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Abstract— We consider the problem of estimating node
variables from noisy relative measurements in a wireless net-
work. In previous work, a distributed smoothing scheme was
developed based on the Jacobi algorithm for obtaining least-
squares (LS) estimates. Although the synchronous version of the
algorithm was shown to converge exponentially to the optimal
estimate, an analysis of the asynchronous scheme is notably
missing.

In this paper, we design and analyze a new class of distributed
asynchronous smoothing algorithms based on Randomized
Kaczmarz (RK) algorithm for solving linear systems. One of
the proposed schemes applies RK directly to the (generally
inconsistent) noisy linear system, whereas the other one operates
on the normal equations for LS estimation. We analyze the
expected convergence rate of the proposed algorithms depend-
ing solely on properties of the network topology. Inspired by
the analytical insights, we propose a distributed algorithm for
synchronization, namelyRandomized Kaczmarz Over-smoothing
(RKO) which has demonstrated significant improvement over
the state-of-art protocol in numerous experiments, in terms of
both convergence speedup and energy savings.
Keywords: Clock synchronization, Wireless Networks, Dis-
tributed algorithms, Smoothing, Sensor networks, Random-
ized algorithms, Best Linear Unbiased Estimators (BLUE).

I. I NTRODUCTION

We are currently setting the stage for building very large
networks of “intelligent” agents possessing sensing, com-
munication, computation and control capabilities. In order
for such systems to perform efficiently as an entity, a
decentralized operation is indispensable. That is, each agent
is responsible to make measurements and/or actuate in a
predefined area, while it can communicate with others in
its proximity via wireless. The typical paradigm is that
of a Wireless Sensor Network (WSN) [1], with numerous
applications ranging in the health, military, environmental
and transportation industries. In the absence of centralized
coordination, time synchronization among agents becomes
crucial in order for any network-wide collaborative task be
performed via decentralized operations.

Clocks generally do not agree. Cheap off-the-shelf motes
are equipped with crystal oscillators whose frequency fluctu-
ates due to changes in temperature, pressure or voltage [2],
thus leading to time-varying clock offsets. In several ap-
plications the synchronization accuracy affects quality-of-
service (QoS), performance or even safety: a) in networked
control, where the stability of closed control loops can be
compromised by asynchrony [3], b) in sensor networks,
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Rüschlikon, Switzerland. E-mail:nif@zurich.ibm.com

Anastasios Zouzias is with the Department of Computer Science at the
University of Toronto, Canada. E-mail:zouzias@cs.toronto.edu.
Part of this work was done while the author was at IBM Research- Zürich.

where applications such as tracking, surveillance, target
localization [4], data fusion, and battery duty-cycling benefit
from synchronization and c) in communication networks,
where slotted protocols such as ALOHA, TDMA scheduling
or random-access MAC [5], [6], [7] require accurate synchro-
nization in order to avoid unnecessary resource wastage.

Centralized synchronization, typically via GPS, has high
energy consumption and might even not be an option for
several applications e.g., indoors, underwater, or in large
downtown areas [8]. In such cases, it is important to de-
ploy distributed clock synchronization protocols for wireless
networks. In designing such protocols a multitude of factors
needs to be considered among others: precision (typically in
the order of microseconds), scalability, robustness to node
and link failures, responsiveness to clock drifts as well as
low communication and computational complexity.

We consider the problem of estimating a vectorx ∈ R
n

based on noisy measurements of differences of its entries.
In a network ofn nodes, where thei-th node holds value
xi, the topology is modeled by an undirected graphG =
(V, E), in which two communicating nodesi, j : (i, j) ∈ E
exchange information to obtain a noisy measurement of the
difference of their values(xj−xi). The goal is to derive and
analyze distributed asynchronous algorithms for the iterative
smoothing [9] of the noisy relative measurements and study
their convergence.

We note that the problem we study here extends far beyond
the purview of clock synchronization. Smoothing algorithms
can be used in any setup where two communicating agents
can estimate their pairwise difference; applications are ubiq-
uitous in networks sensing physical quantities such as tem-
perature, pressure, as well as for distributed localization [10].

A. Main Results

The specific contributions that we outline in this paper are:

• We develop randomized schemes for asynchronous dis-
tributed smoothing in networks. The algorithms are
inspired by Randomized Kaczmarz (RK) method [11],
[12] for solving linear systems, and have exponential
expected rate of convergence.

• We proposeRandomized Kaczmarz Smoothing (RKS),
applying RK to the linear equations corresponding to
relative measurements. We study the rate of convergence
in the absence of noise and deduce that it is comparable
to the rate of convergence per update of the synchronous
Jacobi smoothing [9], [13], whilst RKS has lower com-
munication complexity. We also propose and analyze a
variant (Randomized Kaczmarz with Under-relaxation



(RKU)) which guarantees convergence in the presence
of noise.

• We propose and analyze an algorithm namedRandom-
ized Kaczmarz Least Squares (RKLS), which converges
exponentially fast (in expectation) to the weightted
least-squares estimate. The rate of convergence is signif-
icantly slower than RKS and synchronous Jacobi, so this
algorithm is only applicable for the high-noise regime
in which RKS will have oscillatory behavior.

• Our main proposal is a of RKS which we callRandom-
ized Kaczmarz Over-smoothing (RKO). The algorithm
performs a batch of RKS updates in one iteration and
hence achieves substantive convergence speed-up over
the state-of-art algorithm [14] in numerous experiments
at the low-noise regime. This comes at the expense
of increased communication complexity per iteration;
however, RKO still outperforms all tested algorithms
in accuracy normalized by the number of transmitted
messages.

II. RELATED L ITERATURE

A comprehensive survey on clock synchronization proto-
cols for sensor network applications can be found in [8].
We briefly recap here key theoretical advances in the area:
A thorough analysis of the feasibility of clock synchro-
nization was carried out in [2], where it was shown that
clock synchronization isimpossible for the case of unknown
asymmetric link delays. Our work relates to the problem of
obtaining global offset/skew estimates from noisy relative
measurements between communicating nodes [9], [10], [15],
[16], [13], [14], [17]. Karp et al. [15] derived theBest
Linear Unbiased Estimate (BLUE), where “best” refers to
minimum-variance, and made connections of the variance
with resistance networks. This connection has been leveraged
in [9], [13], [17] to establish sharp scaling laws on the
variance for various classes of graphs: for connected random
planar networks the mean asymptotic variance of the BLUE
is O(1) [13], as opposed toO(

√
n) for a tree with diameter

Ω(n); this provides theoretical support for the scalability
of smoothing algorithms that exploit all available relative
measurements, against ad-hoc tree-based approaches. An
asynchronous version of the Jacobi algorithm was developed
independently in [18], [16]. Giridhar and Kumar [9], [13]
obtained bounds on the convergence rate of a synchronous
version of the Jacobi algorithm. Barooah et al. [14] pro-
posed a variant featuring efficient initialization and use of
information from the two-hop neighborhood which results
in faster convergence in experiments. Finally, a clock model
and a corresponding distributed protocol for joint estimation
of skews, offsets and delays is presented in [19], [20].

This is the first approach, to the best of our knowledge,
which gives rise to asynchronous algorithms for distributed
smoothing with exponential convergence in expectation.

III. PRELIMINARIES

We consider a network ofn agents each equipped with a
distinct clock, and denote the display of nodei’s clock at

reference timet by τi(t). We call the relative instantaneous
speedup of clocki with respect to the reference clock as its
“skew,” and denote it byai(t). The “offset” of clock i at time
t is defined as the difference of its display from reference
time, oi(t) := τi(t) − t. For two clocksi, j we define the
“relative offset” oij(t) := τj(t) − τi(t), and “relative skew”
aij(t) := aj(t)/ai(t).

The communication network is modeled by an undirected
graph G = (V, E). We let n := |V | be the number of
agents andm := |E| be the number of communication
links. For simplicity, communication is taken symmetric;
asymmetric communication can be treated as in [21]. Two
neighboring nodesi, j : (i, j) ∈ E, can exchange time-
stamped packets to obtain noisy estimates of their relative
offsetτj−τi, as well as of the logarithm of their relative skew
log aj(t)−log ai(t) [2]. We skip time dependency henceforth
assuming that the available relative measurements correspond
to the same physical time; the reader is referred to [20] for
a treatment of how the error in making such approximation
can be related to noise variance.

The problem under study amounts to estimating node
variables from noisy relative measurements. Let us label the
nodes as1, . . . , n and write the undirected edgee = (i, j)
with i < j. Consider the unknown vectorx ∈ R

n of node
variables, where variablexi corresponds to nodei. For any
edge(i, j) ∈ E, a noisy measurement of the difference of
the two node variables is available:

yij = xj − xi + wij , (1)

wherewij represents the measurement noise. Theincidence
matrix of the graphA ∈ R

m×n has entries:

aek :=







−1, if k = i;
1, if k = j;
0, otherwise

(2)

if the e-th edge corresponds to(i, j). Stacking the noise
components and measurement values into vectorsy, w ∈
R

m, respectively, we get

y = Ax + w. (3)

Recall that this problem is generic and extends well beyond
clock synchronization. In fact, it is straightforward to extend
our formulation to account for vector-valued node variables
as in [14]. For clock synchronization,xi can represent either
the logarithm of clocki’s skew log ai or clock i’s offset oi.

A. Least-squares estimation

In the absence of noise, the linear systemy = Ax is
consistent, i.e., has a solution. The rank ofA is equal to
n − nc, wherenc is the number of connected components
of the graph [2], in particular, the system has multiple solu-
tions. A necessary and sufficient condition for uniqueness of
solution is that the value of one node variable per connected
component be set to a known value; equivalently, the network
is synchronizable if and only if there exists at least one
reference node per connected component [2], [14]. Therefore,
we assume without loss of generality that the network is



connected whencerank (A) = n−1; a unique solution exists
if any node is picked as reference, e.g., by setting its variable
equal to 0.

Due the presence of noise, the linear system is generally
inconsistent. The natural problem to address is that of least-
squares (LS) estimation, where the estimatorx̂ is picked as
solution to the optimization problem1:

x̂ ∈ argmin
x

(y − Ax)⊤(y − Ax), (4)

which is equivalent to the normal equations [14], [22]:

A
⊤

Ax̂ = A
⊤y, (5)

The minimum-norm solution is given bŷx∗ = A
†y, where

A† is the pseudo-inverse of A [22], and any solution is of
the formx̂∗+α1, for someα, where1 is the all-one vector.
This indeterminacy is extinguished once we set a noder as
reference, i.e.,xr = 0, which is equivalent to removing the
r-th row of A to obtainĀ; the unique solution is given by
x̄
∗ = Ā

†y, where in this casēA† = (Ā⊤
Ā)−1

Ā
⊤.

B. Basics from graph theory

For eachi ∈ V , we define itsneighborhood, Ni := {j ∈
V : (i, j) ∈ E}. The degree of the node isdi := |Ni|,
and we definedmax := maxi di. Let L := A

⊤
A be the

(un-normalized)Laplacian of the graph with eigenvalues
λ1 ≤ λ2 ≤ . . . ≤ λn be the eigenvalues ofL. For a connected
graph we have thatλ1 = 0, and 0 < λi ≤ dmax, for
i = 2, . . . , n. The second smallest eigenvalue ofL denoted by
λ2(G), also called theFiedler value or algebraic connectivity
of G, can be lower-bounded via Cheeger’s inequality [23],
[24] as follows: define for eachS ⊆ V , thevolume to be the
sum of the degrees of the vertices inS: vol(S) :=

∑

i∈S di;
furthermore, letE(S, S̄) be the set of edges with one vertex
in S and the other one inV \ S̄; finally, let hG(S) :=

|E(S,S̄)|

min{vol(S),vol(S̄)}
. The Cheeger constant of G is defined as

hG := minS hG(S). Then:

λ2(G) ≥ h2
G

2dmax
. (6)

In the case when ther-th node is picked as reference,
let us denote the corresponding reduced Laplacian byL̄ :=
Ā
⊤

Ā, which is positive definite. Let us denote the smallest
eigenvalue of̄L by λ̄(G).

We will show that the rate of convergence of the presented
smoothing algorithms depends onλ2(G) in the case that no
node is taken as reference, and depends onλ̄(G) otherwise.

IV. A LGORITHMS

We propose new algorithms for distributed asynchronous
smoothing of relative measurements and analyze their con-
vergence. The algorithms are inspired by a randomized
version of Kaczmarz method [12], [25] applied to both the
(generally) inconsistent linear system (3) and to the normal
equations (5). In what follows, a nodei is assumed to

1The extension to the general case of weighted least-squaresand Best
Linear Unbiased Estimation (BLUE) is straightforward [18], [14].

always have access to all relative measurements2 {yij}j∈Ni
.

We show that the proposed algorithms have exponential
convergence in expectation, and are amenable to distributed
asynchronous implementation. We compare and contrast the
performance in terms of two metrics related to attaining a
given error reduction: a) the number of iterations and b)
the cumulative communication cost (in terms of transmitted-
received messages).

A. Distributed Smoothing based on Jacobi algorithm [16],
[18].

The Spatial Smoothing (SS) algorithm proposed in [16],
[18] is an asynchronous implementation of Jacobi iterations
applied to the reduced normal equationsĀ

⊤
Āx = Ā

⊤y,
obtained after a node is selected as reference. In this scheme,
each nodei 6= r initially sets its nodal estimate to an
arbitrary valuex̂

(0)
i , while x̂

(k)
r = xr = 0 for all k. In

an asynchronous operation, a nodei 6= r is activated at
arbitrary times independently from others and updates its
estimate:̂xnew

i ← 1
di

∑

j∈Ni
(x̂old

j + yji) [9], [16], [18]. This
scheme is distributed because a node makes an update of
its local estimate using information corresponding to its
immediate neighbors. Alhough this asynchronous scheme is
known to converge (because it is essentially an asynchronous
coordinate descent applied to the quadratic optimization
problem (4) with Ā in the place ofA [13], [26]), there is
no analysis on its rate of convergence.

Thesynchronous version of spatial smoothing, in which all
nodes simultaneously update their estimates using the above
rule, is an instance of the Jacobi algorithm applied to the
reduced normal equations. In this case, the Jacobi iterative
operator has spectral radius strictly less than one, so the
algorithm converges exponentially to the LS estimate [16],
[18]. Let us denote the vector of node estimates after the
k-th synchronous update bŷx(k). The analysis of the rate of
convergence was carried out in [9], [13]:

Theorem 1: For all k ≥ 4m2

β2 ln(
∥

∥x̂(0) − x̄∗
∥

∥

2
/ε), it

holds that
∥

∥x̂(k) − x̄∗
∥

∥

2
≤ ε; β denotes the edge-

connectivity ofG, i.e., the minimum number of edges that,
when deleted, disconnect the graph.

B. Distributed Smoothing based on Randomized Kaczmarz
algorithm

We first recap the Randomized version of Kaczmarz (RK)
algorithm proposed in [11], [12], and proceed to use RK to
derive algorithms for distributed asynchronous smoothing.
The first algorithm is an application of RK directly to the
noise-free version of the linear system (3) (w = 0), while
the second is an application of RK to the normal equations
A
⊤

Ax = A
⊤y. We further study a variant with provable

convergence in the presence of noisy measurements, and ul-
timately propose a hybrid scheme with superior convergence
rate.

2The variableyij has been defined for edge(i, j) with the convention that
i < j; we extend this by definingyji = −yij , for each(i, j) ∈ E : i < j.



a) Randomized Kaczmarz algorithm: Consider the sys-
tem of linear equations:

Ax = y, (7)

whereA is an m × n matrix with m ≥ n, andy ∈ R
m is

a given vector. We denote the rows ofA by a1, . . . ,am and
let y = (y1, . . . , ym)⊤. For any matrixA we define

κ(A) :=
‖A‖2F

σmin(A)2
, (8)

where σmin(A) is the smallest non-zero singular value of
A and ‖A‖2F =

∑

a2
ij . Finally, let [m] := {1, . . . , m}, and

let 〈·, ·〉 denote the standard inner product inL2. Strohmer
and Vershynin proposed the following randomized variant of
Kaczmarz algorithm [12].

Algorithm 1 Randomized Kaczmarz (RK)

1: procedure (A, y) ⊲ A ∈ R
m×n, y ∈ R

m

2: Initialize estimateŝx(0)

3: for eachk ∈ Z+ do
4: Pick ik ∈ [m] w.p. pi :=

‖ai‖
2
2

‖A‖2
F
, i ∈ [m].

5: Set x̂(k) = x̂(k−1) +
yik

−〈aik
, x̂

(k−1)〉
‖aik‖22

aik
.

6: end for
7: end procedure

The following is a generalization of the main result of [12]
without the restrictive assumption ofrank (A) = n. The proof
can be found in the appendix.

Theorem 2: Assume that (7) has a solution and denote
x̂∗ := A

†y. If x̂(0) ∈ R(A⊤), whereR denotes the range
space , then Algorithm 1 converges tox̂∗ in the mean square,
more precisely:

E

∥

∥

∥
x̂(k) − x̂∗

∥

∥

∥

2

2
≤
(

1− 1

κ(A)

)k
∥

∥

∥
x̂(0) − x̂∗

∥

∥

∥

2

2
. (9)

b) RK for Ax = y: We propose a randomized dis-
tributed smoothing algorithm (Algorithm 2), by using RK to
the system (7) pretending that it is consistent (e.g., assuming
w = 0), and analyze its convergence in the noiseless setting.

Consider a given row ofA, saye ≡ (i, j). It has two non-
zero entries, so‖ae‖22 = 2, and for anyx ∈ R

n we have
〈ae, x〉 = xj − xi. Step5 of Algorithm 1 is translated to

x̂(k) ← x̂(k−1) +
yij + x̂

(k−1)
i − x̂

(k−1)
j

2
a
⊤
e .

In particular, if e is selected the only estimates that are
updated are those forxi, xj . The algorithm is clearly dis-
tributed, in the sense that at a given iteration only two
neighboring nodes make updates of their local estimates
based solely on exchanging their previous estimates. Note
that the above algorithm does not assume a reference node
is given; in the case of noise-free measurements, it will
converge to the LS solutionx = Ā

†y, which corresponds
to node offsets (skews) from a fictitious reference time. The
algorithm has expected exponential convergence as it follows
from Theorem 2:

Algorithm 2 Randomized Kaczmarz Smoothing (RKS)
1: procedure
2: for all nodesi ∈ V do ⊲ Initialization step
3: Set x̂(0)

i = 0 and detect neighborsNi

4: Obtain relative measurementsyij for all j ∈ Ni

5: end for
6: for eachk ∈ Z+ do
7: Pick uniformly at random an edgee = (i, j)

8: Nodesi, j exchangêx(k−1)
i , x̂

(k−1)
j .

9: Node i sets:x̂(k)
i ← 1

2 (x̂
(k−1)
i + x̂

(k−1)
j − yij)

10: Nodej sets:x̂(k)
i ← 1

2 (x̂
(k−1)
i + x̂

(k−1)
j + yij)

11: end for
12: end procedure

Corollary 1 (Convergence rate of Algorithm 2): For
given ε > 0, the estimates produced by RKS 2 satisfy:

E

∥

∥

∥
x̂(k) − x̂∗

∥

∥

∥

2
≤ ε, ∀ k ≥ 4m

λ2(G)
ln(‖x̂∗‖2 /ε).

In particular, for anyδ > 0 and k ≥ 4m
λ2(G) ln(

‖x̂
∗‖2

εδ
), we

have that
∥

∥x̂(k) − x̂∗
∥

∥

2
≤ ε with probability at least1− δ.

Proof: Since rank (A) = n − 1, the solution space of
Ax = y is the one-dimensional affine space{x̂∗ +α1 | α ∈
R} where x̂∗ = A

†b; this algorithm is a special instance
of Algorithm 1, andx̂(0) ∈ R(A⊤). The result follows from
Theorem 2 (in this case‖A‖2F = 2m andσmin(A)2 = λ2(G))
and the fact that1 − x ≤ exp(−x), for any x ∈ [0, 1]. The
second part follows immediately from Markov’s inequality.

Remark 1 (Picking a node as reference): An alternative
is to consider a given noder as reference, remove the
corresponding column fromA and apply RK to the system
Āx̄ = y. In this case the only changes are thatx̂

(k)
r = 0

for all k and that all edges incident to the reference node are
picked with probabilityp = 1

2m−dr
while those non-incident

to node r are picked with probability2p. The expected
convergence is still exponential, with exponentλ̄(G)

2m−dr
. An

efficient way of implementing the randomized selection is
demonstrated in Sec. IV-C.

c) RK for Normal Equations: We propose a second
randomized smoothing algorithm obtained by applying RK
to the normal equationsA⊤

Ax = A
⊤y, and show that it

admits a distributed implementation.
The (un-normalized) Laplacian of the graphL ∈ R

n×n

has entries

lij :=







di, if i = j;
−1, if (i, j) ∈ E;
0, otherwise

(10)

The i-th row of the Laplacian,Li, has squared Euclidean
norm d2

i + di. Moreover, for anyx ∈ R
n, 〈Li, x〉 =

dixi −
∑

j∈Ni
xj while the i-th entry of A

⊤y is equal to
−∑j∈Ni

yij . Step5 of Algorithm 1 applied toLx = A
⊤y

is translated to:

x̂
(k)
← x̂

(k−1)+
−

P

j∈Ni
yij − (dix̂

(k−1)
i −

P

j∈Ni
x̂

(k−1)
j )

d2
i + di

L
⊤

i .



Re-arranging terms and simplifying the above expression
we get

x̂
(k)
← x̂

(k−1)
−

x̂
(k−1)
i −

1
di

P

j∈Ni
(x̂

(k−1)
j + yji)

1 + di

L
⊤

i ,

which leads to the following algorithm:

Algorithm 3 Randomized Kaczmarz Least Squares (RKLS)
1: procedure
2: Initialize as in Algorithm 2
3: for eachk ∈ Z+ do
4: Pick a nodei ∈ V w.p. pi =

d2
i +di

P

i
(d2

i
+di)

5: Compute∆i :=
x̂
(k−1)
i

− 1
di

P

j∈Ni
(x̂

(k−1)
j

+yji)

1+di
and

set x̂(k)
i ← 1

1+di
(x̂

(k−1)
i +

∑

j∈Ni
(x̂

(k−1)
j + yji))

6: Every nodej ∈ Ni, sets:x̂(k)
j ← x̂

(k−1)
j + ∆i

7: end for
8: end procedure

The following corollary studies the rate of convergence.
Corollary 2: For givenε > 0, the estimates produced by

RKLS satisfy:

E

∥

∥

∥
x̂(k) − x̂∗

∥

∥

∥

2
≤ ε, ∀ k ≥ 2

∑

i d2
i + 4m

λ2
2(G)

ln(‖x̂∗‖2 /ε).

In particular, for anyδ > 0 and k ≥ 2
P

i d2
i +4m

λ2
2(G)

ln(
‖x̂

∗‖2

εδ
),

Algorithm 3 computeŝx(k) so that, with probability at least
1− δ,

∥

∥x̂(k) − x̂∗
∥

∥

2
≤ ε.

Proof: Note that in this case‖L‖2F =
∑

i∈V (di +d2
i ) =

∑

i∈V d2
i + 2m, σmin(L) = λ2

2(G), and the rest of the proof
follows along the same lines as in Cor. 2.

Remark 2: Again, one can pick a node as reference and
consider RK applied tōLx̄ = Ā

⊤y. The distribution of
selecting a node in step 4 changes topi =

d2
i +di

P

i
d2

i
+2m−dr

for i 6∈ Nr and pi =
d2

i +di−1
P

i
d2

i
+2m−dr

; the convergence is

exponential with rate λ̄2(G)
P

i
d2

i
+2m−dr

. An efficient way of
implementing the randomized selection is demonstrated in
Sec. IV-C.

d) The inconsistent case: The RK algorithm was shown
to converge to a solution ofAx = y only for the case that
such a solution exists. In the case of an inconsistent system,
it is plain to check that the algorithm does not converge, and
will have oscillatory behavior.

In the case of an inconsistent system we propose using an
under-relaxation of RK, i.e., substitute the update in Step 4
of Algorithm 1 with

x̂(k) ← x̂(k−1) + γk

yik
−
〈

aik
, x̂(k−1)

〉

‖aik
‖22

a
⊤
ik

, (11)

where{γk} is a sequence of receding step-sizes withγk ∈
[0, 1] and limk γk = 0. The following theorem studies the
convergence of this variant; the proof can be found in the
appendix.

Theorem 3 (RK with Under-relaxation (RKU)): Let A ∈
R

m×n with rank (A) = n, and assume that the system

Ax = b has a unique solution denoted byx. Consider
the Randomized Kaczmarz algorithm with under-relaxation
parameters{γk} ⊂ [0, 1] applied to the linear systemAx =
y with y := b + w. We have

E||x̂(k)−x||22 ≤
(

1− γk

κ(A)

)

E||x̂(k−1)−x||22 + γkW, (12)

whereW := 1
‖A‖2

F

∑

i |wi|2.

Corollary 3 (Convergence-Accuracy trade-off): For each
k ∈ Z+:

E

∥

∥

∥
x̂(k) − x

∥

∥

∥

2

2
≤ exp

(

−
∑k

i=1 γi

κ(A)

)

∥

∥

∥
x̂(0) − x

∥

∥

∥

2

2

+W

k
∑

i=1

γiexp

(

−
∑k

j=i+1 γj

κ(A)

)

. (13)

In particular, if limk→+∞ γk = 0 thenx̂(k) converges in the
mean square.

Proof: Using (12) recursively we have that

E

∥

∥

∥
x̂(k) − x

∥

∥

∥

2

2
≤

k
∏

i=1

(

1− γi

κ(A)

)

∥

∥

∥
x̂(0) − x

∥

∥

∥

2

2

+W

k
∑

i=1

γi

k
∏

j=i+1

(

1− γj

κ(A)

)

. (14)

Then (13) follows by the inequality1 − x ≤ exp(−x) for
x ≤ 1. In addition, it follows directly from (12) that

E

∥

∥

∥
x̂(k) − x

∥

∥

∥

2

2
≤ max{(1− 1

κ(A)
) E

∥

∥

∥
x̂(k−1) − x

∥

∥

∥

2

2
, W},

whence in particularE
∥

∥x̂(k)
∥

∥

2

2
is uniformly bounded, there-

fore it immediately follows from (11) that̂x(k) is Cauchy in
L2 and therefore has a mean square limit.

Remark 3 (Discussion): The analysis above extends the
result of [27] which is recovered forγk = 1. Note also
that our analysis easily extends to the case thatrank (A) <
n if we considerx̂(0) ∈ R(A⊤) (e.g., if x̂(0) = 0) as in
Theorem 2. Furthermore, note that if we letγk = γ ∈ (0, 1],
then the updates in (11) do not converge with probability 1;
this is because, by construction, each row will almost surely
be selected infinitely often, and a necessary condition for
convergence is thatAx = y, which is not true. From Cor. 3
it follows that x̂(k) is uniformly bounded inL2 therefore the
estimates converge to some compact set in the mean square
sense. For eachγ ∈ (0, 1], it follows from (14) via simple
calculations that:

lim sup
k

∥

∥

∥
x̂(k) − x

∥

∥

∥

2

2
≤ κ(A)W.

In particular, the upper bound on the worst-case expected
asymptotic error is independent ofγ; therefore while reduc-
ing γ decreases the convergence rate, it does not help reduce
the remaining uncertainty.



e) RKO: A hybrid algorithm: We propose a natural
variant of RKS, which we callRandomized Kaczmarz Over-
smoothing (RKO). In Algorithm 2, an edge is selected at
random in Step 7 and an update is made concerning the
estimates of the two vertices incident to that edge. The
analysis in Theorem 2 shows that each such step decreases
the estimation error in expectation for the case of a consistent
system; therefore having multiple such updates results in a
larger decrease. In RKO, we perform suchover-smoothing, in
the sense that a node is selected at random, and the updates of
Steps9 and10 of Algorithm 2 are performed to all the edges
incident to it. As we will see in Section VI, the convergence
rate of Algorithm 4 is faster compared to all other methods
tested.

Algorithm 4 Randomized Kaczmarz Over-smoothing (RKO)
1: procedure
2: Initialize as in Algorithm 2
3: for eachk ∈ Z+ do
4: Pick a nodei ∈ V w.p. pi = di

2m

5: For every nodej ∈ Ni, nodesi and j perform
Steps 8,9 and 10 of Algorithm 2.

6: end for
7: end procedure

C. Implementation issues

All proposed algorithms are randomized, in the sense that
at each iteration a node (edge) is sampled fromV (E) based
on some distribution, and independently from nodes (edges)
sampled in the past. We will show that such mechanism
can be implemented efficiently in a distributed manner in
a wireless network, by exploiting the fact that nodes are
equipped with clocks. That is, all proposed algorithms can
be implemented using the framework described in [28]. Let
us consider a probability distribution over the nodesV ,
p := {p1, . . . , pn}, and assume that each nodei has access
to θpi for some commonθ > 0. Each nodei is sampled at a
rate3 Λi = θpiΛ, whereΛ > 0 is a predetermined constant.
The sampling is performed by activating a node when its
local count-down timer reaches zero; waiting times are
independent exponentially distributed random variables with
rateΛi. We can implement edge sampling via node sampling,
because sampling edges according top̃ := {p̃1, . . . , p̃m},
is equivalent to sampling a nodei with probability pi =
∑

j∈Ni
p̃ij , and then select edge(i, j) with probability

p̃ij/pi; the implicit assumption is that both nodesi, j know
θp̃ij for someθ > 0. In the case of all Algorithms2, 3 and
4, each node is aware of the numerator in the definition of
the corresponding sampling probability.

V. COMPARISON WITH PREVIOUS WORK

The convergence speed of RKS depends inverse pro-
portionally on λ2(G), which is further lower-bounded

3To be quite precise this mechanism requires that all clocks run at the
same speed, i.e., that skews be compensated. In practice, this is not an issue
since skew synchronization can be very accurate [20] and theerror in the
sampling distribution due to considering local counters isnegligible.

via Cheeger’s inequality (6). While the spatial smoothing
(SS) [9], [16], [18] is provably convergent to the least-squares
solution, nothing, to the best of our knowledge, is known
about rate of convergence. The synchronous Jacobi algorithm
was analyzed in [9], [13]; the provided bound on convergence
rate depends on the edge-connectivity (a.k.a. min-cut) of
the graph β and the total number of edges. Typically,
in a random planar wireless network we expectβ to be
roughlyO(1) [13]; this implies that the synchronous Jacobi
smoothing algorithm requiresO(n2) synchronous rounds, in
each of which the estimates of every node are updated. In
contrast, each iteration of RKS (Alg. 2) or RKLS (Alg. 3)
updates the estimates between a pair of adjacent nodes or the
estimates within an1-hop neighborhood, respectively. For a
fair comparison, the rate of convergence of the first two rows
of Table I has been raised to then-th power.

TABLE I

COMPARISON WITH PRIOR RESULTS IN CLOCK SYNCHRONIZATION

Algorithm Rate Asynchronous?

RKS exp(−
nh2

G
4mdmax

) Yes

RKLS exp(−
nh4

G

8d2
max

P

i d2
i

) Yes

Jacobi exp(− β2

4m2 ) No
SS [16] Converges Yes

OSE [14] Converges Yes

VI. SIMULATIONS

We compare the performance of the various algorithms for
a standard network model used extensively in the literature:
in a square of unit area, we deployn = 200 agents inde-
pendently and uniformly at random in the plane. We add an
edge between two nodes if the lie within a fixed transmission
range, which picked so as to guarantee asymptotic connectiv-
ity [29]. Next, we pick the clock offsets uniformly distributed
in the interval[0, 100]. We consider relative measurements
across the edges with an added Gaussian noise vector with
varianceσ2 = 1, and independent entries.

We have implemented the following algorithms: syn-
chronous Jacobi (J) and asynchronous Jacobi (spatial
smoothing) (SS) as described in [9]; the overlapping sub-
graph estimator algorithm (OSE) [14]; the classical4 Kacz-
marz algorithm [25] applied on (3) (KS) and applied on (5)
(KLS), Algorithm 2 (RKS), Algorithm 3 (RKLS) and Al-
gorithm 4 (RKO). All asynchronous algorithms but ours
are executed by selecting a node uniformly at random in
each iteration. All randomized algorithms were executed
independently fives times and average values are presented.
We initialize by selecting node 1 as reference, and selecting
all initial node estimates to be zero. As a measure of the
attained accuracy, we use the normalized (per node) Root-
Mean-Squared-Error (RMSE) and we count as a single

4The classical Kaczmarz algorithm at every iteration performs updates as
in Step5 of Algorithm 2 for every row and the updates are performed in
an a priori fixed ordering of the rows.



message the exchange of one node estimate between two
adjacent nodes.

We plot the results for the synchronous algorithms (J, KS,
KLS) and the asynchronous ones (SS, OSE, RKS, RKLS,
RKO) separately, see Fig. 1(a) and Fig. 1(b), respectively.
We observe that Kaczmarz algorithm demonstrates faster
convergence compared to Jacobi.

In the asynchronous setting, each algorithm transmits a
different number of messages per iteration. For this reason,
in addition to the plot of RMSE per iteration we also plot
RMSE as function of the number of transmitted messages;
this is an index for the critical energy consumption in a
sensor network [14]. Our experiments showcase that: RKLS
has significantly slower convergence, compared to all other
schemes; this should be expected since the convergence
exponent is roughly the square of RK and SS (cf. Thm. 1,
Cors. 1, 2). In the left plot of Fig. 1(b) we observe that
RKS and SS have roughly the same speed of convergence in
terms ofnumber of iterations; OSE is faster (per iteration)
compared to both of them, and RKO seems to be superior
compared to all. In the right sub-figure of Fig. 1(b) we see
that RKS and RKO are the superior schemes compared to all
others in term of number of speed of convergence per number
of transmitted messages. We deduce that our proposal, RKO,
can achieve synchronization faster in less time, with parallel
energy savings for a target synchronization accuracy.

VII. C ONCLUSIONS ANDFUTURE WORK

We have used the Randomized Kaczmarz (RK) algorithm
to design randomized smoothing methods with exponential
expected rate of convergence, and have demonstrated an
efficient means for distributed asynchronous implementation.
We have proposed a scheme namedRandomized Kaczmarz
Smoothing (RKS) that runs on the noisy linear system of
equations; the algorithm achieves a rate of convergence that
is comparable to the Jacobi algorithm in both theory and ex-
periments, with the benefit of reduced communication com-
plexity. For highly noisy measurements, RKS demonstrates
oscillatory behavior, so we have developed a variant which
is guaranteed to converge, but at a slower rate. Finally, we
have performed numerous experiments with various network
topologies to illustrate the benefits of using our ultimate
proposal,Randomized Kaczmarz Over-smoothing (RKO), in
terms of both error vs. time and error vs. number of sent
messages plots.

For future work, it looks intriguing to analytically establish
exponential convergence of a randomized variant of the asyn-
chronous Jacobi algorithm, as dictated by experimental evi-
dence. Moreover, a formal treatment of the RKO algorithm
as well as an analytical categorization of the performance of
the introduced algorithms in large networks are both beyond
the scope of the current paper due to space limitations, and
will be addressed elsewhere. On the implementation front,
we plan to test the impact of efficient initialization [14]
in convergence speed, as well perform more realistic trace-
driven simulations in which RKO has been modified to
reduce communication overhead.

APPENDIX

Proof: (of Theorem 2)
First, note that for anyk ∈ Z+, we have that(x̂(k) −

x̂∗)⊥(x̂(k) − x̂(k−1)). To see this, letαi :=
yi−〈ai, x̂

(k−1)〉
‖ai‖

2
2

for every i ∈ [m]. Thenx̂(k) = x̂(k−1) + αik
aik

, whence:
〈

x̂(k) − x̂∗, x̂(k) − x̂(k−1)
〉

= αik
(
〈

x̂(k), aik

〉

− yik
)

using the fact that〈x̂∗, aj〉 = yj, sincex̂∗ is a solution to
Ax = y. The calculation

〈

x̂(k), aik

〉

=
〈

x̂(k−1), aik

〉

+

αik
‖aik
‖22 = yik

proves orthogonality. In particular:
∥

∥

∥
x̂(k) − x̂∗

∥

∥

∥

2

2
=
∥

∥

∥
x̂(k−1) − x∗

∥

∥

∥

2

2
−
∥

∥

∥
x̂(k) − x̂(k−1)

∥

∥

∥

2

2
,

(15)
so the error does not increase at each iteration. It suffices to
bound the expected error reduction at each iteration; more
specifically we will show that if the index of selected row is a
random variable on[m] with distributionP (Z = i) =

‖ai‖
2
2

‖A‖2
F

then

EZ

∥

∥

∥
x̂(k) − x̂(k−1)

∥

∥

∥

2

2
≥ 1

κ(A)

∥

∥

∥
x̂(k−1) − x̂∗

∥

∥

∥

2

2
, (16)

from which the main result follows immediately.

EZ

∥

∥

∥
x̂(k) − x̂(k−1)

∥

∥

∥

2

2
= EZ

〈

x̂∗ − x̂(k−1), aZ

〉2

‖aZ‖22

=
m
∑

i=1

〈

x̂∗ − x̂(k−1), ai

〉2

‖A‖2F

=

∥

∥A(x̂∗ − x̂(k−1))
∥

∥

2

2

‖A‖2F
.

By induction, it is evident thatx̂(k) is in the row
span ofA for any k when x̂(0) is; in addition, the same
is true for x̂∗ by the definition of pseudo-inverse [22].
Therefore,

∥

∥A(x̂∗ − x̂(k−1))
∥

∥

2
≥ σmin(A)

∥

∥x̂∗ − x̂(k−1)
∥

∥

2
,

which completes the proof.
Proof: (of Theorem 3)

Let us denote thek-th estimate as function ofγk, i.e.,
x̂(k)(γk); note that x̂(k)(0) = x̂(k−1). The expression
||x̂(k)(γk) − x̂||22 is a convex function ofγk on [0, 1],
therefore:
∥

∥

∥
x̂(k) − x̂

∥

∥

∥

2

2
≤ γk

∥

∥

∥
x̂(k)(1)− x

∥

∥

∥

2

2
+(1−γk)

∥

∥

∥
x̂(k−1) − x

∥

∥

∥

2

2
.

(17)
Define the linear varieties:

Hi := {x : a⊤
i x = bi} (18)

Hw
i := {x : a⊤

i x = bi + wi} (19)

Note thatx̂(k)(1) is the projection ofx̂(k−1) on Hw
i . Let

us denote the projection of̂x(k−1) on Hi asx(k). The two
hyper-planes areparallel with common normalai, so x(k)

is the projection of̂x(k)(1) on Hi, whence:
∥

∥

∥
x̂(k)(1)− x

∥

∥

∥

2

2
=
∥

∥

∥
x(k) − x

∥

∥

∥

2

2
+
∥

∥

∥
x̂(k)(1)− x(k)

∥

∥

∥

2

2
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Fig. 1. Convergence analysis of synchronous and asynchronous algorithms

From the proof of Theorem 2 it follows that

E

∥

∥

∥
x(k) − x

∥

∥

∥

2

2
≤
(

1− 1

κ(A)

)

∥

∥

∥
x̂(k−1) − x

∥

∥

∥

2

2
.

If the selected row isi we have
∥

∥x̂(k)(1)− x(k)
∥

∥

2

2
=

w2
i

‖ai‖
2
2

, thereforeE
∥

∥x̂(k)(1)− x(k)
∥

∥

2

2
= W , and the result

immediately follows.
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