we can find a pair of iterates (xt, xt+1) such that

∑i
( xt+1

i
xt

i
− 1
)2

⩽ η2 after at most

t ⩽
⌈

3(g∗ − g(x0))

mini ai

1
η2 +

g∗ − g(x0)

c mini ai

⌉
iterations, where c =

√
3− 1− 1

2 log 3 > 0.

Thus, to obtain our result, we need to show that close consecutive iterates encode approximate Lin-
dahl equilibria. We first define the formal sense in which we are approximating the concept of Lindahl
equilibrium.

Definition 6.6 (Approximate Zero-Respecting Lindahl Equilibrium). A pair (x, p) of an allocation x ∈ ∆(A)
of public bads and personalized prices p = (pi : A → R⩾0)i∈N forms an ε-approximate zero-respecting
Lindahl equilibrium if:

(1) Zero-respecting: For every i ∈ N and a ∈ A, pi(a) = 0 whenever ci(a) = 0.

(2) Approximate spending constraint: 1/n− ε ⩽ pi · x ⩽ 1/n + ε for all i ∈ N.

(3) Cost minimization: For every i ∈ N and y ∈ RA
⩾0 such that pi · y ⩾ pi · x, we have ci(y) ⩾ ci(x).

(4) Profit maximization: ∑i∈N pi(a) ⩾ 1 for every a ∈ A, with equality if x(a) > 0.

Note that only the spending constraint is approximated. The cost-minimization condition is correspond-
ingly adapted to compare x with alternative allocations y whose spending is at least pi · x.

Lemma 6.7. Suppose the instance satisfies axes-cut. Consider consecutive iterates βt−1 and βt computed by the
Greedy Frank-Wolfe algorithm applied to (16). If, for some 0 < η ⩽ 1/2, they satisfy |βt

i/βt−1
i − 1| ⩽ η for

every i ∈ N, then the dual variables of the LP for computing βt encode a 4η-approximate zero-respecting Lindahl
equilibrium.

Proof. The Greedy Frank-Wolfe algorithm solves the following LP in each step:

min
β⩾0

∑
i∈N

1
n

βi

βt−1
i

s.t. ∑
i∈N

ci(a)βi ⩾ 1 for all a ∈ A.

Its LP dual is
max
x⩾0

∑
a∈A

xa s.t. ∑
a∈A

ci(a)xa ⩽
1

nβt−1
i

for all i ∈ N.

Let xt denote the optimum dual variables corresponding to the iterate βt. Set S = 1
n ∑i

βt
i

βt−1
i

to be the

objective value of the primal (and by strong duality also of the dual). Define personalized prices pt
i(a) =

ci(a)βt
i for all i ∈ N and a ∈ A and define the allocation x̄t = xt/S. Note that x̄t ∈ ∆(A) because S =

∑a∈A xa by strong duality.
We claim that (x̄t, pt) forms an approximate zero-respecting Lindahl equilibrium.
Zero-respecting: Immediate from the definition of the personalized prices.
Profit maximization: Note that ∑i∈N pt

i(a) ⩾ 1 follows from feasibility in the primal, and from comple-
mentary slackness we get that if xt

a > 0 then ∑i∈N pt
i(a) = 1.
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Approximate spending constraint: Let i ∈ N. Let ai ∈ A be an alternative with ci(ai) > 0 and cj(ai) = 0
for all j ̸= i, whose existence is guaranteed by the axes-cut condition. Note that by primal feasibility
ci(ai)βt

i ⩾ 1 and hence βt
i > 0. Thus, by complementary slackness, the ith constraint of the dual holds with

equality, so we have ci(xt) = 1
nβt−1

i
. Thus

∑
a∈A

pt
i(a)x̄t

a = βt
ici(x̄t) = βt

i ·
ci(xt)

S
= βt

i ·
1

nβt−1
i S

=
1
n
·

βt
i/βt−1

i
S

.

Since |βt
i/βt−1

i − 1| ⩽ η for every i ∈ N, we have 1− η ⩽ S ⩽ 1 + η. Therefore∣∣∣∣pt
i · x̄t − 1

n

∣∣∣∣ = |βt
i/βt−1

i − S|
nS

⩽
2η

n(1− η)
⩽

4η

n
⩽ 4η,

where the penultimate transition uses η ⩽ 1/2. Hence the additive approximate spending constraint holds
with error at most 4η.

Cost minimization: Let i ∈ N and y ∈ RA
⩾0 satisfy pt

i · y ⩾ pt
i · x̄t. By the definition of the personalized

prices,
pt

i · y = βt
ici(y) and pt

i · x̄t = βt
ici(x̄t).

Since βt
i > 0, it follows that ci(y) ⩾ ci(x̄t).

Proof of Theorem 6.4. For each i ∈ N let αi = ci(ai), where ai ∈ A is the alternative that only imposes costs
on i and let δ = min{ci(a) : i ∈ N, a ∈ A, ci(a) > 0} be the smallest positive cost in the instance. Note that
δ > 0 by the standing assumption that 0 ̸∈ C. Then for any feasible solution to program (16), by looking
at the constraint corresponding to ai, we see that αiβi ⩾ 1, so βi ⩾ 1/αi. Therefore the objective function
value of any feasible solution of the program is upper bounded as follows:

− ∑
i∈N

1
n log βi ⩽ − ∑

i∈N

1
n log(1/αi) =

1
n ∑

i∈N
log αi.

Thus, we can invoke Theorem 6.5 (convergence of Greedy Frank-Wolfe) with the algorithm starting from the
initial point β0 with β0

i = 1/δ for all i ∈ N (which is a feasible solution of program (16)). We have mini ai =
1
n and g∗ − g(β0) ⩽ 1

n ∑i∈N log αi
δ . Given a target equilibrium approximation 0 < ε ⩽ 1, run the algorithm

with stopping tolerance η = ε/4. In particular, η ⩽ 1/4, so the conclusion of Theorem 6.5 holds after
O(∑i log(αi/δ)

η2 ) = O(∑i log(αi/δ)
ε2 ) iterations. At termination, the stopping criterion implies |βt

i/βt−1
i − 1| ⩽ η

for every i ∈ N. Therefore, by Lemma 6.7, the dual variables encode a 4η = ε-approximate zero-respecting
Lindahl equilibrium.

7 Discussion

While we were able to provide a thorough treatment of PF and Lindahl equilibrium as applied to the public
bads setting, our work leaves much to do. Arguably, the most pressing open question raised by this research
is whether there exists a natural rule that combines the advantages of strictly positive PF solutions and the
Flipped-MNW rule. Namely, is there a rule that works well in axes-cutting and private-induced instances,
guaranteeing strong properties such as the BE core there, while also achieving some notion of fairness on
general instances, such as the completion core or even just IFS?

In a similar vein, designing better fairness definitions for the public bads setting is another important
future direction. Bounded-Externality and the Completion core both capture intuitive fairness properties in
the settings they work well in, but neither of them can be seen as the “ultimate” definition of fairness across
all public bads instances. Finding a clear interpretation of “The Core” for this setting that is not too weak in
some instances, and does not only achieve fairness properties in special cases, would help shed light on the
unique structure of the public bads setting, and would likely lead directly to some natural rule that could
satisfy it.
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Appendix

A Missing Details from Section 2

Theorem 2.6. For any public goods instance with linear utilities, the following are equivalent for a lottery x ∈ ∆(A).

(1) x is a Lindahl allocation.

(2) x is proportionally fair (PF).

(3) x is a maximum Nash welfare (MNW) lottery.

Further, all such lotteries x lie in the core for public goods (and hence, are Pareto optimal) and induce the same utility
vector v(x), which gives a strictly positive utility vi(x) > 0 to every agent i ∈ N.

Proof. We prove the equivalence via the cycle Lindahl ⇒ PF ⇒ MNW ⇒ Lindahl, and then establish the
additional properties.

Lindahl⇒ PF. Let (x, p) be a Lindahl equilibrium. We first argue that vi(x) > 0 for every agent i ∈ N. By
assumption, agent i has vi(a) > 0 for some alternative a ∈ A. If pi(a) = 0 for that a, then agent i could
purchase an unbounded amount of a within budget, contradicting the existence of a finite optimum; hence
pi(a) > 0. The vector y ∈ RA

⩾0 such that ya = 1
n·pi(a) and ya′ = 0 for all a′ ̸= a then satisfies agent i’s

spending constraint (with pi · y = 1/n) and yields utility vi(y) =
vi(a)

n·pi(a) > 0, so utility maximization gives
vi(x) ⩾ vi(y) > 0.

Now, by utility maximization, the KKT conditions for agent i’s problem maxy⩾0:pi ·y⩽1/n vi(y) yield a
multiplier λi ⩾ 0 such that

vi(a) ⩽ λi pi(a) for all a ∈ A,

with equality whenever x(a) > 0. Multiplying by x(a) and summing over A gives

vi(x) = λi · (pi · x) =
λi
n

,

where the last step uses budget exhaustion (pi · x = 1/n, which follows from utility maximization together
with vi(x) > 0). Hence λi = n · vi(x). For any y ∈ ∆(A), summing vi(y) ⩽ λi(pi · y) over all agents yields

∑
i∈N

vi(y)
vi(x)

⩽ n ∑
i∈N

pi · y ⩽ n ∑
a∈A

y(a) = n,

where we used profit maximization (∑i∈N pi(a) ⩽ 1 for all a). This is precisely PF.

PF⇒MNW. Let x be a PF lottery. We first show vi(x) > 0 for all i ∈ N. Indeed, for each agent i, there exists

some a ∈ A with vi(a) > 0. If vi(x) = 0, then vi(a)/vi(x) = +∞ by our convention, so 1
n ∑j∈N

vj(a)
vj(x) = +∞ > 1,

violating PF. Thus vi(x) > 0 for all i.
Consider the concave function F(u) ≜ ∑i∈N log ui on RN

>0. The PF condition states that for all y ∈ ∆(A),

∇F(v(x)) · v(y) = ∑
i∈N

vi(y)
vi(x)

⩽ n = ∑
i∈N

vi(x)
vi(x)

= ∇F(v(x)) · v(x).

Since U = {v(y) : y ∈ ∆(A)}, this means ∇F(v(x)) · (u− v(x)) ⩽ 0 for all u ∈ U . Because F is concave
and U is convex, this first-order condition implies that v(x) is a global maximizer of F over U . Hence x
maximizes ∑i∈N log vi(·), and equivalently ∏i∈N vi(·), over ∆(A).
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MNW⇒ Lindahl. Let x be an MNW lottery. We first show vi(x) > 0 for all i ∈ N. Since each agent values at
least one alternative positively, any full-support lottery has strictly positive Nash welfare; hence any MNW
lottery must also have NW(x) > 0, which forces vi(x) > 0 for all i.

Now, x maximizes the concave function F(y) ≜ ∑i∈N log vi(y) over the simplex ∆(A). The KKT condi-
tions yield a scalar µ ∈ R such that

∑
i∈N

vi(a)
vi(x)

= µ for all a ∈ supp(x),

∑
i∈N

vi(a)
vi(x)

⩽ µ for all a /∈ supp(x).

Multiplying the equalities by x(a) and summing over supp(x) gives ∑i∈N 1 = µ, so µ = n. Define person-
alized prices

pi(a) ≜
1
n
· vi(a)

vi(x)
for all i ∈ N, a ∈ A.

We verify that (x, p) is a Lindahl equilibrium.
Profit maximization: ∑i∈N pi(a) = 1

n ∑i∈N
vi(a)
vi(x) = 1 for a ∈ supp(x) and ⩽ 1 for a /∈ supp(x).

Spending constraint: pi · x = 1
n·vi(x) ∑a∈A vi(a) x(a) = vi(x)

n·vi(x) =
1
n for all i.

Utility maximization: The bang-per-buck ratio vi(a)
pi(a) = n · vi(x) is constant across all a ∈ A with vi(a) > 0

(and alternatives with vi(a) = 0 contribute zero utility regardless). Hence, for any y ⩾ 0 with pi · y ⩽ 1/n,

vi(y) = ∑
a:vi(a)>0

vi(a)
pi(a)

· pi(a) · y(a) ⩽ n · vi(x) · (pi · y) ⩽ n · vi(x) · 1
n
= vi(x),

so x is optimal for agent i.

Core membership. Let x be PF and suppose for contradiction that some S ⊆ N and y ∈ ∆(A) satisfy
|S|
n · vi(y) ⩾ vi(x) for all i ∈ S, with at least one strict inequality. Then

1
n ∑

i∈N

vi(y)
vi(x)

⩾
1
n ∑

i∈S

vi(y)
vi(x)

>
1
n
· |S| · n

|S| = 1,

contradicting PF. Hence all PF (equivalently, Lindahl and MNW) lotteries lie in the core.

Utility uniqueness and strict positivity. We showed above that every Lindahl/PF/MNW lottery x satisfies
vi(x) > 0 for all i ∈ N. Since F(u) = ∑i∈N log ui is strictly concave on RN

>0 and U is convex, the maximizer
of F over U is unique. Hence all such lotteries induce the same utility vector.

B Missing Details from Section 3

Proposition B.1. Every CEEI allocation of a private bads instance with linear costs lies in the core.

Proof. Let x be a CEEI allocation.
By Bogomolnaia et al. (2017), x is PF and satisfies ci(x) > 0 for all i ∈ N.
Suppose for contradiction that some nonempty S ⊆ N and allocation y of the bads to the agents in S

satisfy
|S|
n

ci(y) ⩽ ci(x)

for every i ∈ S, with at least one strict inequality.
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Since y allocates no bads to agents outside S and ci(x) > 0 for all i ∈ N, we obtain

1
n ∑

i∈N

ci(y)
ci(x)

=
1
n ∑

i∈S

ci(y)
ci(x)

<
1
n
· |S| · n

|S| = 1,

where the strict inequality follows from the assumed core-blocking deviation. This contradicts the propor-
tional fairness of x.

C Missing Details from Section 4

Theorem C.1. For any private bads instance (N, B, c), if x is an allocation for that instance and y is an allocation
over the private-induced public bads instance R(N, B, c) induced by x, then y being in the bounded-externality core
implies that x is in the core for private bads.

Proof. For a contradiction, assume this is false, and y is in the BE core while x is not in the core for private
bads. Thus, there exists some nonempty S ⊆ N, and some alternate private bads allocation x′ which only
allocates the bads to agents in S, such that for each i ∈ S,

|S|
n

ci(x′) ⩽ ci(x),

and this inequality is strict for at least one agent in S.
Let y′ be a public allocation forR(N, B, c) that is induced by x′. Consider the potential BE core deviation

of S with y′, and α = 0. Since in x′, all the private bads were allocated among the agents in S, we must have
that ci(x′) = ci(y′) = 0 for all i ∈ N \ S, and thus 0 = ci(y′) ⩽ 0 · ci(y). So the BE core violation condition
on N \ S is met. Then, for each i ∈ S, we have n−|N\S|α

|S| ci(x) = n
|S| ci(x). Therefore, for each of these agents,

the inequality ci(y′) ⩽ n
|S| ci(x) (with strictness for some agent) is implied by the private bads core violation.

This gives a contradiction.

Lemma C.2. If x is an allocation in the bounded-externality core, then ci(x) > 0 for all i ∈ N.

Proof. Suppose for contradiction that x is in the BE core but cj(x) = 0 for some j ∈ N. Let Z = {i ∈ N :
ci(x) = 0} be the (nonempty) set of agents with zero cost under x. By the standing assumption 0 /∈ C, we
have c(x) ̸= 0, so S := N \ Z ̸= ∅.

We show that (S, x, 0) is a BE core deviation of x, with deviating coalition S, alternative lottery y = x,
and scale factor α = 0:

(1) For each i ∈ N \ S = Z: ci(y) = ci(x) = 0 = α · ci(x), so condition (1) holds.

(2) For each i ∈ S: by definition of S = N \ Z we have ci(x) > 0, and since |S| = n− |Z| < n (as Z ̸= ∅):

ci(y) = ci(x) <
n
|S| · ci(x) =

n− |N \ S| · 0
|S| · ci(x),

so condition (2) holds with strict inequality for every i ∈ S.

This contradicts x being in the BE core.

D Missing Details from Section 5

Theorem D.1. The rule that returns all strictly positive PF solutions satisfies the axioms of cost consistency, weak
symmetry, scale-freeness, and lower contraction consistency.
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Proof. Cost consistency: Clearly, since the definition of strictly positive PF depends only on the cost vector
of lotteries, if two lotteries x and x′ induce the same cost vector, then x will be strictly positive PF if and
only if x′ is.

Weak symmetry: Fix the identity instance for some number of agents n. The allocation x that uniformly
mixes over all options clearly gives each agent positive cost. To see that it is a PF solution, note that ci(x) =
1/n for all i ∈ N. Thus, for every alternative lottery y, we have

∑
i∈N

ci(y)
ci(x)

= n ∑
i∈N

ci(y) = n,

where the final equality follows from the fact that each alternative in this instance gives a cost of 1 to a
single agent and 0 to everyone else, so ∑a∈A y(a)∑i∈N ci(a) = ∑a∈A y(a) = 1 for any lottery y.

Next, for contradiction, assume that there is some lottery y ̸= x that is strictly positive PF. Since y does
not uniformly mix between all options, there must be some bad a ∈ A with y(a) > 1/n. Assume that i∗ is
the agent such that ci∗(a) = 1. Hence

∑
i∈N

ci(a)
ci(y)

=
ci∗(a)
ci∗(y)

<
1

1/n
= n,

meaning that y is not PF, a contradiction. Note that the first equality crucially uses the fact that ci(a) = 0
for all i ̸= i∗, and ci(y) > 0 for all i ∈ N.

Scale-freeness: Consider any two instances with cost functions c, c′ that are identical except for the cost
function of some agent i∗, whose costs are all scaled by a factor of k > 0 (c′i∗(a) = kci∗(a) for all a ∈ A).

Clearly, for any two allocations x, y, we have

∑
i∈N

c′i(y)
c′i(x)

= ∑
i∈N\{i∗}

ci(y)
ci(x)

+
kci∗(y)
kci∗(x)

= ∑
i∈N

ci(y)
ci(x)

.

Positive scaling also preserves whether every agent has strictly positive cost. Thus, x is strictly positive PF
under c if and only if it is strictly positive PF under c′.

Lower contraction consistency: Assume we have two instances I1 = (N, A, c) and I2 = (N, A′, c′) such
that C⩾(I1) ⊆ C⩾(I2). For contradiction, assume there is a strictly positive PF allocation x′ for the instance
I2, and a lottery x for the instance I1 such that ci(x) = c′i(x′) for all i ∈ N, but x is not a strictly positive PF
lottery for the instance I1. Then there must be some lottery y for the instance I1 such that

∑
i∈N

ci(y)
ci(x)

< n.

However, since C⩾(I1) ⊆ C⩾(I2), there must also be a lottery y′ over the instance I2 such that c′i(y
′) ⩽ ci(y)

for all i ∈ N. But this would give us

∑
i∈N

c′i(y
′)

c′i(x′)
< n,

contradicting the proportional fairness of x′ for instance I2.

Theorem D.2. Any public bads allocation rule that satisfies the axioms of cost consistency, weak symmetry, scale-
freeness, and lower contraction consistency must return a superset of the strictly positive proportionally fair lotteries
for every instance.

Proof. Suppose for contradiction that some rule ϕ satisfies all four axioms, yet for some instance I =
(N, B, c) there is a strictly positive PF lottery x with x /∈ ϕ(I).
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Step 1: Normalize. Since x is strictly positive PF, ci(x) > 0 for all i ∈ N. Define a scaled instance
I′ = (N, B, c′) by c′i(b) = ci(b)/(n · ci(x)) for each i ∈ N and bad b. Applying scale-freeness once per agent
gives ϕ(I) = ϕ(I′), so x /∈ ϕ(I′). The scaling is chosen so that

c′i(x) =
ci(x)

n · ci(x)
=

1
n

for all i ∈ N.

Since strictly positive PF is scale-free (Theorem D.1), x remains strictly positive PF in I′. Hence for every
lottery y in I′,

n ⩽ ∑
i∈N

c′i(y)
c′i(x)

= n ∑
i∈N

c′i(y),

so every cost vector achievable in I′ satisfies ∑i∈N c′i(y) ⩾ 1.
Step 2: Compare with the identity instance. Let I be the identity instance for n agents, and let d denote

its cost function. Its n alternatives have cost vectors e1, . . . , en, giving cost set C(I) = conv{e1, . . . , en},
where ei is the i-th standard basis vector. Thus

C⩾(I) =
{

q ∈ Rn
⩾0 : ∑i∈N qi ⩾ 1

}
.

Step 1 shows every cost vector of I′ lies in C⩾(I), so C⩾(I′) ⊆ C⩾(I).
Step 3: Apply lower contraction consistency. By weak symmetry, ϕ(I) contains only the uniform

lottery u (which places weight 1/n on each bad), giving di(u) = 1/n for all i. Since x achieves c′i(x) = 1/n in
I′, the cost vector (1/n, . . . , 1/n) lies in C(I′).

We apply LCC with I′ as the smaller instance and I as the larger: the hypothesis C⩾(I′) ⊆ C⩾(I) holds,
and ϕ(I) selects u with d(u) ∈ C(I′). LCC therefore gives

d(ϕ(I)) ∩ C(I′) ⊆ c′(ϕ(I′)).

We have d(u) = (1/n, . . . , 1/n) ∈ d(ϕ(I)) ∩ C(I′), so (1/n, . . . , 1/n) ∈ c′(ϕ(I′)): some lottery x′ ∈ ϕ(I′)
satisfies c′i(x′) = 1/n for all i.

Step 4: Conclude. Since c′i(x′) = c′i(x) = 1/n for all i, cost consistency gives x ∈ ϕ(I′). But ϕ(I′) = ϕ(I),
so x ∈ ϕ(I), contradicting our assumption.

The following result shows that the completion core does not imply the core for private bads (Defini-
tion 3.3) on private-induced instances, and in particular that Flipped-MNW can violate the latter.

Proposition D.3. There exists a private bads instance (N, B, c) for which an allocation returned by Flipped-MNW on
the induced public bads instanceR(N, B, c) is not in the core for private bads and does not achieve strong individual
fair share.

Proof. Consider n = 3 agents and m = 2 bads with costs:

Bad b1 Bad b2

Agent 1 1 5
Agent 2 1 6
Agent 3 6 6

Let A denote the alternative set of the induced instance R(N, B, c), which consists of the 32 = 9 com-
plete assignments. To apply Flipped-MNW, we compute cmax

i = maxa∈A ci(a) for each agent, where the
maximum ranges over all complete assignments. Since assigning both bads to agent i maximizes their cost,
we get cmax

1 = 6, cmax
2 = 7, and cmax

3 = 12. The Flipped-MNW rule then maximizes Nash welfare in the
dual goods instance with valuations vi(a) = cmax

i − ci(a).
We claim that the MNW lottery is supported on the two alternatives a∗ : b1 → 2, b2 → 1 (with v(a∗) =

(1, 6, 12)) and a∗∗ : b1 → 2, b2 → 3 (with v(a∗∗) = (6, 6, 6)). Writing t for the probability on a∗, note that
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v2 = 6 is constant, so the Nash welfare is proportional to (6− 5t)(6 + 6t), which is maximized at t = 1/10.
One can verify that no alternative outside {a∗, a∗∗} violates the PF condition for the dual goods instance,
confirming this is the MNW lottery.5

Translating back to costs, the Flipped-MNW allocation x induces

(c1(x), c2(x), c3(x)) = 1
10 (5, 1, 0) + 9

10 (0, 1, 6) =
( 1

2 , 1, 27
5
)
.

This allocation is in the completion core by the general guarantee that every Flipped-MNW allocation is.
However, the coalition S = {2, 3} blocks x under the core for private bads (Definition 3.3). Consider the

deviation y assigning b1 entirely to agent 2 and b2 entirely to agent 3, so that c2(y) = 1 and c3(y) = 6, with
yj(b) = 0 for j /∈ S. Then

|S|
n
· c2(y) =

2
3
< 1 = c2(x),

|S|
n
· c3(y) = 4 <

27
5

= c3(x),

with both inequalities strict, so S blocks.
Also, note that sIFS would require that agent 3 receive a cost no more than 12/3 = 4, but they receive a

cost of 27/5.

Definition D.4 (Participation). A rule ϕ satisfies participation if, for any two instances I = (N, A, c) and
I′ = (N ∪ {i}, A, c′) such that c′j = cj for every j ∈ N, we have that for every x ∈ ϕ(I′), there exists a
y ∈ ϕ(I) such that c′i(x) ⩽ c′i(y). In other words, for every selection of ϕ(I′), i should weakly improve over
some selection of ϕ(I) by joining the instance.

We can show that the axioms that characterize strictly positive PF are also incompatible with this intu-
itive definition.

Theorem D.5. No rule which satisfies weak symmetry, scale-freeness, and lower contraction consistency can also
satisfy participation.

Proof. Consider some rule ϕ that satisfies the three axioms. First, consider the identity instance I3 with 3
agents. Since ϕ is weakly symmetric, it must return the lottery that uniformly mixes between all 3 bads on
this instance.

Bad 1 Bad 2 Bad 3

Agent 1 1 0 0
Agent 2 0 1 0
Agent 3 0 0 1

Next, consider the following instance I, constructed by taking the identity instance and scaling the costs
of all agents except agent 3 by a factor of 2.

Bad 1 Bad 2 Bad 3

Agent 1 2 0 0
Agent 2 0 2 0
Agent 3 0 0 1

Due to scale-freeness, ϕ will still only return the lottery x that uniformly mixes between all three bads.
Under these scaled costs, this lottery will give agents 1 and 2 a cost of 2/3 and agent 3 a cost of 1/3.

5The maximum PF ratio among the seven remaining alternatives is 1/3 ∑i vi(a)/vi(x) ≈ 0.995, attained by the assignments b1 →
1, b2 → 1 and b1 → 1, b2 → 3.
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Then, consider the instance I′ with 3 agents and 2 bads.

Bad 1 Bad 2

Agent 1 1 0
Agent 2 1 0
Agent 3 0 1

We can show that C⩾(I′) ⊆ C⩾(I). To see this, consider an arbitrary lottery over instance I′ that places
weight α on Bad 1 and weight 1− α on Bad 2. This lottery will give agents 1 and 2 a cost of α, and agent 3 a
cost of 1− α.

Now consider the lottery over I that places weight α/2 on each of Bads 1 and 2, and weight 1− α on Bad
3. This will also give all agents the same costs as the first lottery over I′. This shows that C(I′) ⊆ C(I), and
hence C⩾(I′) ⊆ C⩾(I) as well.

With this, consider the lottery x′ on I′ that places 2/3 weight on Bad 1 and 1/3 weight on Bad 2. This will
give the first 2 agents a cost of 2/3 and agent 3 a cost of 1/3, the exact same cost vector as the lottery x, which
we know that ϕ returns for instance I. Since ϕ is lower contraction consistent and ϕ(I) returns a lottery
whose cost vector is feasible in I′, ϕ(I′) must return some lottery with this cost vector. The only lottery on
I′ with this cost vector is x′, so x′ ∈ ϕ(I′).

Finally, consider the identity instance I2 on 2 agents.

Bad 1 Bad 2

Agent 1 1 0
Agent 3 0 1

Note that this instance can be thought of as I′ without the participation of Agent 2. By weak symmetry,
the unique lottery returned by ϕ(I2) must place weight 1/2 on each bad. However, this violates participa-
tion, as in instance I′, c2(x′) = 2/3, which is strictly worse than the cost of 1/2 for agent 2 induced by the
unique lottery returned by ϕ(I2).

However, Flipped-MNW does satisfy participation.

Theorem D.6. Flipped-MNW satisfies participation.

Proof. This proof follows quite easily from the fact that MNW is known to satisfy a similar participation-
style axiom in the case of public goods (Aziz et al., 2020; Brandl et al., 2022; Airiau et al., 2023). For com-
pleteness, we will prove it in full here.

Consider two public bads instances I = (N, A, c) and I′ = (N ∪ {i∗}, A, c′), where I′ is constructed
by adding agent i∗ to I. For each i ∈ N ∪ {i∗}, let vi be the valuation function of i in the dual goods
problem created by the Flipped-MNW rule. We know that running Flipped-MNW on I will return all
lotteries x ∈ arg maxx′∈∆(A) ∏i∈N vi(x′), and running Flipped-MNW on I′ will return all lotteries y ∈
arg maxx′∈∆(A) vi∗(x′) ·∏i∈N vi(x′). Let ϕ represent the Flipped-MNW rule. For contradiction, assume that
ϕ violates participation on these instances, meaning that there exists some y ∈ ϕ(I′) such that c′i∗(y) > c′i∗(x)
for all lotteries x ∈ ϕ(I).

Fix some x ∈ ϕ(I). Then we must have

vi∗(y) ·∏
i∈N

vi(x) ⩾ vi∗(y) ·∏
i∈N

vi(y) ⩾ vi∗(x) ·∏
i∈N

vi(x),

where the first inequality follows from the fact that x maximizes the Nash welfare among agents in N, and
the second follows from the fact that y maximizes the Nash welfare among agents in N ∪ {i∗}.
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We know from our non-degeneracy assumptions on the original public bads instance that vi(x) > 0 for
all i ∈ N, so we can conclude that vi∗(y) ⩾ vi∗(x). Substituting the definition of vi∗ gives

max
a∈A

c′i∗(a)− c′i∗(y) ⩾ max
a∈A

c′i∗(a)− c′i∗(x) =⇒ c′i∗(x) ⩾ c′i∗(y),

the desired contradiction.
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