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Abstract

Let P be a set of n points in Euclidean space and let 0 < ε < 1. A well-known result of

Johnson and Lindenstrauss states that there is a projection of P onto a subspace of dimen-

sion O(ε−2 logn) such that distances change by a factor of 1 + ε at most. We consider

an extension of this result. Our goal is to find an analogous dimension reduction where

not only pairs, but all subsets of at most k points maintain their volume approximately.

More precisely, we require that sets of size s ≤ k preserve their volumes within a factor

of (1 + ε)s−1. We show that this can be achieved using O(max{k/ε,ε−2 logn}) dimen-

sions. This in particular means that for k = O(logn/ε) we require no more dimensions

(asymptotically) than the special case k = 2, handled by Johnson and Lindenstrauss. Our

work improves on a result of Magen that required as many as O(kε−2 logn) dimensions

and is tight up to a factor of O(1/ε). Another outcome of our work is an alternative and

simplified proof of the result of Magen showing that all distances between points and

affine subspaces spanned by a small number of points are approximately preserved when

projecting onto O(kε−2 logn) dimensions.

Instead of fixing the distortion and finding the required dimension, we also consider
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the setting where the dimension is fixed and try to find the best possible distortion. More

formally, the question is what is the smallest possible, in the worst-case, relative change

of the volume of subsets up to size k, when P is projected onto a fixed d-dimensional

Euclidean space. This problem was first studied by Matoušek for sets of size 2, namely

distances; he proved that there is a projection of P onto a subspace of fixed dimension d,

with 3 ≤ d ≤ O(logn), such that the distances change by a factor of O(n2/d
√

logn/d) at

most. Here, we extend Matoušek’s result and prove that there exists a mapping where not

only pairs, but all subsets of at most d/2 points maintain their volume approximately with

roughly the same (volume) distortion O(n2/d log3/2 n). Note that our results are tight up to

polylogarithmic factors, since Ω(n2/d) distortion is necessary even for sets of size two.
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Chapter 1
Prior and Related Work

A classical result of Johnson and Lindenstrauss [JL84] shows that a set of n points in

Euclidean space can be projected onto O(ε−2 logn) dimensions so that all distances are

changed by at most a factor of 1 + ε. Many important works in areas such as computa-

tional geometry, approximation algorithms, and discrete geometry build on this result to

achieve a computational speedup, reduce space requirements, or simply exploit the added

simplicity of a low-dimensional space.

However, the rich structure of Euclidean spaces gives rise to many geometric param-

eters other than distances between points, for example, the centre of gravity of a set of

points; angles and areas of triangles of triplets of points among a fixed set of points P; and,

more generally, the volume spanned by some subsets of P or the volume of the smallest el-

lipsoid containing them. The generalization of the Johnson-Lindenstauss lemma to the ge-

ometry of subsets of bounded size was considered in [Mag07], in which it was shown that

it is possible to embed an n-point set of Euclidean space into an O(kε−2 logn)-dimensional

Euclidean space such that no set of size s≤ k changes its volume by more than a factor of

1



CHAPTER 1. PRIOR AND RELATED WORK 2

(1 + ε)s−1. The exponent s− 1 should be thought of as a natural normalization measure.

Note that scaling a set of size s by a factor of 1+ε will change its volume by precisely this

factor. In the current work, we improve this result by showing that O(max{k/ε,ε−2 logn})

dimensions suffice to get the same guarantee. Here, the improvement is achieved by ana-

lyzing the probability distribution of volumes of subsets under a random mapping directly,

instead of preserving distances between points and affine subspaces by adding O(nk) ad-

ditional points which was followed in [Mag07].

What if instead of fixing the required distortion and looking for a sufficiently large

dimension, we fix the dimension and bound the distortion that may guarantee? This type

of question was handled by Matoušek [Mat90] in the content of distances. Here we extend

Matoušek’s result by proving that there exists a mapping where not only pairs, but all

subsets of at most d/2 points maintain their volume approximately within a relative factor

of O(n2/d log3/2 n). Also, there exists n-point metric spaces such that any embedding of

them onto Rd has distortion Ω(n1/b(d+1)/2c) [Mat90], and thus the above worst-case upper

bound cannot be much improved; in particular, for every even dimension, it is tight up to

the poly-logarithmic factor.

Other works have extended Johnson-Lindenstauss original work. From the computa-

tional perspective, emphasis was placed on derandomizing the embedding [EIO02, Siv02]

and on speeding-up its computation. This last challenge has attracted considerable amount

of attention. Achlioptas [Ach01] has shown that projection onto a (randomly selected) set

of discrete vectors gives the same approximation guarantee, while using the same number
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of dimensions. Ailon and Chazelle [AC06] supplied a method that uses Sparse Gaus-

sian matrices for the projection to achieve fast computation (which they call “Fast John-

son Lindenstrauss Transform”). See also [Mat08, AL08, LAS08] for a related treatment

and extensions. On a different branch of extensions, closer in flavour to our result, are

works that require that the embeddings will preserve more structure of the geometry of the

points. For example, in [AHPY07] the authors ask about distance between points that are

moving according to some algebraically-limited curve; in [Sar06] about affine subspaces,

in [IN07] about sets with bounded doubling dimension, and in [AHPY07, Cla08, WB06]

about curves, (smooth) surfaces and manifolds.



Chapter 2
Preliminaries and Notation

In this chapter we introduce the notation that will be used throughout this thesis and prove

some basic results about the Gaussian and Chi-square Distribution that will be used heavily

in this thesis. The latter are of independent interest.

We present two basic notions that will be used heavily in this thesis. First we start

by defining the (distance) distortion of a mapping, which roughly speaking measures how

well a mapping preserves the metric structure of the point-set. Let P⊂ Rn. We say that a

mapping f : P→ Rd has distortion D, if

∀x,y ∈ P, ‖x− y‖2 ≤ ‖ f (x)− f (y)‖2 ≤ D‖x− y‖2.

Next, we define the (volume) distortion of a mapping between Euclidean spaces. As

discussed above, there is a more elaborate notion of volume for an abstract metric space,

but it is not useful here since, in our case, the host and target spaces are Euclidean and

thus the notion of volume is well-defined. For a subset S ⊂ Rn, we denote by Vol(S),

4



CHAPTER 2. PRELIMINARIES AND NOTATION 5

the (|S|−1)-dimensional volume of the convex hull of the set S in the standard Lebesgue

measure sense. Clearly, if S is affinely dependent, it has zero volume. Also note that if

|S|= 2, then the volume is simply the distance between the two points.

Now we are ready to define the volume distortion of a mapping f : P→ Rd . We say

that a mapping f has volume distortion (k,D) if

∀ |S| ≤ k, S⊂ P Vol(S)≤ Vol( f (S))≤ D|S|−1 ·Vol(S).

By the above remark about S of size 2, we have that in particular, pair-wise distances do

not change by much.

We think of n points in Rn as an n× n matrix P, where the rows correspond to the

points and the columns to the coordinates. We call the set {0,e1,e2, . . . ,en}, i.e., the n-

dimensional standard vectors of Rn with the origin, regular. We associate with a set of k

points a volume which is the (k−1)-dimensional volume of its convex-hull in the standard

Lebesgue measure sense. For k = 2, notice that Vol({x,y}) = d(x,y), for k = 3 is the area

of the triangle with vertices the points of the set, etc. Throughout this thesis, we denote the

volume of a set S in the Euclidean space by Vol(S). We use dist(f) to denote the distortion

of the mapping f .

We use ‖ · ‖ to denote the Euclidean norm. If A is an r× s matrix and B is a p× q

matrix, then the Kronecker product A⊗B is the rp× sq block matrix

A⊗B =


a11B . . . a1sB
... . . . ...

ar1B . . . arsB

 .
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By vec(A) = [a11, . . . ,ar1,a12, . . . ,ar2, . . . ,a1s, . . . ,ars]> we denote the vectorization of

the matrix A. We will use PS to denote a subset S of rows of a matrix P. Let X ,Y be

arbitrary random variables. X ∼ N (µ,σ2) denotes that X follows the normal distribution

with mean µ and variance σ2, and also Nn(µ′,Σ) is the multivariate n dimensional normal

distribution with mean vector µ′ and covariance matrix Σ. Similarly, we can define the

matrix variate Gaussian distribution, Nn,d(M,Σ′nd×nd) with mean matrix M and covariance

matrix Σ′ of dimension nd × nd. Note that the latter definition is equivalent with the

multivariate case, considering its vectorization. However, if we restrict the structure of

the correlation matrix Σ′ we can capture the matrix form of the entries (see the following

Definition).

Definition 1 (Gaussian Random Matrix). The random matrix X of dimensions n× d is

said to have a matrix variate normal distribution with mean matrix M of size n×d and co-

variance matrix Σ⊗Ψ (denoted by X ∼Nn,d(M,Σ′nd×nd)), where Σ,Ψ are positive definite

matrices of size n×n and d×d respectively, if vec(X>)∼Nnd(vec(M>),Σ⊗Ψ).

A brief explanation of the above definition is the following: The use of the tensor

product (Σ⊗Ψ) is chosen to indicate that the correlation1 between its entries has a specific

structure; every row is correlated with respect to the Σ covariance matrix and every column

with respect to Ψ. Hence, the correlation E[Xi jXlk] of the entries Xi j,Xlk is equal to Σil ·Ψ jk.

We now define a useful notion from probability theory.

Definition 2 (Stochastic domination). Let X and Y be two random variables, not neces-

sarily on the same probability space. The random variable X is stochastically smaller than

1Since the entries have zero mean, the correlation between the entries i j and lk is E[Xi jXlk].
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the random variable Y when, for every x ∈ R, the inequality

Pr(X ≤ x)≥ Pr(Y ≤ x) (2.1)

holds. We denote this by X � Y .

This notion is useful when we have an “ordering” between two random variables, X

and Y . Assume that for Y we know its distribution function and can compute its moments,

and assume X has a complicated distribution function which is hard to deal with. Using this

notion, we can overcome this obstacle and easily give tail bounds for the “hard” random

variable X . See for example Theorem 2, which relates the product of the geometric mean

of Chi-square random variables with a single Chi-square.

2.1 Stability of the Gaussian Distribution

Stable distributions is an interesting class of distributions its own right. Here, since the

stability property of the Gaussian distribution is heavily used, we give a proof that the

Gaussian distribution is 2-stable. Roughly speaking, for the Gaussian case, stability is the

property that the Gaussian distribution is closed under linear combinations.

Lemma 1 (2-Stability of Gaussian). Let Xi ∼N (0,1) independent random variables, ai ∈

R for i = 1, . . . ,n. If Y = ∑
n
i=1 aiXi, then Y ∼N (0,‖a‖2

2).

Proof. The proof is done using the characteristic function of the Gaussian. First we
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know [Fel71, Chapter XV, p. 476, Table 1] that the characteristic function (Fourier Trans-

form of the distribution function) of a Gaussian random variable X ∼N (µ,σ2) is

ϕX(t) = eiµt−σ2t2
2 .

Also we know that the distribution of the sum of independent random variables corre-

sponds to the convolution of their distributions; therefore (by Fourier transform) the char-

acteristic function of the sum is the product of their characteristic functions.

First note that aiXi ∼N (0,a2
i ). Therefore, by the above discussion and noting that Xi

are independent we get that

ϕY (t) =
n

∏
i=1

ϕXi(t) =
n

∏
i=1

e−
a2
i t2

2

= e−∑
n
i=1 a2

i t2/2 = e−
t2
2 ∑

n
i=1 a2

i

= e−
‖a‖22t2

2 .

Since ϕY (t) = e−
‖a‖22t2

2 , it follows that Y ∼N (0,‖a‖2).

2.2 Chi-square Distribution

In this section, we recall some results related to the Chi-square distribution and also give

bounds on the Gamma function. Let Xi, i = 1, . . . ,d be d independent, normally distributed

random variables, then the random variable χ2
d = ∑

d
i=1 X2

i is a Chi-square random variable

with d degrees of freedom. It is well known [Fel71, Chapter II, p. 47] that the Chi-square

distribution is a special case of the Gamma distribution and its cumulative distribution
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function is given by

Pr[χ2
d ≤ t] =

γ(d/2, t/2)
Γ(d/2)

, (2.2)

where Γ(x) is the Gamma function, γ(a,x) =
R x

0 ta−1e−t dt, Γ(a,x) =
R

∞

x ta−1e−t dt is the

lower and upper incomplete gamma function, respectively. Next we present some bounds

on Gamma and incomplete Gamma function that we need to prove our result in Chap-

ter 4. We start by presenting the following bound on the Gamma function, see for in-

stance [CD05, Lemmata 2.5,2.6,2.7] and [WW63, p.253] .

Lemma 2 (Stirling Bound on Gamma Function). If Γ(a) =
R

∞

0 e−tta−1 dt, where a > 0,

then
√

2πaa+1/2e−a < Γ(a+1) <
√

2πaa+1/2e−a+ 1
12a , (2.3)

and

Γ(a+
1
2
) < Γ(a)

√
a. (2.4)

We next bound γ(a,x) from above. Note that γ(a,x)=
R x

0 ta−1e−t dt ≤ γ(a,x)=
R x

0 ta−1 dt,

hence

γ(a,x)≤ xa/a. (2.5)

Now for the upper incomplete gamma, we have the following stronger bound.

Lemma 3. If Γ(a,x) =
R

∞

x e−tta−1 dt where x > 2(a+1), then

Γ(a,x) < 2exp(−x)xa+1. (2.6)

Proof. In [CD05, Lemma 2.6] set α = 1 and d = 2.
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It is straight-forward to compute the first two moments of the Chi-square distribution,

E[χ2
r ] = r, (2.7)

Var[χ2
r ] = 2r. (2.8)

Next we show that the Chi-square distribution is concentrated around its’ expected value;

roughly speaking, a Chi-square random variable with r degrees of freedom has concen-

tration e−Ω(r) around its expected value. We formalize this statement with the following

lemma, which is a folklore Chernoff type bound (see for example [Ach01, DG03]).

Lemma 4 (Concentration of Chi-square). Let χ2
r = ∑

r
i=1 X2

i , where Xi ∼ N (0,1). Then

for every ε, with 0 < ε≤ 1/2, we have that

Pr
[
χ

2
r ≤ (1− ε)E[χ2

r ]
]
≤ exp(−r

ε2

6
)

and

Pr
[
χ

2
r ≥ (1+ ε)E[χ2

r ]
]
≤ exp(−r

ε2

6
)

Proof. Define Y ∼ χ2
r , E[Y ] = r. We will compute the probability that Y deviates from its
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expected value, i.e.,

Pr[Y ≥ (1+ ε)r] = Pr[esY ≥ es(1+ε)r] (holds for all s≥ 0)

= Pr[esY e−s(1+ε)r ≥ 1]

(Markov Ineq.) ≤ E[esY e−sa]

= e−s(1+ε)rE[es∑
r
i X2

i ]

= e−s(1+ε)rE[
r

∏
i=1

esX2
i ]

(by independence) = e−s(1+ε)r
r

∏
i=1

E[esX2
i ]

= e−s(1+ε)r
(
E[esX2

i ]
)r

=
(

e−s(1+ε)E[esX2
i ]
)r

.

It remains to compute E[esX2
i ]. We know that Xi ∼ N(0,1). For s≥ 0,

E[esX2
i ] =

1√
2π

Z
R

est2
e−t2/2dt

=
1√
2π

Z
R

e−t2(1−2s)/2dt

=
1√
2π

1√
1−2s

Z
R

e−z2/2dz (Substituting z = t
√

1−2s assuming s < 1/2)

=
1√

1−2s
.

We thus have

Pr [Y ≥ (1+ ε)r]≤

(
e−s(1+ε)
√

1−2s

)r

.

Minimizing the above expression over s, gives s = ε

2(1+ε) . Substituting it into the above
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expression, we obtain

Pr [Y ≥ (1+ ε)r] ≤
(

eε

1+ ε

)−r/2

= exp
(
− r

2
(ε− log(1+ ε))

)
(Using Taylor expansion of log(1+ ε))

= exp
(
− r

2

(
ε2

2
− ε3

3

))
.

which gives our bound for ε ≤ 1/2. A similar argument shows that Pr[Y ≤ (1− ε)r] ≤

exp
(
−r ε2

6

)
.



Chapter 3
Johnson-Lindenstrauss Lemma for

Volumes

In this chapter, we improve the result of Magen [Mag07] for volumes, i.e., we prove that

there exists an embedding with volume distortion (k,O(max{k/ε,ε−2 logn})) for any n-

point subset of Euclidean space. On the one hand, our analysis generalizes the analysis

of Johnson and Lindenstrauss, which can be thought of as the special case of k = 2. On

the other hand, our result shows that more geometric properties of the input points are

approximately preserved: volumes of subsets of size up to O(logn/ε).

Theorem 1 (Main theorem). Let 0 < ε≤ 1/3 and let k,n,d be positive integers, such that

d = O(max{k/ε,ε−2 logn}). Then for any n-point subset P of the Euclidean space Rn,

there is a mapping f : P→ Rd , such that for all subsets S of P, 1 < |S| ≤ k,

1≤
(

Vol( f (S))
Vol(S)

) 1
|S|−1
≤ 1+ ε.

13
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Moreover, the mapping f can be constructed efficiently in randomized polynomial time

using a Gaussian random matrix.

Similarly to other dimension reduction results, our embedding uses random projec-

tions. Several variants have been used in the past, each defining ‘random projection’ in a

slightly different way. Originally, Johnson and Lindenstrauss considered projecting onto

a random d-dimensional subspace, while Frankl and Mehara [FM87] used projection onto

d independent random unit vectors. In most later works, the standard approach has been

to use projection onto d n-dimensional Gaussian, an approach that we adopt here.

Notice that in this approach, the projection is simply the multiplication by a matrix (of

appropriate dimensions) whose entries are i.i.d. Gaussian. A critical component in our

analysis is the following “invariance” claim.

Claim: Let S be a subset of the Euclidean space and let V π(S) be the volume of the

projection of S by a Gaussian random matrix. Then the distribution of V π(S) depends

linearly on Vol(S), but does not depend on other properties of S. In other words, the

fraction Volπ(S)/Vol(S) is a fixed distribution that does not depend on S.

When S is of size 2, the claim is nothing else but an immediate use of the fact that

the projections are rotational invariant: Indeed, any set of size two is the same up to an

orthonormal transformation, translation and scaling. For |S| > 2, while the claim is still

easy to show, it may seem somewhat counter-intuitive from a geometric point of view. It

is certainly no longer the case that any two sets with the same volume are the same up

to an orthonormal transformation. Specifically, it does not seem clear why a very ‘flat’

(for example a perturbation of a co-linear set of points) set should behave similarly to a
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‘round’ set (like a symmetric simplex) of the same volume, with respect to the volume of

their projections. The question of the distortion of subsets readily reduces to a stochastic

question about one particular set S. Essentially, one needs to study the probability that

the volume of the projection of this set deviates from its expected value. This makes the

effectiveness of the above claim clear; it means that the question can be further reduced

to what’s the concentration of the volume of a particular set S of our choice! Since there

are roughly ns sets of size s to consider, we need to bound the probability of a bad event

with respect to any arbitrary set by roughly e−Ω(sd). The previous bound of [Mag07]

implicitly showed a concentration bound of only e−Ω(d), which is one way to understand

the improvement of the current work.

3.1 A Regular Set of Points Preserves its Volume

Assume that the set in Euclidean space for which we wish to reduce its dimensionality is

the regular one. Consider a subset S of the regular set of size s ≤ k with the origin. Our

goal is to show that the volume of its projection is sufficiently concentrated, assuming s is

small enough. Also denote by X ∼Nn,d(0, Ind) the projection matrix1. Note that our input

set is the regular (identity matrix), therefore the image of its projection is simply X (the

projection matrix); also recall that the points that correspond to S are represented by XS.

It is well known (see for example [FB90, pp. 220−235]) that the volume of the projected

points of S is √
det(XSX>S )/s!.

1For ease of presentation, we will not consider the normalization parameter d−1/2 at this point.
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Therefore the question of volumes is now reduced to one about the determinant of the

Gram matrix of XS.

We will use the following lemma which gives a simple characterization of this latter

random variable.

Lemma 5 ([Pre67]). Let X ∼Nk,d(0, Ikd). The k-dimensional volume of the parallelotope

determined by X{i}, i = 1, . . . ,k is the product of two independent random variables one of

which has a χ-distribution with d−k+1 degrees of freedom and the other is distributed as

the k−1 dimensional volume of the parallelotope spanned by k−1 independent Gaussian

random vectors, i.e. Nk−1,d(0, I(k−1)d). Furthermore,

det(XX>)∼
k

∏
i=1

χ
2
d−i+1.

Proof. Let ∆
(k)
d =

√
det(XX>) denote the volume of the parallelotope of the k random

vectors. Then

∆
(k)
d = ak∆

(k−1)
d ,

where ∆
(k−1)
d is the k-dimensional volume of the parallelotope determined by the set

of vectors X1,X2, . . . ,Xk−1 and ak is the distance of Xk from the subspace spanned by

X1,X2, . . . ,Xk−1.

Now we will show that ak is distributed as a Chi random variable with d−k+1 degrees

of freedom. Using the spherical symmetry of the distribution of the points we can assume

w.l.o.g. that the points Xi i = 1, . . . ,k−1 span the subspace W = {x∈Rd | x(k) = x(k+1) =

· · ·= x(d) = 0}, i.e. the set of points that the d− k + 1 last coordinates are equal to zero.

Next we will show that ak ∼ χd−k+1. Note that the distance from the point Xk to the
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subspace that the rest k− 1 points span2 is equal to dist(Xk,W ) =
√

∑
d
i=k X2

ki, which is

a Chi random variable of d− k + 1 degrees of freedom, since Xi, j ∼ N (0,1). Also note

that ak is independent of ∆
(k−1)
d . Using the above statement recursively, we conclude that

det(XX>)∼∏
k
i=1 χ2

d−i+1 with the Chi-square random variables being independent.

Due to the normalization (see Theorem 1), it turns out that the random variable we

are actually interested in is (det(XSX>S ))
1
2s and so it is the geometric mean of a sequence

of Chi-square independent random variables with similar numbers of degrees of freedom.

This falls under the general framework of law-of-large-numbers, and we should typically

expect an amplification of the concentration which grows exponentially with s. This state-

ment is made formal by a concentration result of a (single) Chi-square random variable.

Theorem 2 (Theorem 4, [Gor89]). Let ui := χ2
d−i+1 be independent Chi-square random

variables for i = 1,2, . . . ,s. If ui are independent, then the following holds for every s≥ 1,

χ
2
s(d−s+1)+ (s−1)(s−2)

2
� s

(
s

∏
i=1

ui

)1/s

� χ
2
s(d−s+1). (3.1)

We are now ready to prove that the random embedding f : Rn 7→ Rd defined by p 7→
p>X√

d
, X ∼ Nn,d(0, Ind) preserves the volume of regular sets of size at most k with high

enough probability.

Lemma 6. Let 0 < ε≤ 1/2 and let f be the random embedding defined as above. Further,

let S be a subset of Rn that contains the origin and s standard vectors, with s ≤ k < dε

2 .

2The length of the orthogonal projection of Xk to the subspace W .
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Then we have that

Pr

[
1− ε <

(
Vol( f (S))

Vol(S)

) 1
s

< 1+ ε

]
≥ 1−2exp

(
−s(d− (s−1))

ε2

24

)
. (3.2)

Proof. We define the random variable Z =
(
det(XSX>S )

)1/s, U = 1
s χ2

sd− s2+s
2 +1

its upper

stochastic bound and L = 1
s χ2

sd−s2+s its lower stochastic bound i.e.,

U � Z � L

holds from Theorem 2. Also note that this implies upper and lower bounds for the expec-

tation of Z, d− s+1
2 + 1/s ≥ E[Z] ≥ d− s + 1, with E[L]−E[U ] ≥ − s

2 for s ≥ 1. Now

we relate the volume of an arbitrary subset of P with the random variable Z. Using that

Vol( f (S)) =
√

det(XSX>S )
ds/2s!

and Vol(S) = 1
s! , we get for the upper tail

Pr

[(
Vol(XS)

ds/2 ·Vol(IS)

) 1
s

> 1+ ε

]
= Pr

[√
Z
d

> (1+ ε)

]

≤ Pr
[

Z
E[Z]

> (1+ ε)2
]

≤ Pr
[

Z
E[Z]

> 1+2ε

]
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using that d ≥ E[Z]. Similarly for the lower tail

Pr

[(
Vol(XS)

ds/2 ·Vol(IS)

) 1
s

< 1− ε

]
= Pr

[√
Z
d

< (1− ε)

]

= Pr
[

Z
d

< (1− ε)2
]

= Pr
[

Z
E[Z]

<
d

E[Z]
(1− ε)2

]
≤ Pr

[
Z

E[Z]
< (1+ ε)(1− ε)2

]
≤ Pr

[
Z

E[Z]
< 1− ε

]

using that d
E[Z] ≤ 1 + ε, which is true since d ≥ 2k/ε and ε ≤ 1. Now we bound the right

tail of Z.

Pr [Z−E[Z]≥ 2εE[Z]] ≤ Pr [U−E[Z]≥ 2εE[Z]]

= Pr [U−E[U ]≥ 2εE[U ]+ (1+2ε)(E[Z]−E[U ])]

≤ Pr [U−E[U ]≥ 2εE[U ]+ (1+2ε)(E[L]−E[U ])]

using U � Z and E[Z]≥ E[L]. Now we bound (1+2ε)(E[L]−E[U ]) from below. It is not

hard to show that (1+2ε)(E[L]−E[U ])≥−3ε

4 E[U ] since d ≥ 2k/ε. Therefore

Pr [Z−E[Z]≥ 2εE[Z]]≤ Pr [U−E[U ]≥ εE[U ]] .
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Now applying Lemma 4 on U , we get the bound

Pr [Z ≥ (1+2ε)E[Z]] ≤ exp
(
−(sd− s(s−1)/2+1)

ε2

6

)
.

For the other tail of the random variable Z, we have that

Pr [Z−E[Z] <−εE[Z]] ≤ Pr [L−E[Z] <−εE[Z]]

≤ Pr [L−E[L] <−εE[L]+ (1− ε)(E[Z]−E[L])]

≤ Pr [L−E[L] <−εE[U ]+ (E[U ]−E[L])]

using that Z � L and E[Z] ≤ E[U ]. Again we bound (E[U ]−E[L]) from above. It is not

hard to show that (E[U ]−E[L])≤ 3
8εE[L] since d ≥ 2k/ε and ε≤ 1/2, so

Pr [Z−E[Z] <−εE[Z]] ≤ Pr [L−E[L] <−ε/2E[L]]

holds. Therefore applying Lemma 4 on L we get

Pr [Z < (1− ε)E[Z]] ≤ exp
(
−(sd− s(s−1))

ε2

24

)
.

Comparing the upper and lower bound, the lemma follows.

Remark: The bound on k = O(dε) is tight. While the probabilistic arguments show

that the volume of a projection of a subset is concentrated around its mean, we really have

to show that it is concentrated around the volume of the set (before the projection). In
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other words, it is a necessary condition that

µs

1/s!
= 1±O(ε), (3.3)

where µs is the expected normalized volume of a regular set of size s. As long as we

deal with sets of fixed cardinality, we can easily scale Equation 3.3 making the LHS

equal to 1. However, it turns out that µs
1/s! is decreasing in s and furthermore for suffi-

ciently large s it may be smaller than 1−O(ε). Here is why, µs
1/s! = E[(∏s

i=1 χ2
d−i+1)

1
2s ]≤(

∏
s
i=1 E[χ2

d−i+1])
) 1

2s ≤ 2s
√

d(d−1) . . .(d− s+1) ≤
√

d− (s−1)/2 using independence,

Jensen’s inequality and arithmetic-geometric mean inequality. On the other hand3, µ1
1/1! =

E[χd]≥
√

d−1. Therefore, no matter what scaling is used we must have that
√

d− (s−1)/2

/
√

d−1≥ 1−O(ε) for all s≤ k, from which it follows that k ≤ O(dε).

3.2 Extension to the General Case

Figure 3.1: Example that illustrates the extension of the regular case to the general.

3A simple calculation using E[χd ] =
√

2 Γ( d+1
2 )

Γ( d
2 )

and E[χd ]≥
√

E[χd ]E[χd−1] gives the result.
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In this section, we will show that if we randomly project a set of s points that are in

general position, the (distribution of the) volume of the projection depends linearly only

on the volume of the original set. To gain some intuition, let’s consider an example that is

essentially as different as possible from the regular case. Consider the one-dimensional set

of size s in Rn, (i,0, . . . ,0) with i = 1, . . . ,s. By adding a small random perturbation (and

changing the location of points by distance at most δ� ε) the points will be in general

position, and the perturbed set will have positive volume. Consider a random projection π

onto d dimensions, normalized so that in expectation distances do not change. Now, look

at the event E := {‖π(e1)‖ > 1 + ε} where e1 is the first standard vector. We know that

Pr[E] = exp(−Θ(dε2)). But notice that when E occurs then π expands all distances in the

set by a factor 1 + ε−O(δ). At this point, it may be tempting to conclude that event E

implies that the set was roughly scaled by some factor that is at least 1 + ε. If that were

the case then it would mean that the probability of bad projections for this set would be

too big, that is e−Θ(dε2) instead of e−Θ(sdε2). However, this is not the case. The reason is

that conditioning on the event E does not provide any information about the expansion or

contraction of the perpendicular space of the x-axis. Conditioning on E, we observe that

the angles between the x-axis and any two points will decrease, since the x-axis expands

(see Figure 3.1). Therefore the intuition that this set is scaled (conditioned on E) is wrong,

since it is “squeezed” in the e1 direction.

Next we will prove a technical lemma that will allows us to extend the volume concen-

tration from the regular set to a set of points in general position.

Lemma 7. Let S be a s×n matrix so that every row corresponds to a point in Rn. Assume
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YS of size s×d be the projected points of S, |S|= s≤ d, then

det(YSY>S )
det(SS>)

∼
s

∏
i=1

χ
2
d−i+1. (3.4)

Proof. First, observe that if X ∼ Nn,d(0, In⊗ Id) then YS = SX ∼ Ns,d(0,(SS>)⊗ Id). To

see this argument, note that any linear (fixed) combination of Gaussian random variables

is Gaussian from the stability of Gaussian. Now by the linearity of expectation we can

easily show that every entry of SX has expected value zero. Also the correlation between

two entries E[(SX)i j(SX)lk] = E[(∑d
r=1 SirXr j) (∑d

r=i SlrXrk)] is zero if j 6= k, and S>i Sl

otherwise.

We know that YS ∼Ns,d(0,SS>⊗ Id). Assuming that S has linearly independent rows

(otherwise both determinants are zero), there exists an s-by-s matrix R so that SS> = RR>

(Cholesky Decomposition).

We will evaluate det(R−1YSY>S (R>)−1) in two different ways. First note that R−1,

YSY>S , (R>)−1 are square matrices, so

det(R−1YSY>S (R>)−1) =
det(YSY>S )
(det(R))2 . (3.5)

Now note that R−1YS is distributed as Ns,d(0,R−1SS>(R>)−1⊗ Id) which is equal to

Ns,d(0, Is⊗ Id), since R−1SS>(R>)−1 = R−1RR>(R>)−1 = Is. Lemma 5 with R−1YS im-

plies that

det(R−1YSY>S (R>)−1)∼
s

∏
i=1

χ
2
d−i+1. (3.6)

Using the fact that (det(R))2 = det(SS>) with (3.5), (3.6) completes the proof.
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Remark: A different and simpler proof of the above lemma can be achieved by using

the more abstract property of the projections, namely the rotationally invariance property.

Consider two sets of s vectors, S and T . Assume for now that W = span(S) = span(T ).

Then for every transformation ϕ it holds that det2(A) = det(ϕ(S)ϕ(S)>)/det(SS>) = det(

ϕ(T )ϕ(T )>)/det(T T>) where A is the s× s matrix that describes ϕ using any choice

of basis for W and ϕ(W ). To remove the assumption that span(S) = span(T ), simply

consider a rigid transformation ψ from span(S) to span(T ). By rotational invariance of

the projection, the distribution of the volume of ϕ(S) and that of ϕ(ψ(S)) is the same,

hence we reduce to the case where the span of the sets is the same subspace. Putting it

together, this shows that the LHS of (3.4) have the same distibution for all sets of (linearly

independent) vectors of size s, which by Lemma 5, must also be the same as the RHS of

(3.4). We note that we have opted to use the previous proof since Gaussian projections is

the tool of choice in our analysis throughout.

To conclude, Lemma 7 implies that the distribution of the volume of any subset of

points is independent of their geometry up to a multiplicative factor. However, since we are

interested in the distortion (fraction) of the volume Vol(YS)/Vol(PS) = (det(YSY>S ))1/2/s!
(det(PSP>S ))1/2/s!

=√
det(YSY>S )
det(PSP>S )

everything boils down to the orthonormal case.

Note that so far we proved that any subset of the regular set that contains the origin

gives us sufficient concentration. Combining this fact with the previous Lemma, we will

show that the general case also holds. Let a subset PS = {p0, p1, . . . , ps−1} of P. We can

translate the set PS (since volume is translation-invariant) so that p0 is at the origin, and call

the resulting set P′S = {0, p1− p0, . . . , ps−1− p0}. Now it is not hard to see that combining

Lemmata 6,7 on the set P′S we get the following general result.
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Theorem 3. Let 0 < ε ≤ 1/2 and let f : Rn→ Rd be the random embedding defined as

above. Further, let S be an arbitrary subset of Rn, with |S|= s < dε

2 . Then we have that

Pr

[
1− ε <

(
Vol( f (S))

Vol(S)

) 1
s−1

< 1+ ε

]
≥ 1−2exp

(
−s(d− (s−1))

ε2

24

)
. (3.7)

A closer look at the proof of Lemma 5 and Lemma 7 implies that the distance between

any point and a subset of s points follows a Chi distribution with d− s + 1 degrees of

freedom. This fact can be used to simplify the proof for the preservation of affine distances

as stated in [Mag07], using the same number of dimensions.

3.3 Proof of the Main Theorem

We now prove the main theorem.

Proof. (of Theorem 1) Let BS be the event: “The volume of the image of the subset S⊆ P

distorts (under the embedding) its volume by more that (1 + ε)s−1”. Clearly, the embed-

ding fails if there is an S so that the event BS occurs. We now bound the failure probability

of the embedding from above

Pr[∃ S : |S| ≤ k, BS] ≤ ∑
S: |S|≤k

Pr[BS]≤

2
k

∑
s=2

(
n
s

)
exp
(
−s(d− (s−1))

ε2

24

)
≤ 2

k

∑
s=2

ns

ss exp
(
−s
[
(d− (s−1))

ε2

24
−1
])

using union bound, Theorem 3 for any subset of size s≤ k and the inequality
(n

s

)
≤
(ne

s

)s.
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Now if

2
k

∑
s=2

ns

ss exp
(
−s
[
(d− (s−1))

ε2

24
−1
])

< 1

then the probability that a random projection onto d dimensions does not distort the volume

of any subset of size at most k by a relative error of ε, is positive.

Since d > 2k/ε, setting d = 30ε−2(logn+1)+k−1 = O(max{k/ε,ε−2 logn}) we get

that, with positive probability, f has the desired property. Rescaling f by 1
1−ε

completes

the proof.



Chapter 4
Low-Dimensional Volume Embeddings

In this chapter we begin by re-proving an O(n2/d
√

logn/d) upper bound on the distor-

tion of embedding any n-point subset of Euclidean space into Rd , with 3≤ d ≤ O(logn).

This was first proved in [Mat90] by projecting the points into Rd using a random d-

dimensional subspace. Here the analysis follows the proof of [Mat90] and differs slightly

in that we generate our random (linear) mapping via a Gaussian random matrix. This

will be useful for the new result presented in this chapter: there exists an embedding that

preserves the volumes of all subsets of size up to bd/2c (k ≤ bd/2c), with volume distor-

tion O(n2/d log3/2 n). Note that for k = 2 (distances), we get the same exponent 2/d as

in [Mat90]; hence our results can be thought as a generalization of the usual distance em-

beddings. Also there exists n-point metric spaces that any embedding onto Rd has distor-

tion Ω(n1/b(d+1)/2c) [Mat90], and thus the above worst-case upper bound cannot be much

improved; in particular, for every even dimension it is tight up to the poly-logarithmic

factor.

27
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4.1 Statement of Results

In this section, we prove that there exists an embedding into Rd with distortion at most

O(n2/d
√

logn/d). We reproduce the proof of [Mat90], but instead of using a random

d-dimension subspace of Rn we utilize a random Gaussian matrix, i.e., a matrix whose

entries are i.i.d. Gaussian N (0,1).

Theorem 4. [Mat90, Theorem 2.2] Let P be a n-point subset of Rn and let 3 ≤ d ≤

O(logn). Then there is a mapping f : P 7→Rd with distortion dist( f ) = O(n2/d
√

logn/d),

i.e., there exists an absolute constant c > 0 such that

∀x,y ∈ P, ‖x− y‖ ≤ ‖ f (x)− f (y)‖ ≤ cn2/d
√

logn/d‖x− y‖.

The extension of the above theorem is the following.

Theorem 5. Let P be a n-point subset of Rn and let 3 ≤ d ≤ O(logn). Then there is a

mapping f : P 7→ Rd such that

∀S⊂ P, |S| ≤ bd/2c 1≤
(

Vol( f (S))
Vol(S)

) 1
|S|−1
≤ c1n2/d log3/2 n

where c1 > 0 is an absolute constant.

Proof of Theorem 4

Consider a random matrix R of size d×n with entries ri j ∼N (0,1). Let y = R · x = f (x)

for any vector x ∈ Rn. The matrix R encodes our linear embedding f .
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An important observation is that for every unit vector x and i∈{1,2, . . . ,d}, the random

variable yi is normally distributed (see Section 2.1). Thus the random variable ‖y‖2 =

∑
d
i=1 y2

i is distributed as a Chi-square random variable with d degrees of freedom. Our goal

is to show that ‖y‖2 is sufficiently concentrated. More specifically, we have to show for the

aforementioned random mapping f that the norm of its image (with domain an n-point set

P) doesn’t fall outside an interval [a,b], i.e., a≤ ‖y‖ ≤ b with very high probability. This

aims to upper bound the probabilities Pr[χ2
d ≤ a2] and Pr[χ2

d ≥ b2] (it is more convenient

to work with the squares of the distances; note that the Chi-square is the squared `2-norm

of a Gaussian random vector).

If X is a n-point subset of Rn, the points of X determine at most
(n

2

)
distinct direction

vectors. Let a,b > 0. Applying union bound over all pairs of vectors gives that if

(
n
2

)(
Pr
[
χ

2
d ≤ a2]+Pr

[
χ

2
d ≥ b2])< 1, (4.1)

then there exists a projection f onto d dimensions, which expands every distance in X

by at most a times and contracts at least b times (modulo a normalization factor), so

dist(f)≤ b/a.

First we bound Γ(d/2) from below, which will be used for bounding both a,b. By
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Lemma 2, we have that

Γ(d/2) >
√

2π(d/2−1)d/2−1+1/2 exp(−(d/2−1))

>
√

2π(
d−2

2
)d/2−1/2 exp(−d/2)

>
√

2π
exp(−d/2)(d−2)(d−1)/2

2d/2−1/2

>
exp(−d/2)(d−2)(d−1)/2

2d/2 .

Approximate a We will find a such that
(n

2

)
Pr[χ2

d ≤ a2] < 1/2. Using Equation 2.5 and

the previous analysis we require that

n2

2
ad

e−d/2(d−2)(d−1)/2
< 1/2,

which holds if a = c1

√
d

n2/d , c1 > 0 an absolute constant.

Approximate b Similarly as before, we will find b such that
(n

2

)
Pr[χ2

d ≥ b2] < 1/2. It

suffices to bound Pr[χ2
d ≥ b2]. Using Lemma 3, note that it must hold that b2 >

2d−2, we have that

Pr[χ2
d ≥ b2] ≤ e−b2/2(b2/2)d/2−1

Γ(d/2)

≤ 2e−b2/2bd−2

2d/2ed/2(d−2)(d−1)/2

≤ bd−2e−b2/2−d/2

(d−2)(d−1)/2
.
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Note that it suffices to show that ln
(

n2 bd−2e−b2/2−d/2

(d−2)(d−1)/2

)
is negative.

ln

(
n2 bd−2e−b2/2−d/2

(d−2)(d−1)/2

)
< 2lnn+(d−2) lnb−b2/2−d/2− d−1

2
ln(d−2).

Note that if d > d′ then Pr[χ2
d′ ≥ b2]≤ Pr[χ2

d ≥ b2], so we can assume that d = lnn.

Define g(b,n) = 2lnn+(d−2) lnb−b2/2−d/2− d−1
2 ln(d−2). We want to show

that g(b, n) < 0 for large enough n. By choosing b = 5
√

lnn, and recall that d = lnn,

we see that limn→∞ g(5
√

lnn, n) =−∞ as desired.

Hence, we can choose a,b functions of n such that

b
a

=
5
√

logn

c1

√
d

n2/d

= cn2/d
√

logn/d,

where c1,c > 0 are absolute constants. This concludes the proof of Theorem 4, since

dist(f)≤ b/a = O(n2/d
√

logn/d).

4.2 Volume Preservation

In this section, we consider the problem of preserving the volume of subsets of points

when are projected onto a (fixed) d-dimensional Euclidean space. Our goal is to prove

Theorem 5. As in the analysis in Chapter 1, we can assume w.l.o.g. that the input points

are the regular set (see also the discussion in Section 3.2).

So let’s see what happens when the input points form the regular n-dimensional sim-

plex. It is not hard to see in this case that the projected points are independent random
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Gaussian vectors and using Lemma 5 we have the following claim.

Claim 1. Let f : {e1,e2, . . . ,en} 7→ Rd be a Gaussian random embedding. Let S be a

regular subset of {e1,e2, . . . ,en} with |S|= s < d, then

(
Vol( f (S))

Vol(S)

) 2
|S|−1
∼

(
s−1

∏
i=1

χ
2
d−i+1

) 1
s−1

.

Recall that our goal is to find a mapping f : P→ Rd such that

∀S⊂ P, |S| ≤ k 1≤
(

Vol( f (S))
Vol(S)

) 1
|S|−1
≤ D, (4.2)

where D is the volume distortion of the mapping.

Similarly to the previous section (distances), we will take a random mapping using a

Gaussian random matrix and we will show that it satisfies the constraints of (4.2) with high

probability.

First we start with the expansion, which as we will see gives the dominant term on the

worst case bound of the volume distortion.

Expansion of Volumes

Lemma 8. Fix any subset S⊂ P of size |S|= s+1 with 1≤ s < k. Then

Pr

[(
Vol( f (S))

Vol(S)

) 1
|S|−1
≤ a

]
≤
√

2
πe

(esa2)t/2

t(t−2)(t−1)/2
,

where t = s(d− s+1).
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Proof. By translation of the points (volume is translation invariant) and Claim 1, we

know that the above probability is equal to Pr
[(

∏
s
i=1 χ2

d−i+1
)1/s ≤ a2

]
.

Note that from Theorem 2, we can bound the above probability of the product of

Chi-square random variables with a single Chi-square. More specifically, we have

the following inequality

Pr

( s

∏
i=1

χ
2
d−i+1

)1/s

≤ a2

≤ Pr
[
χ

2
s(d−s+1) ≤ s ·a2

]

for 1≤ s < k.

Let define t = s(d− s + 1). Now, we have to deal with a single Chi-square random

variable and thus we can bound it from above, similarly with the distance case, using

Lemmas (2), (2.5). It follows that

Pr
[
χ

2
t ≤ s ·a2] =

γ(t/2,sa2/2)
Γ(t/2)

≤ (sa2/2)t/2

Γ(t/2)t/2

≤
√

2
πe

(esa2)t/2

t(t−2)(t−1)/2
.
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Contraction of Volumes

Lemma 9. Fix any subset S⊂ P of size |S|= s+1 with 1≤ s < k. Then

Pr

[(
Vol( f (S))

Vol(S)

) 1
|S|−1
≥ b

]
≤ e−

sb2−l+2
2 (sb2)l/2+1

2
√

π(l−2)(l−1)/2
,

where l = s(d− s+1)+ (s−1)(s−2)
2 .

Proof. As in the previous Lemma the above probability is equal to Pr[
(
∏

s
i=1 χ2

d−i+1
)1/s

≥ b2], and again using Theorem 2 we can bound it using a single Chi-square random

variable,

Pr

( s

∏
i=1

χ
2
d−i+1

)1/s

≥ b2

≤ Pr
[

χ
2
s(d−s+1)+ (s−1)(s−2)

2
≥ s ·b2

]

Let again define l = s(d− s+1)+ (s−1)(s−2)
2 . Hence

Pr
[
χ

2
l ≥ s ·b2] =

Γ(l/2,sb2/2)
Γ(l/2)

≤ 2e−sb2/2(b2s)l/2+1

2l/2+1Γ(l/2)

≤ e−
sb2−l+2

2 (sb2)l/2+1

2
√

π(l−2)(l−1)/2
.

Union Bound for Expansion of Volumes Our goal is to find a such that with probability

at least 1/2, our embedding does not expands volumes of subsets of size up to k by
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a factor a.

We will now apply union bound for all the sets of fixed size i, 1≤ i≤ k. We want to

find a such that

(
n

i+1

)√
2
πe

(eia2)ti/2

ti(ti−2)(ti−1)/2
<

1
2k

,

where ti = i(d− i + 1). Note that if we sum over all different size of subsets (i =

1, . . . ,k) we get that the failure probability is at most 1/2.

It suffices to show that ln
(

2k
( n

i+1

)√ 2
πe

(eia2)ti/2

ti(ti−2)(ti−1)/2

)
is negative for every 1≤ i≤ k.

ln

(
2k
(

n
i+1

)√
2
πe

(eia2)ti/2

ti(ti−2)(ti−1)/2

)
< ln2+ lnk +(i+1) lnn+ ti lna +

(ti/2− i) ln i+(ti/2+ i)− ln ti− (
ti−1

2
) ln(ti−2).

Let’s group the terms of the right hand size and bound them individually.

• It is not hard to see that the following inequality

(ti/2− i) ln i− (
ti−1

2
) ln(ti−2) < 0

holds for i = 1, . . . ,k and for d ≥ 3, since ti = i(d− i+1).

• Also we have that

lnk− ln ti ≤ 0,
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since k < ti for all i = 1, . . . ,k.

• Finally, we have to show that the following quantity is negative, i.e.,

ln2+(i+1) lnn+ ti lna+(ti/2+ i) < 0.

Define a = cen−γ, for some positive γ that will be specified shortly and ce a

suitable constant. Recall that we want the above inequality to hold for every

1≤ i≤ k. We can choose the constant 0 < ce < e−1 and take care of the ti/2+ i

term. Let focus now on the dominate term (i+1) lnn. It follows that the above

quantity is negative if

γ≥ i+1
i(d− i+1)

, for all i = 1, . . . ,k.

Let’s study closer the function h(x) = x+1
x(d−x+1) . We will show that h(x) is convex

on the domain [1,d/2] and also is increasing in the domain [d/4,d]. The first and

second derivatives of h with respect to x are :

h′(x) =
x2 +2x−d−1
x2(d− x+1)2

h′′(x) =
2(x3 +3x2−3dx−3x+d2 +2d +1)

x3(d− x+1)
.

It is not hard to see that h′′(x) > 0 for x ∈ [1,d] and h′(x) > 0 for x ∈ [d
4 ,d] (de-

tails omitted), hence h is convex and increasing in [d/4,d]. Also note that h(1) =

h(d/2) = 2/d. By convexity, we get that h(x)≤ 2/d for all x ∈ [1,d/2].
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The above analysis gives a bound on the parameter k, i.e., the maximum size of

subsets that we can consider. Thus, we get that k should be less than or equal to

bd/2c.

To sum up, we have proved that if a = cen−2/d , with probability at most 1/2 (over

the randomness of our embedding) our embedding contracts the normalized volumes

of subsets of size at most d/2 by more than a multiplicative factor of a, i.e.,

Pr

[
∀S⊂ P, |S| ≤ bd/2c,

(
Vol( f (S))

Vol(S)

) 1
|S|−1
≤ a

]
<

1
2
.

Union Bound for Contraction of Volumes Our goal is to find b such that with probabil-

ity at least 1/2, our embedding does not contract volumes by more than a factor of

b.

We apply union bound for all the sets of fixed size i, 1 ≤ i ≤ k. We want to find b

such that

(
n

i+1

)
e−

ib2−li+2
2 (ib2)li/2+1

2
√

π(li−2)(li−1)/2
<

1
2k

.

where li = i(d− i + 1) + (i−1)(i−2)
2 . Note that if we sum over all different size of

subsets we get the desired property with probability at least 1/2.

It suffices to show that ln

(
2k
( n

i+1

)e−
ib2−li+2

2 (ib2)li/2+1

2
√

π(li−2)(li−1)/2

)
is negative for every 1≤ i≤ k

and d ∈ [3, logn]. Similarly with the distance case in the previous section, using the

stochastic domination, we can assume w.l.o.g. that d = logn, see previous section.

Now, since there are at most
( n

i+1

)
≤
( ne

i+1

)i+1 subsets of size i + 1, we need to show that
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the following quantity is negative,

ln

kni+1e−
ib2−li−2i

2 (ib2)li/2+1(i+1)(i+1)
√

π(li−2)(li−1)/2

≤ ln

kni+1e−
ib2−li−2i

2 ili/2−i+1bli+2

(li−2)(li−1)/2

=

lnk +(i+1) lnn− ib2− li−2i
2

+(li/2− i+1) ln i+(li−2) lnb− (
li−1

2
) ln(li−2) <

(i+1) lnn+(li/2− i+1) ln i+(li−2) lnb+ li/2+2i+ lnk−
(

ib2

2
+

li−1
2

ln(li−2)
)

.

Note that in the last quantity the positive terms are O(i ln i lnn). It is not hard to see that

by choosing b = c2 log3/2 n, c2 > 0 a sufficient large constant, the above quantity will go

to −∞ as n grows for all 1≤ i≤ k.

To sum up, we have proved that with probability at most 1/2 (over the randomness of

our embedding), we have that our embedding expands the normalized volumes by more

than a multiplicative factor of b, i.e.,

Pr

[
∀S⊂ P, |S| ≤ k,

(
Vol( f (S))

Vol(S)

) 1
|S|−1
≥ b

]
<

1
2
.

Therefore we can find a,b with a < b such that the relative change on the volumes is

b
a

=
c2 log3/2 n
cen−2/d

= O(n2/d log3/2 n).

This concludes the proof of Theorem 5.



Chapter 5
Applications

Motivated by the minimum bandwidth problem, Feige [Fei98] introduced a combinato-

rial notion of volume of a metric, and described embeddings that approximately preserve

volumes of subsets of a metric. Feige applied a volume-preserving embedding in an al-

gorithm for minimizing bandwidth and obtained a polylogarithmic approximation. The

previous best approximation was a trivial Θ(n). Subsequently, volume-preserving embed-

dings were used in [Vem98] to give approximation algorithms for VLSI layout and related

problems. It turns out that Feige’s embedding can be viewed as a sligh generalization of

Bourgain’s embedding. An immediate result of our work is that Feige’s embedding can be

assumed to use no more than O(logn) dimensions, compared to the O(n) as in the original

embedding or the O(log2 n) bound that can be obtained by [Mag07].

Next we give an application of our volume preserving embedding of Chapter 3 to

sampling-based algorithms that efficiently compute a low-rank approximation of a matrix.

The problem of low-rank approximation of a matrix is defined as follows: Given

an m× n matrix A and an integer k, find a matrix B of rank at most k that minimizes

39
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‖A−B‖2
F = ∑i, j (Ai j−Bi j). This problem has received much attention in the past decade.

Recall that the classical optimal solution to this problem is the matrix Ak consisting of the

first k terms of the Singular Value Decomposition (SVD) of A:

A =
min{m,n}

∑
i=1

σiuiv>i

where σ1 ≥ σ2 ≥ ·· · ≥ σn ≥ 0 are the singular values and {ui}n
1,{vi}n

1 are the left and

right singular vectors, respectively. Computing the SVD and hence the best low-rank

approximation takes O(min{mn2,m2n}) time [GvL96]. Although polynomial, is still too

high for most applications.

In their seminal work, Frieze et al. [FKV04], and later Drineas et al. [DK03], in-

troduced matrix sampling for fast low-rank approximation. These results introduced the

sampling approach where rows of A are picked with probabilities proportional to their

squared lengths and return an approximate solution with additive error. Achlioptas and

McSherry [AM01] using a different approach gave similar results to the same problem,

see also [AHK06] for a simplified proof.

These algorithms can also be viewed in the streaming model of computation [HRR99].

In this model, we do not have random access to data; the data comes as a stream of data

items in arbitrary order and we are allowed one or a few sequential passes over the data.

Algorithms for the streaming model have been designed for many problems including

computing frequency moments, histograms, and others, which have mainly focused on

what can be done in one pass. There has been some recent work on what can be done in

multiple passes. The “pass-efficient” model of computation was introduced in [HRR99],
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see also [DKM06].

Subsequently, Deshpande et al. [DRVW06, DV06] generalized the sampling appoach

of Frieze et al. to sample subsets of rows proportional to the volume of their span. Using

this approach, they construct a relative approximation algorithm for the low-rank matrix

approximation problem, which then utilize to give the first polynomial time approximation

scheme (PTAS) for the Projective Clustering problem. These results were later applied to

solve a generalization of the same problem [DV07].

However, both of the relative error approximation algorithms do not fit in the pass-

efficient model of computation, i.e., do not perform a constant number of sequential passes

over the data. The need for perfoming multiple passes over the data is based on the fact

that the algorithms approximate the distribution of the volume of subsets in an adaptive

way, which force the algorithm to perform multiple passes over the data.

Now we will sketch an enhancement of the above relative error algorithms utilizing

our volume preserving embeddings of Chapter 3, we will make them pass-efficient; more

precisely, they will perform only three passes over the data. In the first pass, using The-

orem 1 with ε a small constant we can store1 the output of the embedding that preserves

volumes of subsets. Next we execute the relative error algorithm on the ouput of the em-

bedding and keep the indices of the rows that the algorithm selects. Then, in two more

passes, we can compute and return the solution. This resolves an open question of [DV06]

and also gives the first pass-efficient algorithm for the generalized Projective Clustering

problem [DV07].

1To prevent confusion, we can do that since our model has additional sublinear RAM.



Chapter 6
Conclusions and Future Work

As was shown by Alon [Alo03], the upper bound on the dimensionality of the projection

of Johnson-Lindenstauss is nearly tight1, giving a lower bound of Ω(ε−2 logn/ log(1/ε))

dimensions. Further, in our setting, it is obvious that at least k−1 dimensions are needed;

otherwise, the image of a set of size k will not be full-dimensional and will not there-

fore have a positive volume. These two facts provide a lower bound of Ω(max{ ε−2 logn/

log(1/ε),k}) dimensions, which makes our upper bound tight up to a factor of 1/ε through-

out the whole range of the parameter k.

We have shown a nearly tight dimension reduction that approximately preserves vol-

umes of sets of size up to k. The main outstanding gap is in the range k ≥ logn where

the dimension required to obtain a k-volume respecting embedding is between k and k/ε.

We conjecture that the k/ε upper bound we have is tight, and that the lower bound should

come from a regular set of points. This conjecture can be phrased as the following linear

algebraic statement.

1with respect to any embedding, not necessarily a projection.

42
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Conjecture: Let A be an n×n positive semi-definite matrix such that the determinant

of every s× s principal minor, s≤ k, is between (1− ε)s−1 and 1. Then the rank of A is at

least min{Ω(k/ε),n}.

We believe that closing gaps in questions of the type discussed above is particularly

important as they will reaffirm a recurring theme: the oblivious method of Gaussian ran-

dom projections does as well as any other method. More interesting is to show that this

is in fact not the case, and that sophisticated methods can go beyond this standard naive

approach.

There is still a gap in our understanding with respect to dimension reduction that pre-

serves all distances to affine subspaces spanned by small sets. Interestingly, this questions

seems to be asking whether we can go beyond union bound reasoning when we deal with

random projections. An example that captures this issue is a regular set where ε < 1/k.

Here, it is implied by the proof in [Mag07] that only O(ε−2 logn) dimensions are needed.

However, the probability of failure for a particular event with this dimensionality is n−O(1),

in other words not small enough to supply a proof simply by using the union bound.

We also re-proved an upper bound on the distortion of embedding any n-point subset

of Euclidean space into a fixed d-dimensional Euclidean space, due to Matoušek, using

a Gaussian random matrix. Then, we generalize this result and prove that there exists a

mapping where not only pairs, but all subsets of at most k ≤ d/2 points maintain their

volume approximately with volume distortion O(n2/d log3/2 n). Our results are tight up to

polylogarithmic factors, since Ω(n2/d) distortion is necessary even for the distance case.

Does our technique extend to other dimension reduction techniques? Particularly,

would projections onto ±1 vectors provide the same dimension guarantees? Could Ailon
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and Chazelle’s Fast JL transform substitute the original (dense) Gaussian matrix? As was

mentioned in [Mag07], the answer is yes when dealing with the weaker result that pays the

extra factor of k, simply because the JL lemma is used as a “black box” there. We don’t

know what are the answers with respect to the stronger result of the current work, and we

leave them as open questions.
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