Auction-Based Multi-Robot Routing

Abstract— Recently auction methods have been investigated cost, maximum cost, or average service cost), specificaty,
as effective, decentralized methods for multi-robot coordinatia. provide lower and upper bounds on their performance reativ
Experimental research has shown great potential, but has not 1, ontimal performance. This is the first time that auction

been complemented yet by theoretical analysis. In this paper we .
contribute a theoretical analysis of the performance of auction methods are shown to offer theoretical guarantees for such

methods for multi-robot routing. We suggest a generic framework @ variety of bidding rules and team objectives.
for auction-based multi-robot routing and analyze a variety of
bidding rules for different team objectives. This is the first time II. MULTI-ROBOT ROUTING

that auction methods are shown to offer theoretical guaranteg . . . .
for such a variety of bidding rules and team objectives. A multi-robot routing problem is specified by a set of robots,

R ={ry,ro,...,m,}, a set of targetsT = {t1,t2,...,tm }
I. INTRODUCTION their locations, and a non-negative cost functi¢n j), ,j €

. . . RUT, that denotes the cost of moving between locatioasd
prot teams are mcref_;lsmgly b_epommg a popular altematljv_ We assume that these costs are symmeticy) — (j, i),
to single robots fo_r a variety of difficult robotic tasks, buas are the same for all robots, and satisfy the triangle inétyual
planetary exploration or planetgry base as§embly. Robanise The travel distances and travel times between locatiorenoft
offer many advantgges over single robot.s. robustness .m_L.'esétisfy these assumptions in an environment with or without
redundancy), efficiency (due to parallelism), and flexipili

due t f bility). H ) tant factor f obstacles. The objective of multi-robot routing is to find an
(due to reconfigurability). Owever, an iImportant 1actor 10y, ation of targets to robots and a path for each robot that
the success of a robot team is the ability to coordinate t

t b . frocti Coordination invol fSits all targets allocated to it so that a team objective is
€am Members in an eflective way. Loordination nvo Veo:Ptimized. In this research, we study three team objectives:

the allocation and execution of individual tasks through al

efficient, decentralized mechanism. MINISuM: Minimize the sum of the robot path costs over all robots.
In this paper, we focus on multi-robot routing, a class dftINIMAX: Minimize the maximum robot path cost over all robots.

problems where a team of mobile robots must visit a set MfINTAVE: Minimize the average target path cost over all targets.

locations for some purpose (e.g., delivery or acquisitioith  Therobot path cost for any robot is the sum of the costs along

routes that optimize certain criteria (e.g., minimizatafrcon- its entire path, from its initial location to the last target its

sumed energy, completion time, or average latency). Ex@snppath. Thetarget path cost for any target is the sum of the costs

include search-and-rescue in areas hit by disasters,ibamee from the initial location of the robot that visits that tatgep

of a facility, placement of sensors in a sensor networkydgfi to the target in question.

of parts, and measurements over a wide area. Such routing

problems, including Vehicle Routing Problems (VRPs) and I1l. OPTIMAL SOLUTIONS

several variants of thg Traveling Salesman Pr_oblem _(TS_P)'Optimizing performance for any of the three team objectives
have been widely studied from a centralized point of view il Np_hard. as shown by the following theorem.

the operations research literature, and more recentlybiotics Theorem 1: There is no polynomial time algorithm for

with a focus on decentralized approaches. . solving multi-robot routing optimally with the M Sum, the

Even in decentralized multi-robot coordination, some ify,\iMax. or the MNIAVE objective, unless P- NP

;orr.’?f\tlton f?hpulttj bef commur'uc.:ta.te% bgn/\étlaer: the rob%ts © proof: We show that an algorithm for multi-robot routing
acilitate efficient performance; it is desirable to enagé® with any of the three objectives implies a polynomial time

decision making while communicating as little informaﬂor};\lgorithm for Hamiltonian path, a well known NP-complete

as possible. One promising apprqach (.)f this typ<_a IS ”b‘?oblem.An instance of the Hamiltonian path problem cdasis

use of market-based mechanisms, in particular, auctlsmbaof a graphG = (V, E) and a vertex» and we are asked to
. . . . A - bl

methods, where the communicated information consistsdsf bi ecide if there exists a path starting franthat visits all the

robots place on various tasks and coordination is achieyed h, tices exactly once. We define an instance of multi-robot

a process similar to winner determination in auctions. routing as follows. LetG’ — (V, ¢) be the complete weighted
The efficiency of auction-based methods has been dem%rgéph on the verticed” of G with the following weights:
strated experimentally [1]-[9], but there has been little-t if (u,w) € B, thenc(u, w) = 1, otherwisec(u, w) = 2. One

oretical study [8]. In this paper we make the following,pt s placed at vertex and the remainingl’| — 1 nodes are
contributions: (1) we suggest a generic framework for ameti

b_ased r_nUIU'rObOt routing, and (2) W_e derlve_: _an_d_ an‘alyZ&Although we assume that robots are not required to returneii thitial
six bidding rules for three team objectives (minimizingalot locations, our algorithms and results apply also to the castosed tours.



designated as targets. It is easy to see that the costs (geighbove: paths and trees. In particular, during the auctiae, o
in G’ satisfy the triangle inequality. can consider constructing paths that span all targets (atre p
We claim thatG has a Hamiltonian path if and only if anfor each robot) or constructing trees that span all targets
optimal MINISUM solution in G’ has a cost ofV| — 1. To (a forest with one tree rooted at each robot). Considering
see this, suppos& had a Hamiltonian path. Then this pattpaths is a direct method, whereas considering trees is an
is also a solution inG’ with cost|V| — 1, hence an optimal indirect method since the trees must be converted to paths
MINISUM solution has a cost d| — 1 (this is the minimum to obtain a solution to the original problem. This extra s&ep
possible cost for visitingV'| — 1 targets as it is necessary torelatively easy and does not significantly affect the qualit
use|V| — 1 edges). On the other hand, @ does not have a the solution.
Hamiltonian path, then any path @@ that starts fromv and The choice of paths versus trees depends on how efficiency
visits all the vertices has to use some edge of @Bt G'. and performance are affected. The rationale behind thedgflea
Hence, an optimal solution will be at leg3f]|. constructing trees rather than paths is that trees withaicert
Similarly, it is true thatG' has a Hamiltonian path if and only properties might be readily computable compared to pattis wi
if an optimal MINIMAX solution inG’ has a cost of V| — 1. similar properties. For example, given any weighted graph,
Finally, it is easy to check thatr has a Hamiltonian path if minimum-cost spanning tree can be obtained in polynomial
and only if an optimal MNIAVE solution inG’ has a cost of time, whereas a minimum-cost path through all nodes poses an
atmost(1+2+...+(|V|-2)+(|V|-1))/(I[V|-1) = [V|/2. NP-hard problem. Therefore, instead of directly seekinpa
B that achieve a team objective, one may seek to find trees that
Given this hardness result, we focus on efficient approximachieve an equivalent objective, and then convert the tees
tion algorithms for solving large-scale instances of mudtiot  paths that approximate the original team objective.
routing. However, optimal solutions for small instances ba  For MinISuMm, the equivalent objective is to find a minimum
obtained through a mixed-integer programming formulationspanning forest (MSF), that is a collection of trees rooted
V. AUCTION FRAMEWORK at the robots that span all targets with minimum total cost.

Our auction-based coordination system for multi-robot-rousu.ch a treel is computable in polynomial t|me by a \{arla}nt of
Prim’s algorithm [10]. For MNIMAX, the equivalent objective

ing considers the robots as bidders and the targets as gndd:siat find a minimax nnina forest which i lection
operates as follows. All targets are initially unallocat®dring s 1o a ax spa g fores ch 1S a coflectio

each round of bidding, all robots bid on all unallocated ¢tsg of trees rooted at the ro_bots that_ spa_n_al_l targets and_the
The robot that places the overall lowest bid on any targeswiﬁ? st O.f -the TOSt .expeni\llpehtr%e IS Sr'n'm'ffd' FC_:oeru]Emg
and is allocated that particular target. A new round of biddi € minimax tree is an -hard problem [11]. Finally, for

starts, and all robots bid again on all unallocated targetd, MINIAVE, the equivalent objective is to find a minimum

so on until all targets have been allocated to robots. Naie tﬁ\verage—cost spanning forest which is a collection of trees
each robot needs to bid only on a single target at each rouﬁ%‘)ted at the robots that span all targets and the average roo

namely on that target for which its bid is the lowest, sinde t]arg:{gt_c:?st over ?Ildt?)rgets IS Tlnlmlzerc]i.tSuc?tatLore;L can
other bids from the same robot have no chance of Winnir?%;.e tr'v'%y CO”_"F;“ ef ty connecting each target o the Gbse
Upon allocation of all targets, each robot computes a path ot and consists of stars.

visiting the targets allocated to it and then moves along tha A tree ctan beMeSa_?ll)r/1 turr_1etq Into a patlh usmdq ftheTrglgmluzm
path. A robot does not move if no targets are allocated to I anning tree ) heuristic commonly used for [L2].

Bid selection and path computation are the key factors th t%e Nlﬁ-fr h(taunstlchconsttrr]uctts a?atg fr.om tﬁ tree dby.perf?rml(rjlg
affect team performance. a depth-first search on the tree to derive the ordering of s10de

The main advantage of this multi-round auction mechanisitlﬁ the path while skipping previously visited nodes (shprt-
is its simplicity and the fact that it allows for a decentzali cutting). It is a well-known fact that the cost of the resui

implementation on real robots. Initially, each robot ne&als path W'l.l be no more than twice the.cpst of the tree [12]'
know its own location, the location of all targets, and thélternaﬂvely, one could use any sophisticated TSP algorit

number of robots, but not the locations of the other robot®" the nodes of each tree to obtain a good path for each

At each round, each robot computes its single bid locall bo_t. The specific method used does not af_fect the resu_lts
and in parallel with the other robots, broadcasts the bid this paper as long as the_ cost of eac_h path is at most twice
the other robots, listens to the broadcasts of the other’cwbcﬁhe Coﬁt ﬁf tr':/leS;:_orr]respondlr_lrgh treg, which can be; guarantied
collects all bids, and then locally determines the winniidy b through the h heufpsulc. US% In our a_luctlon ramewor h
Broadcasting can be achieved by means of relaying messaggsassume that .t € maf step Of converting trees into paths
from robot to robot. This procedure is repeated in every dou curs an approximation factor of at mast

of the auction. Clearly, there is no need for a central anetn, VI. BIDDING RULES

and therefore there is no single point of failure in the te . -
glep ys In every round of the auction, the robots use a bidding rule

V. PATHS VERSUSTREES to determine the appropriate (according to the team obcti
We explore two ways of obtaining approximate solutions toid for each target. We suggest a generic methodology for
the multi-robot routing within the auction framework débed deriving such rules for any given team objective and we @eriv



six bidding rules for the three team objectives we considdrhus, robot-; can bid justRPC(r;, S;U{t}) on targett. Last,
We distinguish the bidding rules in two classes depending éor the MINIAVE team objective, robot; bids on target
whether they aim to build paths or trees.

Suppose that the team objective is expressed as AZCTPC(TJ-, Sl — lz CTPC(r;,S;)
m m =
J J

mjnf(g(rlaAl)w"79(7.77471477,)) 1
where functiong determines the performance of each robot, — E(OTPO(”’&? Uit} - CTPC(”’S’?))

function f determines the performance of the team, a
A = {A;,As,...,A,} is a partition of the set of targets
where targets in4; are allocated to robat;. The three team
objectives we consider fit this structure. L&PC(r;, A;)
denote the minimum robot path cost for robet to visit
all targets in A; from its current location. Similarly, let
CTPC(r;, A;) denote the minimum cumulative target path * BIDSUMPATH: RPC(r;, S; U {t}) — RPC(ry, Si),
cost of all targets ind;, again, if robotr; visits all targets in ~ * BIDMAXPATH: RPC(r;, S; U{t}), and

A; from its current location. Then, the three team objectives® BIDAVEPATH: CT'PC(ry, S; U {t}) — CTPC(ri, Si).

nﬂwe factor1/m can be dropped since the outcome of the
'auction remains unchanged if all bids are multiplied by a
constant factor. Thus, robet can bid justCTPC(r;, S; U
{t}) — CTPC(r;, S;) on targett.

Thus, the bidding rules for the three team objectives are

can be expressed as The robots need to be able to calculate their bids efficiently
] but computingRPC(r;, S; U {t}) or CTPC(r;,S; U {t}) is
MINISUM - mf{nZRPC(TJ‘v A;), NP-hard. Therefore, in practice each robpuses a heuristic
J method to compute bids. In particular, we assume that it make
MINIMAX :  min max RPC(r;, A;), use of the insertion heuristic for TSP to find a good path that
1‘ visits the targets irf; U{¢} for a given team objective. Since it
MINIAVE : min —Z CTPC(r;, Aj). already has a good path that visits the targets;init inserts
Am j targett into all possible positions on the existing path, one

after the other, picking the one that minimizes the cost ef th
new path. The specific method used for computing the bids
does not affect the results of this paper as long as the béls ar
not worse than those computed using the insertion heuristic
A similar analysis can be used to derive bidding rules for
the case of constructing trees. For any robpand any set
of targetss;, let TC(r;,S;) denote the minimum tree cost,
. that is the cost of a minimum spanning tree over the nodes
robots and the allocation that results from the current {r;} U S;. Similarly, let CTC(r;,S;) denote the minimum
one if robotr is add|t|onallly allocated target. cumulative tree cost which is the sum of root-target costs fo
Consequently, robot; should bid on target the difference g targets inS; in a spanning tree over; } U S; with rootr;.
y y Without going through details, the bidding rules for theetiar
f(g(rl’sl)’ o ’g(r”’S”)) B f(g(rl’sl)""’g(r"’s"))’ team objectives in this case are
where S; = S; U {t} and S} = S; for i # j. This generic  « BIDSUMTREE T'C(r;, S; U {t}) — TC(r;, S;),
bidding rule thus performs some sort of hill climbing aiming « BIDMAXTREE T'C(r;,S; U {t}), and
to find a good, but not necessarily optimal, allocation. o BIDAVETREE CTC(r;,S; U{t}) — CTC(r;, S;).
For the MNISUM team objective, robot; bids on target  Given the sequential nature of the allocation of targetsndur
oy Ca the different rounds of bidding and the incremental comstru
%: RPC(r;, 5) z]: RPC(r), 5;) tion of trees, therREE bidding rules can be further simplified.
_ o o In particular, a tree ovelS; remains unchanged within the
= RPC(ri, i U{t}) = RPC(r, S:). tree overS; U {t} under any of the three objectives. This

For the MNIMAX team objective, robot; bids on target is true because for the IBSUMTREE and BDMAXTREE
rules targett is connected toS; through the cheapest edge,

Let (S1,S52,...,5,) be the current partial allocation of
targets to robots at some round of the auction and lbée
an unallocated target. We propose the following bidding,rul
which is directly derived from the team objective.

Bidding Rule Robot » bids on unallocated target
t the difference in performance for the given team
objective between the current allocation of targets to

mjax RPC(r;,S}) — mjax RPC(rj,5;) whereas for the BPAVETREE rule it is connected directly to
= RPC(ry, S; U {t}) — max RPC(r;, S;). the root ;) because of the triangle inequality assumption. In
j ' other wordsT'C (r;, S; U{t}) = TC(r;, S;) + c(T; U {r;},t),
This derivation uses the fact thatax; RPC(r;,S}) = wherec(S; U{r;},t) is the cost of the cheapest edge between

RPC(r;,S!), otherwise target would have already been@ny node inS; U {r;} andt, and CTC(r;,S; U {t}) =
allocated in a previous round of bidding. The tern&7C(r,S:i) + c(ri,t). Thus, the rules can be expressed as:
max; RPC(r;,S;) can be dropped since the outcome of the « BIDSUMTREE ¢(T; U {r;},1),

auction remains unchanged if all bids change by a constants BIDMAXTREE TC(r;,S;) + ¢(S; U {r;},t), and



TABLE |
BOUNDS ON PERFORMANCE RATIRULE PERFORMANCE OVER OPTIMAL
PERFORMANCEH WITH n ROBOTS ANDm TARGETS.

o BIDAVETREE c¢(r;,t).
Bids for the TREE rules are computable in polynomial time.

VIl. SUMMARY OF RESULTS

Our goal is to assess the performance of each bidding rule Bidding Team Objective
theoretically in comparison to optimal performance anchwi Rule Mini Sum MiNIMAx MiniAve
y . . o . Lower Upper | Lower Upper Lower Upper
respect to each of the three team objectives. This is donegin mr 1
terms of upper and lower bounds on the performance ratig, B'°SUMPATH | 15 2 " n 2 2m
If I(n,m) is the class of all instances of multi-robot g,pmaxpPatH n 2n ntl on | Qm/3)  2m
routing with n robots andn targets, we seek an upper boung 2 1
iacti BIDAVEPATH om2 | PEL g2 Q(m'/3)  2m?
UB(n,m, R, X) for each ruleR and for each objectiveX, m m 5 men m m
: 1
such that for any: andm: BIDSUMTREE 1.5 2 n 2n m;_ 2m
1
max M UB(n,m,R, X) BIDMAXTREE n 2n nt 2n Qm'/3)  2m
Iel(n,m) O(I,X)_ B n—2|-1
. ) o BIDAVETREE m 2m 2mn | Q(m1/3) 2m?
where R(I, X)) is the cost of the solution under objectivé 2

for instancel € I(n,m) obtained using rule? and O(I, X) . o
is the optimal cost under objectivé for instancel. Similarly, that in generaln < m, it is clear that the best guarantees
we seek a matching lower bourfdB(n, m, R, X) such that are offered for the MNISum and the MNIMAX objectives,

for some instancd € I(n,m): whereas there are only loose guarantees for thel MVE
objective. Independently of the objective, theDBUMPATH
R(I,X) . .
LB(n,m,R,X) < ———~ and BDSUMTREE rules provide uniformly the best guaran-
O(I, X) tees. Overall, our results show that our auction-basedausth

and therefore there is no possible upper bound less thegnstitute a principled, viable approach to multi-robattiog.
LB(n,m, R, X). An upper bound provides a guarantee on the
performance of the corresponding rule for the correspandin
team objective; no matter how or m or I € I(n,m) are In this section we prove the bounds in Table I. We make
chosen, the performance ratio will not exceed this bounihe following notational conventions. The solution founy b
However, a lower bound usually represents pathological sptsing any of the bidding rules is marked with the name of the
cial cases that demonstrate how tight the upper bound is. fule, e.g. BDSUMTREE An optimal solution for each team
It should be pointed out that each bidding rule essentiafpiective is denoted by ©rSum, OPTMAX, and (PTAVE
represents a family of rules. For thei® rules, we do not respectively. The cost of a solutiof according to each
specify a particular choice for the computation of the fiores  t€am objective is marked byu1(S), MAx(S), and A/E(S)
RPC and CTPC. This choice can be anything betweeriespectively. With a slight abuse of notationFifis a forest, we
computing them optimaly (NP-hard) and computing ther@/so use BM(£) for the total cost of the forest, Mk (") for
approximately through the insertion heuristic (polynonia the cost of the most expensive tree in the forest, av (&)
However, we assume that whatever the choice, it will not B@r the average of all root-target costs in the forest.
worse than the insertion heuristic approximation. Simjjdor ~ The following lemma on the relationship of the various
the TREE rules we do not specify a particular choice for th&bjective functions is used repeatedly.
conversion of trees to paths, which can range from computingteémma 1: Let F' be a spanning forest rooted at the robots
optimal paths (NP-hard) to using the MST heuristic. Ond@at spans all targets in an instance of multi-robot rouvirtt
again, we only assume that, whatever the choice, the costofobots andm targets. Then it holds that
each path is at most twice the qogt of the corresponding tree AVE(F) < MAX(F) < SUM(F) < n MAX (F),
as guaranteed by the MST heuristic. Our bounds apply to the
entire family of rules. To make this possible, for upper basin SuM(F) < m AVE(F).
we assume that nothing better than the insertion heuristtoeo Proof: The maximum root-target cost of any target can
MST heuristic is used, whereas for lower bounds we assuipe at most equal to the cost of the most expensive tree in the
that RPC and CTPC, as well as the conversion of trees tdorest. Therefore, the average of the root-target costaatan
paths, can be computed optimally. be more than the cost of the most expensive tree in the forest.
Table | summarizes all our results. It is interesting that tH-urthermore, the cost of the most expensive tree in the tfores
PaTH and the REE rules offer almost identical guaranteescannot exceed the total cost of the forest. The total cost of
which implies that they are not fundamentally differentnfra  the forest cannot exceed anmultiple of the cost of the most
theoretical point of view. Although extensive experimeiata expensive tree, since there are at modrees in the forest.
is required to assess their actual performance, tReeTrules Finally, there aren targets in the forest and the contribution
might be preferable from a practical perspective, since i@ of each target to the total cost of the forest is no more ttean it
computation is much faster compared to tag#Prules. Given root-target cost. Therefore, the total cost of the foresinoa

VIII. A NALYSIS



exceed the sum of all root-target costs, which can be expdess Using Equation 1, Lemma 1, and the fact that bothTO
as anm-multiple of the average root-target cost. B MAx and OPTAVE are spanning forests, we also conclude:
Corollary 1: The performance ratio of the I BSUMPATH
A. Upper Bounds for BIDSUMPATH bidding rule for the MNIMAX team objective is at moSn.
Theorem 2: The performance ratio of the IBSUMPATH Corollary 2: The performance ratio of the IBSUMPATH
bidding rule for the MNISUM team objective is at mot  bidding rule for the MNIAVE team objective is at mogtm.
Proof: Let G = (RUT,c) be the weighted graph over
all robot and target nodes. At each rouhdof the auction, B. Upper Bounds for BIDMAXPATH
k=0,...,m—1,letV, be the set of robot nodes and allocated Theorem 3: The performance ratio of the IBMAX PATH
target nodes and the set of unallocated target nodes. Thgjidding rule for the MNISum team objective is at mostn.
setsV, and V; define a cut overlG and, obviously,V, = Proof: As in Theorem 2, consider the cutd, V)
R Vo =T, V, = RUT, andV,,, = 0. At each round at each roundk of the auction. Lete(Vy, Vi) be the cost
k, BIDSUMPATH selects a target € Vk that can be added of a Cheapest edge across the (\:Ult Vk) We establish by
to one of the paths iV, with the least additional cost. Letinduction that at any round of the auction, thens cost of
this cost beb(V4, Vi) which is exactly the bid placed by theany pathP¥, i = 1,...,n, in V; is bounded as follows:
winning robot. Therefore, the® cost of the solution found
by BIDSUMPATH at the end of the auction is: i
Sum(PF) QZ eV, Vj)
m—1
SUM(BIDSUMPATH) = Z b(Vie, Vi)
=0 The base case is certainly trueB,% = {r;} (a single node),

. J
Let ¢(V4, Vi) be the cost of a cheapest edge across the H SYM(P) = 0. Assume that the assertion holds for At

e next round, BBMAXPATH allocates a target € Vj, that
(Vi, Vi). A target in V; corresponding to a cheapest edge . . . .
minimizes the cost of the most expensive pathVin.;. The
can be inserted to some path ¥, with an increase of

k+1 i
at most 2¢(Vi, Vi) in Sum cost (because of the triangleIoath PT where ¢ was added must be the most expensive
) ) . . . o path inV} 1, otherwiset would have been allocated in some
inequality assumption). Since thedSum PATH rule identifies . 11 L

; . . - . . . previous round. Therefore, for any paEPf in Viyq it is
an insertion with minimum increase inus cost, it must be

- = true that
the case that(Vy, Vi) < 2¢(Vi, V). Hence, SUM(PH*1) < SuM(PE+H),
m—1
SUM(BIDSUMPATH) < 2 Zc(v,mf/k) Let ' € V, be the target andP’ < V; be the path
k=0 corresponding to a cheapest edge across the(&utV}).

Targett' can be inserted in patf?® with an increase of at
dpostQa(Vk, V) in the Sum cost of P% (because of the triangle
inequality assumption). S|nce|BMAx PATH selects to insert
t in P* at roundk, it must be the case that

Consider another grap®’ which is identical toG except that
exactly m edges have their costs lowered. In particular, f
every cut(V}, V4) the cost of a cheapest edge connectititpe
target selected by IB SUMPATH) to V;, is lowered tac(Vy,, Vi)
(the cost of a cheapest edge across the cuy irClearly, those SUM(PF) < SUM(PE) + 2 ¢(Vi, Th)
m edges inG’ form an MSF inG’ (it is equivalent to running

Prim’s algorithm starting with the robot nodes connected fanally, by the inductive hypothesis we have

each other with zero cost). An MSF i@ cannot have less k1 &
SuM cost than any MSF i, since we have only lowered SuM(PF) <23 ¢(V;, V)42 e(Vi, Vi) < Z
costs while constructing’ from G. Therefore, we obtain: =0 =0
e _ , Since the Mux cost of the BDMAXPATH solution is the M
Z (Vi Vi) = SUM(MSF(G )) < SUM(MSF(G))' cost of the most expensive path, we conclude that
k=0
hich implies that =
which imphes tha MAX(BIDMAXPATH) <2 > c(V;, V;).
SUM(BIDSUMPATH) < 2 Sum(MSF(G)). 1) j=0
An optimal solution @TSuM for the MiNISUM team objec- Using the construction for grapi’ as in Theorem 2, we have
tive is also a spanning forest @, therefore it is true that MAX (BIDMAX PATH) < 2 SUM(MSF) )
SUM(MSF(G)) = SUM(OPTSUM). An optimal solution @TSum for the MINISUM team objec-
Thus, we conclude that tive is also a spanning forest, so by Lemma 1 we have
SUM(BIDSUMPATH) < 2 SUM(OPTSUM). SUM(BIDMAXPATH) < 2n SUM(OPTSUM).



Using Equation 2, Lemma 1, and the fact that bothTO D. Upper Bounds for BIDSUMTREE
MAx and CPTAVE are spanning forests, we also conclude:  thaorem 5: The performance ratio of the IBSUMTREE
_Corollary 3: The performance ratio of thelBMAXPATH  iging rule for the Mni Sum team obijective is at most 2 [8].
bidding rule for the MNIMAX team iject|ve is at moin. Proof: The bid placed by each robot at each round is
_Corollary 4: The performance ratio of theiIBMAXPATH  gqu4] to the cost of adding the closest unallocated targiés to
bidding rule for the MNIAVE team objective is at mostm.  gwn subtree. Considering all robot nodes as connected with
each other with zero cost, the auction with thBUMTREE
rule is identical to Prim’s algorithm for MST [10]. Therefgr
Theorem 4: The performance ratio of the IBAVEPATH the tree found by this rule is indeed an MSF. Converting the
bidding rule for the MNIAVE team objective is at motm?.  trees of an MSF to paths incurs a factor of 2, therefore:
Proof: As in Theorem 2, consider the cut¥;, V;) at
each roundk of the auction. At each round, BIDAVEPATH SUM(BIDSUMTREE) < 2 SUM(MSF). (4)
selects a target € V}, that is added to one of the paths inAn optimal solution @TSum for the MINISUM team objec-
Vi with the least increase in theva team objective. Let this tive is also a spanning forest, therefore we conclude that
increase bé(V}, Vi) which corresponds to the bid placed by '
the winning robot. Therefore, thevi cost of the solution SUM(BIDSUMTREE) < 2 SUM(OPTSUM).
found by BDAVEPATH at the end of the auction is:

C. Upper Bounds for BIDAVEPATH

n
ol _ Using Equation 4, Lemma 1, and the fact that bothTO
AVE(BIDAVEPATH) = _ b(Vi, Vi) Max and QPTAVE are spanning forests, we also conclude:
k=0

Corollary 7: The performance ratio of theIBSUMTREE
Let ¢(R,V}) be the cost of a cheapest edge across the sbidding rule for the MNIMAX team objective is at mosin.
R and V}, that is the cost of a cheapest edge between someCorollary 8: The performance ratio of theIBSUMTREE
unallocated target’ and some robot’. Targett’ can always bidding rule for the MNIAVE team objective is at mostm.
be inserted as the first target in the pathro6fin V.. Such

an insertion inflicts an increase of at mast(R, V) to the E- Upper Bounds for BIDMAXTREE

robot-target cost of each target in the path because of theTheorem 6: The performance ratio of theIBMAX TREE
triangle inequality assumption, while the robot-targestcof  bidding rule for the MNISuM team objective is at mon.
t"is ¢(R, Vi). In the worst case, this insertion occurs at a path  Proof: As in Theorem 2, consider the cut¥y, V) at
that contains all other targets. Since the increase of thetfo each roundk of the auction. Letc(Vy, Vi) be the cost of
target cost for each of then targets is at mos2c(R, Vi), the cheapest edge across the €ut, V). We establish by
so is the increase in V& cost. Since the BAVEPATH rule induction that at any round of the auction, thens cost of

identifies the insertion with the least increase at eachdpurany treeT¥, i = 1,...,n, in Vj is bounded as follows:
it must be the case th&{Vy, Vi) < 2¢(R, Vi), and therefore -
m—1 ) SUM(TF) <Y ¢V}, V)
AVE(BIDAVEPATH) < 2 )~ ¢(R, Vi) =0
k=0

~ The base case is certainly true B = {r;} (a single node),

It holds thatc(R, Vi) < SUM(MSF), since in an MSF no sum(7°) = 0. Assume that the assertion holds for At
robot can reach a target with cost less than the cheapest ditge next round, BBMAX TREE allocates a target € Vj, that
edge from any robot to that target. Therefore, minimizes the cost of the most expensive treeVjn ;. The
tree TF+! wheret was added must be the most expensive
tree in V.1, otherwiset would have been allocated in some

An optimal solution @TSum for the MiNISUM team objec- Previous round. Therefore, for any tr@g ! in Viiy itis true
tive is also a spanning forest, so by Lemma 1 we have thathat

AVE(BIDAVEPATH) < 2m SUM(MSF). 3)

SUM(TF) < SUM(TF) 4 o(TF, t)
SUM(BIDAVEPATH) < 2m? SuM(OPTSUM). _
Let ¥ € Vi be the target andl’¥ € Vi be the tree

B corresponding to the cheapest edge across theGuti;).

Using Equation 3, Lemma 1, and the fact that bothTO Since BDMAX TREE selects to attach to 7% in round k, it
MaAx and QPTAVE are spanning forests, we also conclude: must be the case that

Corollary 5: The performance ratio of the IBAVEPATH
bidding rule for the MNIMAX team objective is at most
2m*n. , or, using also that fact tha{7%,t') = c¢(V, Vi),

Corollary 6: The performance ratio of the IBAVEPATH
bidding rule for the MNIAVE team objective is at mogim?. SUM(TF) < SUM(TE) + c(Vi, V).

SUM(TF) + ¢(TF,t) < SUM(TE) + ¢(Tk, t')
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Finally, by the inductive hypothesis
Fig. 2. Parallel lines constructiom robots andm = n targets spaced

k1 _ _ k _ evenly (distance of) on two parallel lines (one for robots, one for targets).
SUM(T!ﬁl) < Z c(Vj, V]) +¢(Vi,, Vi) < c(Vj, Vj) The distance between the two lineslisexcept for the left-most robot which
i = = is a little closer to its corresponding target.

Since the Max cost of the BbDMAX TREE solution is at most ~ Corollary 11: The performance ratio of theIBAVETREE
twice the $YM cost of the most expensive tree (taking intdidding rule for the MNIMAX team objective is at mo&tmn.
account the conversion of trees to paths), we conclude that Corollary 12: The performance ratio of thelIBAVETREE
m—1 bidding rule for the MNIAVE team objective is at mogm?.
MAX (BIDMAX TREE) < 2 ]Z::O c(V;, V). G Lower bounds
In all example instances, robots are shown as squaresesing|
targets as open circles, clusters of targets as solid siratee
MAX(BIDMAXTREE) < 2 SUM(MSF), (5) represents an arbitrarily small positive number. The examp
that yield lower bounds for the REE rules are identical to
those for the RTH rules, and therefore they are omitted.
Applying BIDSUMPATH to the instance in Figure 1 results
SUM(BIDMAXTREE) < 2n SUM(OPTSUM). in a solution that allocates both targets to the robot onitite r
with a UM cost of3+ € =~ 3 as opposed to the &XSum cost
) ) B of 24 2¢ ~ 2 (one target to each robot), so a lower bound to
Using Equation 5, Lemma 1, and the fact that bothTO the performance ratio of B SUMPATH for MINISUM is 1.5.
MAx and QPTAVE are spanning fore_sts, we also conclude: Applying the BDSUMPATH rule to the example in Figure 2
_Corollary 9: The performance ratio of theiBMAXTREE  ith 3 = 1 — ¢ yields a solution that allocates all targets to
bidding rule for the MNIMAX team objective is at mostn.  the |eft-most robot and a path that runs through all targets
_C(_)rollary 10: The performance rat|_o of the_|BMAxTREE left to right. Obviously, Mx (BIDSUMPATH) ~ n, whereas
bidding rule for the MNIAVE team objective is at mo@m. MAX(OPTMAX) = 1 (each robot visits its corresponding
target). Therefore, a lower bound to the performance rdtio o
BIDSUMPATH for MINIMAX is n = m, or more precisely
L ST max(n,m). Similarly, AVvE(BIDSUMPATH) ~ (1 +2+ ...+
bidding rule for the MNISuM team objective is at moSm. n)/n = (n+1)/2, whereas AE(OPTAVE) = 1 (each robot

Proof: - Under the BDAVETREE rule, the intermediate g5 its corresponding target). Therefore, a lower bound
spanning forest at the end of the auction will consist ofsstat) o performance ratio of IBSUMPATH for MINIAVE is
one for each robot, where each target is connected direu:tly(lgl +1)/2 = (m +1)/2, or (max(n,m) +1)/2.

the closest (in terms of cost) robot. Because of the triang eAppIying BIDMAXPATH to the instance in Figure 2 with
inequality assumption, direct connections minimize thgote 3 ¢ yields a solution that allocates one target to

target C*OStS' and therefore the average. , each robot. Apparently, 81(BIDMAXPATH) = n, whereas
Let ¢* be the cost of the most expensive robot-target ed%M(OPTSUM) — 1+ne ~ 1 (the left most robot takes all tar-

in the forest. It holds that™ < SUM(MSF), since in an MSF o1q) tore — o(1/n). Thus, a lower bound to the performance
no robot can reach a target with cost less than the cheagesty ot BioMaxPaTH for MINISUM iS 7 — . or more

direct edge from any robot to that target. Since thererare precisely max(n, m). Similarly, SUM(BIDAVEPATH) = n

targets in total, the @v cost of the forest is at most.c*, and whereas SM(OI;TSUM) ~ 1 (the left-most robot takes all

thus the $m cost of BDAVETREE can be at mostmc”, targets). Thus, a lower bound to the performance ratio of
SUM(BIDAVETREE) < 2mc* < 2m SUM(MSF), (6) BIDAVEPATH for MINISUM is n = m, or max(n, m).

_ Applying BIDMAX PATH (or BIDAVEPATH) to the instance
where the factor o2 comes from the conversion of stars tqn Figure 3 yields a solution that allocates one target per
paths. Thus, given that any optimal solutio®T3uM is also cluster to each robot. The path of each robot traverses the
a spanning forest, we conclude that grid alternating left-to-right and right-to-left, and alérom

SuM(BIDAVETREE) < 2m SUM(OPTSUM). bottom to top. Figure 4 shows the necessary adjustments
to make this possible. Apparently, M (BIDMAXPATH) =
B on-1f+@B+1n-1) = @08+ 4+ 1)n-1),
Using Equation 6, Lemma 1, and the fact that bothTO whereas Mx(OPTMAX) < (n — 1)+ (B+ 1)(n — 1) =
Max and OPTAVE are spanning forests, we also conclude: (28 + 1)(n — 1) (each robot takes one row of the grid). Thus,

Using the construction for grapfi’ as in Theorem 2, we have

An optimal solution @TSuM for the MINISUM team objec-
tive is also a spanning forest, so by Lemma 1 we have

F. Upper Bounds for BIDAVETREE
Theorem 7: The performance ratio of the IBAVETREE
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of 5 targets each and 5 robots clustered on the left. TargetisterT; are
arranged evenly on a line of slop45-degrees within a small cost from each
(1 1) (1, n) other. Each of the 5 robots will visit one targetly, since the straight line
E] [ J [ J s ([ J [ J [ J [ J is shorter than any other path. Targets/in have the same arrangement, but

they are shifted up by to ensure that the cost between corresponding targets
in Th and T3 is less than any other inter-cluster cost. Clearly, the robat
visits the first target irl7 will also visit the first target in7», and so on.
This pattern continues along the horizontal axis, but it amo be used for
clusters arranged vertically with shifting to the right.

Fig. 3. Grid constructionn robots at(1,1) andm = n3 targets on a
(n x n) rectangular grid; each of the? gridpoints is a cluster of targets.
The intra-row distance ig, whereas the intra-column distancedst 1.

a lower bound to the performance ratio ofiDBAAX PATH ) ) )

for MINIMAX is (n + 1)/2 = (m'/3 + 1)/2 for large 8, performange of our algorithms and deeper analysis to tighte
or (max(n,m/3) + 1)/2. In addition, without going into a °ur theoretical bounds.
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