
Computer Science C73 October 19, 2022
Scarborough Campus University of Toronto

Homework Assignment #6
Due: November 9, 2022, by 11:59 pm

• You must submit your assignment through the Crowdmark system. You will receive by email
an invitation through which you can submit your work in the form of separate PDF docucments with
your answers to each question of the assignment. To work with a partner, you and your partner must
form a group on Crowdmark. Crowdmark does not enforce a limit on the size of groups. The course
policy that limits the size of each group to at most two remains in effect: submissions by
groups of more than two persons will not be graded.
• It is your responsibility to ensure that the PDF files you submit are legible. To this end, I encourage
you to learn and use the LaTex typesetting system, which is designed to produce high-quality documents
that contain mathematical notation. You are not required to produce the PDF files you submit using
LaTex; you may produce it any way you wish, as long as the resulting document is legible.
• By virtue of submitting this assignment you (and your partner, if you have one) acknowledge that you
are aware of the policy on homework collaboration for this course.a

• For any question, you may use data structures and algorithms previously described in class, or in
prerequisites of this course, without describing them. You may also use any result that we covered in
class, or is in the assigned sections of the official course textbooks, by referring to it.
• Unless we explicitly state otherwise, you may describe algorithms in high-level pseudocode or point-form
English, whichever leads to a clearer and simpler description.
• Unless we explicitly state otherwise, you should justify your answers. Your paper will be graded based
on the correctness and efficiency of your answers, and the clarity, precision, and conciseness
of your presentation.

a “In each homework assignment you may collaborate with at most one other student who is currently taking CSCC73.
If you collaborate with another student on an assignment, you and your partner must submit only one copy of your solution,
with both of your names. The solution will be graded in the usual way and both partners will receive the same mark.
Collaboration involving more than two students is not allowed. For help with your homework you may consult only
the instructor, TAs, your homework partner (if you have one), your textbook, and your class notes. You
may not consult any other source.”

Recall that a dynamic programming algorithm to solve a given problem P involves the following elements:
(a) A definition of a polynomial number of subproblems that will be solved (and from whose solution we

will compute the solution to P — see (c) below).
(b) A recursive formula to compute the solution to each subproblem from the solutions to smaller sub-

problems. This induces a partial order on the subproblems defined in (a).
(c) A way to compute the solution to P from the solutions to the subproblems computed in (b).

Proving the correctness of a dynamic programming algorithm amounts to justifying (i) why the recursive
formula in step (b) correctly computes the subproblems defined in step (a), and (ii) why the computation
in (c) yields a solution to the given problem. Part (ii) is often immediate from the definition of the
subproblems.

Question 1. (15 marks) Let A = a1, a2, . . . , an be a sequence of (negative, zero, or positive) integers,
n ≥ 1. A subsequence A′ of A is nonconsecutive if it does not contain consecutive elements of A; more
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precisely A′ = ai1 , ai2 , . . . , aik , where 1 ≤ i1 < i2 < . . . < ik ≤ n and for every t ∈ [2..k], it 6= it−1 + 1.
Give a linear-time dynamic programming algorithm that, given A, returns a nonconsecutive subsequence
of A whose elements have the maximum possible sum. (The sum of the elements of an empty sequence is
defined to be zero.)

Describe your algorithm in pseudocode, explain why it is correct, and analyze its running time.

Question 2. (15 marks) We have two identical machines in which to execute n jobs, numbered 1, 2, . . . , n.
Each machine can execute one job at a time, and once a job is started on a machine, it runs to completion on
that machine. Each job i requires time ti on either machine, where ti is a positive integer. An assignment
A allocates to each machine a subset of the jobs; formally A is simply a subset of {1, 2, . . . , n}, interpreted
as the set of jobs allocated to Machine 1 to execute, and the remaining jobs A = {1, 2, . . . , n} − A are
allocated to Machine 2 to execute. Given assignment A, the load of each machine is the total amount
of time required by the jobs allocated to that machine; i.e., the load of Machine 1 (resp. Machine 2) is∑

i∈A ti (resp.
∑

i∈A ti). The maximum of these two quantities is the time by which all n jobs have been
processed by the two machines in assignment A, and is called the makespan of A. We want to find an
assignment that has minimum makespan.

Describe an O(nT ) dynamic programming algorithm that, given the times t1, t2, . . . , tn required by the
n jobs, determines an assignment with minimum makespan, where T =

∑n
i=1 ti. Describe your algorithm

in pseudocode, explain why it is correct, and analyze its running time.

Note: Such an algorithm is not a polynomial-time one; make sure you understand why. If you do come
up with a correct polynomial-time algorithm for this problem, don’t keep it secret. You may have just won
the one-million dollar (US) Clay Institute prize for settling the P vs. NP question!

Hint: The following question has an easy, but useful, answer: If you know that the load on Machine 1
under an assignment is t, what is the load on Machine 2 under that assignment? Also note that not every
t ∈ [1..T ] is a possible load for a machine.

Question 3. (10 marks) Let G = (V,E) be a directed graph and wt : E → Z be an edge-weight function,
such that every cycle of G has positive weight (but note that the graph may have negative- or zero-weight
edges). Modify the Floyd-Warshall algorithm to obtain an O(n3) algorithm that, given G and wt, returns
the array N [u, v] for each pair of nodes u, v ∈ V such that N [u, v] is the number of minimum-weight u→ v
paths. Justify the correctness of your algorithm. (You don’t need to analyze its running time, but it should
be O(n3).)

Note: We want all cycles to have positive (rather than merely non-negative) weight because with zero-
weight cycles the minimum weight of u → v paths is well-defined but the number such paths may be
infinite.
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https://www.claymath.org/millennium-problems

