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Abstract

We relate the average value of a submodular function on k-subsets to various quantities,
including its value on the empty set, on the universe and on the k-subset maximizing its
value. As a result, we deduce that on non-negative functions, the random set algorithm has
an approximation ratio of k(n — k)/n(n — 1).

1 Introduction
A set-function f defined on subsets of a set U is submodular if
f(A)+ f(B) = f(AUB) + f(AN B)
for any two subsets A, B of U. Denote all subsets of U of size k by (g) We define

Ei(f) = AEH%U) f(4), My (f) = jrel?g) f(A).

How small can E(f) be, compared to other prominent values of f? We answer this question
in the two theorems below.

Theorem 1. Let f be a submodular function on a set U of size n. For 0 < k < n,
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This theorem is tight for linear functions.

Theorem 2. Let f be a submodular function on a set U of size n. For 0 < k < n and any set
O€ (),
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This theorem is tight for the directed cut function on the directed complete bipartite graph
K}, n—t, taking as O one side of the bipartition.

Corollary 3. Let f be a submodular function on a set U of size n. For 0 < k <mn,
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If f is non-negative, then Corollary 3 implies that

Ei(f)  k(n—k)
M(f) = n(n—1)

This is the approximation ratio of the random set algorithm for the problem of maximizing f
over (Z)

If f is symmetric (f(A) = f(U \ A)), then the same argument used to deduce the corollary
from the theorem shows that the approximation ratio of the random set algorithm for the
problem of maximizing f over (g) is
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2 Proofs

Theorem 1. Let f be a submodular function on a set U of size n. For 0 < k < n,

B = gy +
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Proof. The proof is by induction on k. When k£ = 0, there is nothing to prove. Assuming
the theorem is true for some k, we prove it for k + 1. Let A € (g) Repeated application of
submodularity gives

Y. fAU{a}) = (n—k = 1)f(A) + f(U).
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Averaging over all choices of A, we deduce

(n = k) Eg1(f) = (n =k = DER(f) + f(U).

The induction hypothesis gives
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Theorem 2. Let f be a submodular function on a set U of size n. For 0 < k < n and any set
O€ (),
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Proof. For subsets A C U, we can define a function f4 on U\ A by fa(B) = f(AUB). It is
easy to check that fj4 is also submodular. We will use Theorem 1 repeatedly on such functions.

We denote the restriction of a set-function g to domain X by g|x.
Let O =U \ O. We have

(H)mn=- ¥ r=% ¥ swuo.
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We can interpret the sum on C' as an average:

<Z> Bilf) = 2, (kn—_yg\>Ek—|B|(fB!o)-

BCO

Using Theorem 1, we deduce
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= (k;n__é,__ll) fo(B) + <nk__k’;|1> f(B).
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Conditioning on the size of B, we can interpret the latter sum as a linear combination of E( f5)
and Ey(flo):
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Using Theorem 1 again,
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