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Abstract 
Unimodular transformation is a kind of loop parallelizing transformations that keeps the 

normality of the transformed loop nest.  However, there are two drawbacks that makes the UT 

method not practical. First, the dependence distance must be kept lexicographically positive after 

transformation, which makes the computation of unimodular matrix for multi-fold loops difficult. 

Secondly, the array reduction dependence is not constant distance in its nature while most UT 

method deal with constant distance matrix.   

The paper aims at finding approaches to overcome these drawbacks. 

First, an automatic UT approach for multi-fold loops with constant distance matrix is 

introduced to parallelize outer and inner multi-nested loops, which reaches the first aim.  

Then, the paper defines a way to express array reduction dependence as mimimal constant 

distance vector such that the previous UT method can apply to the loops with array redution 

dependence, which fulfil the second aim.  

To illustrate the theory of enhancing UT method with array reduction technique, a complete 

example is given. 

Keywords Dependence Analysis, loop parallelization, unimodular transformation, array 

reduction 
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n L i1,...,in

 

{i=(i1,...,in)
T∈Zn | L1≤i1≤U1,L2(i1)≤i2≤U2(i1), ..., Ln(i1,...,in-1) ≤ in≤ Un(i1,...,in-1)}, 

 

A(f(I)) A(g(I)) f(I) g(I) A(f(I))

A(g(I)) I i1 i2

f(i1)=g(i2) d i1 i2 I i1∠i2

0 0∠d 0

f(i2-d)=g(i2) d = i2 - i1 i

 

U ±1

U U:I����J I J: 

{j=Ui, i=(i1,...,in)
T∈Zn | L’1≤j1≤U’1,L’2(j1)≤j2≤U’2(j1), ..., L’n(j1,...,jn-1) ≤ jn≤ U’n(j1,...,jn-1)} 

 

Loop1 DO i1=L1,U1,1  
    ... 
 Loopn: DO in =L(i1,...,in-1),U(i1,...,in-1),1 
         Body(i1,...,in) 

Loop1 DO j1=L’1,U’1, 1  
    ... 
 Loopn: DO in =L’(i1,...,in-1),U’(i1,...,in-1),1 
           (i1,...,in)=(j1,...,jn)U-1 
             Body(i1,...,in) 
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,122 , 1 k1,-2k =a , k=1,...,n i=U-1j J

AU-1j≤b Fourier-Motzkin L’k U’k

(b). 

wavefront partition [9] n

Dnxm : n-rank(D)

( 1) rank(D)-1 ( 2)  

 1( ) n m

Dm×n r<n Unxn

UD=[0m-rxn | Drxm’T]T D’  

 2 n D n×m rank(D)=n

Unxn UD 1

(UD 0)  

D |D|>1 E.H.D'Hollander[2]
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3.1  
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S1(i),...,Sk(i) k A

A(S1(i),...,Sk(i))= A(S1(i),...,Sk(i))⊕e(i)

Fi1=Fi2 d=i2- i1 Fd=F(i2- i1)=0

d>0 d d d1 d2

d1, d2  

 1a  

S1(i),...,Sk(i) k

A A(S1(i),...,Sk(i))= A(S1(i),...,Sk(i))⊕e(i)

Fi1=Fi2 d=i2- i1 Fd=F(i2- i1)=0

d>0 d d d1 d2

d1, d2

 

 1b  + 0
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A[1:10]  

3.2  
 

S1∠S2

S1 S2

 

 1

 

 2 n A(S1(i),...,Sk(i))= A(S1(i),...,Sk(i))⊕e(i)

d Fd=0 i=(i1,..., in)

S1(i),...,Sk(i) k A e(i) A

F k×n l Sl(i)=�
=

n

m

mm

1

1 if  

S1(i),...,Sk(i) k A A(S1(i),...,Sk(i))= 

A(S1(i),...,Sk(i))⊕e(i) Fi1=Fi2 d=i2- i1

Fd=F(i2- i1)=0 d>0 d d

d1 d2 d1, 

d2  
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 DO I=1,9 
  Critical_section_A 
  A(I)=A(I)+F(I) 
  end section 
  Critical_section_A 
  A(I+1)=A(I+1)+G(I) 
  end section 
 ENDDO 
 

a  

REAL FX1(1:10,1:9) 
DOALL  I=1,p,1    /*p  */ 
 DOI1=1,10 
    A1(I1,I)=0  /*0 ”+” */ 
 ENDDO 
    DO J= � �9 1/ * ( )p I − +1, � �9 / *p I ,1 

    A1(J,I)=A1(J,I)+F(J) 
       A1(J+1,I)=A1(J+1,I)+G(J) 
    ENDDO 
ENDDO 
DO I=1,p,1 
 DO I1=1,10,1 
  A(I)=A1(I1,I)+A(I) 
 ENDDO 
ENDDO 

b  
 

 

DO I1=0,10,1 
  DO I2=0,10,1 
S1:  A(I1+I2)=A(I1+I2)+1 
S2:  B=B+1 
S3:  C(5)=C(5)+1 
  ENDDO 
ENDDO 

 

S1 d=(d1,d2)
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 3 n S: A(S1(i),...,Sk(i))= 

A(S1(i),...,Sk(i))⊕e(i) d, U S’

d’=Ud  

U j=Ui, i=U-1j S’ :  
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A(S1(U-1j),...,Sk(U-1j))= A(S1(U-1j),...,Sk(U-1j))⊕e(U-1j) 

Fi1=Fi2 F U-1j 1=F U-1j 2  

d’= j2- j1= U-1i2- U-1i1=U-1(i2- i1)= U-1d � 

2
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3.3  
 

n D=[D1;D2] D1 D2

 

1 D1 U1

U1D1=[0T;D1’T]T D1’ s=rank(D1)  1
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4.  
 

 2 ,  2a

b(i1+i2,5*i1+i3)= b(i1+i2,5*i1+i3)+i1
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a)  2 b,c
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   DO i1=1,10 
      DO i2=1,10 
        DO i3=1,10 
          a(i1+1,i2+3,i3+2)=a(i1,i2+1,i3+5)+a(i1+1,i2,i3) 
          b(i1+i2,5*i1+i3)= b(i1+i2,5*i1+i3)+i1 
          c(i2,i3)=c(i2,i3)+(i2+i3) 
        ENDDO 
      ENDDO 
    ENDDO 

b) b,c

D1=

�
�
�

�

�

�
�
�

�

	

− 2
3
0

3
2
1

U1=
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1
1
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  DOALL j1=-4,158 
    DO j2=max(1,ceil((j1-28)/13.)),min(10,floor((17+j1)/13.)) 
      DO j3=max(ceil((1-j1+j2)/3.),ceil((1-j1+5*j2)/2.)), 
 1          min(floor((10-j1+j2)/3.),floor((10-j1+5*j2)/2.)) 
          i1=j2 
          i2=j1-j2+3*j3 
          i3=j1-5*j2+2*j3 
          a(i1+1,i2+3,i3+2)=a(i1,i2+1,i3+5)+a(i1+1,i2,i3) 
          Critical_Section_B 
          b(i1+i2,5*i1+i3)= b(i1+i2,5*i1+i3)+I1 
          End_ Section 
          Critical_Section_C 
          c(i2,i3)=c(i2,i3)+(i2+i3) 
          End_Section 
       ENDDO 
    ENDDO 
  ENDDOALL 
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   DOALL j1=-4,158 
    DO j2= max(ceil((2-j1)/3.),ceil((6-j1)/2.),ceil((-5-4*j1)/13.)), 
 1     min(floor((20-j1)/3.),floor((60-j1)/2.), floor((49-4*j1)/13.)) 
      DOALL j3=max(1,j1+j2-10,ceil((j1+2*j2-10)/2.)), 
 1              min(10,j1+j2-1,floor((j1+2*j2-1)/5.)) 
          i1=j3 
          i2=j1+3*j2-j3 
          i3=j1+2*j2-5*j3 
          a(i1+1,i2+3,i3+2)=a(i1,i2+1,i3+5)+a(i1+1,i2,i3) 
          Critical_Section_B 
          b(i1+i2,5*i1+i3)= b(i1+i2,5*i1+i3)+i1 
          End_section 
          Critical_Section_C 
          c(i2,i3)=c(i2,i3)+(i2+i3) 
          End _Section 
      ENDDOALL 
    ENDDO 
  ENDDOALL 
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c  

  DOALL j1=-4,158 
    DO j2=max(ceil((5-j1)/3.),ceil((-3*j1-3)/13.),ceil((8-j1)/2.)), 
 1     min(floor((50-j1)/3.),floor((80-j1)/2.), floor((66-3*j1)/13.)) 
      DOALL j3=max(1,ceil((j1+3*j2-10)/4.),ceil((j1+2*j2-10)/7.)), 
 1          min(10,floor((j1+3*j2-1)/4.), floor((j1+2*j2-1)/7.)) 
          i1=j3 
          i2=j1+3*j2-4*j3 
          i3=j1+2*j2-7*j3 
          a(i1+1,i2+3,i3+2)=a(i1,i2+1,i3+5)+a(i1+1,i2,i3) 
          b(i1+i2,5*i1+i3)= b(i1+i2,5*i1+i3)+i1 
          Critical_Section_C 
          c(i2,i3)=c(i2,i3)+(i2+i3) 
          End_Section 
      ENDDOALL 
    ENDDO 
  ENDDOALL 
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