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Abstract

We propose a new paradigm for studying the structure of Boolean functions on the biased Boolean hy-
percube, i.e. when the measure is j1, and p is potentially very small, e.g. as small as O(1/#n). Our paradigm
is based on the following simple fact: the p-biased hypercube is expressible as a convex combination of
many small-dimensional copies of the uniform hypercube. To uncover structure for y,, we invoke known
structure theorems for y1 /5, obtaining a structured approximation for each copy separately. We then sew
these approximations together using a novel “agreement theorem”. This strategy allows us to lift structure
theorems from pq /5 to pyp.

We provide two applications of this paradigm:

e Our main application is a structure theorem for functions that are nearly low degree in the Fourier
sense. The structure we uncover in the biased hypercube is not at all the same as for the uniform
hypercube, despite using the structure theorem for the uniform hypercube as a black box. Rather,
new phenomena emerge: whereas nearly low degree functions on the uniform hypercube are close to
juntas, when p becomes small, non-juntas arise as well. For example, the function max(y1, - - - , ¥, p)
(where y; € {0,1}) is nearly degree 1 despite not being close to any junta.

o A second (technically simpler) application is a test for being low degree in the GF(2) sense, in the
setting of the biased hypercube.

In both cases, we use as a black box the corresponding result for p = 1/2. In the first case, it is the junta
theorem of Kindler and Safra, and in the second case, the low degree testing theorem of Alon et al. [[EEE
Trans. Inform. Theory, 2005] and Bhattacharyya et al. [Proc. 51st FOCS, 2010].

A key component of our proof is a new local-to-global agreement theorem for higher dimensions, which
extends the work of Dinur and Steurer [Proc. 29th CCC, 2014]. Whereas their result sews together vectors,
our agreement theorem sews together labeled graphs and hypergraphs.

The proof of our agreement theorem uses a novel pruning lemma for hypergraphs, which may be of
independent interest. The pruning lemma trims a given hypergraph so that the number of hyperedges
in a random induced subhypergraph has roughly a Poisson distribution, while maintaining the expected
number of hyperedges.

*This paper combines the results that appeared in two manuscripts [DFH17a, DFH17b] by the authors.
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1 Introduction

The p-biased hypercube is the set {0,1}" with the y, measure for a parameter p € (0,1), in which the
probability of a string y = (y1,...,yn) € {0,1}"is up(y1, ..., yn) = p1+ -+ (1 — p)A=v)++1-y1) There
is a great deal known about the structure of Boolean functions in the uniform (p = 1/2) case, but less so for
the biased setting.

We describe a method for lifting known structure theorems in the p = 1/2 case to the general y,, case.
This holds for all values of p, and in particular even when p is potentially very small as a function of n,
e.g. p = O(1/n). This stands in contrast to structure theorems proved using hypercontractivity, whose
generalization to the 1, setting typically deteriorates in power as p gets smaller.

The key idea in this method is as follows: to study a function f over the p-biased hypercube, we consider
restrictions of the function f to subcubes {0, 1}° obtained by fixing all coordinates not in S to 0. The crucial
observation is that if we choose S according to the measure iy, (i.e., i € S with probability 2p) and then
choose a point x in the subcube {0,1}° uniformly at random, then the point x is distributed according to

Up.
’ We study the structure of the function f on p, by looking at its restrictions to these small uniform
hypercubes {0,1}°. One can apply as a black box known structure theorems for the uniform case, and
obtain for each hypercube separately an approximate structure. To be able to say something coherent about
the global structure of our function, we must then be able to “sew” these approximations together. To this
end, we design a new “agreement theorem” that stitches together an ensemble of local functions that satisfy
some local consistency into a single global function.

In an agreement theorem, the input is a collection of local functions (e.g. one function per local re-
striction). In addition, it is also known that the local functions satisfy with high probability some local
consistency, i.e., most local functions agree with each other whenever their domains overlap. From this, the
agreement theorem concludes the existence of a global function that agrees with most of the initial data of
local functions. Agreement theorems originally come from the PCP literature, where they generalize low
degree tests and direct product tests. We prove a new “higher-dimensional” agreement theorem, and use
this theorem to prove two new results about Boolean functions on the biased hypercube.

Our first and main application of this method is a structure theorem for functions that are nearly low
degree in the Fourier sense. A second (technically simpler) application regards testing GF(2) low degree-
ness. In both cases we use as a black box the corresponding result for p = 1/2.

1.1 A new higher-dimensional “agreement theorem”

We now turn to describe the new agreement theorem. In order to motivate the setup, let us fix on the first
application: analyzing the structure of a low degree nearly-Boolean! function on the biased hypercube.

Let f : {0,1}" — Rhave degree d and suppose it is e-close to Boolean. The idea is to consider restrictions
of the function f to subcubes {0, 1}° obtained by fixing all coordinates not in S to 0. As pointed out earlier, if
we choose S according to the measure y,, (i.e., i € S with probability 2p) and then choose a point x € {0, 1}
uniformly at random, then the point x is distributed according to y,,.

Let us denote by f|s the restriction of f to {0,1}°. Note that S is chosen according to }2p, and the dis-
tribution on {0,1}° conditioned on S is the standard uniform measure (i.e., i1 /;). An averaging argument
implies that f|s itself is close to being Boolean, where closeness is now according to the y/, measure. We
can then use a known structure theorem for i1/, to obtain information about f|g locally on each subcube
{0,1}°. For example, from the theorem of Kindler and Safra we get a function gs that is a junta on S, and
approximates f|s well on {0,1}°.

The next step is to obtain global information about f on the p-biased hypercube, by “patching” the local
pieces gs to a global function g on the entire hypercube which agrees on most of the local pieces.

1t is equivalent to analyzing functions that are Boolean and nearly-low degree.



If the pieces gs were completely arbitrary, then it would be impossible to patch them to a global function.
However, since the gs’s were obtained from local restrictions of the same function f, we are typically able to
show that if we choose S1, So ~ pizp, in a coupled way which guarantees that S1, S have significant overlap,
then the local functions gs,,gs, completely agree on the intersection of their domains with probability
1—0(e).

Let us recall the agreement theorem of Dinur and Steurer [DS14]. An equivalent rephrasing? of their
result concerns an ensemble of local functions vg: S — X for every S C [n], where X is some finite alphabet.
Suppose that we choose a pair of sets Sy, S according to the distribution iy, in which i € S; N Sy with
probability pa, i € S\ Sp with probability p(1 —a), and i € S, \ S with probability p(1 — «). The result of
Dinur and Steurer states that if Pr[vg, # vs,] = € then there exists a global function v: [n] — X such that
Prs.;, [vs # v|s] = O(e).

This theorem goes in the correct local-to-global spirit but as is it is not useful for us, since the local
data we have per S cannot be described by a vector vg : S — X. This motivates a different but analogous
agreement theorem that is “higher-dimensional” .

More precisely, we can identify each local function gs with a multi-dimensional function fs: ( <S ;) — Z.
Our main technical result is that the agreement theorem of Dinur and Steurer can be extended to this high-
dimensional setting. More precisely:

Theorem 1.1 (High-dimensional agreement theorem via majority decoding). For every positive integer d and
finite alphabet X, there exists a constant py € (0,1/2) such that for all p € (0,po), all « € (0,1), and all n, the

following holds. Let {fs: ( SS ) — L | S €{0,1}"} be an ensemble of functions satisfying

Pr [fs,Is;ns, # fs,lsins,] < e
51,52~ Mpa

Then the global function G: (@l) — X defined by plurality decoding (ie., G(T) is the most popular value of fs(T)
over all S containing T, chosen according to the distribution y,([n])) satisfies

Pr [fs # Gls] = Ogule).

S~tp

We remark that the above theorem shows that the global function G can be obtained from the local
functions fs by the natural majority decoding (more accurately, plurality decoding) procedure. For instance,
in the one-dimensional setting (d = 1) of Dinur and Steurer, we have that the value of v(i) is the y,-most
common value of vg(i) among all sets S containing i. The agreement theorem of Dinur and Steurer doesn’t
specify how v is constructed from the vg, whereas our theorem guarantees that v is formed using majority
decoding. Our new result therefore improves on the Dinur-Steurer result even in the one-dimensional case.
We note that this strengthening of the agreement theorem (even for the one-dimensional case) is needed for
technical reasons in one of our applications.

We now turn to describe the two applications of the agreement theorem.

1.2 The structure of Boolean functions with low real degree

We study the structure of “simple” Boolean functions in the p-biased hypercube. A well-accepted measure
of simplicity is the approximate Fourier degree of the function. Nisan and Szegedy [NS94] showed that a
Boolean function on the hypercube that is exactly of degree < d must be a junta (i.e., a function that depends
only on a constant number of variables). Kindler and Safra [KS02, Kin03] extended this to degree d functions
which are merely close to being Boolean, showing that such functions are close to juntas. The earlier work of
Friedgut, Kalai and Naor [FKN02] proved a similar theorem for the case d = 1.

The closeness in the above theorems is with respect to the uniform measure on {0, 1}". In many applica-
tions, one is interested in studying the hypercube with respect to biased measures. It is easy to see that both

2Dinur and Steurer state their main result in a different language.



the Friedgut-Kalai-Naor theorem and the Kindler—Safra theorem extend for any fixed p € (0,1), but when
p tends to 0, new behavior emerges. For example, the function y1 + - - - + v, //,, is a degree 1 function which

is O(e)-close to Boolean but not O(¢)-close to any junta.® It was shown by the second-named author [Fil16]
that such functions are essentially the only degree 1 functions which are close to Boolean. We call this result
the biased FKN theorem.

We show a similar result for larger degree polynomials, in particular a common generalization of the
Kindler-Safra theorem and the biased FKN theorem. As demonstrated by the example y1 +--- + v s/,
the class of juntas does not suffice to characterize all degree d functions that are e-close to Boolean functions
for small p. Thus, we must first uncover the “correct” class of simple functions, which we refer to as sparse
juntas.

We note that the function y1 + - - +y, s/, satisfies two properties: (a) the non-zero coefficients in the
“polynomial expansion” of the function come from a finite set (independent of n); and (b) a random input
(distributed according to the 1, measure) zeroes out all but O(1) monomials in the polynomial expansion
with probability 1 — O(e). Our main result shows that any low-degree function close to a Boolean function is close
to a function satisfying these two properties.

The first step towards defining sparse juntas, is to define the notion of “polynomial expansion” we em-

ploy.
Definition 1.2 (y-expansion). The y-expansion of a function f: {0,1}" — R is the unique multilinear expansion
fly) = Y5 f(S)ys(x), where {ys}s is the basis of functions given by ys = [T;cs Yi-

We use the terminology y-expansion to stress that this is not the standard Fourier expansion of f (under
#1/2), which is its expansion as a multilinear polynomial in +1 input variables. Even more importantly, the
basis of the y-expansion is independent of p and is not the set of p-biased Fourier characters, which form
the standard ,-orthonormal basis while working with functions on {0, 1}" under the y, measure.

The biased FKN theorem mentioned above [Fil16] states that any degree 1 function that is close to being
Boolean in the p-biased hypercube can be approximated by a degree 1 function whose non-zero y-expansion
coefficients are all in the set {£1}. This motivates the following definition of quantized polynomials.

Definition 1.3 (quantized polynomial). Given a finite set A C R, a function f: {0,1}" — R is said to be an
A-quantized polynomial of degree d if all the non-zero coefficients of the y-expansion of f belong to A.

The class of sparse juntas consists of quantized polynomials that have an additional structural property
which we call bounded branching factor. The branching factor of a quantized polynomial g is best explained
by considering the hypergraph whose edges correspond to all non-zero coefficients in the y-expansion of
g. This hypergraph has branching factor p = O(1/p) if for all subsets A C [n] and integers r > 0, there
are at most p" hyperedges in H of cardinality |A| 4 r containing A. While this is the syntactic definition,
the meaning of having small branching factor is that the function is “empirically” a junta, because a typical
input only leaves a constant number of monomials non-zero. This is why we call these functions sparse
juntas.

Finally, we can state the main theorem of this section:

Theorem 1.4 (biased Kindler-Safra theorem). If f: {0,1}" — R is a degree d function which is e-close to Boolean
with respect to the i, measure for some p < 1/2 then f is O(e)-close to a “sparse junta” degree d polynomial g in
the sense that:

L ||f —gl> = O(e).

2. (g is quantized) All non-zero coefficients of the y-expansion of ¢ belong to a finite set Q(d) which is indepen-
dent of p,e, and n. (Whend =1, Q(d) = {£1}.)

3Throughout the paper we say that f is e-close to g if || f — gHI%p i= By, [(f(x) — g(x))?] < e. Similarly, f is e-close to Boolean if f
is e-close to some Boolean function.



3. (¢ has bounded branching factor) For each e < d, the function g has O((1/p)¢) monomials of degree e.
Moreover, at most O((1/p)°~") monomials of degree e are multiples of y;, - - - yj, for any iy, ..., iy.

4. (g is nearly Boolean) The function g is Boolean on 1 — O(e) of its inputs.
5. (g is sparse) A random input (distributed p,) zeroes out all but O (1) monomials of g with probability 1 — O(e).

(See Theorem 10.1 for a formal statement.) We also show that the above theorem actually provides a
characterization of all degree d functions which are e-close to Boolean, in the sense that every function which
satisfies the properties listed above is O(e)-close to Boolean (see Lemma 11.1). In this sense, Theorem 1.4
is similar to Hatami’s celebrated result [Hat12], which characterizes functions on the p-biased hypercube
with low total influence.

When d = 1, all sparse juntas have the same structure: either Y/" ;y; or 1 — Y./" ; y;, where m =
O(+v/¢/p). The situation gets considerably more complex for higher d. Here are some of the possibilities for
d=2

1. Disjoint pairs: Y1 ; x;y; for m = O(\/e/ p?).

2. Non-disjoint pairs: 2?1:11 Z;”:zl Xilij for mymy = O(\/e/ p2)~

3. Intertwined XOR: Y1y yi — 2 Y1 <jcj<m Yiyj for m = O(J/e/p).
4. Intertwined OR: /"1 yi — Y1 <jcj<m Yiyj for m = O(J/e/p).

For d = 2, we have a complete list of all Boolean degree 2 functions,* and so in principle we can describe
all sparse juntas of degree 2. For general d there is a combinatorial explosion of possibilities (indeed, even
the largest number of coordinates that such a function depends on is unknown), and so all we can hope for
is a characterization along the lines provided by our main theorem.

To illustrate the usefulness of the structure uncovered by our main theorem, we give two corollaries.
The first is a large deviation bound:

Lemma 1.5 (Large deviation bound). If f: {0,1}" — R is a degree d function which is e-close to Boolean with
respect to the y, measure for some p < 1/2, then for large t,

Pr[|f| > t] < exp (—Q(tl/d) +O(s/t2)> .

Our second corollary shows that every degree d function which is e-close to Boolean must be quite
biased:

Lemma 1.6 (Sparse juntas are biased). If f: {0,1}" — R is a degree d function which is e-close to Boolean with
respect to the i, measure for some p < 1/2, then f is O (% + p)-close to a constant function, where C4 < 1 depends
only on d.

This shows that if we are willing to settle with an O(e*)-approximation for some fixed C < 1, then we
can replace the sparse junta in Theorem 1.4 with a constant function.

Extension to quantized functions All the results stated above hold in greater generality. Instead of re-
quiring the functions to be close to Boolean, it suffices to assume that they are close to being A-valued,
where A is an arbitrary finite set; the parameters appearing in the various results now depend not only on
d, but also on A. The advantage of this point of view is that it allows us to formulate the following corollary
of Theorem 1.4:

4Up to permutation and negation of inputs and output, every Boolean degree 2 function is one of the following: 0, x, xy, x(1 — y) +
I-x)y,xw+(Q—-x)z,[x=y=z],[x<y<z<wVx>y>z>w



If a degree d function over {0,1}" is close to being A-valued, then the coefficients of its polynomial expansion are
close to being B-valued, where B is a finite set depending only on d and A.

This point of view inspired us to give a new proof of the Kindler-Safra theorem, very different from the
original one, which proceeds by induction on the degree. This proof can be found in Section 13.

1.3 GF(2)-low degree testing in the biased hypercube

As a second illustration of our method, we lift the low degree test [AKK™05, BKS'10] to the biased set-
ting using a straightforward application of the agreement theorem. This is similar to the way in which
the analysis of the “uniform BLR” test was lifted from the middle slice to an arbitrary slice by David et
al. [DDG*17].

Alon et al. [AKK*05] studied a 29+ 1-query test T} to test low-degreeness. Bhattacharyya et al. [BKST10]
gave an optimal analysis of this test to show that d;(f) = O,(rej,;(f)), where §;(f) refers to the distance

of f to the closest degree d function under the yy,, measure (i.e., J;(f) = bdm(n} Pry, ,[f # gl), and
eg(g)<

rej,;(f) is the rejection probability of the test T, on input function f. We would like to extend the test T, to
the p-biased setting, wherein we measure closeness of f to Boolean degree function with respect to the

measure instead of i1 /, measure. More precisely, 5,5177 ) (f) = bd m(lr)‘ Pry, [f # g]. To this end, we study the
eg(g)<

following test T), 4
o Test Tj4: Input f: {0,1}" — {0,1}
— Pick S C [n] according to the distribution pi,,.

— Let f|s: {0,1}° — {0,1} denote the restriction of f to {0,1}° by zeroing out all the coordinates
outside S.

- Pick x,aq,...,a4.1 € {0, 1}5 independently from the distribution y?/sz, subject to the constraint
thatay, ..., a1 are linearly independent.
(If |S| < d, skip this and the following step, and immediately accept.)

— Accept iff

Y. fls (JH—Z/Z,) =0 (mod2) .

IC[d+1] iel

We use the agreement theorem to show that this natural extension is a valid low-degree test for the p-biased
setting.

Theorem 1.7. For every d, there exists a po = po(d) such that for all p € (0, po) the 24 -query test T,, 4 (described
above) satisfies the following properties.

o Completeness: if f has GF(2)-degree at most d then reijd (f)=0.

e Soundness: 5‘5;7 ) (f) = Od(reijd (f)), where the hidden constant is independent of p.

We remark that we actually prove a stronger theorem which works for all p € (0,1), not just p €
(0, po(d)). However, the test for other ranges of p is not T, 4 but a slight variant of it (see Theorem 8.7 for
exact details).



1.4 Related work

Understanding the structure of Boolean functions that are simple according to some measure, such as being
nearly low degree, is a basic complexity goal. Starting from the result of Nisan and Szegedy [NS94] (which
was recently improved by Chiarelli, Hatami and Saks [CHS18]), structure theorems such as the KKL the-
orem [KKL88], Friedgut’s junta theorem [Fri98], and the FKN theorem [FKNO02], have found numerous
applications. The analogous questions for the p-biased hypercube are understood only to some extent, yet
the questions are natural and play an important role in several areas in combinatorics and the theory of
computation:

¢ A major motivation for studying Boolean functions under the y;, measure comes from trying to un-
derstand the sharp threshold behavior of graph properties, and of satisfiability of random k-CNF
formulae.

A large area of combinatorics is concerned with understanding properties of graphs selected from
the random graph model of Erd6s and Rényi, G(n, p). A graph property is described via a Boolean
function f whose N = (3) input variables describe the edges of a graph and the function is 1 iff
the property is satisfied. Selecting a graph at random from the G(n, p) distribution is equivalent to
selecting a random input to f with distribution ;. The density of this function is the probability that
the property holds, and so its fine behavior as p increases from 0 to 1 is the business of sharp threshold
theorems. For many of the most interesting graph properties, such as connectivity and appearance of
a triangle, a phase transition occurs for very small values of p (corresponding to p =~ 1/+/N). Friedgut
and Kalai [FK96] used the theorem of Kahn, Kalai and Linial [KKL88] to prove that every monotone
graph property has a narrow threshold.

A famous theorem of Friedgut [Fri99] characterizes which graph and hypergraph properties have
sharp threshold. As an application, Friedgut establishes the existence of a sharp threshold for the
satisfiability of random k-CNF formulae. This is done by analyzing the structure of p-biased Boolean
functions with low total influence, which corresponds to not having a sharp threshold. The same
question was also studied by Bourgain [Bou99] and subsequently by Hatami [Hat12], who proved that
such functions must be “pseudo-juntas” (see [O’D14, Chapter 10] for a discussion of these results). We
recommend the nice recent survey of Benjamini and Kalai [BK18, Section 3] for a description of some
related questions and conjectures.

Our condition of having nearly degree d is a strictly stronger condition than having low total influ-
ence, and indeed our sparse juntas are in particular pseudo-juntas. Unlike sparse juntas, the pseudo-
junta property is not syntactic (it does not define a class of functions, but rather a property of the given
function), and it is interesting to understand the relation between pseudo-juntas and sparse juntas.

Friedgut conjectured that every monotone function that has a coarse threshold is approximable by a
narrow DNEF, which is a function that can be written as f(x) = maxg,s|<4 f(S)ys(x). This is quite
similar to our class of sparse juntas (in fact, they coincide for degree d = 1), except that our func-
tions are expressed as a sum of monomials rather than their maximum, and thus we must restrict
ourselves to functions with bounded branching factor. The assumption of having a coarse threshold
is weaker than having nearly degree d, yet it is interesting whether our techniques can be applied
toward resolution of this conjecture.

e Hardness of approximation: The p-biased hypercube has been used as a gadget for proving hardness
of approximation of vertex cover, where the relevant regime is some constant p < 1/2. Other variants
of the hypercube have been used or suggested as gadgets for proving inapproximability, including
the short code [BGH™"15], the real code [KM13], and the Grassmann code [KMS17]. In all of these,
understanding the structure of Boolean functions with nearly low degree seems important. A recent
line of work [KMS17, DKK"18b, DKK*18a, KMS18] proved the 2-to-1 conjecture by analyzing the
structure of Boolean functions whose domain is the set of subspaces and that have non-negligible
mass on the space of functions that corresponds to having low degree. Thinking of subspaces as



subsets of points, this is analogous to the p-biased case, when p is very small, on the order of O(1/n).
Along this vein a recent work [KMMS18] analyzed certain small set expansion of the Johnson scheme
which is the “fixed slice” version of the biased hypercube.

e Relatively recent work [KKM"17] proves that Reed—Muller codes achieve capacity on the erasure
channel, using the Bourgain—Kalai sharp threshold theorem for affine-invariant functions [BK97]. The
regime of this result is only for codes with constant rate, and it seems that extending it to lower rates
would require understanding the structure of affine-invariant functions under the p-biased measure
for small p.

e Relation of agreement theorem to property testing: Agreement testing is similar to property testing
in that we study the relation between a global object and its local views. In property testing we have
access to a single global object, and we restrict ourselves to look only at random local views of it. In
agreement tests, we don’t get access to a global object but rather to an ensemble of local functions that
are not a priori guaranteed to come from a single global object. Another difference is that unlike in
property testing, in an agreement test the local views are pre-specified and are a part of the problem
description, rather than being part of the algorithmic solution. Consider the following special case
of the agreement theorem for d = 2 and £ = {0,1}, which gives an interesting statement about
combining small pieces of a graph into a global one.

Corollary 1.8 (Agreement test for graphs). There exist a constant C > 1 such that for all a,p € (0,1)
satisfying o + B < 1 and all for all positive integers n > k > t > 4 satisfying n > Ck, t > ak and
k —t > max{Bk,2} the following holds:

Let {Gg} be an ensemble of graphs, where S is a k element subset of [n] and Gg is a graph on vertex set S.

Suppose that
Pr  [Gs,ls;ns, = Gs,lsns,] =1 —¢
51,5¢(1)
|S1NSa[=t

Then there exists a single global graph G = ([n], E) satisfying Pro_ i [Gs = Gls] =1-0(e).

(!
There is an interesting interplay between Corollary 1.8, which talks about combining an ensemble of
local graphs into one global graph, and graph property testing. Suppose we focus on some testable
graph property, and suppose further that the test proceeds by choosing a random set of vertices and
reading all of the edges in the induced subgraph, and checking that the property is satisfied there
(many graph properties are testable this way, for example bipartiteness [GGR98]). Suppose we only
allow ensembles {Gg} where for each subset S, the local graph Gg satisfies the property (e.g. it is
bipartite). This fits into our formalism by specifying the space of allowed functions F;s to consist only
of accepting local views. This is analogous to requiring, in the low degree test, that the local function
on each line has low degree as a univariate polynomial. By Corollary 1.8, we know that if these local
graphs agree with each other with probability 1 — ¢, there is a global graph G that agrees with 1 — O(¢)
of them. In particular, this graph passes the property test, so must itself be close to having the property!
At this point it is absolutely crucial that the agreement theorem provides the stronger guarantee that
G|s = Gs (and not G|s ~ Gg) for 1 — O(e) of the S’s. We can thus conclude that not only is there a
global graph G, but actually that this global G is close to having the property.

This should be compared to the low degree agreement test, where we only allow local functions with
low degree, and the conclusion is that there is a global function that itself has low degree.

Organization

The rest of the paper is organized as follows. We begin with a few preliminaries in Section 2. In Section 3,
we define the branching factor and discuss some of its properties. The rest of the paper is divided into two



parts; in Part I we prove the agreement theorem and in Part II we prove the two applications, Theorem 1.4
and Theorem 1.7.

Part I: We begin this part in Section 4 by (re-)proving dimension one case of the agreement theorem
(namely the result of Dinur and Steurer [DS14]), in a manner that generalizes to higher dimension. We then
generalize the proof of the d = 1 theorem to higher dimensions (Theorem 5.1) in Section 5. This almost
proves the agreement theorem, but for the majority decoding part. In Section 6, we prove the hypergraph
pruning lemma, a crucial ingredient in the generalization to higher dimensions. Finally, in Section 7, we use
the hypergraph pruning lemma (again) to prove the majority decoding of Theorem 7.2, thus completing the
proof of Theorem 1.1.

Part II: The application to low degree testing and the proof of Theorem 1.7 appears in Section 8. We
generalize the classical Kindler—Safra theorem to A-valued functions in Section 9. We then prove the main
result regarding structure of Boolean functions with nearly low degree (Theorem 1.4) in Section 10. In Sec-
tion 11, we prove the converse to Theorem 1.4. We discuss some applications in Section 12 and give an
alternate proof of the classical Kindler-Safra theorem in Section 13.

Summary of results For the benefit of the reader, we summarize below the list of results proved in the
paper:

1. Higher-dimensional agreement theorem, Theorem 1.1, proved in Section 7.

2. Hyperergraph pruning lemma, Lemma 6.1.

3. Versions of items 1 and 2 for the uniform setting, in which ({0, 1}", y1) is replaced with the slice ( ,[1"’1):
Theorem 7.2 (agreement theorem) and Lemma 3.5 (hypergraph pruning lemma).

4. Biased low degree test, Theorem 8.7.
5. Biased Kindler-Safra theorem, Theorem 10.1, and a converse, Lemma 11.1.

6. Two corollaries: a large deviation bound, Corollary 12.5, and a bound on the deviation from being
constant, Corollary 12.7.

7. A new proof of the unbiased Kindler-Safra theorem, Theorem 13.7 (see also Theorem 9.1, in which
the A-valued version of the Kindler-Safra theorem is derived from its Boolean version).

2 Preliminaries

We will need the following definitions:
o We define dist(x, A) = min,e4 |x — y/.
e We define round(x, A) as an element in A whose distance from x is dist(x, A).

e For a function f: {0,1}" — Rand aset S C [n], the function f|s: {0,1}° — R results from substitut-
ing zero to all coordinates outside of S.

e For a function f: {0,1}" — R, the support of its y-expansion (defined on page 3) naturally corre-
sponds to a hypergraph Hy C 2", which we sometimes refer to as the support of f.

e ForasetS, jiy(S) is a distribution over subsets of S in which each element of S is chosen independently
with probability p.

e The L triangle inequality states that (a + b)? < 2(a? + b?). It implies that

dist(x +y, A)* = rnifrxl(x +y—a)?< miE[Z(x —a)? +2y%] < 2dist(x, A)% + 2¢2.
ac ac



e For any p,a € (0,1) satisfying 2p — pa < 1, the distribution i, is defined to be the distribution
on pairs Sq, S, in which each element belongs only to S; with probability p(1 — «), only to S with
probability p(1 — &), and to both S; and S, with probability pa.

We will need the following theorems.

Theorem 2.1 (Nisan-Szegedy [NS94], Chiarelli-Hatami-Saks [CHS18]). If f: {0,1}" — {0,1} is a degree k
function, then f is an O(2)-junta.

Theorem 2.2 ((2, p) hypercontractivity (see [O’'D14, Chapter 9])). Let p > 2, then for any function f: {0,1}" —
R of degree at most k, we have || f||, < (p — 1)¥/2 - ||f]|2.

We also need the following result about quantization.

Lemma 2.3. For every finite set V and integer d there exists a finite set U such that the following holds. Suppose that
deg g1,deg go < d. If all coefficients of the y-expansion of g1, g2 belong to V, then all coefficients of the y-expansion
of 18> belong to UL

Proof. Let g := g182, and let |A| < 2d (otherwise §(A) = 0). Since Y4,y 4, = YAa,u4,, We have

A= U &(A)g(A).
AjUA—A

The lemma follows from the fact that the sum contains at most 324 terms. O

3 Branching factor

The analog of juntas for small p are quantized functions with branching factor O(1/p). Let us start by
formally defining this concept,

Definition 3.1 (branching factor). For any p > 1, a hypergraph H over a vertex set V is said to have branching
factor p if for all subsets A C V and integers k > 0, there are at most p* hyperedges in H of cardinality |A| + k
containing A.

A function g: {0,1}" — R is said to have branching factor p if the corresponding hypergraph Hg (given by the
support of the y-expansion of ) has branching factor p.

In what sense is a function with branching factor O(1/p) similar to a junta? If f is a junta and y ~
11,2, then f(y) is the sum of a bounded number of coefficients of the y-expansion of f. Let us call such a
coefficient live. In other words, the coefficients left alive by S are all f(S) for which ys = 1.

We want a similar property to hold for a function f with respect to an input y ~ p, for small p. As a
first approximation, we need the expected number of live coefficients to be bounded. If deg f = d then the
expected number of live coefficients is

d
Y p°N., where N, = |[{|S| = ¢: f(S) # 0}].
e=0
This sum is bounded if N, = O(1/p°) for all e. A drawback of this definition is that it is not closed under
substitution: if the expected number of live coefficients of f is bounded, this doesn’t guarantee the same
property for f|,. ;. For example, consider the function

f=volr1+ - +y12)

While the expected number of live coefficients is p?/p?> = 1, if we substitute yg = 1 then the expected
number of live coefficients jumps to p/p* = 1/ p. The recursive nature of the definition of branching factor
guarantees that this cannot happen.



Functions with branching factor O(1/p) also have several other desirable properties, such as the large
deviation bound proved in Section 12, and Lemma 3.4 below.

In the rest of this section we prove several elementary properties of the branching factor. We start by
estimating the branching factor of a sum or product of functions.

Lemma 3.2. Suppose that @1, @2 have degree d and branching factor p. Then @q¢2 and @1 + @2 have branching
factor O(p), where the hidden constant depends on d.

Proof. The claim about @1 + ¢ is obvious, so let us consider ¢ = ¢;¢,. Given A, e, we have to show that
the number of non-zero coefficients in ¢ which extend A by e elements is O(p°).

If (B) # 0 then B = By U B, for some By, By such that ¢;(B;) # 0. Let By = AfjUC;UF and B, =
Ay UCy UF, where A UA; = A, and Cq, Cy, F are disjoint and disjoint from A, so that [C; UC, UF| = e.
Denote the sizes of C1,Cy, F by c1,¢2, f.

There are O(1) options for A1, Ay. Given A1, there are at most p1*f non-zero coefficients in ¢1 extending
Aj by c1 + f elements, and for each such extension, there are O(1) options for F. Given Ay, F, there are at
most p2 non-zero coefficients in ¢, extending A, U F by c; elements. In total, we deduce that for each of
the O(1) choices of ¢y, ¢y, f, the number of non-zero coefficients extending A by e elements is O(1) - p“1*/ -

O(1) - p2 = O(p°).

As mentioned above, substitution has a bounded effect on the branching factor.

Lemma 3.3. If H has branching factor p then H| s—g has branching factor 214lp.

Proof. Tt’s enough to prove the theorem when A = {i}. Let B, k be given. We will show that the number
of hyperedges in H|;_p extending B by k elements is at most (20)*. If k = 0 then this is clear. Otherwise,
for each such hyperedge e, either e or ¢ + i belongs in H. The former case includes all hyperedges of H
extending B by k elements, and the latter all hyperedges of H extending B + i by k elements. Since H has
branching factor p, we can upper bound the number of hyperedges by 20F < (20)*. O

One of the crucial properties of functions with branching factor O(1/p) is that given that a certain y-
coefficient is live, there is constant probability that no other y-coefficient is live.

Lemma 3.4 (Uniqueness). Suppose that ¢ has branching factor O(1/p) and degree d = O(1), where p < 1/2.
For every B, the probability that yg = 1 and y, = 0 for all A ¢ B in the support of ¢ is Q(p!Bh.

Proof. Let H be the hypergraph formed by the support of ¢ (that is, C is a hyperedge if ¢(C) # 0). Given
that yg = 1, the probability that y4 = 0 for all A ¢ B is exactly equal to Prsy, [(H|p=1 \ {2})[s = 2].
Lemma 3.3 shows that H|g—1 has branching factor O(1/p), and so it has O(p~—¢) hyperedges of size e. The
probability that each such edge survives is 1 — p*, and so the FKG lemma shows that given that yp = 1, the
probability that y4 = 0 for all A ¢ B is at least
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Part I
Agreement testing

Agreement tests are a type of PCP tests that capture fundamental local-to-global phenomena. A key exam-
ple is the line vs. line [GLR 91, RS96] low degree test in the original proof of the PCP theorem. The simplest
agreement theorem is the classic direct product test. In the direct product test, one is given a ground set
[n] and an ensemble of local functions {fs} s, containing a local function fs: S — {0,1} for each subset
S C [n]. The direct product test is specified by the distribution i, over pairs of sets (51, S»), in which each
element i € [n] is independently added to S; N S, with probability pa, to S \ S» with probability p(1 — «),
to Sy \ S1 with probability p(1 — «), and to neither set otherwise. Here, we assume p < 1/2and g € (0,1).
The direct product testing results [DG08, IKW12, DS14] state that if the local functions agree most of the
time, i.e.,

(Sl,Sf)I;yp,a [fs:lsins, = fsylsins,] =1 —¢,

then there must exist a global function G: [n] — {0,1} that explains most of the local functions:

Jr [fs = Gls] =1-0(e).
iy

It will be convenient for us to reformulate the direct test as follows: the global function G can be viewed
as specifying the coefficients of a linear form Y} ; G(i)x; over variables x1,...,x,. For each S, the local
function fs specifies the partial linear form only over the variables in S. This fs is supposed to be equal to G
on the part of the domain where x; = 0 forall i ¢ S. Given an ensemble { fs} whose elements are promised
to agree with each other on average, the agreement theorem allows us to conclude the existence of a global
linear function that agrees with most of the local pieces.

The agreement theorem required to prove Theorem 1.4 is a high-degree analogue of the above di-
rect product test. Here, the global function G is a degree d polynomial with coefficients in X, namely
G(x) = Y1 G(T)x1, where we sum over subsets T C [n], |T| < d. The local functions fs will be polynomi-
als of degree < d, supposedly obtained by zeroing out all variables outside S. Two local functions fs,, fs,
are said to agree, denoted fs, ~ fs,, if every monomial that is induced by S; N S, has the same coefficient in
both polynomials. Our new agreement theorem states that in this setting as well, local agreement implies
global agreement.

Theorem 1.1 (Restated; Agreement theorem via majority decoding) For every positive integer d, finite alphabet
¥, and positive > 0, the following holds for all p € (0,1 —1n), « € (0,1), and all n. Let {fs: (gsd) —-X|Se
{0,1}"} be an ensemble of functions satisfying

Pr [fsls,ns, # fs,ls,ns,] <&
SlrSZNVp,a

Then the global function G: ( <”D]l) — X defined by plurality decoding (i.e., G(T) is the most popular value of fs(T)
over all S containing T, chosen according to the distribution y,([n])) satisfies

[fs # Gls] = Og.(e).

Pr
S~p

For d = 1, this theorem is precisely the direct product theorem of Dinur and Steurer [DS14] but for the
fact that the Dinur-Steurer theorem only proved that that a global function exists and did not show that
the global function obtained by plurality decoding works. This strengthens our theorem by naming the
popular vote function as a candidate global function that explains most of the local functions even for the
dimension one case.

11



Proof sketch of the agreement theorem

Our proof of Theorem 1.1 proceeds by induction on the dimension d. For d = 1, this is the direct product test
theorem of Dinur and Steurer [DS14], which we reprove in a way that more readily generalizes to higher
dimensions. Given an ensemble { fs}, it is easy to define the global function G, by popular vote (“majority
decoding”). The main difficulty is to prove that for a typical set S, fs agrees with G|s on all elements i € S
(and later on all d-sets).

Our proof doesn’t proceed by defining G as majority vote right away. Instead, like in many previous
proofs [DG08, IKW12, DS14], we condition on a certain event (focusing say on all subsets that contain a cer-
tain set T, and such that fs|7 = « for a certain value of «), and define a “restricted global” function, for each
T, by taking majority just among the sets in the conditioned event. This boosts the probability of agreement
inside this event. After this boost, we can afford to take a union bound and safely get agreement with the
restricted global function Gr. The proof then needs to perform another agreement step which stitches the
restricted global functions { Gt} 7 into a completely global function. The resulting global function does not
necessarily equal the majority vote function G, and a separate argument is then carried out to show that the
conclusion is correct also for G.

In higher dimensions d > 1, these two steps of agreement (first to restricted global and then to global)
become a longer sequence of steps, where at each step we are looking at restricted functions that are defined
over larger and larger parts of the domain.

The technical main difficulty is that a single event fs = F|g consists of (Z) little events, namely fs(A) =
F(A)forall A € (3), that each have some probability of failure. We thus need to boost the failure probability

from ¢ to £/k? so that we can afford to take a union bound on the (s) different sub-events. How do we get
this large boost? Our strategy is to proceed by induction, where at each stage, we condition on the global
function from the previous stage, boosting the probability of success further.

Hypergraph pruning lemma An important technical component that yields this boosting is the following
hypergraph pruning lemma (Lemma 3.5). This lemma allows approximating a given hypergraph H by a
subhypergraph H' C H that has a bounded branching factor.

Lemma 3.5 (hypergraph pruning lemma). Fix constants e > 0 and d > 1. There exists pg > 0 (depending on
d, €) such that for every n > k > 2d satisfying k/n < pg and every d-uniform hypergraph H on [n] there exists a
subhypergraph H' obtained by removing hyperedges such that

1. PrSNVn,k [H,|5 7& @] = Qd,E(PrSNV,,,k [H‘S 7é @])
2. Foreverye € H', Prsy, [H'[s ={e} [SDe] >1—e
Here H'|s is the hypergraph induced on the vertices of S.

The lemma can be interpreted by viewing a hypergraph as specifying the minterms of a monotone DNF
of width at most d. The lemma allows to prune the DNF so that the new sub-DNF still has similar density
(the fraction of inputs on which it is 1), but also has a structural property which we call bounded branch-
ing factor and which implies that for typical inputs, only a single minterm is responsible for the function
evaluating to 1.

Our proof of the hypergraph pruning lemma produces a sub-hypergraph with branching factor p =
O(n/k). The branching factor is responsible for the second item in the lemma, which guarantees that
usually if a set S contains a hyperedge from H, it contains a unique hyperedge from H'.

The importance of this is roughly for “inverting union bound arguments”. It essentially allows us to
estimate the probability of an event of the form “S contains some hyperedge of H'” as the sum, over all
hyperedges, of the probability that S contains a specific hyperedge.

The proof of the lemma is subtle and proceeds by induction on the dimension 4. It essentially describes
an algorithm for obtaining H' from H and the proof of correctness uses the FKG inequality. We illustrate
how Lemma 3.5 is used by its application to majority decoding.

12



Majority decoding The most natural choice for the global function F in the conclusion of Theorem 7.2 is
the majority decoding, where F(A) is the most common value of fs(A) over all S containing A. This is the
content of the “furthermore” clause in the statement of the theorem. Neither the proof strategy of Dinur
and Steurer [DS14] nor our generalization promises that the produced global function F is the majority
decoding. Our inductive strategy produces a global function which agrees with most local functions, but
we cannot guarantee immediately that this global function corresponds to majority decoding. What we are
able to show is that if there is a global function agreeing with most of the local functions then the function
obtained via majority decoding also agrees with most of the local functions. We outline the argument below.
Suppose that { s} is an ensemble of local functions that mostly agree with each other, and suppose that they
also mostly agree with some global function F. Let G be the function obtained by majority decoding: G(A)
is the most common value of fg(A) over all S containing A. Our goal is to show that G also mostly agrees
with the local functions, and we do this by showing that F and G mostly agree.

Suppose that F(A) # G(A). We consider two cases. If the distribution of fs(A) is very skewed toward
G(A), then fs(A) # F(A) will happen very often. If the distribution of fs(A) is very spread out, then
fs,(A) # fs,(A) will happen very often. Since both events fs(A) # F(A) and fs, (A) # fs,(A) are known
to be rare, we would like to conclude that F(A) # G(A) happens for very few A’s.

Here we face a problem: the bad events (either fs(A) # F(A) or fs, (A) # fs,(A)) corresponding to
different A’s are not necessarily disjoint. A priori, there might be many different A’s such that F(A) #
G(A), but the bad events implied by them could all coincide.

The hypergraph pruning lemma enables us to overcome this difficulty. Let H = {A : F(A) # G(A)},
and apply the hypergraph pruning lemma to obtain a subhypergraph H'. The lemma states that with
constant probability, a random set S sees at most one disagreement between F and G. This implies that
the bad events considered above can be associated, with constant probability, with a unique A. In this
way, we are able to obtain an upper bound on the probability that F, G disagree on an input from H'. The
hypergraph pruning lemma then guarantees that the probability that F, G disagree (on any input) is also
bounded.

4 One-dimensional agreement theorem

In this section, we prove the following direct product agreement testing theorem for dimension one in the
uniform setting. This theorem is a special case of the more general theorem (Theorem 5.1) proved in the
next section and also follows from the work of Dinur and Steurer [DS14]. However, we give the proof for
the dimension one case as it serves as a warmup to the general dimension case.

Theorem 4.1 (Agreement theorem, dimension 1). There exists constants C > 1 such that for all a, p € (0,1)
satisfying o + B < 1, all positive integers n, k, t satisfying n > Ck and t > ok and k —t > Bk, and all finite
alphabets %, the following holds: Let f = {fs: S = L | S € ([Z])} be an ensemble of local functions satisfying
agreey, ., (f) > 1—eg, thatis,
Pr [f51|51ﬁ52 :f52|51ﬁ52] Z 1_81
51,52~ Vy k t
where v, i 1 is the uniform distribution over pairs of k-sized subsets of [n] of intersection exactly t.
Then there exists a global function F: [n] — X satisfying PrSe([”]) [fs = Fls] =1 —Oyp(e).
k

The distribution v, ; is the distribution induced on the pair of sets (S1,5,) € ([Z])2 by first choosing
uniformly at random a set U C [n] of size t and then two sets S; and S; of size k of [1] uniformly at random
conditioned on S; N Sy = U. We can think of picking these two sets as first choosing uniformly at random
aset T of size t — 1, then a random element i € [n] \ T, setting U = T + i and then choosing two sets S and
Sy such that S NS, = T +i. Clearly, the probability that the functions fs, and fs, disagree is the sum of
the probabilities of the following two events: (A) fs, [T # fs,|r, (B) fs,|T = fs,|r but fs, (i) # fs,(i). This
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motivates the following definitions for any T € (" ] andi€ [n]\T.

ET(@)*S o [fsl\T # fs,Il,
lslésst

ST(i)ZS e [fs1\T—fsz|Tandfsl() # fs,(1)]-
S]1ﬂ252 T+1

It is easy to see that for a typical T, both e (@) and E;¢7[e7(i)] is O(e). This suggests the following strategy
to prove Theorem 4.1. For each typical T, construct a “global” function gr: [n] — X based on the most
popular value of fg among the fs’s that agree on T (see Section 4.2 for details) and show that most g7’s agree
with each other. More precisely, we prove the theorem in 3 steps as follows: In the first step (Section 4.1),
we bound e7(@) and e7(i) for typical T’s and i. In the second step (Section 4.2), we construct for a typical
T, a “global” function gr that explains most “local” {fs}s~7. In the final step (Section 4.3), we show that
the global functions corresponding to most pairs of typical T’s agree with each other, thus demonstrating
the existence of a single global function F (in particular a random global function g7) that explains most of
the “local” functions fs even corresponding to S’s which do not contain T.

4.1 Step 1: Bounding ¢7(@) and e7(i)
We begin by showing that for a typical T of size t — 1, we can upper bound e7(@) and E;¢7[eT(7)].
Lemma 4.2. We have Et[er(D)] < e and E1gr[er(i)] < §.

Proof. For a non-negative integer j, let ¢; be the probability that the functions fs, and fs, corresponding to
a pair of sets (51, Sy) picked according to the distribution v, (k, t) disagree on exactly j elements in S; N S;.
By assumption of Theorem 4.1, we have Z]t-:l ¢j < e Furthermore, it is easy to see that Erler(@)] =

(1 — 7> &1+ Y18 and Er;[e7(i)] = &1/t. The lemma follows from these observations. O

We will need the following auxiliary lemma in our analysis.

Lemma 4.3. Let ¢ € (0,1) and n > 4k/c. Consider the bipartite inclusion graph between [n] and ([ ]) (ie., (i,S) is
an edge ifi € S). Let B C [n]and T C ([';]) be such that for each i € B, the set of neighbours of i in T (denoted by
T;:={S € T| S >i})isof size at least c(}_}). Then either

Pr [S e T] > max{ . Prli € B], ¢
St = 2 16

Proof. Let S be a random set of size k. To begin with, we can assume that |B| < n/2 since otherwise
Prs[S € T] > ¢/2 > ¢*/16 and we are done. Let i be any element in B. The probability that SN B = {i}
conditioned on the event that S contains i is given as follows:

o IBI-1 k—1 k—1\" k
Pr[SﬁB:{z}|zeS]:H(1—n_i>2<l—n_|m) 2 1= —=5IBl.

i=1

Hence, foranyi € B,Pr[S € Tjand SNB={i} |[i€ S] > c— %k - | B. It follows that

PrfSeT] > Y PrlS € Tand SNB = {i}] > ~ Y Pr[s € T,and SNB = {i} | i € 5] > 5[] <c— 2k|B|> .
i€B i€eB n n
If the above is true for B, it is also true for any B’ C B. Now, if |B| > cn/4k, then consider B’ C B of size
c

lcn/4k| > cn/8k. Then applying the above inequality for B', we have Pr[S € T] > ¢ - § = 16 Other wise
|B| < cn/4k, now again appealing to the above inequality, we have Pr[S € T] > & . Pr[i € B]. O
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4.2 Step 2: Constructing global functions for typical T’s

We prove the following lemma in this section.

Lemma 4.4. Forall « € (0,1) and positive integers n, k, t satisfying n > 8k and t > ak and alphabet . the following
holds: Let {fs: S —+X | S € ([';])} be an ensemble of local functions satisfying

[fS] |51ﬂ52 # fSQIS]mSQ} S E/

su82€ ()

|S11Sy | =t
then there exists an ensemble {gr: [n] — X | T € (" ] 1)} of global functions such when a random T € ( t[f]l) and
Se ([ ]) are chosen such that S O T, then Pr[gr|s # fs] = Ou(€).

By Lemma 4.2, we know that a typical T of size t — 1 satisfies e7(@) = O(1). We prove the above lemma,
by constructing for each such typical T a global function g that explains most local functions fs for S O T.
For the rest of this section fix such a T.

Given X = ([Z]),letXT ={SeX|SDOT}. Letn' =n—(t—1)and k' =k— (t—1). Fori ¢ T, let
XT,i = Xr4i = {S e Xr ‘ i€ S}

We now define the “global” function g7 : [n] — X as follows. We first define the value of g1 (we will
drop the subscript T when T is clear from context) for i € T and then for each i ¢ T. Define g|7: T — X
to be the most popular restriction of the functions fg|r for S € X7. In other words, g|r is the function that

maximizes Prscx, [g]T = fs|7]. Let X(O) := {S € X7 | fs|t = g|7} be the set of S’s that agree with this most
popular value. For each i ¢ T, let X(TOZ.) = X0 n X7 ;. For each such i, define g(i) to be the most popular

value fs(i) among S € X( ) . This completes the definition of the function g.
We now show that if e7 (@) is small, then the function gr agrees with most functions fg, S € Xr.

Pr [fs # gls] < Pr [fS|T7ég‘T +Z Pr [i € Sand fs|r = g|r and fs(i) # g(i)]

1$T
= Pr [fslr # glrl + "'ZS o [folr = glr and fs(i) # ()
i¢T T,i
= Pr [fslr #glr] + n,z P Sex°>1 P, Lfs i) # (1)) (1)

This motivates the definition of the following quantities which we need to bound.

1O)i= B sl Aglrl 2= B[O £50F ) = P s e Xl

We now bound (@) and (i) in terms e7(@) and E,¢7[er(i)] via the following (disagreement) proba-
bilities.

k(@) := [fs,IT # fs,I1]; k(i) :== [fsl( ) # fs,(i)]-

S1, SzGX S1, SZEXTI

Claim 4.5 (Bounding y(?)). v(?) < k(@) < 2e1(D).

Proof. By definition, we have k(@) = Es,cx, [Prs,ex; [fs,|T # fs,|1]] = 7(D) since g|r is the most popular
value among fs|r for S € X7. The only difference between « (@) and e7(®) is the distribution from which
the pairs (S1, S;) are drawn; for k(®), (S1, S2) is drawn uniformly from all pairs Xt x X1 while for e7(2),
(S1,S2) is drawn from vy, (k, t). To complete the argument, we choose S1, Sp, S € Xt in the following coupled
fashion such that (S1,S;) ~ X2 while (S1,S), (S2,S) ~ va(k,t). First choose S1,S; € Xr at random, then
choose iy € S1\ Tand i; € S; \ T at random, and choose S € Xt at random such that S; NS = T + i1 and
S»NS =T +ip. We now have (51,5),(S2,S) ~ va(k, t). Clearly, if fs, |t # fs,|T, then either fs, |t # fs|T or
f52|T 7& fS|T- Hence, K(@) < 2€T(@). O]
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Claim 4.6 (Bounding 7 (i)). If 3k — 2t < n, then (i) < x(i) < 2er(i)/p(i)>.

Proof. The proof of this claim proceeds similar to the proof of the previous claim. By definition, we have
k(i) = ]ES EX@ T, ex© [fST( i) # fs,(i)]| = (i) since g(i) is the most popular value among fs(i) for
Se Xy (© ) . We then observe that

Prs, s,ex;,[S1,S2 € X\ and fs, (i) # fs, (i)]
p(i)?

We now choose S1, 53, S in a coupled fashion as follows. Let B be the distribution of |S; N Sy| when S, S
(0)

are chosen at random from Xt ;. First choose S € X;; at random. Then choose B ~ B, so B > t. Choose
disjoint sets I, I1, I, disjoint from S of sizes B — t,k — B,k — B respectively, and let Si=LUIUTU {i}
for j € {1,2}. Here, we have used the fact that 3k — B —t < n. The joint distribution (53, Sy, S) satisfy

that (S1,S2) ~ Xr; x X7, and (S;,S) ~ vu(k,t) conditioned on S; € Xr;and S € X(TOZ) Furthermore, if
51,5, € X(TOZ.) (ie., fs,IT = fs,|T = glr) and fs, (i) # fs, (i) then one of the following must hold:

1. f51|T :fS‘Tandf&(i) #fS(l)/ or
2. fs,It = fs|rand fs, (i) # fs(i).

(The first parts always hold, and the second parts cannot both not hold.) This shows that «(i) is bounded
above by

k(i) = [fs, (i) # fs (1) | 51,52 € X)) =

S1, SZGX

K0) < o (P Usilr = fslrand fs, () # ()]
SeX( )
51nS=T017}
< p(f)3 B Ul = folrand f () £ fs(0)] = 2 0
$nS=Tufi}
Claim 4.7. If8k < nand e7(Q) < 135, then Prjgr [p(z') < %} < O(er(@)/K).

Proof. This follows from an application of Lemma 4.3 by setting c = 1 and B:= {i ¢ T | p(i) < 1}. Then,
either y(@) > 1/64 or Pr[i € B] < 4y(@)/k' < 8er(D) /K . O

We now return to bounding Pr[fs # g|sur] from (1) as follows:

Claim 4.8. Ifn > 8k and e (@) < ﬁ, then Prs 1. s51(fs # grls] = O(er(D) + k' - Eigrer(i)]).

Proof.
Prlfs # grls) < Pr Ufslr gl + 5T Pr (s xO)- Pr [fs(i) # 5]
s 7 8Tls S gex, UsIT 8T+ 7 L sexy, T, sext) S g
K K ) )
=@+ X+ Y pl)a()
igT,p(i)<1/2 igT,p(i)>1/2

K 2er(i
< 2ET(®) + 8€T(®) + - Z ST(;)
W T p()>1/2 p(i)

) =0 (e7(D) +K - Eigrler(i)]). O
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We now complete the proof of the main lemma of this section.

Proof of Lemma 4.4. By Lemma 4.2, we have Er[er(®)] < e. Hence, Prr[er(@) < 135] = 1 — O(e). We call
such a T typical. For non-typical T, we define g7 arbitrarily (this happens with probability at most O(e)).
For every typical T, we have from the global function gt satisfies

ook Ufs # grls] = 0 (er(@) + (k= (t = 1)) - Eigrler(i)]).
If t > ka, the right hand side of the above inequality can be further bounded (using Lemma 4.2) as

O (er(@)+ (k= (t—1)) - Ejgrler(i)]) = O(e +k-e/t) = Oy(e). This completes the proof of Lemma 4.4.
O

4.3 Step 3: Obtaining a single global function

In the final step, we show that the global function gr corresponding to a random typical T explains most
local functions fs corresponding to S’s not necessarily containing T. We will first prove this under the
assumption that k — 2(t — 1) = Q(k). For concreteness, let us assume t < k/3. We will then show how to
extend it to any t satisfying k —t > k.

Suppose we choose two (f — 1)-sets T;, T, at random, and a k-set S containing T; U T, at random (here
we use 2(t — 1) < k). Then,

Prigr|s # gn,|s] = O(e).

This prompts defining

oy, T, = 81 |s # &nlsl,

SDT UT
so that E[é7, 1,] = O(e).

If ¢1,, g1, disagree on T; U T, then é, 1, = 1, which happens with probability at most O(e). Assume this
is not the case. Denote by B the set of points of Ty U T, on which gr,, g7, disagree, and let n’ = n — |T; U
To| = ©(n), k' =k —|T1 UT,| = ©(k). Applying Lemma 4.3 (with ¢ = 1) shows that unless dr, 7, > 1/8
(which happens with probability at most O(¢)), we have |B|/n" = O(ér, 1, /k'), and so |B|/n = O(é1, 1,/ k).
This shows that if o7, 7, < 1/8 then

g[r]{ng( ) 7é 81, (1) | 5T1,T2 < 1/8] < O(5T1,T2 /k)

Choose a random S € ([ ]) containing a random T; (but not necessarily T7). Then

E
TlTSST

8T ls # gT2|S]} =1 TZS T, 8T, |s # &Ts]
< PI‘[(STI,TZ > 1/8] +Pr[§|i,i € Sand gn (l) £ gTz(i) | 5T1,T2 < 1/8]
(k—=(t—-1)) O(E[or,, | o1, <1/8])
(n—(t-1)) k

_ E[or,,1,] _
=0 (e+ —Pr[(sTl,Tz < 1/8}) = O(e).

=0(e) +

Choose a set Tj such that the above event holds (i.e., Prr, 5. s51, (g7, |s # §1,|s] = O(€)) , and define F = g7, .

Then
Prifs # Fls] < . 53T [fs # gmyls] + DTZ[gT1|s # 81,|s] = O(e).

We have proved the following lemma.

Lemma 4.9. Forall « € (0,1/3) if n > 4k and ak < t < k/3, there exists a function F: [n] — X such that
Pr[fs # F|s] = Oa(e).
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Proof of Theorem 4.1. Consider the following coupling argument. Let Sy, S, ~ v, (k,t’'). Let S be a random
set of size k containing S; N S; as well as t — ' random elements from Sy, S; each and the rest of the elements
chosen from S; U Sy. This can be done as long as k > 2(t — t') +t' = 2t —t'. Clearly, (S, S;) ~ va(k,t) for
j =1,2. Furthermore,

Pr(fs,|s,ns, 7# fs,lsins,] < Prifs,|s,ns # fsls,ns] + Prlfs,ls,ns # fsls,ns] < 2e.

This demonstrates that if the hypothesis for the agreement theorem is true for a particular choice of n, k, ¢,
then the hypothesis is also true for 1, k, t' by increasing ¢ to 2¢e provided k — t > (k — t') /2. Thus, given the
hypothesis is true for some ¢ satisfying k — t > Bk, we can perform the above coupling argument a constant
number of times to to reduce ¢ to less than k/3 and then conclude using Lemma 4.9. O

5 Agreement theorem for high dimensions

Theorem 5.1 (Agreement theorem). For all positive integers d there exists a constant C > 1 such that for all
a, B € (0,1) satisfying a + B < 1, for all positive integers n, k, tsatisfying n > Ck, t > max{ak,d} and k —t >
max{pk,d}, and for all alphabets 3., the following holds: Let {fs: (2 )= T|Se ([Z])} be an ensemble of functions

satisfying

[fsilsins, 7 fsylsins,] <&
51,526([ ])
|S1NSz|=t

then there exists a function F: (@i) — X satisfying PrSE([n])[fS # Fls] = Oupale). Here, F|s refers to the
- k

restriction F|

(2

As before, we let v,(k,t) denote the distribution induced on the pair of sets (51,5;) € ([Z})2 by first
choosing uniformly at random a set U C [n] of size t and then two sets S1 and S, of size k of [n] uniformly
at random conditioned on S; NSy = U. The proof of this theorem proceeds similar to the dimension one
setting in three steps. In the first step (Section 5.1), we prove some preliminary lemmata which help in
bounding the error of a “typical” subset T of [n] of size t — d. In the second step (Section 5.2), we define for
each T C [n] of size t — d, a “global” function gr: ([ ]) — 2 such that when we pick a random pair T C S
where |T| =t —d and |S| =k, then Prrs. rcs[gr|s = fs] = O(¢). In other words, for a random T C S, the
global function explains the local function. Finally, in step (Section 5.3), we argue that a random “global”
function gt explains most “local” functions fs corresponding to S (not necessarily ones that contain T).

First for some notation. Let n’ :=n — (t —d) and k' := k — (t — d). For any set T C [n] of size t — d, we
letT := [n]\ T. Let X7 := {S € ([Z}) | SO T} For ACT,|A|l =i <d, wedefine X7 4 := Xrua = {S €
(s> TUA}

Fori = .,d, Define T := {U ¢ ( ) | lU\T| <i}. Clearly,@ TV ¢ (T) =T7O T
. C T@H) c T( ) = (). For A ¢ Tand |A| = i, define TW := {u e (")) | u\T c A} = (24,
Clearly, T T = U (T) T(A). For S € X(a) let fslt,a denote the restriction fs| () NSy Similarly, fs|r; :=

fs |T . Note that fs|r; refers to the restriction of fs to the set of all subsets of size at most d which
have at most i elements outside T. Given two local functions fs and fs,, we say that they agree (denoted
by fs, ~ fs,) if they agree on the intersection of their domains (ie., fs,(2) = fs,(a) for alla € (Slgfz)).
Similarly, we say that two restrictions fs, |7; and fs, |1 agree (denoted by fs, |1 ~ fs,|1,) if fs,(a) = fs,(a)
foralla € (Smsz) N1,
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5.1 Step 1: some preliminary lemmata

Lemma 5.2. Forall0 <i<d,

Pr [fo,Tim1 ~ fs,|riz1 and fs, # fs,] = Ogu(k~'e).
51,52~y (k,t)

TCS1NS,,|T|=t—d
Proof. We can rewrite the above probability as

Pr -E - Pr 1~ 11
SleZNVn(k,t)[fsl 7 fs 51';;17};5(2’”) Tgsmsz,\T\:t—d[f51|T'l 1~ fsylrical

The first factor is clearly at most e. Now consider any Sq, S, of size k intersecting at a set of size f such
that fs, o fs,, say fs,(A) # fs,(A) for some A C S; N Sy. Hence, if f5 and fs, agree on all sets in

T(=1) (512152), it must be the case that |A \ T| > i. Hence,
[[ANT| = 1].

[fslric1 ~ fs,lTi1] <

Pr < Pr
TCS1NSy,|T|=t—d TCS1NSy,|T|=t—d

Let U = 51 N Sy. We can estimate the probability on the right by

, dA\dd—-1)---(d—i+1) _i i

p A\T| > 1] < P U\NT DO B|=|. - =04(t7") =0y4,(k7),

S LA ELENS v S LU, () e i) = 0ut ) = Oauti )
where in the last step we have used the fact t > ak. O

We deduce the following corollaries.

Corollary 5.3. Let |T| =t —dand |A| =i < d be disjoint sets. Define

et o= Pr )[f51|T,i—1 ~ fs,|Ti—1 and fs, |t,a # fs,|T,4]-

SLSav(kt
5115, 2TUA

Then Er aler,a] = O(k~'e) where the expectation it taken over T and A such that |T| = t —d,|A| = i and
TNA=0Q.

Proof. This follows from the simple observation that

E € = Pr
T,Al€T,A) L2 [fs,
5118, 2TUA

7,4 % fs,

T,i—1 ~ fs,|r,i—1 and fs, 7,4

<Era Pr  [fs|ri-1 ~ fs,|1i—1and fs, # fs,]
51,52~v(kt)
| 5,15,2TUA

[fsl

T,i—1 and f51 7 fsz]

Pr Ti-1~ fs
51,2~ (k) a fss
TCS1NSy,|T|=t—d

= O(k7'e). O
Corollary 54. Let [T| =k —dandlet 0 < i < d. Define et := E 4 7 5_;[eT,a]. Then Er[er,] = O(k™e).

We also need the following lemma (which in some sense is the generalization of Lemma 4.3 to general
d). However the proof of this lemma is far more elaborate and requires the hypergraph pruning lemma
(Lemma 3.5 proved in Section 6).
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Lemma 5.5. Fixd > 1and ¢ > 0. There exists py > 0 (depending on c,d) such that the following holds for every
n >k > 2d satisfying k/n < po.
Let F be a d-uniform hypergraph, and for each A € F,let Y4 C X4 = {S € ([z}) | S O A} have density at

least ¢ in X 4. Then
=0 Pr
e (s: |S|=k

Proof. Lete = c/2, and apply the uniform hypergraph pruning lemma (Lemma 3.5) setting H := F to geta
subhypergraph F’ of F. For every A € F/,

s ‘PSI“ k[SEYAandF’|5:{A}|S€XA} Zc—s ‘PI“ [F'ls Z#{A} |S€ Xa]| >c—e=c/2.

Pr
S: |S|=k

Se U Xa
A€eF

sEUYAD.

A€eF

Summing over all A € F/, we get

Z Pr [S€Ysand F'|s = {A}] >

Pr [SE U Ya| =

S: |S|=k ATF T TS sl= k
C
SL msexazg P Pl =g ( P [Fls#2)).
A;,s |S|=k 25: 5=k 4\ s |s|=k

This completes the proof since the right-hand side is exactly the left-hand side of the statement of the
lemma. O

5.2 Step 2: Constructing a global function for a typical T
We prove the following lemma in this section.

Lemma 5.6. Forall o, p € (0,1) and positive integers d, there exists a constant p € (0, 1) such that for all positive
integers n, k, t satisfying k < pn, t > max{ak,d}, k —t > max{Bk,d} and alphabet ¥. the following holds: Let

{fs: (S d) —X|Se ([’Z])} be an ensemble of local functions satisfying

[fs,Is,ns, 7 fs,lsins,) < &

=)
~3F

S1,56 (1)
[S1NSy|=t
then there exists an ensemble {gr: ([ ]) =X Te(" ] 1)} of global functions such when a random T € ( t[’j]d) and
Se ([ ]) are chosen such that S O T, then Pr(gr|s # fs] = Oy pal(e).

We now define the “global” function gr: ([ t]i) — .. We will drop the subscript T for ease of notation.
We will define g incrementally by first defining g| r(-1) (the empty function) and then inductively extending

the definition of ¢ from the domain T~V to T() (recall that T) < T ¢ ... ¢ T@ = (L”jl)) To begin

with set X(=1) := X7 and 6_; := 1 — X! ‘X | . =0. Letg: T-1) — X be the empty function. Fori :=0...d
do, we inductively extend the definition of g from T~ to T(?) as follows. If §;_; > %, set ¢ := 1 and exit.
Foreach A € T, |A| =i, let

XfA —{SGX Uso A},
and g4 be the most popular fs|r 4 among S € X (breakmg ties arbitrarily). Let v(A) denote the

probability that a random value in Xg A) Y is not the popular value, more precisely

Y(A) = ( [fS|TA #84l,
(A )
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X
Xyl } 4 ' A
where it has been defmed so far). We now extend g from T(=1 to T() as follows: for each B € T\ T(=1),

let A be the unique subset in ( ) such that B = B’ U A for some B’ € T. Set ¢(B) := ¢4 (B). Set

A= ng(A)m(gd)}l

and J; := |f§( |‘ before proceeding to the next i. Thus, X(!) refers to the set of S’s where the global

function g: T) — % agrees with local functions fs and ¢; is the density of those S’s that disagree with the
global function.

We would like to bound the probability that the global function g defined above agrees with local func-
tions, namely Prs. s57 [¢7|s # fs]. Note that this probability is upper bounded by the probability J;. We
now inductively bound é;,i =0, ..., d. First we need the following claims on y(A) and p(A).

and p(A) := Note that g4: (TUA) — ¥ and g4 agrees with ¢ on the domain T(=) (je., the domain

x0 .= {5 e XUV |VA CS\T,|A| =,

Claim 5.7 (Estimating y(A)). Ift +d < kand 3k < n, then y(A) < 2er 4/p(A)>.

Proof. By definition, we have y(A) = min, Pr

SGX&_;) |. Hence, we have

1
Pr [51,52 € XE and fs, |1 A 7<’f52|TA}

YA) < Pr [fs[ra # fs,lra] < 0(A)2 51,56 )

S1, SzEX( A) R

Let M be the distribution of [S; N Sz| when Sy, S, are chosen at random from X 4). Choose S € X&_)l)

at random, and draw m ~ M (so m > t —d + i). Choose two disjoint subsets Ry, Ry of S\ (T U A) of
size d — i, two disjoint subsets I, I; of S of size k — m — d + i, and a subset I disjoint from Iy, I, S of size
m — i —t + d; this is possible since t +d < k and 3k < n. Let Sj = AU RiULUIUT (which have
sizei+ (d—i)+(k—m—d+i)+(m—i—t+d)+ (t—d) = k,sothat S NSy, = AUIUT has size
i+(m—i—t+d)+(t—d) = mand S]-OS = AUR;UT have size i + (d — i) + (t —d) = t. The joint
distribution (Sy, Sz, ) satisfy that (S1,52) ~ X(4) X X(4) and (S;, S) ~ vn(k t) conditioned on S; € X4

and S € XEI )1) Furthermore, if fs |74 # fs,|T,.4 and 51,5, € X( (1e for all Ay € S1\ T of size i,

fsilr.a, = 8lpann () and for all Ay € S\ T of size i, fs, |14 = gl (S ) then one of the following must
<
hold:

1. fsl Ti i and fsl or
2‘ sz T,i ,'andeZ
Hence,
(A)< —2—. Pr [fs|r, and <
Y = p(A)Z 516X(A> S11T,i , S1 , >~
(i-1)
SEX(A)
[S1NS|=t
2 ZSTA
P ; ;and < —. O
o(A)3 s, 56& silr, iand fs,Ir, al < p(A)?

|S1nS|= t

Claim 5.8 (Estimating p(A)). Ifk > t +d and k < pon, then Prsex, [HA CT|Al =i, A,p(A) < %} =
O(6i-1)-
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Proof. Let F = {|A| =i | p(A) < 1/2}. Define Y4y = {S € X(4) | S ¢ X } If A € F then
Yayl/1 Xl =1-p(A ) >1/2. Thenapply1ngLemma55(settmgdfdcf1/2n:n—(t—d),k:
k— (t —d), we have

r [SZ_DAforsomeAeF]:O( [S € Y(4) for some A € F]).
SeXr EXT

The conditions for Lemma 5.5 require k — (t —d) > 2d and k — (t —d) < po(n — (t — d)) which are satisfied
ifk>t+dandk < pon. If S € Y4 forany Athen S ¢ X(=1), and so the probability on the right is at most
Prsex,[S ¢ X(=1] = §;_;. Therefore

Pr {p(A) < 1/2 for some A € (S > T)] =0(d;_1)-

SeXr
O
Claim 5.9. Ifk —t > Pkand 6;_1 < 3, then §; = Op(8i_1 + k'er,;).
Proof.
5= Pr [s ¢ X@} — Pr [s ¢ X<i—1>} 1 Pr [s e X0V and S ¢ XU)}
SeXr SeXr SeXr
=8 1+ SgT [HA eT,|A|=i8> Aand S € XUV and fs|r 4 # g|T(A>ﬂ(<sd)]
1
75i_1+s£)r< {EIA eT,|Al=i,SD A,p(A) < 2}
1 .
+ Pr [3AE€T,|A=i5D Ap(A)> 3,5 e XU Vand fs|r a4 # glma s
SeXt 2’ T (<)

=0 (6_1)+ Z P>I; [5 S A,S e xi-1) andf5|TA # 8lran )] [By Claim 5.8]

A: Ae(T)p(4)>1 SeXT
A5 _ (-1 .
=0+ Y (P |5 € X oI [sex(y"] b [fsm # 8lrn ;d)]

A: Ae(T)p(A)>1 )

)
<O (i-1)+ k,;l Y p(A)-r(A)

() 4 ae(Typ(a)>1
I\ @
<O0(6i-1)+ (2) ) 2&;‘2 [By Claim 5.7]
as ae(Mp(a>1 ”
K\
<O(di-1)+38 <n’> ), ETA
A: A€(;)

— 0y ((5,;1 n kfsm) [Since k' =k — (t — d) = O(k)] O

We are now ready to complete the proof of Lemma 5.6

Proof of Lemma 5.6. Given T, we have shown above how to construct a function g7, given that 6; < ¢; for all
i. If the latter condition fails, define g7 arbitrarily.

We have defined above a sequence §_1 = 0,d,...,6;. We have defined J; only given J; 1 < % If
bi_1 > %, we define §; = 1. Note that Pr[fs # gr|s] < d,.
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We have shown above that if §;,_1 < % then 6; = O(6;_1 + kieT,i). It is always the case that J; =
O(6;_1 + Ker;) +1 PANSE We now prove by induction on i that Et[§;] = O;(¢). This clearly holds when
i = —1. Assume that it holds for i — 1, i.e., Er[6;_1] = O;_1(e). Then, Pr[5;_1 > 1] = O;_1(¢). Also, by
Corollary 5.4, we have Er[er;] = O(k'e). We now have for i,

; 1
E[6;] = O(E[8i 1] + KE[er,]) + Pr[6i 1 > 5] = Oi(e)-
We conclude that Prr g[g7|S # fs] < E[d;] = Oy(e). O
5.3 Step 3: Obtaining a single global function
Given the set of local functions { fs} we constructed a set of global functions { gT} such that

Wy ")
for most pairs S O T, the global functlon gt agrees with the local function fs (Lemma 5. 6) ' Idn this step,
we conclude that a random global function gt agrees with most local functions fs (not necessarily S’s that
contain T).

We will first prove this under the assumption that k — 2(t — 1) = Q(k). For concreteness, let us assume
t < k/3. We will then show to extend it to any ¢ satisfying k —t > Bk. To begin with, we observe that
Lemma 5.6 immediately implies the following claim.

Claim 5.10. For Ty, T, of size t — d, define 1, 1, := Prsor1,um, (8T, s # 81, |s]- Then E, 1,[d1, 1,] = O(e).
We now move to more general S in the following sense: S contains T, but not necessarily Tj.
Claim 5.11. Forall Ty, Tz, Pr(g | so1, (811 |s # 81, 15] = O (o3, 13)-
Proof. We will prove this be choosing L = O,4(1) collection of k-sets (S, Sy, ..., Sy) in a coupled fashion such

that each S is a random k-set containing T; and for each j > 1, S; is a random k-set containing T U T2 with

the additional property that (2 d) C U1 (S d) Given such a dlstnbutlon the lemma follows by a union
bound.
The coupled distribution is obtained in the following fashion. Let k — |T; U Tp| > k/3. We proceed to

find a collection of O(1) subsets R; C [k] of size at most k/3 such that ([Z]) =U; (1;"). The idea is to split [k]
into O(d) parts of size at most k/(3d), and to take as R; the union of any d of these. Given a random k-set

Se ([ ]) containing Ty, choose a random permutation mapping [k] to S, apply it to the R;, remove from the

resulting sets any elements of T U T, and complete them to sets R; of size k — |T; U T,| randomly and set
Sj = RjUT; UT,. Clearly, if S is a random k-set containing T, the sets S; are individually random sets of
size k containing T7 U T». O

We can now complete the proof of Theorem 5.1
Proof of Theorem 5.1. As in the dimension one setting, we first prove Theorem 5.1 if ak < t < k/3 and then
extend it to any ¢ satisfying k — t > Bk. From Claim 5.10 and Claim 5.11, we have that

Er,

: [Tz,s L 8mils # gTzlsJ} = 0(ér,,1,) = O(e).

Choose a T; such that the inner probability is O(e) and set F = gr,. We now have,

Pr [fs # Fls] = S, szz [fs # Fls]
< Erp, [Szlggnms #8T2|S]} + Er, [ .. [fs # 81,1s]| = O(e).

This completes the proof for t < k/3 (in particular to any ¢ satisfying k — 2t = Q(k).

23



To extend the proof to all ¢ satisfying k — t = Q(k), we employ the following coupling argument as in
the dimension one setting. Let S1,S; ~ vy, (k, t'). Let S be a random set of size k containing S; N Sy as well
as t — t' random elements from S;, S, each and the rest of the elements chosen from S; U S,. This can be
done as long as k > 2(t —t') + ' = 2t — '. Clearly, (S, S;) ~ vu(k, t) for j = 1,2. Furthermore,

Pr(fs,|s,ns, 7# fs,lsins,] < Prifs,|s,ns # fsls,ns] + Pr(fs,|s,ns # fsls,ns] < 2e.

This demonstrates that if the hypothesis for the agreement theorem is true for a particular choice of n, k, ¢,
then the hypothesis is also true for 1, k, ' by increasing ¢ to 2¢ provided k — t > (k — t')/2. Thus, given
the hypothesis is true for some t satisfying k —t > Pk, we can perform the above coupling argument a
constant number of times to to reduce t to less than k/3 and then conclude using the above argument for
t <k/3. O

6 Hypergraph Pruning Lemma

We begin with a a few definitions. The number of hyperedges in a hypergraph H is denoted |H|. For a
vertex set V, u, refers to the biased distribution over subsets S of V defined by choosing each v € V to be
in § independently with probability p while v,, ; refers to the uniform distribution over subsets S of V of
size k. For a hypergraph H and a subset S of the vertices, H|s is the subhypergraph induced by the vertices
in S while H|s—p is obtained by removing all vertices in S from all hyperedges of H. For a hypergraph H,
1p(H) = Prs,[H[s # ©]. And finally, we recall the definition of branching factor from the introduction.
For any p > 1, a hypergraph H over a vertex set V is said to have branching factor p if for all subsets A C V
and integers k > 0, there are at most p* hyperedges in H of cardinality |A| + k containing A.

The main goal of this section is to prove the following two hypergraph pruning lemmata; one under
the biased p, distribution and the other under the uniform v, ; distribution, which was stated in the intro-
duction. These pruning lemmata show that any hypergraph H has a subgraph H' with bounded branching
factor with almost the same 1, (H).

Lemma 6.1 (hypergraph pruning lemma (biased setting)). Fix constants ¢ > 0and d > 0. There exists pg > 0
(depending on c,d) such that for every p € (0, po) and every d-uniform hypergraph H there exists a subhypergraph
H' obtained by removing hyperedges such that

1. H’ has branching factor ¢/ p.
2. 1y (H') = Quaip(H)).

Lemma 3.5 (Restated) (hypergraph pruning lemma (uniform setting)) Fix constants e > 0 and d > 1. There
exists pg > 0 (depending on d, e) such that for every n > k > 2d satisfying k/n < po and every d-uniform
hypergraph H on [n] there exists a subhypergraph H' obtained by removing hyperedges such that

L Prsy, [H'|s # @] = Qye(Prsy,, [Hls # 7).
2. Foreverye € H', Prs.,, [H'|s ={e} | SDe| > 1~

Here H'|s is the hypergraph induced on the vertices of S.

6.1 Proof in the ), biased setting

The hypergraph pruning lemma (Lemma 6.1) is proved by induction on d. The proof is divided into several
steps, expressed in the following lemmata. We begin with an easy claim.
The first lemma identifies a “critical depth” for H.
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Lemma 6.2. For every integer d, ¢ > 0 and p € (0,1) the following holds. Let H be a d-uniform hypergraph. Then,
either H has a subhypergraph H' with branching factor ¢/ p such that 1,(H') > 1,(H)/(d 4+ 1), or for some there
1 <r < d, there exists a (d — r)-uniform hypergraph I, and a subhypergraph H' of H such that

1. Each hyperedge in I has at least (c/p)" extensions in H'.
2. Forevery e € I and every A # @ disjoint from e, e U A has at most (c/p)"~ 4l extensions in H'.
3. 1p(I) > 1p(H)/(d +1).
Proof. We define a sequence of graphs H;, B, for 0 < r < d as follows:
e Hy = H and By is the empty d-uniform hypergraph.
e B, contains all sets |A| = d — r which have at least (¢/p)" extensions in H,_;.
e [, contains all hyperedges in H,_; which are not extensions of a set in B,..

It's not hard to check that ¢, (H;) < t,(Hy41) + tp(By11), and so
tp(H) < 1p(B1) + - - 4 1p(Ba) + 1p(Hy).

Hence one of the values on the right-hand side is at least t,(H) /(d 4-1).

The construction guarantees that for every r, every set A of size at least d — r has at most (c/p)
extensions in H,. In particular, H; has branching factor c¢/p. This completes the proof when 1,(Hy) >
1p(H)/(d+1). If 1,(B;) > 1,(H)/(d + 1) for some r > 1 then we take I = B, and H' = H,_;. The first
property in the statement of the lemma follows directly from the construction of B,, and the second follows
from the guarantee stated earlier for H,_; applied to e U A, which has size d — r + |A| which is at least
d—(r—1). O

d—|A]

The strategy now is to apply induction on I to reduce its branching factor, and then to “complete” it to
a d-uniform hypergraph. The completion is accomplished in two steps. The first step adds all hyperedges
which can be associated with more than one hyperedge of the pruned I.

Lemma 6.3. For every integer d, c > 0 and p € (0,1) the following holds. Let H be a d-uniform hypergraph and 1
a (d — r)-uniform hypergraph for some 1 < r < d such that

1. For every e € I and every A # @ disjoint from e, e U A has at most (c/p)"~ 14! extensions in H.
2. I has branching factor ¢/ p.

Then the subhypergraph K of H consisting of all hyperedges of H which extend at least two hyperedges of I has
branching factor O4(c/p).

Proof. Fix a set B of size d — s, where s > 1. We have to bound the number of extensions of B in K. Each of
these extensions belongs to one of the following types:

e Type 1: Extends e; # ey € I, where B € e;.
e Type 2: Extends ey # ey € I, where B C e1 Ney.

We consider each of these types separately.

Type 1. Let B' = B Ne;. There are at most 2/l < 27 choices for B'. Since I has branching factor ¢/ p
and e; D B/, given B’ C B there are at most (c/p)?~"~IB'l choices for e;. By assumption, A := B\ ¢; is
non-empty, and moreover |A| = |B| — |[BNej| = d —s — |B|. Hence the first property of I implies that
e1UB =e; U Ahasatmost (c/p) 1Al = (¢/p) 54+l extensions in H. In total, we have counted at most
24 (¢/p)d=r=IBI". (c/p)rts—d+IB'l = 24(¢/p)S extensions.
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Type 2. Since e; O B and I has branching factor c¢/p, there are at most (c/p)@=")=(d=9) = (¢/p)s~"
choices for e;. Let en = €1 N ey, and note that given e, there are at most 2leil < 24 choices for en. Given en,
since I has branching factor ¢/ p, there are at most (c/p)?~"~I¢"| choices for ;. By assumption, A := e; \ e
is non-empty, and moreover |A| = |e| — |en| = d — r — |en|. Hence the first property of I implies that
e Uep = e U A has at most (c/p)"~ 14l = (¢/p)?—4+lenl extensions in H. In total, we have counted at most
(c/p)="-2%- (c/p)t—r=lenl. (c/p)Z—d+lenl = 2(c/p)° extensions.

Summing over both types, there are at most 241 (c/p)s < (24+1¢/p)* extensions, completing the proof.

O

The second completion step guarantees that the completion contains enough hyperedges.

Lemma 6.4. For every integer d, ¢ > 0, there exists pg = po(c,d) € (0,1) such that the following holds for all
p € (0, po). Let H be a d-uniform hypergraph and I a (d — r)-uniform hypergraph for some 1 < r < d such that

1. Each hyperedge in I has at least (c/p)" extensions in H.

2. For every e € I and every A # Q@ disjoint from e, e U A has at most (c/p)"~ |4l extensions in H.
3. I has branching factor c/ p.
Then there exists a subhypergraph K of H such that
1. K contains Qy(|I|(c/p)") hyperedges.
2. K has branching factor O4(c/ p).

Proof. We choose py so that | (c/p)"| > (c/p)"/2.°

Let K’ be the subhypergraph constructured in Lemma 6.3. Every hyperedge in H \ K" extends at most
one hyperedge of I. For every hyperedge ¢ € I, let n, be the number of extensions of e in K’, let m, =
max(|(c/p)"| —ne,0), and let H, be a set of m, extensions of e in H \ K'. We let K = K’ U {J,e] He.

By construction, every e € I has at least (c/p)"/2 extensions in K. A given hyperedge can extend at
most 2¢ many hyperedges of I, so K contains at least |I|(c/p)"/29*! hyperedges.

It remains to bound the branching factor of K. Fix a set B of size d — s, where s > 1. We will bound the
number of extensions of B in K\ K'.

Let B = BNe. There are at most 2/5! < 29 choices for B'. Since I has branching factor c/p, given B’
there are at most (c/p)?~"~IB'l choices for e. Let A := B\ ¢, so that |A| = |B| — |[BNe| =d—s— |B|. If
A # @ then the second property of I implies that e U B = ¢ U A has at most (c/p)"~ 14l = (¢/p)r+s-4+IF
extensions in H and so in K\ K. If A = @ then we get the same conclusion by construction since e UB = e.
In total, we have counted at most 24 - (¢/p)d="=IB'l . (¢/p)r+s—d+IB'l = 2d(c/p)s < (29c/p)* extensions,
completing the proof. O

We will argue about the completion using the following fundamental lemma, which is also important
for applications.

Lemma 6.5. For every integerd,c > Oande € (0,1), thereexists f(c,d,€) € (0,1) satisfying lim,_,o f(c,d, &) =1
for every d, e such that the following holds. Let H be a d-uniform hypergraph, and let p € (0,1 —¢€). If H has
branching factor c/ p then for every hyperedge e € H, Prs.,, [H|s = {e}] > f(c,d, e)p?.

Before proceeding to the proof of the lemma, we first recall the statement of FKG inequality.
Lemma 6.6 (FKG inequality). Let A and B be two monotonically increasing (or decreasing) family of subsets. Then

pp(ANB) = pp(A) - pp(B).
5 Another possibility, which slightly affects the proof, is to choose pg so that [(c/p)"] < 2(c/p)".
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Proof of Lemma 6.5. Let K := Hl,—¢ \ @ = (H — ¢)|,—p. Note that Prs., [H[s = {e}] = p? Prs.,, [K|s = Q].
Lemma 3.3 shows that H|,_¢ has branching factor O4(c/p). In particular, for every s it has at most Oy(c/ p)*
hyperedges of cardinality s. For every hyperedge ¢’ € K, let E,s denote the event e’ ¢ K|s (i.e., S 2 ¢’), where

S ~ up. Note that
log(1 —p®
Pr[Es] =1—p° =exp <g( e 4 )ps) .
Now log(1 —x)/x = =1 —x/2 — - - - is decreasing (its derivative is —1/2 —2x/3 —---),and so p* < p <
1 — ¢ implies that log(1 — p°)/p® > loge/ (1 — €). In other words, Pr[E,] > e O«("),
Since the events E, are monotone decreasing, the FKG lemma shows that they positively correlate,
hence

d d
Pr [K|s = @] > [J(1 - p*)01/ P’ > TTe Oul®) =: £(c,d,e).
S~ip s=1 s=1
The lemma follows since clearly lim._,o f(c,d, €) = O

We can now complete the inductive proof of Lemma 6.1.

Proof of Lemma 6.1. The proof is by induction on d. When d = 0 we can take H' = H, so we can assume
that d > 1. Let v = ¢/My, where M; > 1 will be chosen later. We apply Lemma 6.2 to H with ¢ := 7.
If H has a subhypergraph H' with branching factor /p such that 1,(H') > 1,(H)/(d + 1) then we are
done, so suppose that there exists some d — r uniform hypergraph I and a subhypergraph H’ satisfying
the properties of the lemma. Apply the induction hypothesis to construct a subhypergraph I’ of I that has
branching factor /p and satisfies ¢, (I') = Q. 4(1,(I)) = Q, 4(¢p(H)) (this requires p < pg(7,d)). Next,
apply Lemma 6.4 with ¢ := o, H := H’, and I := I’ (this requires p < p{/(7,d)) to obtain a subhypergraph
K of H' (and so of H) satisfying

e K contains Q4(|I'|(v/p)") hyperedges.
e K has branching factor Oy(y/p).

We choose M so that K has branching factor ¢/ p, and let pg = min(p{(y, d), p§ (77, d)), which depends only
onc,d.
We will take H' := K, so it remains to show that 1,(K) = Q4(1,(H)). Since p < pg, Lemma 6.5 shows

that for every hyperedge e € K, Prs.,, [K|s = {e}] = Q.q(p?). For different hyperedges these events
are disjoint, hence 1,(K) = Q. 4(|K|p?) = Qc4(|I'|p?~"). On the other hand, the union bound shows that
1p(I') < |I'|p?", and s0 1p(K) = Qp 4(1p(I')) = Q4(1p(H)), completing the proof. O

As a corollary, we obtain the following useful result.

Corollary 6.7. Fix constants ¢ > 0 and d > 0. There exists pg > 0 (depending on d,e) such that for every
p € (0,po) and every d-uniform hypergraph H there exists a subhypergraph H' obtained by removing hyperedges
such that

1ty (H') = O (1p(H)).
2. Foreverye € H', Prs.,,[H'|s = {e}] > (1 - e)p?.

Proof. Let ¢ > 0 be a constant to be chosen later, and define pg < 1/2 so that the theorem applies. The
theorem gives us a subhypergraph satisfying the first property. Moreover, for every ¢ € H', Lemma 6.5
(applied with ¢ := 1/2) shows that Prs.,, [H|s = {e}] > f(c,d)p*, where lim._,o f(c,d) = 1. Take c so that
f(c,d) > 1 — e to complete the proof. O
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6.2 Proof in the uniform setting

We now use Corollary 6.7 to transfer the hypergraph pruning lemma to the uniform setting (Lemma 3.5).
Recall that distribution v,, ; refers to the uniform distribution over ( [z]).

Proof of Lemma 3.5. Let p = k/n. Notice that

Pr [H|s # @] > ) PelBin(n,p) = (] _Pr [Hls # @] > Pe[Bin(n,p) > K| _Pr [Hls ]
(=k Vit

SN}‘P ~Vp k

It is well-known that the median® of Bin(n, p) is one of |np|, [np]. Since np = k, we deduce that the median
is k and Pr[Bin(n, p) > k| > 1/2. Therefore 1(H) > Prs.,  [H|s # ©@]/2. Applying Corollary 6.7 with
¢ := min(e/2,1/2), we thus get a subhypergraph H' such that

1p(H') = Qqe(_Pr [Hls # Q]),

Pr
SNVn/k
which implies that

H'| = Que(_Pr [Hls # ]/p").

Pr
SNVn/k
Let now e € H' be an arbitrary hyperedge. We are given that Prs.,,,[H'|s = {e} | e € S] > 1 —¢/2. For
K = H'|,—¢ \ {@}, the left-hand side is Prs.,, [K|s = @]. As before, we have

Pr [K|s # @] <2 Pr [K|s #0] <¢,
~Hp

SNVn/k

and so we get the second property. For the first property, we have

ke
Pr [H’ > Pr [H'|s = > (1—¢)|H'|=
e HIs £@)2 T P [Hs = (6)] 2 (- lH 15
By assumption k4/n? > (p/2)¢, and so
JPr [Hls # @] > (1-¢) - Que( Pr [Hls # @)/p") - (p/2)" = Qge( Pr [Hls # @), B
~Vpk SNVn,k SNVn,k

7 Agreement theorem via majority decoding

A nice application of the hypergraph pruning lemma is to show that majority decoding always works for
agreement testing. In particular, if the agreement theorem (Theorem 5.1) holds, then one might without
loss of generality assume that the global function is the one obtained by majority /plurality decoding.

Lemma 7.1. For every positive integer d and alphabet ¥, there exists a p € (0,1) such that for « € (0,1) and all
positive integers n, k, t satisfying n > k > t > max{2d, ak} and k < pn the following holds.
Suppose an ensemble of local functions { fs: (2) —X|Se ([Z])} and a global function F: ([Z]) — X satisfy

Pr  [fs,|s;ns, # fs,lsins,) = & str [fs # Fls] = 6.
~Vnk

S1,52~Vy ot

Then, the global function G: ([Z]) — X defined by plurality decoding (ie., G(T) is the most popular value of fs(T)
over all S containing T, breaking ties arbitrarily) satisfies

[fs # Gls] = Ogale+9).

%The median of a distribution X on the integers is the integer m such that Pr[X > m], Pr[X < m] > 1/2.

Pr
SNVn,k
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Proof. All probabilities below, unless specified otherwise, are over S ~ v,, .

Since Pr[fs # G|s] < Pr[fs # F|s] + Pr[F|s # G|s] = d + Pr[F|s # G|s], it suffices to bound Pr[F|s #
Gls]- Let H := {T : G(T) # F(T)}, so that Pr[F|s # G|g] = Pr[H|s # @]. Note that F and G are functions,
while H is a hypergraph. Apply Lemma 3.5 on the hypergraph H, for a constant e = 17 := 1/(2|X|) > 0, to
get a subhypergraph H' (p = po(d, €) is chosen such that k < pn).

For any edge T € H' and ¢ € %, define the following quantities

p(T,0) :=Pr[H'|s = {T} and fs(T) =0 | S D T], p(T) :== max p(T,o)
q(T,0) :==Pr[fs(T) =0 [ S 2 T], q(T) := max¢(T, )

Note that G(T) by definition satisfies q(T) = ¢(T,G(T)). Since by the hypergraph pruning lemma, we
have Pr[H'|s = {T}|S D T] > 1 -1y, we have q(T,c) > (1 —1) - p(T,0) for all ¢. Hence, q(T,G(T)) =
g(T) > (1 —7n) - p(T). On the other hand for any o, p(T,c) > gq(T,0) — . In particular, p(T,G(T)) >
q(T,G(T)) —n > q(T,G(T))/2 (since q(T,G(T)) > 1/|X| and y < 1/(2|Z])). Combining these, we have
that forall T € H’,
p(T,G(T)) = (1 —n)-p(T)/2. )

We now relate the probabilities p(T) and p(T, G(T)) to § and ¢ in the lemma statement.

By the hypergraph pruning lemma, we have Pr[H'|s = {T}|S D T] > 1—1y orequivalently }_, p(T, o) >
1 — 5. For each hyperedge T € H’, we have

Pr  [fs,(T) # fs,(T)and H'|s, = H'|s, = {T} [ S1N S 2 T] = Y p(T, 1) p(T, 02)

SlrSZNVn/k 0—1#0-2

>Y p(T,o)(1=n—p(T,00)) =Y p(T,00)(1 =y — p(T)) = (1 —=n)(1 =5 —p(T)).

01 (%

Consider now the following coupling. Choose 51, S, ~ v, x containing T, and choose a set S intersecting
each of 1,5 in exactly t elements including T (this is possible since k/n is small enough). If fs (T) #

fo(T) then either fs, (T) # fs(T) or fs,(T) # fs(T), and so
A-n)(A—y—p(T)) <2_ Pr [fs,(T) # fs(T) and H'ls, = {T} | $,1S 2 TI.

1/SNVn,k,t

Summing over all edges in H’, we deduce that

e> T;{, (1-n( —2 n—p(T)) sl,sffvn,k,t[sl 18,0 T] = Tg, (1-n)(1 —2 n— p(T))Qa(Pr[S ST, @

since t > ak.
We now relate d to p(T, H(T)). We clearly have

Pr [fs(T) # F(T) and H'ls = {T} [ 2 T| > Pr [f5(T) = G(T) and H'ls = (T} | $ 2 T] = p(T, G(T).

SNl/n/k
Summing over all edges in H’, we deduce that

6> Y p(T,G(T))-Pr[SDT]. (4)
TeF

Either p(T) < 1/3inwhichcase (1—7%)(1—#n—p(T))/2 =Q(1) or p(T) > 1/3and hence p(T,G(T)) >
1/6 = Q(1) (from (2)). Thus, in either case, adding (4) and (3), we have

e+6> Y Qu(Pr[S D T]) = Qu(Pr[H'|s # @) = Qu, (Pr[H|s # @)).
TeH'

We conclude that Pr[H|s # @] = Oy,(e + J), completing the proof. O
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We can now combine the above lemma with the agreement theorem (Theorem 5.1) proved earlier to
obtain the following strenghtened agreement theorem, which is the “uniform version” of the agreement
theorem stated in the introduction.

Theorem 7.2 (Main). For every positive integer d and alphabet %, there exists a constant C > 1 such that for all
a, B € (0,1) satisfying « + B < 1 and all positive integers n > k > t satisfying n > Ck and t > max{ak,2d} and
k —t > max{pk,d}, the following holds: Let f = {fs: (gsd) - X|Se€ ([Z])} be an ensemble of local functions
satisfying agreey, . (f) > 1 — ¢, that is,
P = >1—¢
st [fs,lsins, = fsylsins,] 21— ¢
where v, i 1 is the uniform distribution over pairs of k-sized subsets of [n] of intersection exactly t.
Then there exists a global function G: (L”;l) — X satisfying PrSe([”]) [fs = Gls] =1 —0Ogqp(e).
- k
Here, F|g refers to the restriction F \( 5 )
<d
Furthermore, we may assume that the global function G is the one given by “popular vote”, namely for each
A€ ([<”E]l) set G(A) to be the most frequently occurring value among { fs(A) | S O A} (breaking ties arbitrarily).

n]

Proof of Theorem 7.2. By Theorem 5.1, we have a global function F: ([< 2) — Z (not necessarily G) satisfying

Pr [fs # Fls] = O(e).
SE([Z])

Foreachi € {0,1,...,d},let f(g := fs\(s_),F@ = F‘([V.’]) and G := G| ;.. Clearly, we have for each i,

(i

Pr (155, # flsinss] = & Pr (£ £ F|g) = O(e).

51,52~V k t S~vy g

Hence, by Lemma 7.1, we have

Pr (£ 2 GUW|s] = O(e).

S’Vl/n/k
This implies Prs.,, [fs # G|s] = d - O(e) = Oy(e). O

The entire discussion in this part so far has been with respect to the distribution v,, s, the uniform distri-
bution over k-sized subsets of [1]. We can extend these results to the biased setting y, using a trick, thus
proving the agreement theorem (Theorem 1.1) stated in the introduction. In this setting, the distribution
Vp it 18 replaced by the distribution iy, which is a distribution over pairs Sy, Sy of subsets of [n] defined
as follows. For each element x independently, we put x only in S; or only in S, with probability p(1 — «)
(each), and we put x in both with probability pa. This is possible if p(2 —a) < 1 (we assume below p < 1/2
and hence p(2 —a) < 1). Note that if sets S;, S, are picked according to the distribution iy, then the
marginal distribution of each of S; and S is .

Proof of Theorem 1.1. Let N be a large integer and define K = [pN |, T = [paN|. For every S € ([II\<I])/ define
fs = fsnjn)- In other words, forall A C S € ([g]), |A| < d. let fs(A) = fsnm (AN [n]). If S1,5 ~ vk
then the distribution of S N [n], S, N [n] is close to pp,4, and so for large enough N we have

Pr [fs,ls,ns, # fs,lsins,] < €/2.

51,5~VN KT

Hence, the ensemble of functions { fs} se(™ satisfies the hypothesis of the ageement theorem (Theorem 7.2)
K

)
with e replaced by 3¢/2. Hence, by Theorem 7.2, if we define G: ([i\g) — X by plurality decoding then
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Prsyy ¢ [fs # Gls] = O4(e). Since fs depends only on SN [1], there exists a function G: ([Z]) — % such that
G(T) = G(T N [n]). Moreover, for large enough N the distribution of S N [1] approaches i, and so G = G.
(There’s a fine point here: there could be several most common values. Fortunately, this doesn’t invalidate
the proof — just choose the correct G.) This completes the proof. O

7.1 More parameter settings

Our main agreement theorem, Theorem 1.1, only holds for p < py for some constant p, := po(d). For
the application to testing Reed—Muller codes, we need an agreement theorem that holds for all p € (0,1).
The following theorem shows that it is easy to prove a counterpart of Theorem 1.1 if one is allowed a
multiplicative decay of p~¢. Note that for p > py, this loss is not an issue for our applications (as we think
of d as a constant and p > py is a constant). This is no longer true when p = 0(1), a regime in which we
need the stronger result proved in Theorem 1.1, which is independent of p (but still dependent on d).

Theorem 7.3. For every positive integer d and alphabet %, the following holds for all p. If {fs: (gsd) —-X|Se
{0,1}"} is an ensemble of functions satisfying

Pr [f51|51r152 #f52|51052] =&
S1,S52~pp

1]

then the global function G ([< 1) — X defined by plurality decoding satisfies

Pr [fs # Gls] <2p ‘e
Sepp

Proof. The main observation behind the proof is this: if we choose S1, So ~ pp independently, then (Sy, S2) ~

Hp.p:
Consider now an arbitrary fs, . Suppose that fs, # Gls,, and choose an entry T such that fg, (T) # G(T).

If we choose Sy ~ pp, then T C S, with probability pl”l > p?. Moreover, since fs, (T) # G(T), the
probability that fs, (T) = fs,(T) is at most 1/2. Therefore the probability that fs, and fs, disagree on their
intersection is at least p? /2. This shows that

[fs, # Gls,]- O

d
€= Pr US]|51052 # sz‘SmSz] Z %
P

Pr
S1,52~p, Sy~p
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Part 11
Structure Theorems

8 Testing Reed—Muller codes

Every Boolean function f: {0,1}" — {0,1} can be written in a unique way as P mod 2, where P is a Boolean
polynomial, that is, a sum of distinct multilinear monomials. The Boolean degree of f, denoted bdeg(f), is the
degree of this polynomial.

The well-known BLR test [BLR93, BCH"96] checks whether a given Boolean function has Boolean de-
gree 1. Alon et al. [AKK'05] developed the following 24+ 1-query test T, which is a generalization of the
BLR test to large Boolean degrees.

e Test T;: Input f: {0,1}" — {0,1}
- Pick x,aq,...,a441 € {0,1}" independently from the distribution yf%, subject to the constraint
that ay,...,a4.1 are linearly independent.
— Accept iff
Y f (x—i—Zai) =0 (mod?2) .
I1C[d+1] i€l
This test is closely related to the Gowers norms. An optimal analysis of the test was provided by Bhat-

tacharyya et al. [BKST10]. We need a few definitions to state their result.
Definition 8.1. Let f: {0,1}" — {0,1} and let d > 0. The distance to degree d of f is defined as follows:

1) = i P .
a(f) bdgpg(lgr)lgm/rz[f # 8l

Definition 8.2. Let f: {0,1}" — {0,1} and let d > 0. The failure probability of test T} is

rej,(f) == Pr ) f(x—l—Zai) #0 (mod2)]|.
x,ﬂ1,~.,ﬂd+l~ﬂ$/n2 I1C[d+1] iel
ay,...,A441 linearly independent

Remark 8.3. Another variant of T,;, which is closer to the definition of the Gowers norms, samples ay, . . ., 4,1 with-
out requiring them to be linearly independent. When a1, ..., a1 are linearly dependent, the test always succeeds.
On the other hand, when n > d + 1, the probability that ay, ..., a,,1 are linearly dependent is lower-bounded by a
positive constant. Therefore when n > d + 1, removing the constraint of linear independence only affects the rejection
probability by a constant factor. Finally, when n < d the test is pointless, since every function has Boolean degree at
most d.

Theorem 8.4 ([BKS'10]). For every integer d > 1 there exists a constant ¢; > 0 such that for all Boolean functions
f:{0,1}" — {0,1},
rej(f) = min(246,(f), 4)-
Corollary 8.5. For every integer d > 1 and all Boolean functions f: {0,1}" — {0,1},
ba(f) = Oulrejy(f))-
Proof. 1£295,(f) < e, then 6;(f) < 27 %rej,;(f). Otherwise, rej,(f) > ¢4, and so d;(f) <1 < s;l rej,(f). O

Our goal in this section is to extend the analysis of Bhattacharyya et al. to the ), setting (wherein we
measure closeness of f to degree d with respect to the y, measure instead of the y;,, measure). More
precisely:
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Definition 8.6. Let f: {0,1}" — {0,1} and let d > 0. The distance to degree d of f is defined as follows:

5{(117)( ):= min Pr[f # g].

bdeg(g)<d Hp
To this end, we consider the following natural extension T, 4 of the AKKLR test T to the i, measure.
o Test T, 4: Input f: {0,1}" — {0,1}
— Pick S C [n] according to the distribution pi,,.

- Let f|s: {0,1}° — {0,1} denote the restriction of f to {0,1}° by zeroing out all the coordinates
outside S.

- Pick x,a1,...,a441 € {0,1}° independently from the distribution ;t%sz, subject to the constraint
thatay,...,ay,, are linearly independent.
(If |S| < d, skip this and the following step, and immediately accept.)

- Accept iff

Y. fls <x+2ai> =0 (mod?2) .

IC[d+1] iel

Observe that the points (x + Y ;c; 4;), when viewed as points in {0, 1}" (by filling the coordinates outside S
with 0’s), are distributed individually according to y?”.

Let rej(f) denote the rejection probability of a test T on input function f. Let us say that a test T is valid
for p if rej(f) = 0 whenever bdeg(f) < d (completeness), and there exists a universal constant C such that
5;70) (f) < Crejp(f) (soundness). Corollary 8.5 states that T, (modified so that it always accepts when the
dimension is at most d) is valid for 1/2. In the rest of this section, we prove the following theorem.

Theorem 8.7 (p-biased version of the BKSSZ Theorem). For every d and p € (0,1) there exists a 2%+ 1-query
test T that satisfies the following properties:

o Completeness: if bdeg(f) < d then redep( f)=0.

o Soundness: 5‘57}) (f) = Od(redep (f)), where the hidden constant is independent of p.

Remark 8.8. The most natural candidate for the test T (mentioned in the theorem above) is the test T, 4 defined
above. In fact, we prove below that for small p, this is indeed the case. In other words, for small p, the test T, 4 is
valid for p. For other p, we prove that slight variants of this natural test work, though we believe that the natural
test T, 4 works for all p € (0,1/2). The variants of the test T4 are obtained using the following simple observation.
Given a test T which is valid for p, we can obtain a test T which is valid for 1 — p by running T on the function

f = (x1,...,%n) = f(1—=2x1,...,1 —2xy,). The end result is a test which sets some coordinates to zero, other
coordinates to one, and only then invokes Ty.

Let us say that agreement holds for (p,«) if a statement of the form of Theorem 1.1 holds for the given
values of p, «, with Pr[fs # g|s] < Ce for an absolute constant C. Thus Theorem 1.1 shows that for any fixed
aand p < po(d), agreement holds for (p, ), and Theorem 7.3 shows that for fixed p; > 0, agreement holds
for (p, p) forall p > p;.

Lemma 8.9. Suppose that T is valid for r, that agreement holds for (r—'p,a), where p < r < a, and that there

exists a constant ¢ > O such that min(r/a,1 —r/a) > c. Then the test U := TU~'P) which runs T on fls (the
restriction of f to {0,1}° obtained by zeroing out all other coordinates) for S ~ M1, is valid for p.
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Proof. Let us start by noticing that completeness is clear, since bdeg(f|s) < bdeg(f). It remains to prove
soundness.
By construction, rej,,(f) = E S~py 1, [rej(f[s)]. The assumption that 7 is valid for r guarantees the

existence of a Boolean polynomial Ps over {x; : i € S} of degree at most d satisfying Js := Pry, [f|s #
Ps mod 2] = O(rej(f|s)). Our goal now is to use agreement in order to sew the various polynomials
Ps. We will show that the polynomials Ps agree with each other using the Schwartz—Zippel lemma, in the
following biased form.

Claim 8.10. Suppose that P is a non-zero polynomial with bdeg(f) < d. Then forall 6 € (0,1),

Pr[P mod 2 = 1] > min(6%,1 —0) > min(6,1 — 6)“.

Ho

Proof. Let I be an inclusion-maximal set such that P contains the monomial [ ;< x;. For every setting of the
variables not in I, there is at least one setting of the variables in I for which P mod 2 = 1, and this setting
has probability at least min(69,1 — 6) in pyg. O

Let® = r/a. For twosets S O T, we define

ds,r = I;er[fh # Ps|t mod 2].

Let us say that (S, T) is good if ds 7 < min(6,1 — 6)? /2. If both (S, T) and (S,, T) are good then

I;r[Psl |7 # Ps,|7 mod 2] < min(6,1 —6)7,
0

and so Claim 8.10 shows that Ps, [T = Ps,|7.
Notice that

TNE(S)[(SS'T] = 05 = O(rejr(fls))-

This implies that for fixed S, if we choose T ~ p,(S) then (S, T) is good with probability 1 — O(rej,(f]s))-
If we sample (51, S2) ~ p,-1,, then 51N Sy ~ ta (S1). Therefore

s 1y S B0 =1 B | Otz s )] =1 =0l ()

The same holds with the roles of Sy, S, reversed, and so

Pr [Ps | # Ps,|r] = O(rej, (f)).
(S1,52)~p, -1,

We can now apply the agreement assumption to deduce that there exists a degree d polynomial P over
X1,...,%y such that PrSNP‘rlp [P|s # Ps] = O(rej,(f))- It follows that

Prif # Pmod2 = E [Prlfls # Pls]] < Olreiy() + E [Pelfls # Pl =
Ofrejy () + E _[Olsejr (fls)] = Olrejy (). O

As mentioned above, T} is valid for r = 1/2, and there exists a constant pg > 0 depending on d such
that agreement holds for (2p,2/3) whenever p < pg/2. Lemma 8.9 shows that U, := TéZP) (which is the

natural test T}, 4) is valid for all p < po/2, and so V; := Uy, is valid forallr > 1 — po/2.
We now make use of the following corollary of Lemma 8.9.
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Corollary 8.11. Suppose that T is valid for r > 1/2, and let C > 1. For all Cr*> < p < r, the test U := T s
valid for p.

Proof. Let « = r~'p. Theorem 7.3 shows that agreement holds for (r~!p,r~1p), since r~1p > Cr > C/2.
Note that r/a = r*/p > r > 1/2and r/a = */p < 1/C. Lemma 8.9 therefore applies, implying the
corollary. O

Let C = 1+ po/2, so that C(1 — pg/2) < 1. Define rg := 1 — po/2 and r;,1 := Cr? for t > 0. Induction
shows that 7,1 < 7o (since Crg < 1), and so r; < (Crg)'r. Therefore ry < 1/2 for some finite t. Applying
Corollary 8.11 (t times), starting with the test V, described above, we obtain tests for all p > 1/2, and so
also forall p <1/2.

9 Generalized Kindler-Safra theorem to A-valued functions

In this section, we prove the following generalization of Kindler—Safra to quantized function (i.e, A-valued
functions for some finite set A). Everything that follows holds with respect to y, for fixed p € (0,1). All
hidden constants depend continuously on p.

Theorem 9.1. For all integers d and finite sets A the following holds. If f: {0,1}" — R is a degree d and ¢ :=
E[dist(f, A)?] then f is O(e)-close to a degree d function g: {0,1}" — A.

We start with the following easy claim which is an easy consequence of the Nisan-Szegedy theorem
(Theorem 2.1).

Claim 9.2. For all integers d and finite sets A there exists M such that the following holds. If f: {0,1}" — A has
degree d then f depends on at most M coordinates.

Proof. Foralla € A, define

f—b
fo= H :

bia O b

The function f, has degree at most d(|A| — 1) and is Boolean, and so it depends on at most My coordinates.
Since
f= E afa,
acA

we see that f depends on at most My|A| coordinates. O

Suppose we are dealing with degree d functions which are close to some finite set A (ie., E[dist(, A)?] =
O(e)) and we wish to show that ||[|> = O(e). The following trick (using hypercontractivity Theorem 2.2)
shows that is suffices to show ||k|> = O(&*) for some a < 1.

Claim 9.3. Fix an integer d, a finite set A, and an exponent o < 1. If h: {0,1}" — R is a degree d function
satisfying E[dist(h, A)?] = O(e) and ||h||> = O(e¥) then ||h||?> = O(e).

Proof. We can assume that ¢ < 1, since otherwise the theorem is trivial. Similarly, we can assume that 0 € A,
since adding 0 can only decrease E[dist(h, A)?].
Let z € A denote the element of A closest to h. Then

O(e) > E[dist(h, A)?] > E[h*1,—o] = E[h*] — E[h*1,4).

If z # 0 then z = Q(1), and so k> = O(K¥) for any integer k > 2. In particular, for k = [2/a], this shows
that
E[l*1.20) = O(E[H]) = O(||1][f) = O([l1]}3) = O(£"*/?)) = O(e),

using hypercontractivity and e < 1. It follows that E[?] = O(e). O
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Corollary 9.4. Fix an integer d, finite sets A, B, and an exponent o < 1. If f, g: {0,1}" — R are degree d functions
satisfying E[dist(f, A)?] = O(e), E[dist(g, B)?] = O(e), and ||f — g||> = O(e"), then || f — g||> = O(e).

Proof. Leth = f — g. The L3 triangle inequality shows that E[dist(h, A — B)?] = O(e). Also, ||1]|?> = O(e®).
The lemma therefore shows that ||/z||> = O(e). O

We now generalize the Kindler-Safra theorem to the A-valued setting, using the decomposition of
Claim 9.2 and thus prove Theorem 9.1

Proof of Theorem 9.1. Pick some arbitrary a € A and arbitrary constant g > 0. The L3 triangle inequality
shows that ||f — a||> = O(1 +¢). If & > &g, the conclusion of the theorem is trivially satisfied with ¢ = a.
Therefore from now on we assume that ¢ < ¢g.

Fora € A, define

o fx)—b
fa(x) = bl_[ Y —7
#a

Also, let y(x) € A be the element in A closest to f(x), and let §(x) := (f(x) — y(x)). Note dist(f(x), A) =
|6(x)|. We will usually drop the argument x from all these functions. Finally, define m = |[A| — 1.

Our first goal is to bound dist(fs, {0,1}) in terms of é. Let §y > 0 be a small constant. We consider two

cases. If y # a then
. 0] ly — b+ 9]
dist(f;,{0,1}) < = — || —_—
(fﬂ { }) |fﬂ| |y—b| viay |Ll—b|

If |8] < &g then dist(fs, {0,1}) = O(|4]), and otherwise dist(f,, {0,1}) = O(|6|™). If y = a then

[1

b#a

Once again, if || < Jp then dist(f,, {0,1}) = O(||), and otherwise dist(fs, {0,1}) = O(|d|™).
We can now obtain a rough bound on E[dist(f,, {0,1})?] by considering separately the cases |5| < &
and |d] > dp. The first case is simple:

142 -

dist(fa, {0,1}) < [fa —1| = ai—b

E[dist(fa, {0,1})*1}5)<4)) < O(E[¢?]) = OCe).

For the second case, we use Cauchy-Schwartz and the bound Pr[6? > §3] = O(e) (recall & is a constant):

E[dist(fa, {0,1})*1 555,) < \/E[62"]O(Ve).

Let C := 2max,ey |a|. If | f| > max,e 4 |a] then clearly |§] < |f]|, and otherwise |§| < |f| + max,eca |A| < C.
Therefore it always holds that |§| < max(C, |f|). This shows that

E[6?"] < C*" + E[f*"] = O(1) + | fl21-

Since deg f = d, we have || f|lam = O(|f||2)- The L3 triangle inequality shows that ||f||5 = O(max,c4 |a| +
¢) = O(1), and in total this case contributes O(+/¢). We conclude that

E[dist(f,, {0,1})%] = O(v).

The L3 triangle inequality also allows us to bound || f,/|3 by O(1), by writing it as a polynomial in f and
bounding separately all the summands.

The Kindler-Safra theorem shows that f, is O(y/¢)-close to a Boolean junta g, depending on the vari-
ables J,. If deg g, > d then || f; — ga|I> > llg-%||> = Q(1) (since there are finitely many options for g,, up to
the choice of J;), and so ¢ = Q}(1). Choosing ¢ appropriately, we can assume that deg g, < d.
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Define now § = Y, 4 4gs, and note that this is an A-valued junta of degree at most d. The L3 inequality
shows that

2
If —gl*=|| X alfa —ga)| =0 <2 I fa = ga|2> =0(Ve).
acA acA
The theorem now follows directly from Corollary 9.4 (with a = 1/2). O

10 Main result: sparse juntas

In this section, we prove our main result, an analog of the Kindler-Safra theorem for all p € (0,1/2).
Theorem 10.1 (Restatement of Theorem 1.4). For every p < 1/2and f: {0,1}" — R of degree d there exists a
function g: {0,1}" — R of degree d that satisfies the following properties for e := E[dist(f, A)?]:

L |If—gl*=0Ce).

2. Pr[g ¢ Al =O(e)

3. The coefficients of the y-expansion of g belong to a finite set (depending only on d, A).

4. The support of g has branching factor O(1/p).

5. If x ~ pp then g(x) is the sum of O(1) coefficients of g with probability 1 — O(e).

The following corollary (proved at the end of this section) for A-valued functions which have light
Fourier tails follows from the above the theorem.

Corollary 10.2. Let d > 0 be any positive integer and A C R any finite set. Forevery p < 1/2and F: {0,1}" — A
there exists a function g: {0,1}" — R of degree d that satisfies the following properties for e := ||[F>%||?:

L |[F = gl* = O(e).
2. Pr[F # g] = O(e).
3. All other properties of g (alone) stated in the theorem.

Given d and alphabet A, let py be the constant given by the agreement theorem Theorem 1.1. For the
rest of this section, we fix the constant d, set A and pg. All hidden constants will depend only on d and
A. For all the preliminary claims till the proof of Theorem 10.1, we further assume that p < pg. Finally,
as in the hypothesis of the theorem, we assume f is a function from {0,1}" to R of degree d satisfying
E,, [dist(f, A)?*] =&

The main result of this section extends the generalized Kindler-Safra theorem Theorem 9.1, which holds
only for constant p, to all values of p via the agreement theorem Theorem 1.1. The idea is to consider, for
each subset S C [n], a “restriction” of f obtained by fixing the inputs outside S to be 0. Namely, we define
fls: {0,1}° — R by fls(x) = f(xo00s) where x 005 € {0,1}" is the input that agrees with x on the
coordinates of S and is zero outside of S. We will find an approximate structure for each f|g, and then stitch
them together using the agreement theorem Theorem 1.1. We start by applying the generalized Kindler—
Safra theorem to f|s for subsets S selected according to two constant values of p (namely, p = 1/2 and
p=1/4).

Claim 10.3. For every set S C [n], let

es == I [dist(f]s, A)?], Js := T [dist(f|s, A)*]
Hi/4 Hi1/2

Then Eg-y,, [es] = Eswy,,[0s] = € and for every S there exist A-valued degree d juntas gs: {0,1}° — A and
hs: {0,1}° — A such that E,., . [(fls —8s)?] = Oles) and By, , [(fls — hs)?] = O(6s).
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Proof. If S ~ pay and x ~ pq/4(S) then x ~ pp, and this explains why Es., [es] = e The fact that
E,., . [(fls — 8s)?] = O(es) follows from the generalized Kindler-Safra theorem Theorem 9.1. The proof of
Es~yy, [0s] = eand Ey, , [(f|s — Is)?] = O(ds). 0

Towards applying the agreement theorem Theorem 1.1, we need to prove that the collection of local
juntas {gs}s typically agree with each other. We do so by showing that typically gs, and gs, agree on
the intersection of their domains with /g, s,. In the next claim, we show that if the pair of sets (Sy,S2)
are chosen according to the distribution 4, 1,2, then the two juntas gs, and gs, agree with hs s, with
probability 1 — O(e). We will then apply the agreement theorem using majority decoding to obtain a single
degree d function g: {0,1}" — R that explains most of the juntas gs.

Claim 10.4. For every set S C [n], let the y-expansion of the junta gg given in Claim 10.3 be as follows:

gs =Y, dstyr.
TCS

|T|=d

For every |T| < d, let dt be the plurality value of ds T among all S 2 T (measured according to pyy,), and define

g = 2 dT]/T-
|T|<d

Then Prs..,, [gs = gls| =1 —0C(e), and so Pry,[g € A] =1 —O(e).

Proof. To apply the agreement theorem we would like to first bound the probability Prg, 5,~ 1/2 85, 1s,ns, 7#
8s,1s,ns,] when the pair of sets (S1,52) are chosen according to pgp,1/2. Now for (S1,52) ~ pap1/2, let
T := S; N Sy. Notice that S1,Sy ~ pyy, while T ~ p1/5(S1). Consider the three juntas gs ,gs, and hr.
Clearly, if gs, |1 # &s,|r then one of s, |1 # hr or gs, |1 # hr must hold. Thus,

Pr [gs,]s,ns, # 8S,lsins,] <2 Pro [gs|r # hr] )
51,52~ Hap/2 Sevpap
T~p1/2(S)

Thus, it suffices to bound the probability Prs r[gs|T # hr] where S ~ pyp and T ~ iy /2(S).
Forany T C S C [n], the L3 triangle inequality shows that,

E [(gs|r—hr)?] <2 E [(gs|r— flr)*] +2 E [(flr —hr)*] =2 E [(gs|t — flr)*] +O( E [dist(f]r, A)*)).
1/2 H1/2 H1/2 H1/2 H1/2

Taking expectation over T ~ i /,(S), we see that

o B o E (sl —hr)? 2. [(gs — f1s)°) + O [dist(fls, A7) = O [dist(fls, 4)?)

Here we used the fact thatif T ~ 1 ,,(S) and x ~ pq/5(T) then x ~ pq,4(S).
Both g5 | and it are A-valued degree d juntas (see Claim 9.2). Hence either they agree, or E,, ,[(gs]T —

ht)?] = Q(1). Therefore

Pr [gslr # hr] = O( E [dist(f]s, A)*]) = Oles).

E
Trp2(S) /4
Now, taking expectation over S ~ ji4;,, we obtain via Claim 10.3

5554 [gs|T # hr] = Esy,, [O(es)] = O(e).
P
T~pq/2(S)
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We now return to (5), to conclude that

Pr [gs,|s,ns, 7 8S,ls,ms,] = O(e).
51,52~ ap/2

We have thus satisfied the hypothesis of the agreement theorem (Theorem 1.1). Invoking the agreement
theorem, we deduce that Prg..;,,, [gs = gls] =1 —O(e). Since gs is A-valued,

Prlge Al > Pr [g(x) =gs(x)] = Pr [g]s =gs] =1—0(e). O
Hp S~iap Se~pap
x~p1/4(S)

We have thus constructed the function g indicated in the Theorem 10.1 and shown that Pr, [¢ ¢ A] =
O(e). In the remaining claims, we show the other properties of ¢ mentioned in Theorem 10.1.

First, we observe that since the gg are juntas, the coefficients dg, and so dr, belong to a finite set
depending only on d, A. We can easily deduce an upper bound on the support of g.

Claim 10.5. The function g from Claim 10.4 has branching factor O(1/p).

Proof. Let R, e be given. We want to show that the number of B D R such that |B| = |R| + e and dg # 0is
O(p~®). Letus denoteby B = {B D R : |B\ R| = e} the collection of all such potential B.

Let g5 be the functions from Claim 10.3. Recall that g5 = } 5 ds gyp. Since gs is a junta (by Claim 9.2),
B d%},B = O(1). Therefore

JE ) dip| =00,
“Hp | BeB
SOR | BCS

Given that S contains R, the probability that it also contains a specific B € B is (4p)/BI=1S| = (4p)¢, and so

Y E [l =00).
BeB SQBP

Since there are only finitely many possible values for dg p (since gs is an A-valued junta) and we chose dp
as the plurality value, the inner expectation is Q(d%), and so

) i3 =0(p~°).

BeB

Again due to the finitely many possible values for dg, each non-zero d% is ()(1). We conclude that the
number of non-zero dp for B € Bis O(p~¢), as needed. O

Our next step is to consider an auxiliary function derived from g.

Lemma 10.6. Let g be the function from Claim 10.4, and define

G=]](g—a).

acA
Then G satisfies the following properties:
1. G has branching factor O(1/p).
2. Pr,, [G=0] =1-0(e).
3. The number of sets B of size e such that G(B) # 0is O(p~€).
4. B, [G*] = O(e).
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Proof. The first property follows from Claim 10.5 via Lemma 3.2, and the second from Claim 10.4.

For the third property, we start by bounding the number N, of sets B of size e such that G(B) # 0 but
G(R) = 0 forall R C B. For each such B, Lemma 3.4 shows that the probability that yz = 1 and yc = 0 for
all other C in the support of G is Q(p?). If this event happens, then G = G(B) # 0. Since these events are
disjoint, we deduce that Pr[G # 0] = Q(p°N,), which implies that N, = O(p~ ‘).

We can associate with each B of size e such that G(B) # 0 a subset B’ C B such that G(B’) # 0 but
G(R) = 0 forall R C B. For each ¢ < ¢, there are N, = O(p~“¢) options for the set B'. Since G has
branching factor O(1/p), the set B’ has O(p~(¢¢)) extensions of size e in the support of G. In total, for each
¢ there are O(p~¢¢) - O(p~(¢=¢)) = O(p~‘¢) sets B with |B'| = ¢/. Considering the e + 1 possible values of
¢/, we deduce the third property.

For the fourth property, write

G=Yuys Y, G(B)G(By).
B

BUB,=B

Lemma 2.3 implies that |G(B)| = O(1) (recalling that the coefficients dp of g belong to a finite set depending
only on d, A, due to Claim 9.2). Denoting by M, the number of pairs By, B, such that G(B;), G(By) # 0 and
|B; U By| = e, it follows that E[G?] = O(Y, p°M,). Since the sum contains finitely many terms (deg G <
d|Al), the fourth property will follow if we show that M, = O(p~ ‘).

Given e, it remains to bound the number of pairs By, By such that G(By), G(B,) # 0and |B; U B| = e. For
each eq, e, en, we will count the number of such pairs with |B;| = e; and |B; N By| = en. The third property
shows that there are O(p~“1e) many choices for By. For each such Bj, there are O(1) many choices for
B N By, and given By N By, the first property shows that there are O(p~(©2=¢)) choices for B. In total, there
are O(p—1¢) - O(1) - O(p~(2=)) = O(p~(@1te—ene) = O(p—*e) choices for By, B,. The fourth property
follows since there are O(1) many choices for e1, e, en. O

Using the function G, we can finally compare f and g.
Lemma 10.7. Let g be the function from Claim 10.4. Then || f — g||> = Ey, [(f - 2)?] = O(e).

Proof. Let F = round(f, A), and let s, g, G be the functions defined in Claim 10.3, Claim 10.4, and Lemma 10.6.
We have

E((F—g)= E [ [(Fls—gls)) =

E E [(Fls —gls)*1y.—e. )+ E E [(F|s —gls)*1 ,
SN]/l4p]//1/4[( ‘S g‘s) g|5_g5] Swﬂ4py1/4[( ‘S g‘s) g|s#gs]

€1 1)

Claim 10.3 allows us to estimate ¢1, using the L3 triangle inequality:

&= E E[(Fls—gs)*]<2 B E[(Fls=fls)*]+2 E E [(fls —gs)’] =
~gp H1/4 Srepiap H1/4 S~pyp M1/4

233[(1—“ -2 +2_E [es] = O(e) + O(e) = O(e).
P ~Hap

We estimate e, by truncation. Since x> = O(IT,c4(x — a)?) as x — oo, we can find constants M, C > 0
(depending only on A) such that if |x| > M then x> < C[[,ea(x —a)%. Let ¢ = g<m + g>m, Where
g<m = &ljgj<pm- The L2 triangle inequality shows that

e£2<2 E E [(Fls— 21 +2 E E 21 )
2 < S~y4pm/4[( ls — §<mls) Lg|s£g,] SNMPW4[8>M\S gls#gs)

€1 €22
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Because both F and g< s are bounded, we can estimate €3 ; by

€1 = O(Sf;4 [gls # gs]) = O(e),

using Claim 10.4. The defining property of M shows that

£22<C_E E [G[3] = O(E[G?]) = O(e),
S~pap H1/4 Hp

using the fourth property of Lemma 10.6. Altogether, we deduce that IE,,, [(F — £)?] = O(e). Since Ey, [(F -
f)?] = e by definition, the L3 triangle inequality completes the proof. O

We can now prove our main theorem. Recall that the statement of the theorem does not make any
assumptions on p though all the above claims use the fact that p < py.

Proof of Theorem 10.1. Suppose that p < py, and let g be the function constructed in Claim 10.4. The first
property follows from Lemma 10.7. The second property follows from Claim 10.4. The third property
follows from the definition of g. The fourth property follows from Claim 10.5. Finally, Claim 10.4 shows
that Prg., [8]s = gs] = 1 — O(e). Hence if we choose S ~ ji4p and x ~ pi1/4(S) (so that x ~ py), we get
that g(x) = gs(x) with probability 1 — O(e), implying the fifth property since gs is a junta.

When p € [po, 1/2], we choose g using the generalized Kindler-Safra theorem, Theorem 9.1, guarantee-
ing the first property (we use the fact that the big O constant varies continuously with p). Claim 9.2 shows
that g is an A-valued junta, implying all the other properties. O

Corollary 10.2 is proved along similar lines.

Proof of Corollary 10.2. Apply the theorem to f := F=¢, which satisfies E[dist(f, A)?] = e. The L3 triangle
inequality shows that ||F — ¢||> < 2||F — f||?> + 2||f — g||*> = O(e). For the second property,

Pr[F # g] <Pr[g ¢ A]+Pr[F # gand g € A] =Pr[F # gand g € A] + O(e).
When g(x) € A, if F(x) # g(x) then (F(x) — g(x))? = Q(1). Therefore

PI‘[F # gand g € A] - E[lF#gandgeA} < E[(F - g)Z} = O(‘S)'

Altogether we get that Pr[F # ¢] = O(e). All other properties are inherited from the theorem. O

11 A converse to the main result

Given a degree d function f such that E[dist(f, A)?] = ¢, Theorem 10.1 gives a function g such that || f —
gl> = O(e) and:

o degg <d
e g has branching factor O(1/p).
Prlg ¢ A] = O(e).

¢ The coefficients of the y-expansion of ¢ belong to some finite set depending only on d, A.

In this short section, we show that a function g satisfying these properties also satisfies [E[dist(g, A)?] =
¢, and in this sense Theorem 10.1 is a complete characterization of degree d functions close (in L) to A.

Lemma 11.1. Fix d > 0 and finite sets A, B. Suppose that g satisfies the following properties, for some small enough
p:
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degg <d

g has branching factor O(1/p).
Prlg & A] =e.
The coefficients of the y-expansion of g belong to B.

Then E[dist(g, A)?] = O(e).

Proof. The first step is to apply the argument of Lemma 10.6. This lemma defines

G=]]E-

acA

and proves that E[G?] = O(¢), using only the listed properties.
Since dist(x, A)? = O([Te4(x — a)?), there exists M such that dist(g, A)?> < G? whenever |g| > M. For
an arbitrary 2 € A we have

E[dist(g, A)*] = E[dist(g, A)*14g 4 gj<m) + E[dist(g, A)*Tgga o> m] <
(M+a])*Prlg ¢ Al +E[G] = O(e). D

12 Corollaries of the structure theorem

Our main theorem, Theorem 10.1, describes the approximate structure of degree d functions which are close
in L3 to a fixed finite set (“almost quantized functions”): all such functions are close to sparse juntas. This
allows us to deduce properties of bounded degree almost quantized functions from properties of sparse
juntas.

We give two examples of applications of this sort in this section: we prove a large deviation bound, and
we show that when p is small, every bounded degree almost quantized function must be very biased.

12.1 Large deviation bounds

Our first application is a large deviation bound, proved via estimating moments. We start by analyzing the
simpler case of hypergraphs.

Lemma 12.1. Let H be a d-uniform hypergraph with branching factor C/p. For S ~ wyp, let X be the number of
hyperedges in H|s. For all integer k,
E[X¥] < (Ckd)*

Proof. Let ey, ..., e be a k-tuple of hyperedges. We can consider the hypergraph whose vertices are e; U
-+ U e, and whose hyperedges are ey, ..., e;. This is a hypergraph on at most kd vertices which we call a
pattern. We can crudely upper bound the number of patterns by (kd)*

Let P be a pattern on m = m(P) vertices. Our goal is to show that the number of k-tuples of hyperedges
conforming to this pattern is at most (C/p)™. Suppose that we have already chosen ey, ..., ¢;_1, and sup-
pose that t; = |e; \ (e U---Ue;_1)|. Since H has branching factor C/p, there are at most (C/p)" choices for
e;. In total, the number of k-tuples is at most (C/p)"1+ T = (C/p)™.

We can estimate the kth moment by

Y PrlegU---Ueg CS|= Y pleatted <Zp J(c/p)"P) < (Ckd), m

€1,.--,k €1,-++/Ck

This implies a large deviation bound for hypergraphs.
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Lemma 12.2. Let H be a d-uniform hypergraph with branching factor C/p. For S ~ up, let X be the number of
edges in H|s. For large enough t,

Pr[X > t] = exp —Q(t/9/C).

Proof. Letk = t1/¢/(eCd). We perform the calculation under the assumption that k is an integer; in general
k should be taken to be |t!/4/(eCd) |, but the difference disappears for large t.

Lemma 12.1 shows that E[X¥] < (t1/4/e)k = 5 /¢k, and so Markov’s inequality shows that Pr[X* >
t] < tk/ E[X*] = e~*4. The lemma follows since kd = t1/4/ (eC). O

These two results also apply, with minor changes, to functions with bounded coefficients.

Lemma 12.3. Let f be a degree d function with branching factor C/p, the coefficients of whose y-expansion are
bounded in magnitude by M. For all integer k > 1,

E[|f|] < MF(2Ckd)*.

Proof. Let H be the support of f. The triangle inequality shows that at a given point S, the value of |f|¥
is bounded by MF times the number of k-tuples eq,...,ex € H such thate,...,ey € S. We can then run
the argument of Lemma 12.1 as written, the only difference being that now the hy})eredges have at most d
vertices. This increases the number of patterns to at most (say) (kd + 1)k < (2kd)*. O

Lemma 12.4. Let f be a degree d function with branching factor C/p, the coefficients of whose y-expansion are
bounded in magnitude by M. For large enough t,

Pr[|f| > Mt] = exp —Q(t'//C).
Proof. This lemma follows from Lemma 12.3 just as Lemma 12.2 follows from Lemma 12.1. O

Applying our main theorem, we deduce a large deviation bound for bounded degree almost quantized
functions.

Corollary 12.5 (Restatement of Lemma 1.5). Fix an integer d and a finite set A. Suppose that f: {0,1}" — Ris
a degree d function satisfying E[dist(f, A)?] = & with respect to y, for some p < 1/2. For large enough t,

Pr[|f| > t] < exp —Q(t9) + O(e/1?).

Proof. Theorem 10.1 shows that there exists a function g satisfying the conditions of the lemma such that
|f —gll?> = O(e). If |f| > t then either |f — g| > t/2 or |g| > t/2. The corollary follows from Markov’s
inequality and the lemma. O

12.2 Distance from being constant

Suppose that f is a bounded degree A-valued function. How does the empirical distribution of f under
tp look like, for small p? Claim 9.2 shows that f is a junta. All coordinates it depends upon are zero with

probability (1 — p)°(1) =1 —O(p), and so for small p the empirical distribution of f is very biased.

What happens when f is just close to being A-valued? Consider for example the function f = y; +
-+ +Yc/p, for some small c. The empirical distribution of f is close to Poisson with expectation ¢, and so
Pr[f =0 ~e “~1—cPr[f =1 ~e ‘cac—c? andso Pr[f ¢ {0,1}] = ¢ Taking c = /e, we see that
f is e-close to {0,1}, but only /e-biased (that is, the most probable element in the range is attained with
probability roughly 1 — /¢). We think of ¢ as a “small constant” much larger than p, and this shows that
almost {0, 1}-valued functions can be much less biased than truly {0, 1}-valued functions.

In this section our goal is to estimate how biased can bounded degree almost quantized functions be.
We start by analyzing the situation for sparse juntas.

43



Lemma 12.6. Fix a constant d > 0 and a finite set A. There exist constants C,eq > 0 such that for all p < 1/47
and e < g, the following holds.

Suppose that g: {0,1}" — R is a degree d function with branching factor O(1/p) such that Pr[g ¢ A] = e.
Then there exists a € A such that Pr[g # a] = O(e* + p).

Proof. Lemma 3.4 shows that Pr[g = §(@)] = Q(1). Choosing ¢y small enough, we can guarantee that
3(@) € A.

Denote a := §(®) and 6 := Pr[g # a]. Let S, = {|B| = e : §(B) # 0}. If ¢ # a then yp # 0 for some
B such that §(B) # 0, and this shows that § < Y9, p°|S,|. Therefore there exists 1 < e < d such that
|Se| > dp—¢/d.

Let M be the constant from Claim 9.2. We will show that there exist constants L, K > 0 such that either
5 =0(p) or

S Pr [g]ys=1 depends on more than M and at most L coordinates] = Q(5%).
N]/lzp

If ¢|,s=1 depends on more than M coordinates then it cannot be A-valued. If it also depends on at most L
coordinates, the probability (with respect to i1 5) that it is not A-valued is Q)(1). Hence

Prig ¢ A] = SPr [g(x) & A] > Q(S Pr [g]y,—1 depends on > M and < L coordinates]) = Q(%),
~H2p ~H2p
x~p1/2(8)
as claimed.

Let My be a constant such that My distinct hyperedges of cardinality at most d span more than M
vertices. Note that My such hyperedges also span at most L := dMj vertices. If [S,| < My then § =
O(p°?) = O(p), so we can assume that |S.| > M.

Consider the collection S of all My-tuples of hyperedges from |S.|. Since |S,| > My, we have |S| =
Q(|Se|Mo) = Q(6Mop=¢Mo). For each My-tuple of hyperedges, we can consider the set of vertices contained
in these hyperedges. Let V denote the collection of all such sets of vertices formed from S. Since every set
in S can be obtained from O(1) tuples of V, we have |V| = Q(6Mop=¢Mo). Every set in V contains at most
eM vertices.

For every U € V, Lemma 3.3 shows that g|,,,—1 has branching factor O(1/p). Hence Lemma 3.4 shows
that when S ~ 2, with probability Q((2p)IUl) = Q(p*Mo) the vertex support of glys=1 contains no vertex
outside of U. In fact, since U is the set of vertices contained in an My-tuple of hyperedges, the vertex
support of g|,,—1 is exactly U, and so g[,,—1 depends on more than M and at most L coordinates. The
corresponding events for different U are disjoint, and we conclude that

5Pr [8]ys=1 depends on > M and < L coordinates| = Q(p™M0) V] = Q(pMo) . Q(sMop=Mo) = (M),
~H2p

completing the proof. O
Applying Corollary 10.2, we obtain a similar result for bounded degree almost quantized functions.

Corollary 12.7 (Restatement of Lemma 1.6). Fix a constant d > 0 and a finite set A. There exists constant
C,eq > Osuch that forall p < 1/4 and e < &g, the following holds.

Suppose that f: {0,1}" — R is a degree d function satisfying E[dist(f, A)?] = e. Then there exists a € A such
that Pr[round(f, A) # a] = O(e© + p).

Proof. Let F = round(f, A). Corollary 10.2 shows that there exists a degree d function g: {0,1}" — R
which has branching factor O(1/p) and satisfies Pr[g ¢ A] = O(e) and Pr[F # g| = O(e). The lemma
shows that Pr[g # a] = O(e“ + p) for some a € A, and the corollary follows. O

7This constant is arbitrary. Any constant less than 1 can be used.
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Discussion What is the correct exponent of €? Let us focus on A = {0,1}. Let n = §/p, and consider the

function
fa= Zyil - Z YiYip - £ 2 Yiy - - Yiy-

51 i1 <ip i <---<ig
When exactly m of the coordinates are 1, we have
d d
_1(m m
fa=3_(=1) 1( ) =1- Z(—1>f< )
= e e
When m < d, we have

(RS L

—0 e 1 otherwise.

When m = d + 1, we have
z m m 0 ifdiseven
=1- —-1)° -1)" =1-(1-1)"+(-1)"= ’
fa gg(;)( ) (3) 0 <m> ( ) (-1) {2 if d is odd.
For small p, the distribution of m is roughly Poisson with expectation J, and so for small J:

o Prlf; =0 >Prim=0]~e°~1-0.

s+l - sa+1
@+n! = @+nr

e Whendisodd, Pr[f; ¢ {0,1}] < Pr[m >d]| ~Prim=d +1] =~ e’

pia+2 pa+2

e Whend iseven, Prf; ¢ {0,1}] <Pr[m >d+1] ~Prlm=d +2] ~ e @~

This shows that a degree d function which is e-close to A can be Q(e!/ (@+1))_far from constant, and even
O (e!/(4+2))_far when d is even. When d = 1, the sparse FKN theorem [Fil16] shows that the exponent 1/2
is tight.

13 New proof of classical Kindler-Safra theorem

In this section we give a self-contained proof of the Kindler-Safra theorem in the i, setting. The proof
can easily be extended to the y, setting for any constant p. Our functions are on the domain {+1}", and
we denote their inputs by xq,...,x, € {£1}.

When we write x ~ {£1}", we always mean that x is chosen according to the uniform distribution over
{£1}".

13.1 A-valued FKN theorem

As a prerequisite for our proof of the Kindler—Safra theorem, we need to extend the FKN theorem to the
A-valued setting. Our proof closely follows the proof in Kindler’s thesis [Kin03]. In contrast to the classical
FKN theorem, in which the approximating functions are dictators, in the A-valued setting we only get
juntas. Indeed, if A = {0,1,...,a} then the function }} , 1+2xi is A-valued.

We start by identifying the junta variables.

Lemma 13.1. Fix a finite set A. Let f: {1}" — R be a degree 1 function satisfying E[dist(f, A)?] = e. There
exists a constant m > 0 (depending on A) such that f(i)? > me for at most |A| — 1 many coefficients f (i).
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Proof. Let m = 214141 and let Jy = {i : f(i)2 > me}. Our goal is to show that |Jo| < |A|. If not, we can
choose a subset | C Jj of size exactly |A|. There is an assignment « to the coordinates outside | such that
E[dist(f|«, A)?] < e. This implies that for some c,

E[dist()_ f(i)xi + ¢, A)*] <.

ic]

We can assume, without loss of generality, that f(i) > 0 for all i € ] (otherwise, we can define a
new function obtained from f by flipping the appropriate inputs). Assume also, for simplicity, that | =
{1,...,|A|}. For 0 <i < |A|, define

For every 0 < i < |A|, let a; = round(v;, A). Since v; — v;_, = 2f(i) > 0, we can assume that a; > a;_;. By
assumption, |v; — a;|? < 2//le = 2/4l¢ for all i. If a; = a;_y, then this implies that (v; — v;_1)? < 241+2¢ (using
the L3 triangle inequality), which contradicts the upper bound, (v; — v;_1)? = 4£(i)? > 4me = 2/413¢. We
conclude thata; > a;,_1,andsoayg <a; < --- < a4 However, this is impossible, since A contains only |A|
elements. This contradiction shows that |]Jy| < |A]. O

The idea now is to truncate f to its junta part, and to show that the noisy part has small norm. We do
this in an inductive fashion, using the following lemma.

Lemma 13.2. Fix a finite set A, and let m be the constant from Lemma 13.1. There exists a constant g9 > 0
(depending on A) such the following holds for all e < g.

If f: {£1}" — R is a degree 1 function satisfying V[f] < (2 + m)e and E[dist(f, A)?] = ¢, then in fact
V[f] < 2e.

Proof. Markov’s inequality shows that each of the events (f — E[f])? < 3(2 + m)e and dist(f, A)?> < 3e
occurs with probability 2/3, and so there is a point at which both occur simultaneously. The L3 triangle
inequality implies that for some a € A,

(E[f] — a)* < 6(2+ m)e + 6 = (18 + 6m)e.
Let £ denote the event that round(f, A) = a. Then

e > E[dist(f, A)*1¢] = E[(f — a)*1¢] = E[(f —a)*] - E[(f - a)’1g].
)

When round(f, A) # a, necessarily (f —a)? = Q(1),and so (f —a)?> = O4((f — a)*). This shows that

5 < OA(E[(f ~a)*)) = 0a(llf —alld) £ 0a(llf —all}) = OA(E[(f —a)2P),

using hypercontractivity in (x). The L3 triangle inequality shows that
E[(f —a)?] <2V[f] +2(E[f] —a)?* < 2(2 + m)e +2(18 + 6m)e = (40 + 14m)e.

Choosing gy small enough (as a function of A), we can guarantee that
e > E[(f = )*)(1 = 0a(40 + 14m)e) > S E[(f —a)?],

and so E[(f — a)?] < 2e. The lemma follows from the well-known inequality V[f] < E[(f — a)?]. O

N =
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We now carry out the induction.

Lemma 13.3. Fix a finite set A, and let m, g be the constants from Lemma 13.2. The following holds for all ¢ < .
Let f: {#1}" — R be a degree 1 function satisfying E[dist(f, A)?] = ¢, let ] = {i : f(i)?> > me}, and define
8§ = f(@) + Liey f(i)x;. Then ||f — g|* < 2e.
Proof. Assume without loss of generality that ] = {1,..., N} for some N < |A|. We will prove by reverse
induction on i > N that Z]->l-f(j)2 < 2e. The lemma will follow since || f — g||> = YisN ()2
The base case i = n is obvious, so assume that ) ;-; 1 f(j)? < 2¢ for some i > N. The definition of
] guarantees that ) ;. ; f(j)? < (2 +m)e. Since E[dist(f, A)?] = &, there must exist an assignment a to
x1,...,%; such that E[dist(f|,, A)?] < e. Then ¢ = f|, satisfies E[dist(g, A)?] < e and V[g] < (2+ m)e.
Lemma 13.2 shows that V[g] < 2¢, and so Z]->if(j)2 < 2e. O

To complete the proof, we need the following simple lemma.
Lemma 13.4. For every finite set A and every x,y we have (x — round(y, A))? = O((x — y)? + dist(x, A)?).

Proof. Leta = round(x, A) and b = round(y, A). Ifa = bthen (x — b)? = (x —a)? = dist(x, A)2. Otherwise,
without loss of generality a < b. Note that x < “F¢ < y. If |x —a| < %37 then |x —y| > |x — 93| > &2
Therefore (x — b)? < 2(x —a)? +2(a — b)? < 2(x —a)? +32(x — y)2 If [x —a| > 3% then (x — b)? <
2(x —a)? +2(a — b)? < 34(x — a)2. (In both cases, we used the L3 triangle inequality.)

1

The main theorem easily follows.

Theorem 13.5. Fixa finiteset A, andlet f: {£1}" — R beadegree 1 function satisfying E[dist(f, A)?] = e. There
exists a degree 1 function g: {+1}" — A, depending on at most |A| — 1 coordinates, such that || f — g||> = Oa(e).

Proof. Let g¢ be the constant from Lemma 13.3. Suppose first that ¢ < g(. The lemma defines a set | of size
at most |A| — 1 (according to Lemma 13.1) such that h := f(®) + Yic] f(i)x; satisfies ||f — h||> < 2e. Let
¢ = round(h, A), which also depends only on the coordinates in J. Lemma 13.4 shows that ||f — g||> =
O(If = hl* + E[dist(f, A)?]) = OCe).

It remains to show that deg ¢ < 1. There are finitely many A-valued functions on |A| — 1 coordinates.
Hence if g>! # 0 then ¢”! = Q4(1), and so ||[f —g|?> > [|(f — £)7'II> = l1g71|> = Qa(1). By possibly
reducing gy, we can rule out this case, and so deg g < 1.

If ¢ > ¢ then we take ¢ = a for an arbitrary a € A. The L3 triangle inequality shows that E[f?] <
2E[round(f, A)?] + 2 E[dist(f, A)?] = OA(1+¢). Another application of the triangle inequality shows that
E[(f — g)%] <2E[f? +2a%> = O4(1 +¢). Since & > o, in fact E[(f — g)?] = Oa(1+¢€) = Oxl(e). O

Corollary 13.6. Fix a finite set A, and let F: {£1}" — A satisfy ||F>1||> = e. There exists a degree 1 function
g: {£1}" — A, depending on at most | A| — 1 coordinates, such that |F — g||> = O (e) and Pr[F # g] = Oal(e).

Proof. Let f = F=!, which satisfies E[dist(f, A)?] < E[(f — F)?] = e. The theorem gives an A-valued
function ¢ which depends on at most |A| — 1 coordinates and satisfies || f — g||> = Oa(¢). The L3 triangle
inequality shows that ||F — ¢|> < 2||f — gl|?> +2||f — F||?> = Oal(e). If F(x) # g(x) then (F(x) — g(x))? =
Q4(1), and so Pr[F # g] = E[lp,] = O (E[(F — g)?]) = Oale). O

13.2 A-valued Kindler-Safra theorem

We now prove the A-valued Kindler-Safra theorem by induction on the degree. We start by stating the
theorem.

Theorem 13.7. Fixa finite set A and adegreed. Let f: {+1}" — R be a degree d function satisfying E[dist(f, A)?] =
e. There exists a degree d function g: {£1}" — A, depending on O 4(1) coordinates, such that ||f — g||*> =

Oaal(e).
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We also get a corollary whose omitted proof is the same as that of Corollary 13.6.

Corollary 13.8. Fixa finite set A and adegreed. Let F: {4-1}" — A bea degree d function satisfying E[dist(f, A)?] =
e. There exists a degree d function g: {£1}" — A, depending on O 4(1) coordinates, such that ||[F — g||*> =

Opa(e) and Pr[F # g] = Opa(e).

The theorem clearly holds when d = 0 (take ¢ = round(f, A)), and it holds for d = 1 due to The-
orem 13.5. Consider now d > 1. Assuming Theorem 13.7 for smaller d, we will prove it for the given
d.

Let f: {£1}" — R be a degree d function satisfying E[dist(f, A)?] = . As in the proof of Theorem 13.5,
ife > 2% then ||f — a||> = O4(e) for any a € A, allowing us to take ¢ = a, so assume that ¢ < 2~%. This has
the following implication:

Claim 13.9. We have || f||?> = O4(1).
Proof. The L2 triangle inequality shows that
I fII* < 2E[round(f, A)?] + 2 E[dist(f, A)?] = O4(1 +¢) = O4(1). O

For a set S C [n] and an assignment y € {£1}5, let fsy: {£1}5 — R be the function obtained by
restricting the variables in S to the values in y, and define

€gy = ]E[dist(fsly, A)Z].

Claim 13.10. Forall S,

E ,[Es,y] =
y~{#1
Proof. We have
E [es,]= [E [dist(f(y,z), A)% = E[dist(f, A)?] =e. O
y~{£1}° y~{£1)°
z~{+1}8

Forall Sand y € {+1}5, define
sy = fsy 1%
and let vs = Ey[7s,].
Claim 13.11. The value s, doesn’t depend on y, and

E =¢|| 7% = O4(e).
o E 15 = €I =042

Proof. Note first that for all ,

fod =Y f(Daxr.
TI=d
TCS

Therefore 75, doesn’t depend on y, and

E [ys]= Y, _ Pr [TCSIf(T)>= Y (/)A(T)=elf~|>
S~paya((n]) |T|=d S~psa([n]) IT|=d

We complete the proof using Claim 13.9. O
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For each S,y, we apply Theorem 13.7 to the degree d — 1 function fs<yd which satisfies

E[dist(f5, A)?] < 2E[dist(fs,, A)2] + 2] 5] = 2¢5., + 2.

The theorem gives us an A-valued function g5, which depends on O 4 4 (1) coordinates and satisfies

Ifsy — gsyll> = Oaalesy +7s)-

Since g5, is an A-valued junta, there exists a finite set B (depending only on A, d) such that all Fourier
coefficients of g5, belong to B.
A simple calculation shows that forall T C S of sized — 1,

hs,r(y) = fou(T) = f(T) + Y f(T+1i)y;

i¢S
We think of this as a degree 1 function g r: {£1}5 — R.
Claim 13.12. Forall S C [n] we have

Y~ Eldist(hs1,B)*] = Opale+7s).
Te(,5,)

Proof. Foreachy € {il}§ we have

Y, dist(hsr(y),B)* <} ( su(T)? < Ilfsy — 8syl® = Onalesy +7s)-
Te(,%y) Te(,%)
Taking expectation over y, we complete the proof using Claim 13.10. O

On the other hand, an application of the generalized FKN theorem gives the following:

Claim 13.13. There exists a finite set C (depending only on A, d) such that forall S C [n]and T € (,°,),
dist(f(T),C)* + Y _ dist(f(T +1i),C)* = O 4(E[dist(hs 1, B)*]).
i¢S

Proof. Theorem 13.5, applied to f := hgt and A := B, gives a B-valued function ug r depending on at most

|B| — 1 coordinates such that ||t — ug r||> = Oaq(E[dist(hsr, B)?]). All the Fourier coefficients of ug 1

belong to some finite set C, and so the claim follows from Parseval’s identity since the coefficients of the

Fourier expansion of g 1 are fis 7(®) = f(T) and his 1(i) = f(T +1i) foralli ¢ S. O
Putting both claims together, we deduce:

Claim 13.14. We have X
Y dist(£(T),C)2 = Opale?).
d-1<|T|<d
Proof. Summing over T in Claim 13.13 and using Claim 13.12, we get that for all S C [n],
) ldist(f( +Zchst (T+1i), = Y Opq(E[dist(hs, B )?]) = O 4(e+7s).

Te(,5,) i¢Ss Te(,5,)

Taking expectation with respect to S ~ ps, where § = ¢!/¢, Claim 13.11 shows that

= 0a4(e).

[ Z dist(f(T),C)* + Y_ dist(f(T +1),C)?
S~ H&

Te(,2 1) i¢S
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A set T of size d — 1 appears in the sum with probability 67—, and a set of size d appears with probability
ds?=1(1 — ¢). Since 6 < (274)1/4 = 1/2 by assumption, we deduce that

Y. dist(f(T),C)* = Opu(e/6°7") = Opale"?). O
d—1<|T|<d

This claim prompts defining

h= ), round(f(T), C)xr

d-1<|T|<d

Claim 13.15. There exists a finite set D (depending only on A,d) such that h is a D-valued function depending on
O4,4(1) coordinates and satisfying ||h||* = O 4(1).

Proof. Claim 13.14 shows that || — f2971|2 = O, 4(e1/?) = O 4(1). Since || f||> = O4,4(1) by Claim 13.9,
it follows that ||i]|> = O44(1) and so Y5 1(S)> = 04 4(1). As all Fourier coefficients of & belong to C, we
deduce that & has O 4 4(1) non-zero coefficients. Since all of them involve at most d coordinates, it follows
that /# depends on Oy 4(1) coordinates. Each value of /1 is a signed sum of O, 4(1) elements of C, and so
is D-valued for some finite set D. O

The next step is an application of Theorem 13.7 for degree d — 2.

Claim 13.16. There exists a finite set E (depending only on A, d) and an E-valued degree d — 2 function g depending
on O 4(1) coordinates such that || f — (g +h)||? = O 4(e¥/?).

Proof. Let f = f<9=1 + h. Then ||f — f||> = [|f24! — h||?> = O4,4(e!/?) by Claim 13.14, and so the L3
triangle inequality shows that E[dist(f, A)?] < 2E[dist(f, A)?] +2||f — f||?> = Opa(e + /%) = 04 4("/?)
(using ¢ < 279). Settin E to be the Minkowski difference A — D and using the fact that & is D-valued, we
deduce that E[dist(f <91, E)2] = Oy 4(!/4).

Applying Theorem 13. 7 to the degree d — 2 function f<?~1, we obtain an E-valued degree d — 2 function
g depending on O 4(1) coordinates such that || f<?~1 — g||> = 04 4(¢'/?). Together with | f=%~1 — h||> =

Op,4(¢'/?) and the L3 triangle inequality, this shows that ||f — (g + 1) ||? = O44(!/%). O
Using the fact that E[dist(f, A)?] = ¢, we can improve the bound on ||f — (g + 1) ||%.
Claim 13.17. We have || f — (g +h)|?> = Oa4(e).

Proof. Lets := f — (g +h). Since E[dist(f, A)?] = eand g + h is (D + E)-valued (where D + E is the
Minkowski sum), we see that E[dist(s, V)?] < ¢, where V = A — (D + E) is a finite set. We can assume
without loss of generality that 0 € V (this can only decrease the distance). At any point in the domain,
either round(s, V) = 0 or round(s, V) = Q4(1). Hence

¢ > Eldist(s, V)zlround(s,V):O] = ]E[Szlround(s,V):O] = IE[S2] - E[Szlround(s,V)#O} 2 ]E[sz} - OA(IE[Szd])'

Since deg(s*) < 242, hypercontractivity shows that E[s??] = ||s/|34 = O,(||s||3?), and so Claim 13.16, which
states that E[s?] = Oy 4(e!/¥), implies that

E[s%] < ¢+ Oa(E[s)") = Oale) O
We can now complete the proof.

Completion of the proof of Theorem 13.7. Let r = round(g + h, A), and note that r depends on O, 4(1) coordi-
nates. Lemma 13.4 shows that ||f — 7| = O(||f — (g + )||> + E[dist(f, A)?]) = Oa4(¢). If degr > d then
since r is an A-valued function depending on O, 4(1) coordinates, we have [[r>?||2 = Q4 4(1), implying
that || f — || = Q4 ,4(1) and so e = Q4 4(1). As in the proof of Theorem 13.5, in this case || f — a|> = O 4(e)
for any a € A. O
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