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We consider Markov decision processes (MDPs) with specifications given as Biichi
(liveness) objectives, and examine the problem of computing the set of almost-sure winning
vertices such that the objective can be ensured with probability 1 from these vertices.
We study for the first time the average-case complexity of the classical algorithm for
computing the set of almost-sure winning vertices for MDPs with Biichi objectives. Our
contributions are as follows: First, we show that for MDPs with constant out-degree
the expected number of iterations is at most logarithmic and the average-case running
time is linear (as compared to the worst-case linear number of iterations and quadratic
time complexity). Second, for the average-case analysis over all MDPs we show that
the expected number of iterations is constant and the average-case running time is
linear (again as compared to the worst-case linear number of iterations and quadratic
time complexity). Finally we also show that when all MDPs are equally likely, the
probability that the classical algorithm requires more than a constant number of iterations
is exponentially small.
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1. Introduction

In this work, we consider the qualitative analysis of Markov decision processes with Biichi (liveness) objectives, and
establish optimal bounds for the average case complexity. We start by briefly describing the model and the objectives, then
the significance of qualitative analysis, followed by the previous results, and finally our contributions.

Markov decision processes. Markov decision processes (MDPs) are standard models for probabilistic systems that exhibit both
probabilistic and nondeterministic behavior [19], and widely used in verification of probabilistic systems [1,26]. MDPs have
been used to model and solve control problems for stochastic systems [18]: there, nondeterminism represents the freedom
of the controller to choose a control action, while the probabilistic component of the behavior describes the system response
to control actions. MDPs have also been adopted as models for concurrent probabilistic systems [14], probabilistic systems
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operating in open environments [23], under-specified probabilistic systems [2], and applied in diverse domains [26]. A spec-
ification describes the set of desired behaviors of the system, which in the verification and control of stochastic systems is
typically an w-regular set of paths. The class of w-regular languages extends classical regular languages to infinite strings,
and provides a robust specification language to express all commonly used specifications, such as safety, liveness, fairness,
etc. [25]. Parity objectives are a canonical way to define such w-regular specifications. Thus MDPs with parity objectives
provide the theoretical framework to study problems such as the verification and control of stochastic systems.

Qualitative and quantitative analysis. The analysis of MDPs with parity objectives can be classified into qualitative and
quantitative analysis. Given an MDP with parity objective, the qualitative analysis asks for the computation of the set of
vertices from where the parity objective can be ensured with probability 1 (almost-sure winning). The more general quanti-
tative analysis asks for the computation of the maximal (or minimal) probability at each state with which the controller can
satisfy the parity objective.

Importance of qualitative analysis. The qualitative analysis of MDPs is an important problem in verification that is of in-
terest independent of the quantitative analysis problem. There are many applications where we need to know whether
the correct behavior arises with probability 1. For instance, when analyzing a randomized embedded scheduler, we are
interested in whether every thread progresses with probability 1 [5]. Even in settings where it suffices to satisfy certain
specifications with probability p < 1, the correct choice of p is a challenging problem, due to the simplifications introduced
during modeling. For example, in the analysis of randomized distributed algorithms it is quite common to require correct-
ness with probability 1 (see, e.g., [21,20,24]). Furthermore, in contrast to quantitative analysis, qualitative analysis is robust
to numerical perturbations and modeling errors in the transition probabilities, and consequently the algorithms for qualita-
tive analysis are combinatorial. Finally, for MDPs with parity objectives, the best known algorithms and all algorithms used
in practice first perform the qualitative analysis, and then perform a quantitative analysis on the result of the qualitative
analysis [14,15,3,4,6,12]. Thus qualitative analysis for MDPs with parity objectives is one of the most fundamental and core
problems in verification of probabilistic systems.

Previous results. The qualitative analysis for MDPs with parity objectives is achieved by iteratively applying solutions of the
qualitative analysis of MDPs with Biichi objectives [14,15,12]. The qualitative analysis of an MDP with a parity objective with
d priorities can be achieved by O (d) calls to an algorithm for qualitative analysis of MDPs with Biichi objectives, and hence
we focus on MDPs with Biichi objectives. The qualitative analysis problem for MDPs with Biichi objectives has been widely
studied. The classical algorithm for the problem was given in [14,15], and the worst case running time of the classical
algorithm is O (n-m) time, where n is the number of vertices, and m is the number of edges of the MDP. Many improved
algorithms have also been given in the literature, such as [11,7-10], and several special cases have also been studied [13],
and the current best known worst case complexity of the problem is O (min{n?, m - »/m}). Moreover, there exists a family of
MDPs where the running time of the improved algorithms match the above bound. While the worst case complexity of the
problem has been studied, to the best of our knowledge the average case complexity of none of the algorithms has been
studied in the literature.

Our contribution. In this work we study for the first time the average case complexity of the qualitative analysis of MDPs
with Biichi objectives. Specifically we study the average case complexity of the classical algorithm for the following two
reasons: First, the classical algorithm is very simple and appealing as it iteratively uses solutions of the standard graph
reachability and alternating graph reachability algorithms, and can be implemented efficiently by symbolic algorithms. Sec-
ond, while more involved algorithms that improve the worst case complexity have been proposed [11,7-10], it has also
been established in [8,10] that there are simple variants of the involved algorithms that require at most a linear running
time in addition to the time of the classical algorithm, and hence the average case complexity of these variants is no more
than the average case complexity of the classical algorithm. We study the average case complexity of the classical algo-
rithm and establish that compared to the quadratic worst case complexity, the average case complexity is linear. Our main
contributions are summarized below:

1. MDPs with constant out-degree. We first consider MDPs with constant out-degree. In practice, MDPs often have constant
out-degree: for example, see [16] for MDPs with large state space but constant number of actions, or [18,22] for exam-
ples from inventory management where MDPs have constant number of actions (the number of actions correspond to
the out-degree of MDPs). We consider MDPs where the out-degree of every vertex is fixed and given. The out-degree
of a vertex v is d, and there are constants dpi, and dmax such that for every v we have dpin < dy < dmax. Moreover,
every subset of the set of vertices of size d, is equally likely to be the neighbor set of v, independent of the neighbor
sets of other vertices. We show that the expected number of iterations of the classical algorithm is at most logarithmic
(O(logn)), and the average case running time is linear (O (n)) (as compared to the worst case linear number of itera-
tions and quadratic O (n?) time complexity of the classical algorithm, and the current best known O (1 - «/n) worst case
complexity). The average case complexity of this model implies the same average case complexity for several related
models of MDPs with constant out-degree. For further discussion on this, see Remark 2.
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2. MDPs in the Erdos-Rényi model. To consider the average case complexity over all MDPs, we consider MDPs where the
underlying graph is a random directed graph according to the classical Erdos-Rényi random graph model [17]. We
consider random graphs G, p, over n vertices where each edge exists with probability p (independently of other edges).
To analyze the average case complexity over all MDPs with all graphs equally likely, we need to consider the Gy p
model with p = % (i.e., each edge is present or absent with equal probability, and thus all graphs are considered equally
likely). We show a stronger result (than only p = %) that if p > c¢log® ' for some constant ¢ > 2, then the expected

number of iterations of the classical algorithm is constant (O (1)), and the average case running time is linear (again

as compared to the worst case linear number of iterations and quadratic time complexity). Note that we obtain that
the average case (when p = %) running time for the classical algorithm is linear over all MDPs (with all graphs equally

likely) as a special case of our results for p > %, for any constant ¢ > 2, since % > M for n > 17. Moreover we

show that when p = % (i.e., all graphs are equally likely), the probability that the classical algorithm will require more

n
than constantly many iterations is exponentially small in n (less than <%> ).

Implications of our results. We now discuss several implications of our results. First, since we show that the classical algorithm
has average case linear time complexity, it follows that the average case complexity of qualitative analysis of MDPs with
Biichi objectives is linear time. Second, since qualitative analysis of MDPs with Biichi objectives is a more general problem
than reachability in graphs (graphs are a special case of MDPs and reachability objectives are a special case of Biichi objec-
tives), the best average case complexity that can be achieved is linear. Hence our results for the average case complexity
are tight. Finally, since for the improved algorithms there are simple variants that never require more than linear time as
compared to the classical algorithm it follows that the improved algorithms also have average case linear time complexity.
Thus we complete the average case analysis of the algorithms for the qualitative analysis of MDPs with Biichi objectives. In
summary our results show that the classical algorithm (the most simple and appealing algorithm) has excellent and optimal
(linear-time) average case complexity as compared to the quadratic worst case complexity.

Technical contributions. The two key technical difficulties to establish our results are as follows: (1) Though there are many
results for random undirected graphs, for the average case analysis of the classical algorithm we need to analyze random
directed graphs; and (2) in contrast to other results related to random undirected graphs that prove results for almost all
vertices, the classical algorithm stops only when all vertices satisfy a certain reachability property; and hence we need
to prove results for all vertices (as compared to almost all vertices). In this work we set up novel recurrence relations to
estimate the expected number of iterations, and the average case running time of the classical algorithm. Our key technical
results prove many interesting inequalities related to the recurrence relation for reachability properties of random directed
graphs to establish the desired result. We believe the new interesting results related to reachability properties we establish
for random directed graphs will find future applications in average case analysis of other algorithms related to verification.

2. Definitions

Markov decision processes (MDPs). A Markov decision process (MDP) G = ((V, E), (V1, Vp), ) consists of a directed graph
(V, E), a partition (V1, Vp) of the finite set V of vertices, and a probabilistic transition function §: Vp — D(V), where D(V)
denotes the set of probability distributions over the vertex set V. The vertices in V1 are the player-1 vertices, where player 1
decides the successor vertex, and the vertices in Vp are the probabilistic (or random) vertices, where the successor vertex
is chosen according to the probabilistic transition function §. We assume that for u € Vp and v € V, we have (u, v) € E iff
8(u)(v) > 0, and we often write §(u, v) for §(u)(v). For a vertex v € V, we write E(v) to denote the set {u eV | (v,u) € E}
of possible out-neighbors, and |E(v)| is the out-degree of v. For technical convenience we assume that every vertex in the
graph (V, E) has at least one outgoing edge, i.e., E(v) # ¢ forall ve V.

Plays, strategies and probability measure. An infinite path, or a play, of the graph G is an infinite sequence w =
(vo, v1, vy, ...) of vertices such that (v, viy1) € E for all k € N. We write Q for the set of all plays, and for a vertex v € V,
we write Q, C Q for the set of plays that start from the vertex v. A strategy for player 1 is a function o: V*.-V{ — D(V)
that chooses the probability distribution over the successor vertices for all finite sequences w € V* . V1 of vertices ending
in a player-1 vertex (the sequence represents a prefix of a play). A strategy must respect the edge relation: for all w € V*
and u e Vq, if o(w - u)(v) > 0, then v € E(u). Let ¥ denote the set of all strategies. Once a starting vertex v € V and a
strategy o € X is fixed, the outcome of the MDP is a random walk wJ for which the probabilities of events are uniquely
defined, where an event A C Q is a measurable set of plays. For a vertex v € V and an event A C 2, we write PJ (A) for
the probability that a play belongs to A if the game starts from the vertex v and player 1 follows the strategy o.

Objectives. We specify objectives for the player 1 by providing a set of winning plays ® C Q. We say that a play w satisfies
the objective @ if w € ®. We consider w-regular objectives [25], specified as parity conditions. We also consider the special
case of Biichi objectives.
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e Biichi objectives. Let B C V be a set of Biichi vertices. For a play w = (vg, v1,...) € @, we define Inf(w) ={veV |v,=
v for infinitely many k} to be the set of vertices that occur infinitely often in w. The Biichi objectives require that some
vertex of B be visited infinitely often, and defines the set of winning plays Biichi(B) = {w € 2 | Inf(w) N B # #}.

e Parity objectives. For c,d € N, we write [c..d] ={c,c+1,...,d}. Let p: V — [0..d] be a function that assigns a priority
p(v) to every vertex v € V, where d € N. The parity objective is defined as Parity(p) = {w € @ | min (p(Inf(a)))) is even}.
In other words, the parity objective requires that the minimum priority visited infinitely often is even. In the sequel we
will use ® to denote parity objectives.

Qualitative analysis: almost-sure winning. Given a player-1 objective ®, a strategy o € ¥ is almost-sure winning for player 1
from the vertex v if PJ(®) = 1. The almost-sure winning set {(1))qimos:(®) for player 1 is the set of vertices from which
player 1 has an almost-sure winning strategy. The qualitative analysis of MDPs corresponds to the computation of the
almost-sure winning set for a given objective ®.

Remark 1 (Implication for parity objectives). The almost-sure winning set for MDPs with parity objectives can be computed
using O (d) calls to compute the almost-sure winning set of MDPs with Biichi objectives [12,14,15,3,4,6]. Hence we focus on
the qualitative analysis of MDPs with Biichi objectives. We will establish that the average case complexity is linear for Biichi
objectives which implies an O (m -d) upper bound on the average case complexity for the qualitative analysis of MDPs with
parity objectives, where m is the number of edges.

Algorithm for qualitative analysis. The algorithms for qualitative analysis for MDPs do not depend on the transition func-
tion, but only on the graph G = ((V, E), (V1, Vp)). We now describe the classical algorithm for the qualitative analysis of
MDPs with Biichi objectives. The algorithm requires the notion of random attractors.

Random attractor. Given an MDP G, let U C V be a subset of vertices. The random attractor Attrp(U) is defined as follows:
Xo=U, and for i >0, let Xj;1 =X;U{veVp|EW)NX;#0BU{veVy|EW) C X;}. In other words, Xj;1 consists of
(a) vertices in Xj, (b) probabilistic vertices that have at least one edge to Xj, and (c) player-1 vertices, whose every successor
is in X;. Then Attrp(U) = ;- Xi. Observe that the random attractor is equivalent to the alternating reachability problem
(reachability in AND-OR graphs).

Classical algorithm. The classical algorithm for MDPs with Biichi objectives is a simple iterative algorithm, and every itera-
tion uses graph reachability and alternating graph reachability (random attractors). Let us denote the MDP in iteration i by
G' with vertex set V. Then in iteration i the algorithm executes the following steps: (i) computes the set Z' of vertices that
can reach the set of Biichi vertices BN Vi in G; (ii) let Ui = Vi \ Z! be the set of remaining vertices; if U’ is empty, then
the algorithm stops and outputs Z as the set of almost-sure winning vertices, and otherwise removes Attrp(U') from the
graph, and continues to iteration i + 1. The classical algorithm requires O(n) iterations, where n = |V, and each iteration
requires O(m) time, where m = |E|. Moreover the above analysis is tight, i.e., there exists a family of MDPs where the
classical algorithm requires €2(n) iterations, and total time € (n-m). Hence ®(n - m) is the tight worst case complexity of
the classical algorithm for MDPs with Biichi objectives. In this work we consider the average case analysis of the classical
algorithm.

3. Average case analysis for MDPs with constant out-degree

In this section we consider the average case analysis of the number of iterations and the running time of the classical
algorithm for computing the almost-sure winning set for MDPs with Biichi objectives on the families of graphs with constant
out-degree (out-degree of every vertex fixed and bounded by two constants dpj, and dmax).

Family of graphs and results. We consider families of graphs where the vertex set V (|V| =n), the target set of Biichi vertices B
(|B| =t), and the out-degree d, of each vertex v is fixed across the whole family. The only varying component is the edges
of the graph; for each vertex v, every set of vertices of size d, is equally likely to be the neighbor set of v, independent of
neighbors of other vertices. Finally, there exist constants dpj, and dmax such that dpin < dy < dmax for all vertices v. We will
show the following for this family of graphs: (a) if the target set B has size more than 30 - x - log(n), where x is the number
of distinct degrees, (i.e., t > 30 - x-log(n)), then the expected number of iterations is O(1) and the average running time is
0(n); and (b) if the target vertex set B has size at most 30 - x - log(n), then the expected number of iterations required is
O (log(n)) and average running time is O (n).

Notation. We use n and t for the total number of vertices and the size of the target set, respectively. We will denote by
x the number of distinct out-degrees. Let d;, for 1 <i < x, be the distinct out-degrees. Since for all vertices v we have
dmin < dy < dmax, it follows that we have x < dmpax — dmin + 1. Let a; be the number of vertices with degree d; and t; be the
number of target (Biichi) vertices with degree d;.
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The event R(ky,ka, ..., kx). The reverse reachable set of the target set B is the set of vertices u such that there is a path
in the graph from u to a vertex v € B. Let S be any set comprising of k; vertices of degree d;, for 1 <i < x. We define
R(ky, ks, ..., ky) as the probability of the event that all vertices of S can reach B via a path that lies entirely in S. Due to
symmetry between vertices, this probability only depends on k;, for 1 <i <x and is independent of S itself.! For ease of
notation, we will sometimes denote the event itself by R(kq,ka, ..., ky). We will investigate the reverse reachable set of B,
which contains B itself. Recall that t; vertices in B have degree d;, and hence we are interested in the case when k; > t; for
all 1 <i<x.

Consider a set S of vertices that is the reverse reachable set, and let S be composed of k; vertices of degree d; and of
size k, i.e, k=S| = Zf:1 ki. Since S is the reverse reachable set, it follows that for all vertices v in V \ S, there is no edge
from v to a vertex in S (otherwise there would be a path from v to a target vertex and then v would belong to S). Thus

there are no incoming edges from V \ S to S. Thus for each vertex v of V \ S, all its neighbors must lie in V \ S itself. This
n—ky \ —ki
happens with probability ]_[ie[1 X1,aik; %) , since in V \ S there are a; — k; vertices with degree d; and the size of
> ’ 1 di
V\ S is n —k (recall that [1,x] ={1,2, ..., x}). Note that when a; # k;, there is at least one vertex of degree d; in V \ S that
has all its neighbors in V \ S and hence n — k > d;. For simplicity of notation, we skip mentioning a; # k; and substitute
the term by 1 where a; = k;. The probability that each vertex in S can reach a target vertex is R(ky,kz, ..., ky). Hence the
probability of S being the reverse reachable set is given by:

a,-—k,-

X n—k
l_[((‘i'{')) Rkt K, .., ky)
i=1 (d,-)

There are ]_[l 1 (al_t') possible ways of choosing k; > t; vertices (since the target set is contained) out of a;. Notice that the
terms are 1 where a; = k;. The value k can range from t to n and exactly one of these subsets of V will be the reverse
reachable set. So the sum of probabilities of this happening is 1. Hence we have:

‘—k,‘

n X a; —ti (n:k) aj
122 Z n(ki_ti)'( (‘111) ) -R(kq,ka, ..., ky) 1)

k=t > ki=k,tj<kj<a; \i=1 di
Let
X n—ky \ %4i—ki
ai —t ("a)
N e 1_[ (k- _ t-) : ( (n‘) “Rk1,ka, ... ky);

i=1 > di

ak = Z ak] kz ..... I

2 ki=k.ti<ki<a;
Thus, ag, k,,...k, is the probability that the reverse reachable set has exactly k; vertices of degree d; for 1 <i <x, and ay

is the probability that the reverse reachable set has exactly k vertices.
Our goal is to show that for 30-x-log(n) <k <n—1, the value of oy is very small; i.e.,, we want to get an upper bound on
ai—k,‘
a. Note that two important terms in ¢, are ((”‘;k)/(;i)) and R(ky,ka, ..., ky). Below we get an upper bound for both

of them. Firstly note that when k is small, for any set S comprising of k; vertices of degree d; for 1 <i <x and |S| =k, the
event R(ky, k2, ..., ky) requires each non-target vertex of S to have an edge inside S. Since k is small and all vertices have
constant out-degree spread randomly over the entire graph, this is highly improbable. We formalize this intuitive argument
in the following lemma.

Lemma 1 (Upper bound on R(k1, k2, ..., ky)). For k <n — dmax

N K d ki—t; X ki—t;
R(ky, k. ... k 1-({1- '
(k1. ko, ..., X>§E< ( n—di> ) n(n—dmax>

Proof. Let S be the given set comprising of k; vertices of degree d;, for 1 <i < x. Then for every non-target vertex of S, for
it to be reachable to a target vertex via a path in S, it must have at least one edge inside S. This gives the following upper
bound on R(kq, ko, ..., ky).

1 This holds because the out-degrees of vertices in S are fixed, but their neighbors are chosen randomly.
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ki—t;

X n—k
Rki ko ko <] (1 _ ((ii)))
i=1

di

We have the following inequality for all d;, 1 <i <x:

(o I k koG di -k
(d) :H(l_”_J)z(l_”—di) S

di j=0

The first inequality follows by replacing j with d; > j, and the second inequality follows from standard binomial expansion.
Using the above inequality in the bound for R(kq, k>, ..., ky) we obtain

X d\ kit x ki—t; ki—t;

k ! di -k 7 di -k e
R(k1,ka, ... k) < 1—-{1- < < —_—
ke X)<E( < n_di> ) <E(n_di> - 1<n_dma">

-

The result follows. O

aj—ki
Now for (("Jik)/(;i)) "', we give an upper bound. First notice that when a; # k;, there is at least one vertex of degree
d; outside the reverse reachable set and it has all its edges outside the reverse reachable set. Hence, the size of the reverse

reachable set (i.e. n — k) is at least d;. Thus, (”d’l_k) is well defined.

. (”;k) di—ki I d;-(a;j—k;)
Lemma 2. For any 1 <1i < x such that a; # k;, we have (n’) < (1 — ﬁ‘) .
dj

Proof. We have

(

The inequality follows since j > 0 and we replace j by 0 in the denominator. The result follows. O

Clifki

(n;k) ai—kKi di—1 k k d;-(aj—k;)
1 = 1-— <{1-—-
@) M(-75)) =05

j=0

Next we simplify the expression of ¢ by taking care of the summation.

Lemma 3. The probability that the reverse reachable set is of size exactly k is oy, and

ak<n"~

max Ay kg, kx
Y ki=k ti<ki<a; o

Proof. The probability that the reverse reachable set is of size exactly k is given by

x (nfk) ai—k;
— aj — ti d;
e = Z 1_[ (I<,~ —ti) ' ( @) ) <Ry, ko, ... ky)

Zkiqutifkifai i=1

(refer to Eq. (1)). Since

ak = Z ak] ,kz ..... kX ’

> ki=k.ti<kj<a;
and there are x distinct degree’s and n vertices, the number of different terms in the summation is at most n*. Hence

o <n*- max Aky kg -

- > ki=k.ti<ki<a;

The desired result follows. O

Now we proceed to achieve an upper bound on ay, k,, ...k, First of all, intuitively if k is small, then R(k, ka, ..., ky) is
very small (this can be derived easily from Lemma 1). On the other hand, consider the case when k is very large. In this
case there are very few vertices that cannot reach the target set. Hence they must have all their edges within them, which
again has very low probability. Note that different factors that bind ¢, depend on whether k is small or large. This suggests
we should consider these cases separately. Our proof will consist of the following case analysis of the size k of the reverse
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reachable set: (1) Small k: 30 - x - log(n) <k <cy -n for some constant ¢y > 0, (2) Large k: ¢; -n <k <cy -n for all constants
¢y >c1 >0, and (3) Very large k: co-n <k <n—dpj, — 1 for some constant c; > 0. The analysis of the constants will follow
from the proofs. Note that since the target set B (with |B| =t) is a subset of its reverse reachable set, the case k <t is
infeasible. Hence in all the three cases, we will only consider k > t. We first consider the case when k is small.

3.1. Smallk:30-x-log(n) <k <cin

In this section we will consider the case when 30-x-log(n) <k <y -n for some constant ¢y > 0. Note that this case only
occurs when t < cq -n (since k > t). We will assume this throughout this section. We will prove that there exists a constant
c1 > 0 such that for all 30-x-log(n) <k < cq -n the probability (¢ ) that the size of the reverse reachable set is k is bounded

by nl—z Note that we already have a bound on « in terms of ai, k,, .k, (Lemma 3). We use continuous upper bounds of the
discrete functions in @y, k,, ..k, to convert it into a form that is easy to analyze. Let

x k=t . ki—t;
by ky,. ke = 1_[ CELh e ndin@=ki) Ak AT
K1,K2,..., X ] k,‘ —t n— dmax ’

i=1

where e is Euler’s number (the base of the natural logarithm).
Lemma 4. We have ay, ,. ... < bi, kg,

Proof. We have

= (ai—t a9\
iy ky, ..., H(k:—t:) <(n')> “Rk, ka2, ..., kx)

1—[ a; — t Je\ di(@i—ki) di -k \kih
ki —ti n N — dmax

i=1

ﬁ(e (@ _t)> e~ kditai—kp . (ﬂ)kﬁi
ki =t 1 — dmax

i=1

I A

The first inequality follows from Lemma 1 and Lemma 2. The second inequality follows from the first inequality of Proposi-
tion 1 (in Appendix A) and the fact that 1 —x<e™*. O

Maximum of by, k,.,...k,- Next we show that by, r, .k, drops exponentially as a function of k. Note that this is the reason
for the logarlthmlc lower bound on k in this section. To achieve this we consider the maximum possible value achievable
by bi, ky....ky- L€t O;bi, k,...k, denote the change in by, k, .k, due to change in k;. For fixed ¥ ki =k, it is known that
bi, ko, ... ky is max1mlzed when for all i and j we have ;b kz ,,,,, ky = akjbh,kz ,,,,, ky- We have

di -k di -k a; — ti
O;biy ey, ... e = Dley ey, ., kx'< ln +10g<n_'m)+l g(kl—ti))

ky» for all i and j we must have

d, k di -k a; —tj d] -k dj-k aj —t;
log (% ) plog (A ) =BT jog (8 ) 4 log (2
+ Og(n—dmax)+ Og<k,‘—ti> +lo N — dmax tlos kj—tj

ki —t; _ I‘j_tf
d X - di-k .
@ — ) e (g —ty) - etk
k,-—t,- kj—t;

= =
(a; —t;) - d; - edi-k/n @ —tj)- dj . edik/n

This implies that for all i we have

ki —t; _ k—t
(@ —t;) - di - edk/m 3 (a5 — t7) - d; - edik/m
(ai —t;) - d; - edik/m

Yisq (@i —ti) - dj - edik/n

=ki—ti= ~(k—1t)
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Lemma5.Let L =Y % ,(a; —t;) - d; - e%'/". We have

b L\ L Sadaw\K
k1,ka,..., ke = . -e n
B * N — dmax N — dmax

Proof. The argument above shows that the maximum of by, ,
(@i—t;)-d-e%i*/m
L

k, is achieved when for all 1 <i <x we have k; — t; =

- (k — t). Now, plugging the values in by, k, . k., We get

.....

X ki—t; ki—t;
e-(@—t)\" " kg gk di -k \¥h
b = - - e ndi (aj—ki) .
ol 1_[ < ki — ti ) n — dmax
e-L ki—t; e—l—(-di-(al——ki) di .k ki—t;
d; - edik/in. (k —t) N — dmax

ki—ti ki—ti
; o (it etetmtity ook _dik
n — dmax di - (k—1t)

(Rearrangmg denominators of first and third term, gathering powers of e together)

i ki—ty) i (ki—ti)
_ ( L ) R (Xt o= D et o) ( k ) ]
n — dmax (k—1)

(Product is transformed to sum in exponent)

L (k—t) t (k—t)
— ( pk=0) | o= (k/m)- Y1 dj-(ai— n)) 14
n-— dmax (k - t)
X
(As Zki —ti=k—1t)
i=1

L k—t .
< <—> . ek—t . e_k/n'Zi:I di-(aj—t;) X et

n — dmax

t
(Since 1 4+ x < e* we have <1 + ﬁ) < ekit)

( L >t ( L 1— Ti dis@i—t) >k
= . .e 0
n — dmax n — dmax

(Arranging in powers by t and k).

The desired result follows. O

We now establish an upper bound on each term in the bound of Lemma 5. First, we consider the term
¥ dis(@i—t)

_L
n—dmax

n

el

27 d;-(a; —t;
Lemma 6. Let n be sufficiently large and let ¢ < %. Then for all k < c1 - n we have (m cel™ —— ) <

ale

Proof. We have the following inequality:

<# el—%) _ Z?:] di - (aj —t;) - edi-k/n e]_w

n — dmax n — dmax
dmax -1 Zle dj-(aj—t;)
= Zdl (a;i —t;) n
n-— dmax P

(dj <dmaxandk <c7-n)
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X X da—t;
n ) Yimidi- (@i —tp) el- 2=t d,;“’l )

< edmax'cl .
1 — dmax n

(multiplying numerator and denominator with n)

=edmax'c1‘ n . d
1 — dmax ed—1
Here,
1 < n—t
d:_'Zdi'(ai_ti)zdmin'_dein‘(l_cl)zl
n n

i=1

The last inequality follows because c¢; < 0.5 and dp,j, > 2. Since f(d) = d/edf] is a decreasing function for d > 1, we have
f(d) < fdmin - (1 —c1)). Thus,

edmax'cl n d
n—dmax ed!

n .dmin'(l_cl)
n— dmax edmin'(lf‘—'l)*1

n .dmin'(]_cl)
n — dmax edmin—1

2 (1 —c < 1and f(dmin) < f2) = 2/e)
n—dmax €

< edmax'cl .

— e(dmin +dmax)-C1 .

< ez'dmax'c1 .

1 n 1 0.04
<2.e7092. ———— < — for sufficiently large n and ¢ <
= 0.9 (n —dmax — 0.9 viare =9 )

max

<0.9
The desired result follows. O

Finally, we provide an upper bound on the remaining term m in the bound of Lemma 5.

Lemma 7. For sufficiently large n and c; < 0.2 we have n—é—max >1.

Proof. We have the following inequality:

X
L= (@ —ti) d; - e

i=1

X
>2-) (@—t)
i=1
=2-(n—t)
>2-n-(1—c)
>1.6-n,
where the second transition holds because e/ > 1 and d; > dpi > 2, the fourth transition holds because t < c; - n, and
the last transition holds because c¢1 < 0.2. Finally, n — dmax < 1.6 - n for large n. Hence, the desired result follows. O

Now we prove a bound on by, k,... k.-

k¢ )- There exists a constant c1 > 0 such that for sufficiently large n and t <k < c1 - n, we have

Proof. Let 0 <c1 < gﬂ <0.2 as in Lemma 6. By Lemma 5 we have

max

b L -t L LI b \ K
](1,](2 ..... k S : -e n
* n — dmax n — dmax

—t
By Lemma 7 we have (m) > 1, and hence (m) <1. By Lemma 6 we have
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L 1 i Gty 9

B n < —

N — dmax — 10

The desired result follows trivially. O

Taking appropriate bounds on the value of k, we get an upper bound on ay, ,,... k.. Recall that x is the number of distinct
degrees and hence x < dmax — dmin + 1.

Lemma 9 (Upper bound on ay, k,.... k. )- There exists a constant c1 > 0 such that for sufficiently large n with t < c1 - n and for all

30-x-log(n) <k <cq -n, we have ai, i, 1

kx < n3x-

,,,,,

k
Proof. By Lemma 4 we have ai, i, ky < bk, k,,...k, and by Lemma 8 we have by, k, .k, < <%) . Thus for k > 30-x - log(n),

,,,,,,,,,,

9 30-x-log(n) | 1
30-x-log(9/10)
a, <|— =n < —
kl»kz ----- kx — (10) —_ n3.x

The desired result follows. O

Lemma 10 (Main lemma for small k). There exists a constant c¢1 > 0 such that for sufficiently large n with t < cq - n and for all
30 - x-log(n) <k < cq - n, the probability that the size of the reverse reachable set S is k is at most niz

Proof. The probability that the reverse reachable set is of size k is given by . By Lemma 3 and Lemma 9 it follows that
the probability is at most n* -n=3*¥ =n=2% < nlz The desired result follows. O

3.2. Largek:ci-n<k<cy-n

In this section we will show that for all constants ¢; and ¢y, with 0 < ¢y <3, when t < ¢y - n the probability ¢, is at
most iz for all ¢1-n <k < cy -n. We start with some notation that we will use in the proofs. Let a; = p;-n,tj = y;i-n, ki =s;-n
for 1 <i<xand k=s-n for c; <s <c. We first present a bound on ay, k,, .. k-

Lemma 11. For all constants ¢y and ¢ with 0 < c1 < cy and forallc; -n <k < c, - n, we have

iy kg, ky < (N + 1)* - Term; - Termy,

where
X Ly Si—Yi ..\ bi—Si n
Termy = (p' Y1> (p’ y') (1 — )hiPi=si) (1 — (1 — 5)di)si—vi
ieq \Si T Vi Di—Si

n(si—yi)

and

X

Termy = l_[

i=1

S di
1- (l - 1—d,’/11)

1—(1—s)d

Proof. We have
(")

Qkey ky,.. ky = (llj <Zz :Z) . ( (;,)

aj—ki
> -R(k1,ka, ... ky)

IA

X ki—t; ki / (n—ky\ ki

o t 1 1 P t 1 1 .
| |(a,-—t,-+1). aj i G i (?11) Reky Ko . k)
i1 ki —t; a; —k; ™

d;
(Applying second inequality of Proposition 1 with £ =a; —t; and j =k; — t;)

G'—k,‘

X ra— g \kit @ — t:\ %k (”;k) !
1H)*. Lt A2 ’) i “Rk1, k2, ... k).
<m+1) H(h—ti) (ai—k,- ) (k1. k2, . ky)

i=1 di

Proposition 1 is presented in Appendix A. The last inequality above is obtained as follows: (a; —tj+1) <n+1 as aq; <n.
Our goal is now to show that
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X ki—t; ai—k; /("R Gk
g =t \ =\ (')
Y= . ; “R(k1,ka, ... ky) <Te - Te .
n(lq—ﬁ) (ai—ki> ( o ) (k1. ka kx) < Termy - Term;

i=1 di

We have (i) a; — t; =n(p; — y;); (ii) ki —tj =n(s; — y;); and (iii) a; — ki =n(p; — s;). Hence we have

X <ai _ ti)’ﬁfi . <ai —t >aiki B 1_[ (pi _ yi)”(SiJ/i) (pi _ yi)n(PiSi)
o \ki—ti aj — ki T\ Si— Vi pi — Si '

i=1

1

By Lemma 2 we have

E (%I){) )aiki < E (1 _ g )d"'”'@f—si)

By Lemma 1 we have

N K di\ "Gi—yi)
R(k1,k2,...,kx)51_[(1_<l_n_d.> )
i=1 '

Hence we have
pi—yi\" (pi—yi\"PT NP ke e
Si—Yi pi—Si n n—d
v . N NnGsi—yi)
s yi)"“' ” (2= y,->““’l 4 _ sytnvisy (1 (1- ;y’
Si— Yi pi—Si 1—di/n

. e n A nGsi—yi)
_ ﬁ (Pi - yi>s’ yi (Pi - Yi>p’ S (1 —s)dipi=sn | . 1_[ 1— (1 __ 5 >dl
Si—Yi pi —Si , 1—di/n

i=1

=

X1 X2

. S\ Si—Yi . N\ Pi—Si n
(p’ _y’> (p' _y1> a _s)di(Pi*Si)(] - _S)di)si*)’i
Si—Yi Di—Si

s di \ MGsi=yi)
i 1‘(“%)

H 1-(1—s)

i=1

The last equality is obtained by multiplying (1 — (1 — s)%)"Gi=¥) to X; and dividing it from X,. Thus we obtain Y <
Termq - Termy, and the result follows. O

Given the bound in Lemma 11, we now present upper bounds on Term; and Term;.

d; \ N(si—yi)
1—(1-——)"
Lemma 12. Term; of Lemma 11, i.e., ]_[;‘:1 (%) is bounded from above by a constant.

Proof. We have

d; d;
1 zdl 1
1= (1= =) 1- (1-5(1+2))

1—(1—s)d = 1—(1—s)%

n(si—yi) n(si—yi)

(for sufficiently large n)

(1ot () agn\
B 1—(1—s)d

(taking first two terms of binomial expansion)
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(]75)@71. 2 n(si—yi)
1-(1-s)% 2sd;
n

s 25 (51-y0)
< el ((14x) <.

Since ¢; <s <cy we have s is constant, and similarly dnin < d; < dmax and hence d; is constant. Hence it follows that the
above expression is constant and hence the product of those terms for 1 <i < x is also bounded by a constant (since x is
constant). The result follows. O

Lemma 13. There exists a constant 0 < n < 1 such that Termq of Lemma 11 is at most n™ (exponentially small), i.e.,
i—Si n
1—[ <p1 Yz> (pz YI> - S)di(pi—s,-)(l e _S)d,-)s,-—y,- <"
o1 Yi Pi —Si

Proof. Let
P N\ Si—Yi P 2\ Pi—Si
fy= (B2 BLEI)T (1 ®msd(1 — (1 — syfsioy
Si — Vi Di —Si
Note that f(d;) is maximum when

o8 (55)

log(1 —s)

g, f(di) =0 & df =

Moreover, it can easily be checked that this maximum value is f(d}) = 1. Hence, in general we have f(d;) <1. We wish to
prove that there exists some i such that d; # d. Suppose for contradicton that d; =dj for all i. Then, we have

d;‘zzz>(l—s)2zu
Di— Vi
for all i. For fractions «;/B;, we have (3_;ai)/(3_; Bi) < max; oj/p;. Hence, we have
Yipi—s) 1-—s
(1-97°=> = =>1-5(1-y)=1
Yipi—y) 11—y

The last inequality is a contradiction, because 0 < s < 1. Hence, not all d; can be equal to d}. Hence, [[; f(d;) cannot achieve
its maximum value 1. Since each dj+ € [dmin, dmax] has a compact domain and f is a continuous function, there exists a
constant < 1 such that [TX_; f(d;) < 7. The result thus follows. O

Lemma 14 (Main lemma for large k). For all constants ¢ and ca with 0 < ¢1 < ¢, when n is sufficiently large and t < ¢, - n, for all
c1 -n <k <cy -n, the probability that the size of the reverse reachable set S is k is at most nLZ

Proof. By Lemma 11, we have aj, k,.. k < (n+ 1)*-Term; - Term, and by Lemma 12 and Lemma 13, Term; is a constant
and Term; is exponentially small in n, where X < (dmax — dmin + 1). The exponentially small Term; overrides the polynomial
factor (n+1)* and the constant Termy, and ensures that a, k,, .k, < n—3*. By Lemma 3 it follows that op <n=2* < niz O

3.3. Verylargek: (1—1/e*)nton — dmin —

In this subsection we consider the case when the size k of the reverse reachable set is between (1 — ;—2) -nand n —
dmin — 1. Note that if the reverse reachable set has size at least n — dpi,, then the reverse reachable set must be the set
of all vertices, as otherwise the remaining vertices cannot have enough edges among themselves. Take £ = n — k. Hence
dmin +1 < € <n/e®. As stated earlier, in this case g, ky....k, Decomes small since we require that the £ vertices outside the

!!!! a;—k;
reverse reachable set must have all their edges within themselves; this corresponds to the factor of <(";k) / (di)) " Since
£ is very small, this has a very low probability. With this intuition, we proceed to show the following bound on ay, k... k,-

)"

Lemma 15. We have ay, k,, .k, < (x-e-

Sles

Proof. We have
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a;—k;
) -R(k],kz,...,kx)

aifk,-
) (Ignoring probability value R(k1, k2, ..., ky) <1)

n—ky \ i—ki
< (?) Gmw<f>:< * »
(dl) y X — y
a; —t I\ di@i—ki)
: H (ai - ’<i> <1 B H) (By Lemma 2)

e (ai— 1)\ (n—k)\ @K : .
P (Inequality 1 of Proposition 1)
i—Ki

n

i=1 i=1

. ¢ 20 X a — ti a;—k; ) X
<e'- (H) 1_[ <Cli —ki> (Since d; > 2 and Z(a,- —ki) =10)

Recall that in the product appearing in the last expression, we take the value of the term to be 1 where a; = k;. Proposition 1
is presented in Appendix A. Since for all i we have (a; — t;) <n —t, it follows that []\_(a; — t)% % <[], (n — % =
(n -1t

We also want a lower bound for [, (a; — k%Ki Note that >°¥ i(ai — ki) = ¢ is fixed. Hence, this is a problem of
minimizing [[f_; yi¥' given that > %, y; = ¢ is fixed. As before, this reduces to dy, [Ti_; yi¥' = dy, [[}=; yi¥i, for all a,b.

Hence, the minimum is attained at y; = ¢/x, for all i. Hence, [T}_;(a; — kpti—ki > (f—c) . Combining these,

a <et % ﬁ a; — ;7
Kk, ol = n a; — ki

() ()
(e

Hence we have the desired inequality. O

We see that (x -e- %)l is a convex function in ¢ and its maximum is attained at one of the endpoints. For £ =n/e?, the
bound is exponentially decreasing with n whereas for constant ¢, the bound is polynomially decreasing in n. Hence, the
maximum is attained at left endpoint of the interval (constant value of ¢). However, the bound we get is not sufficient to
apply Lemma 3 directly. We break this case into two sub-cases; dmax +1 < £ <n/e? and dmin +1 < £ < dmax + 1.

Lemma 16. For dmax + 1 < £ <n/e?, we have ay, k,...k, <1~ and oy < 1/n?.

Proof. As we have seen, we only need to prove this for the value of ¢ where ay, ,
Note that dpax +1 =X + dmin > X + 2. Hence,

k, attains its maximum i.e. £ = dmax + 2.

,,,,,

2\¢
Aiey ey, ey = (x-e- E) (By Lemma 15)

d 2 dmax+2
§<we”ﬂ%i_>

=(x-e- (dmax + 2))dmax+2 . n~(@max+2)
<n~@matD(Since first term is a constant)

<@+

Hence we obtain the first inequality of the lemma. By Lemma 3 and the first inequality of the lemma we have o < n]—z O
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Lemma 17. There exists a constant h > 0 such that for dmin + 1 < € < dmax + 1, we have ay, , .k, <h- n~tand o < n%

Proof. By Lemma 15 we have

¢ l
ak],kz ..... kx <|x-e: E

< (x- e (dmax + 1))dmaxt1 . =

Let h=(x-e - (dmax + 1))@m=*1_ Hence, first part is proved.

Now, for the second part, we note that since there are ¢ vertices outside the reverse reachable set, and all their edges
must be within these ¢ vertices, they must have degree at most £ — 1. Hence, there are now n vertices with at most £ — dpp
distinct degrees. Hence, in the summation

W= D Gk

ki,..., ky s.t.
3 ki=k,t; <k <a;

there are at most n‘~9min terms. Thus we have
) ) h
oy < nt=dmin . p . n=¢ = p . p~min <.
n
The desired result follows. O

Lemma 18 (Main lemma for very large k). For all t, for all (1 — Elz) -n <k <n—1, the probability that the size of the reverse reachable
set S is k is at most O ().

Proof. By Lemma 16 and Lemma 17 we obtain the result for all (1 — elz) -n <k <n—dgpyj, — 1. Since the reverse reachable
set must contain all vertices if it has size at least n — dp;p, the result follows. O

3.4. Expected number of iterations and running time

From Lemma 10, Lemma 14, and Lemma 18, we obtain that there exists a constant h such that

—, 30-x-log(n) <k <n—dmax — 1

IS}
=
IA

n
o, =0 n—dmin<k<n-1
Hence using the union bound we get the following result

Lemma 19 (Lemma for size of the reverse reachable set). P(|S| <30-x-log(n) or |S|=n) > 1 — % where S is the reverse reachable

set of target set (i.e., with probability at least 1 — %’ either at most 30 - x - log(n) vertices reach the target set or all the vertices reach
the target set).

Proof.

P(|S| <30-x-log(n)or |S|=n)=1—-P@B30-x-logn) <|S|<n—1)
_n — dmax — 1 _ h(dmax — dmax) _

Zl n2 n2 0
1— h(n —dmax — 1) _ h(dmax — dmax)
n2 n2
hn
>1-— 2
h
=1-- O
n

In addition, we note that the number of iterations of the classical algorithm is bounded by the size of the reverse
reachable set, because after the first iteration, the graph is reduced to the sub-graph induced by the reverse reachable set.
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Let I(n) and T(n) denote the expected number of iterations and the expected running time of the classical algorithm for
MDPs on random graphs with n vertices and constant out-degree. Then from above we have

h h
I(n) < (1——)-30~X-log(n)+—.n
n n

It follows that I(n) = O (log(n)). For the expected running time we have

h h
T = (1 - E) -(30-x - log(n))? + " -n?
It follows that T(n) = O (n). Hence we have the following theorem.

Theorem 1. The expected number of iterations and the expected running time of the classical algorithm for MDPs with Biichi objectives
over graphs with constant out-degree are O (log(n)) and O (n), respectively.

Remark 2. For Theorem 1, we considered the model where the out-degree of each vertex v is fixed as d, and there exist
constants dpi, and dmax such that dpin, <d, < dmax for every vertex v. We discuss the implication of Theorem 1 for related
models. First, when the out-degrees of all vertices are same and constant (say d*), Theorem 1 can be applied with the special
case of dpin = dmax = d*. A second possible alternative model is when the out-degree of every vertex is a distribution over
the range [dmin, dmax]. Since we proved that the average case is linear for every possible value of the out-degree d, in
[dmin, dmax] for every vertex v (i.e., for all possible combinations), it implies that the average case is also linear when the
out-degree is a distribution over [dmin, dmax]-

4. Average case analysis in Erd6s-Rényi model

In this section we consider the classical Erdos-Rényi model of random graphs G, p, with n vertices, where each edge is
chosen to be in the graph independently with probability p [17] (we consider directed graphs and then G, j is also referred

as Dy, p in the literature). First, in Section 4.1 we consider the case when p is Q (log#) and then we consider the case

when p = % (that generates the uniform distribution over all graphs). We will show two results: (1) if p > C'k’ni”), for some
constant ¢ > 2, then the expected number of iterations is constant and the expected running time is linear; and (2) if p = %

(with p = % we consider all graphs to be equally likely), then the probability that the number of iterations is more than
one falls exponentially in n (in other words, graphs where the running time is more than linear are exponentially rare).

41. Gpp with p = (“’g%)

In this subsection we will show that given p > %, for some constant ¢ > 2, the probability that not all vertices can
reach the given target set is O(1/n). Hence the expected number of iterations of the classical algorithm for MDPs with
Biichi objectives is constant and hence the algorithm works in average time linear in the size of the graph. Observe that
to show the result the worst possible case is when the size of the target set is 1, as otherwise the chance that all vertices
reach the target set is higher. Thus from here onwards, we assume that the target set has exactly 1 vertex.

The probability R(n, p). For a random graph in G, , and a given target vertex, we denote by R(n, p) the probability that each
vertex in the graph has a path along the directed edges to the target vertex. Our goal is to obtain a lower bound on R(n, p).

The key recurrence. Consider a random graph G with n vertices, with a given target vertex, and edge probability p. For a set
K of vertices with size k (i.e., |K| = k), which contains the target vertex, R(k, p) is the probability that each vertex in the
set K, has a path to the target vertex, that lies within the set K (i.e., the path only visits vertices in K). The probability
R(k, p) depends only on k and p, due to the symmetry among vertices.

Consider the subset S of all vertices in V, which have a path to the target vertex. In that case, for all vertices v in V \ S,
there is no edge going from v to a vertex in S (otherwise there would have been a path from v to the target vertex). Thus
there are no incoming edges from V \ S to S. Let |S| =i. Then the i - (n — i) edges from V \ S to S should be absent, and
each edge is absent with probability (1 — p). The probability that each vertex in S can reach the target is R(i, p). So the
probability of S being the reverse reachable set is given by:

(1—p)""=D.R3, p). (2)

There are (',1:1]) possible subsets of i vertices that include the given target vertex, and i can range from 1 to n. Exactly one
subset S of V will be the reverse reachable set. So the sum of probabilities of the events that S is reverse reachable set
is 1. Hence we have:
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-1
1= -(1=p)"D R, 3
Z(i_1> (1-p) (i, p) 3)
i=1
Moving all but the last term (with i =n) to the other side, we get the following recurrence relation:

n—1

-1 . .
R(n,p)zl—ZC_])-(l —p)" "V RG, p). 4)

i=1

Bound on p for lower bound on R(n, p). We will prove a lower bound on p in terms of n such that the probability that not all
n vertices can reach the target vertex is less than O (1/n). In other words, we require

1
Rn,p)>1-0 . (5)
Since R(i, p) is a probability value, it is at most 1. Hence from Eq. (4) it follows that it suffices to show that
o n—1 n—1 1
;_1(1._1) (I-p ( 19)_;_1 1) a=p =01 (6)

to show that R(n,p)>1-0 (%) We will prove a lower bound on p for achieving Eq. (6). Let us denote by t; = (’,’:1]) -(1-

p)"@™=D for 1 <i <n — 1. The following lemma establishes a relation of t; and t,_;.

Lemma 20. For 1 <i<n—1,we have t,_; = ? - ti.

Proof. We have

n—1 o
tni = ( . )(1 —p)rh
n—i—1

_ (n — 1) (1= pyid
i
=n—i. n—1 (-l_p)i-(n—i)
i i—1

The desired result follows. O

Define g; =t; +t,—j, for 1 <i < [n/2]. From the previous lemma we have

n n (n—1 S n i
Gi=tnitti=— fi=— ( ) (1=p)h = () (1= prrh.
i i i—1 i
We now establish a bound on g; in terms of t1. In the subsequent lemma we establish a bound on t;.

Lemma 21. For sufficiently large n, if p > C'lonﬂ withc > 2,then g; <ty forall2 <i < L%J,

Proof. Let p > % with ¢ > 2. Now

h__ a-p™' 1 R , £l a(™ <ni
P (T:) 0 ) D = i (1= py i) (Rearranging powers of ( p) an i <n)
l —X
Z —c-log(n) . . (1 —Xf@ )
ni . e —ER(i=1)-(n—i=1)
— i (=D-(=i=1—i

To show that t1 > gj, it is sufficient to show that for 2 <i < |n/2],
N i-n -
c
i—1)-n—-i—-1) —

S i=1)-—i-1)—i>0
n
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Note that f(i) = W is convex for 2 <i < [n/2]. Hence, its maximum value is attained at either of the endpoints.
We can see that

2.
f@)= % <c (for sufficiently large n and ¢ > 2)

and
In/2]-n
(In/2] =1)-([n/2]1 = 1)

Note that lim,— o f(|n/2]) =2, and hence for any constant ¢ > 2, f(|n/2]) < c for sufficiently large n. The result fol-
lows. O

f(n/2]) =

Lemma 22. For sufficiently large n, if p > C'lonﬂ with c > 2, thenty < an

Proof. We have t; = (1 — p)*~!. For p > C'lonﬂ we have

c-log(n n—1 clog(n)-(n—1)
f1§<1—$> <e” L (Since1 —x<e™ ™)

1
< g~ Zlogm _ 3 (for sufficiently large n, ¢ > 2)

Hence, the desired result follows. O

We are now ready to establish the main lemma that proves the upper bound on R(n, p) and then the main result of the
section.

c-log(n)
n

Lemma 23. For sufficiently large n, for all p > with ¢ > 2, we have R(n, p) > 1 — 1”—5

Proof. We first show that 37~/ t; < 1:>. We have

n—1 n—2
Zti =t +th1 +Zti
i=1 i=2

[n/2]
<t 4+t + Z 8i (t|ns2) is repeated if nn is even)
i=2
n/2] n
<n-t;+ Z gi (Weapplyti+t,_i= 7 -tjwithi=1)
i=2
n/2]
<n-t;+ Z t1 (ByLemma 21 we have g; <t for2 <i <|n/2)])
i=2
3-n
=—-h
2
3-n 1
< (By Lemma 22 we have t; < —)
2.-n2 n2

By Eq. (6) we have that R(n,p) >1— Z?;f ti. It follows that R(n, p) > 1 — % O

Theorem 2. The expected number of iterations of the classical algorithm for MDPs with Biichi objectives for random graphs Gy ,, with
p=> C'lonﬂ, where ¢ > 2, is O (1), and the average case running time is linear.

Proof. By Lemma 23 it follows that R(n,p) > 1 — % and if all vertices reach the target set, then the classical algorithm
ends in one iteration. In the worst case the number of iterations of the classical algorithm is n. Hence the expected number
of iterations is bounded by

1.5 1.5
1~(1——>+n-—=0(]).
n n
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Since the expected number of iterations is O(1) and every iteration takes linear time, it follows that the average case
running time is linear. O

4.2. Average-case analysis over all graphs

In this section, we consider uniform distribution over all graphs, i.e., all possible different graphs are equally likely. This
is equivalent to considering the Erd6s-Rényi model such that each edge has probability % Using % > 3-log(n)/n (for n > 17)
and the results from Section 4.1, we already know that the average case running time for Gy 1/, is linear. In this section
we show that in gn! 1, the probability that not all vertices reach the target is in fact exponentially small in n. It will follow
that MDPs where the classical algorithm takes more than constant iterations are exponentially rare. We consider the same
recurrence R(n, p) as in the previous subsection and consider t;, and g; as defined before. The following theorem shows the
desired result.

Theorem 3. In G, 1 with sufficiently large n the probability that the classical algorithm takes more than one iteration is less than
3\" N
(3)-

Proof. We first observe that Eq. (4) and Eq. (6) holds for all probabilities. Next we observe that Lemma 21 holds for
D> % with any constant ¢ > 2, and hence also for p = % for sufficiently large n. Hence by applying the inequalities of
the proof of Lemma 23 we obtain that

n-1
For p =1 we have t; = ("}') - (1 - %) = 2"%, Hence we have

R(n,p) =1 3n (3 '
pP>1——>1-— =1-(-] .
P 2.2n-1 2n 4

The second inequality holds for sufficiently large n. It follows that the probability that the classical algorithm takes more
than one iteration is less than (%)". The desired result follows. O

Appendix A. Technical appendix

Proposition 1 (Useful inequalities from Stirling inequalities). For natural numbers £ and j with j < £ we have the following inequali-
ties:

Proof. The proof of the results is based on the following Stirling inequality for factorial:

N J . 1 j+1
e<l) Sj[sg.(i) .
e e
We now use the inequality to show the desired inequalities:

1. We have

¢ I pdel
( > <—=< —  (using Stirling inequality)

IA

IA
o . N
~. .
2
N——
[
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2. We have

(11)_ 4
i) it-m= !
0+1 “1)
e.( ) .
e
+

IA
|
=<
+
A
‘

IA

~
N———"
/N
‘N
N———"
~
4
L
o]
(=)

[g]
/N
P
+

| =—
N———"
~
A
o

1
— .+ -e-|-=

j e—j
J £—j

The first inequality is obtained by applying the Stirling inequality to the numerator (in the first term), and applying the
Stirling inequality twice to the denominator (in the second term). O

IA
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