Towards lower bounds for bounded-depth Frege proofs with
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ABSTRACT. We show that for every prime power p*, quasipolynomial-size
bounded-depth Frege proofs with mod p* counting connectives can be sim-
ulated by quasipolynomial-size proofs of depth 3 consisting of a threshold
connective at the output, mod p* connectives on level two, and AND con-
nectives of small fan-in on level one. We argue that this result is a plausible
first step towards proving lower bounds for bounded-depth Frege proofs with
modular connectives, an outstanding open problem. We also discuss possible
interesting consequences for propositional theorem proving.

1. Introduction

An outstanding problem in logic and complexity theory is to prove superpolyno-
mial lower bounds for classical propositional proof systems, known as Frege systems.
This problem appears to be quite difficult, although in the last 10 years, substantial
progress has been made on restricted versions of the problem. For example, it is now
known that Resolution proofs as well as bounded-depth Frege proofs of the propo-
sitional pigeonhole principle require exponential size, and these results hold even if
we add the mod p axiom schema for any prime p [Hak85, Ajt88, Ajt90, BP, Rii].

It has been noted many times that various proof systems correspond to various
Boolean circuit classes, and it has been the case that the proof system lower bound
has only been obtained once lower bounds for the corresponding circuit class have
been firmly established. For example, bounded-depth Frege systems correspond to
bounded-depth circuits, and the lower bounds for bounded-depth Frege systems use
and generalize much of the technical machinery behind the AC° lower bounds for
the parity function. In a similar manner, bounded-depth Frege systems with mod
p connectives correspond to ACC?[p], and Frege systems correspond to NC?!.

Since there are strong lower bounds for ACC"[p] due to Razborov [Raz87] and
Smolensky [Smo87], the next step in propositional proof complexity is to obtain
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exponential lower bounds for the corresponding class of bounded-depth Frege sys-
tems with mod p connectives. However, at present we cannot even show superpoly-
nomial lower bounds for bounded-depth Frege systems with modular connectives,
even under a reasonable complexity-theoretic assumption like P # N P. (Obviously
NP # coN P implies superpolynomial lower bounds for any propositional proof sys-
tem, so by reasonable, we mean a weaker assumption than this.) A lot of effort has
already gone towards solving this problem, and so far it has resulted in new and
elegant algebraic proof systems, such as Nullstellensatz proofs ([BIKTa, BIKTb]),
and Grobner proofs [CEI96]. One promising approach for proving lower bounds for
ACCP[p] proofs is to prove lower bounds for Grobner refutations. In fact, it can be
shown that lower bounds for ACC?[p] proofs imply lower bounds for Grobner refu-
tations over Z,. This important step was made very recently by Razborov [Raza]
who showed that any Grobner refutation of the propositional pigeonhole principle
requires linear degree. (The Grébner proof system has since been renamed the
polynomial calculus.)

Unfortunately, lower bounds for the polynomial calculus do not appear to be
enough to obtain lower bounds for ACC[p] proofs. The essential problem is that
good lower bounds for Grobner refutations seem to give good lower bounds for a
very flat bounded-depth proof system having only mod p connectives at the top
of each formula, rather than mod p connectives throughout the bounded-depth
formula.

Surprising results from circuit complexity tell us that this may not be a problem.
Allender [A1189] (see also [AH94] and [Ya090], [BT94], [GKR195] and [Reg93]
for related results) has shown that quasipolynomial-size ACCO[p] circuits can be
simulated by quasipolynomial-size, depth-3 circuits. The depth-3 circuits are of a
special form: the output gate is a threshold gate, the middle layer of gates are mod p
gates, and the bottom level consists of AND gates of small fan-in. Alternatively, this
result can be viewed as showing that any ACC°[p] circuit can be computed (with
high probability for every 0/1 input) by a small-degree probabilistic polynomial
over Z,. Thus, in the circuit world, a constant number of levels of mod p gates,
intertwined with AND and OR gates, can be collapsed to a single small-degree
probabilistic polynomial. The heart of the argument is that the OR function can
be very well approximated by a small-degree probabilistic polynomial over Zj,.

In this paper, we show that these collapsing results carry over to the world
of proof systems. We show that any ACCP[p] proof can be transformed into a
quasipolynomial-size, depth-3 proof, with only one level of mod p connectives. Our
result can be viewed as showing that the collapsing theorem for ACC°[p] is highly
constructive, since it can be formalized in the same proof system as the circuit class
itself. In formal terms, the collapsing theorem is formalizable in a very restricted
version of S1.

The remainder of this paper is organized as follows. In section 2 we define
our proof system. In Section 3 we give the general overview of the main theorem.
In Section 4 we define the probabilistic polynomials used in the construction of
the main theorem. In Sections 5, 6, and 7 we prove our main result, in the case
of ACCP[2] proofs. In Section 8 we generalize our result to ACCY[p*] proofs. In
Section 9 we discuss possible extensions to ACC® proofs. Finally in Section 10
we conclude with a discussion of how this theorem suggests a method for proving
lower bounds for ACCP[p] proofs, as well as a method for obtaining a deterministic
algorithm for propositional theorem proving.
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2. A logic system with threshold and modular connectives

In this section, we describe a logic system with mod 2, negation, AND and OR
connectives as well as threshold connectives. (The generalization of our results to
mod p connectives, for p prime, will be discussed in Section 8.) Our system is an
extension of the system PTK introduced by Buss and Clote [BC96, Section 10].
In their system, only threshold and negation connectives are allowed.

DEFINITION 2.1. Formula depth and size are defined inductively by:

1. A propositional variable z;, i € N, is a formula of depth 0 and size 1.

2. If A is a formula then —A is a formula of depth 1 4 depth(A) and size
1 + size(A).

3. If Ay, ..., A, are formulas, n > 0, then A(A4,..., 4,) is a formula of depth
1 + max{depth(4;) : 1 <4 < n} and size n + 1 + >, ., ., size(A;). We
interpret A(Ay, ..., A,) to be true if and only if all of the A;’s are true.

4. If A1, ..., Ap are formulas, n > 0, then V(Ay, ..., A,) is a formula of depth
1 + max{depth(4;) : 1 < i < n} and size n + 1 4+ >, ., ., size(A4;). We
interpret V(Aq,..., A,) to be true if and only if one of the A;’s is true.

5. If Ay, ... Ay, are formulas, j = 0,1, n > 0, then (44, ..., A,) is a formula
of depth 1+ max{depth(4;) : 1 < i< n}andsize n+ 14> ;c, size(4;).
We interpret &;(A1,...,An) to be true if and only if the number of true
A;’s 1s equal to j mod 2.

6. If Ay,..., A, are formulas, n, k > 0, then Thy(A1,...,A4,) is a formula of
depth 1+max{depth(A;) : 1 <i < n} andsize (n+k)+1+>", ., o) size(A;).
We interpret Thg(Ay, ..., A,) to be true if and only if the number of true
A;’s 1s greater than or equal to k. In the following sections, we will use the
more descriptive notation Y .-, A; > k to represent Thy(Aq,..., A,).

In the above definitions, A(A1,...,A,) denotes the logical AND of the multi-
set consisting of A1,...A,, and similarly for V, ©; and Th;. Thus commutativity
of the connectives is implicit. A cedent is any sequence Aq,..., A, of formu-
las separated by commas. Cedents will usually be designated by capital Greek
letters such as I' and A. A sequent i1s given by I' — A, where ', A are arbi-
trary cedents. The size of a cedent Ay, ... A, is Y ., c,,size(A;) and its depth
is max;<j<n(depth(A;)). The size of a sequent I' — A'is size(T) + size(A) and
its depth is max(depth(T'), depth(A)). The intended interpretation of the sequent
I' — A is that the conjunction of the formulas in I' implies the disjunction of the
formulas in A.

A proof of a sequent S in our logic system is a sequence of sequents, 51, ..., 5,
such that each sequent S; is either an initial sequent, or follows from previous
sequents by one of the rules of inference, and the final sequent, S;, is 5. The size
of the proof is Zlgz’gq size(S;) and its depth is max;<;<4(depth(S;)).

An initial sequent is of the following form:

1. A — A where A is any formula

2. = A V() —

3. @1() — 5 — ®o()

4. Thy() — for k> 1 ; — Tho(A41,...,Ap) forn >0
The rules of inference are given by Table 1. Note that the logical rules are defined
forn>1and k > 1.
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structural rules
/ / /
weak left: _La=-1" weak right: I=rA
A A—-T L —1 A4 A
A, AJA =T ) =T/ A A A
contract left: y contract right: y 5
A A—T r—-TI/,A4A
A, B,A—T' ) I —=T' A B,A'
permute left: permute right:
IB,AJA—T' I =T B A A
cut rule
A—A I — A A
L — A A
logical rules
loft: r—AA it AT — A
et AT — A et I — -4 A
Ay, AN (Ag, .. AR), T — A
A-left: 1A, )L —
/\(Al,... n),F—>A
I — A A r— A(A A
A-right: — o — A, An),
I'— A(Ag, ... ,An),A
A, = A V(Ag, ..., 4,), T — A
V-left: Lo (Az, An) T —
V(AL ..., Ap), T — A
['— Ay V(A ..., A), A
V-right: — A1 V(A : An)
I'—= V(AL ..., A A
O-left: A, @i-1(Ag, o, Ap), T — A ©i(Az, ..., An), I — A, A
e Si(A, . AT —A
) AT = @im1(As, .. JAR), A I' = A, 8:(A4s,...  An), A
G-right:
I'— ®;(41,...,4,), A
Thk(Az,,An),FHA Al,Thk_l(Az,...,An),FHA
Thy-left:
Thy(A1,...,4,), T = A
' = Ay, Thp(A,, ..., A,), A ' = Thy_1(As, ..., Ap), A
Thk—right: — A1, k( 2, ) ) - k 1( 2 )
I'— Thy(Aq, ..., Ap), A

TABLE 1. Rules of inference

THEOREM 2.2. Qur proof system is sound and complete.

ProOF. (Proof sketch.) A truth assignment is a mapping v : {x; : ¢ € N} —
{0,1}. By induction on formula depth, it is clear how to extend v to assign a
truth value to every formula and sequent of our logic system. A sequent is valid
if it 1s true for every truth assignment. By induction on the number of inferences
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in proofs, it is straightforward to show that every theorem of our system is valid.
Therefore, our system 1s sound.

Our proof of completeness follows that of Buss and Clote [BC96]. The central
idea is as follows. We will say that an inference rule of the form “S; and Sy derive
S3” has the inversion property if for every truth assignment v, v(S3) = 1 implies
v(S2) = 1 and also v(S2) = 1. In other words, soundness holds in both directions.
It is not hard to check that all of the logical proof rules of our system satisfy the
inversion property.

In order to prove completeness, suppose that I' — A is valid. We will construct
a cut-free proof of I' — A in a top-down fashion, by applying our logical rules so
as to “break up” formulas in I' and A into smaller formulas. As long as there is a
formula in either I' or A that is not atomic, this is possible since we have logical
rules which allow us to break down every connective occurring on either the left
or the right side of a sequent. When we can proceed no further, we are left with
leaf sequents in which every formula is atomic. The final step is to show that if
I' — A is a leaf sequent, then it is either an initial sequent, or it can be obtained
by applying weakening to an initial sequent. This final step follows directly from
the inversion property: Since the original sequent was a tautology, by the inversion
property, all leaf sequents must also be tautologies, and therefore can be shown to

be of the right form. O

DEFINITION 2.3. Let F' = {(T', — Ay,) : n € N} be a family of sequents in
which all formulas involve only the connectives =, A, V and @®. Then {R,, : n € N}
is a family of ACC®[2] proofs for F' if there exist constants ¢ and d such that the
following conditions hold: (1) Each R, is a valid proof of (I', — A,;,) in our system,
and furthermore involves only the connectives =, A, V and @; (2) For all ¢, the depth
of R, is at most d; and (3) For all n, the size of R, is at most (size(T), — Ay))°.

We say that a formula f can be arranged into d levels if the connectives of
f can be arranged into d groups Lq, ..., Ly called levels such that all the inputs
of every connective at some level are either propositional variables or connectives
from the previous levels. Note that f can be arranged into d levels if and only if f
has depth at most d. Moreover, if f has depth less than d, then some of the levels
may be empty.

DEFINITION 2.4. Let I' — A be a sequent in which all formulas involve only
the connectives =, A, V and ¢. Then R is a size-s flat proof of ' — A if R is of size
at most s and every formulain R can be arranged into three levels such that level 3
contains only A, V and threshold connectives, level 2 contains only @ connectives,
and level 1 contains only A connectives of fan-in logs. If F/ = {(T'), — A,) : n € N}
is a family of sequents in which all formulas involve only the connectives =, A, V
and @, then {R, : n € N} is a family of size-s(n) flat proofs for F' if, for every n,
R, is a size-s(n) flat proof of T', — A,,.

In the sections that follow, polynomials over Zs in the propositional variables
x1,...,x, will play an important role. In fact, most of the formulas in this article
will be statements about such polynomials. To this end, we will adopt the follow-
ing conventions. First, the symbols & and @ will be used to denote addition of
polynomials over Zs. They are to be distinguished from ¢y and §; which represent
the parity connectives. Second, when written as part of a formula, a polynomial u
will be interpreted as the natural formula expressing the fact that u = 1 (mod 2).
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For example, 21 @ zox3 is interpreted as @(x1, A(xo, 23)), and 1 & z1 B w223, as
@o(x1, A(z2, 23)). Note that we always assume that polynomials are written in
standard form, i.e., as sums of monomials.

Throughout this article, we will establish that particular sequents can be de-
rived in our logic system by quasipolynomial-size flat proofs. This will not be
done by writing detailed proofs of these sequents. Instead, we will outline how
the proof should go, indicating the main steps, and leave to the reader the tedious
but straightforward task of filling in the details. These missing details will usually
amount to the proof of some simple fact about formulas with threshold and parity
connectives. We will also leave to the reader the simple task of verifying the claimed
bounds on the complexity of the proofs.

3. Overview of the simulation

Let (I'y — A1), (T2 — As), ..., (I — Ar) be a depth-d, size-s ACC[2] proof
in the propositional variables zq,...,z,. We assume that s € 9Uogn)?  Thig
proof will be fixed throughout Sections 3, 4 and 5. Allender [AllI89] (see
also [AH94]) has shown that

THEOREM 3.1 (Allender [A1189]). Every ACC°[2] circuit can be simulated by
a depth-three, quasipolynomial-size circuit consisting of an unweighted threshold
gate at the output, MODy gates on level two, and AND gates of polylog fan-in on
level one.

By viewing the propositional variables as inputs, every formula A in the
ACC[2] proof can be viewed as an ACCY[2] circuit. Define tr(A4), the transla-
tion of A, to be a depth-three circuit that simulates A, according to the theorem. If
I'= (A1, ..., Ap), then let tr(T') = (tr(A41),... ,tr(Anm)). Since for every formula
A, tr(A) and A compute the same function, it follows that tr(I';) — tr(A;) is valid
if and only if I'; — A; is valid.

Now replace every T'; — A; in the proof by its translation tr(T';) — tr(A;).
The mere fact that tr(T;) — tr(4;) is valid exactly when T'; — A; is valid does
not imply that (tr(T'y) — tr(Ay)),..., (tr(Tz) — tr(Agr)) is a proof. However, we
will show that this sequence constitutes the skeleton of a proof that simulates the
original ACCP[2] proof. We will show that whenever a rule is used to infer I; — A;
from I'; — A; and T'y — Ay, @ > j > k, then tr(I;) — tr(A;) can be derived
from tr(I';) — tr(A;) and tr(I'y) — tr(Ag). Then, by putting together all these
derivations, and by appending a derivation of I'y, — Ap from tr(I'z) — tr(Ag), we
will obtain a proof that simulates the original ACC°[2] proof. As for the complexity
of this new proof, we will show that all the formulas it contains are of depth three,
quasipolynomial size, and of the form threshold of MOD3’s of AND’s of polylog
fan-in, except for those in the derivation of T'yx — A from tr(I'z) — tr(Agz). In
this last derivation, subformulas of I't — Ap will also appear. Therefore, in the
case where I'y, — Ap is simply a DNF formula — C, ... | (), the simulating proof
1s a quasipolynomial-size flat proof.

There are many proofs of Theorem 3.1 and, consequently, many possible defini-
tions for tr(A4). But all these definitions follow the same pattern. First, a low-degree
probabilistic polynomial @, is associated with every connective * occurring in our
ACCO[2] proof. Precise definitions will be given in the next section; for the mo-
ment, we will only say that ). computes the output of the connective * with high
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probability. Then, the polynomials associated with all the connectives occurring in
a formula A are composed, according to the structure of A, to yield a probabilistic
polynomial P4 that computes the value of A with high probability. Finally, the
formula tr(A) is defined as the majority, over all the possible random choices, of
the probabilistic polynomial P4. This formula has the same value as A since A is
true precisely when P4 is 1 with high probability.

In the following sections, we will define the polynomials (). associated with
the various connectives, the polynomials P4 and the formulas tr(A4). We will then
establish that several key properties of these polynomials and of tr(A) have depth-
three, quasipolynomial-size proofs of the required form. Finally, these properties
will be used to show that every inference rule used in an ACCP[2] proof can be
simulated by a flat proof in our logic system.

4. Probabilistic polynomials

A probabilistic polynomial 1s a polynomial in two sets of variables: ordinary
variables and probabilistic variables. Such a polynomial P, with ordinary variables
© = uy,..., U, and probabilistic variables v = vq,...,v,, computes a function f
with error ¢ if, for every value of u, Prob,[P(u,v) # f(u)] < £. The probabilistic
variables are assigned uniformly and independently chosen values from {0, 1}.

Let € = 1/2[2‘|'lOg s1. That is, ¢ is the inverse of the smallest power of 2 greater
than or equal to 4s. For every m € [s] and every connective * of fan-in m occur-
ring in our ACCP[2] proof, we define a probabilistic polynomial Q7 over Z that
computes the connective with error ¢.

Given a connective of fan-in m, let © = (u1, ..., un) denote its terms. The
polynomial associated with the = connective is simply Q- (u1) = vy & 1. For the
mod 2 connectives, we have Q7 (u) = @~ u; and QF (u) = (P, ui)® 1. Recall
that all these are polynomials over Zs.

Consider now an V of fan-in m. The existence of a low-degree probabilistic
polynomial Q7' that computes the V of m variables with error ¢ is the key step
in the proof of Theorem 3.1. Many constructions are possible, each yielding a
different proof of this circuit simulation. The definition that seems to be the most
appropriate for our purposes, because of the complexity of the associated proofs, 1s
in terms of universal hashing.

Let S = {i : w; = 1}. We want Q' to determine, with high probability,
if |S| = 0 orif |S] > 1. Now either S| = 0 or £2F < [S] < 12F, for some
ke {3,...,[logm] 4+ 3}. For every such k, let Hj; be a small universal family of
hash functions with domain D containing [m] and range [2]. That is, X C {h :
D — [2%]}, [m] C D, |Hy| is quasipolynomial in m, and, for every i # j in D, the
probability that h(i) = h(j) = r is 1/22¥, when h and r are randomly chosen from
My and [2¥]. Such families H; exist: for example, see [Wig94] for a family of size
22Mogm]  For our purposes, the particular choice of Hj, is not important, as long
as it is a small universal family of hash functions from D to [2¥]. For technical
reasons, we will also require that |Hg| be a power of 2 no smaller than 4.

Such a family Hy can be viewed as a matrix Hy of dimensions [Hg| x m with
entries in [2%]. Associate a function from H to each row of Hy, in some arbitrary
way, and define Hy(h, ) to be h(7). Tt is then not difficult to see that the universal
property of Hy can be equivalently stated as follows: given any i # j in [m], the
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number of rows in which columns ¢ and j contain the same element is equal to
(Ml /2"

The idea behind the definition of Q7 is as follows. For every k, let Ry =
@i:h(i):r u;, where the pair h,r is randomly and uniformly chosen from Hj, x [2*].
If |S] = 0, then Ry = 0. On the other hand, by using the universal property of the
family of hash functions Hj, we will show in the next section that if %2’“ <|5| <
%Qk, then Ry = 1 with probability at least 1/16. This will imply that if |S| > 1,
then, with probability at least 1/16, Ry = 1 for some k € {3,..., [logm]+3}. This
probability will then be amplified to 1 —e by taking C' = [log %/ log %1 independent
copies.

The polynomial Q7 will “encode” the above in the following way. Every pair
h,r with h € H;, and r € [2*] can be encoded as a binary string of length log |H,|+k.
The sequence of probabilistic variables w of 7' will be interpreted as a sequence
of encodings for pairs hyg, 75, { = 1,...,C and k = 3,..., [logm] + 3, where
hix € Hp and rp € [2%]. For every i € [m] and every I, k, let Ff;k be a degree
log [Hx| + k polynomial over Z, in the variables encoding h;x, 715 such that Fl{k
takes the value 1 if k3 (4) = 71, and the value 0, otherwise. Note that when the
probabilistic variables are set to specific values, then Fl{k is simply a constant. In
that case, both as a polynomial and as a formula, @Zn:l uiFlZ;k is identical to Ry =
@i:hz,k(i):rz,k u;, the residue modulo 2 of the number of 7 € S such that h; (i) =
71 ;. Recall that we always assume that polynomials are written in standard form,
l.e., as sums of monomials.

DEFINITION 4.1. The polynomial Q' is defined by

(1 &P uiF,{k) .

Note that QY has polylog(n) degree and uses polylog(n) probabilistic variables.

If |S| = 0, then clearly QU (u, w) = 0. Otherwise, if |S]| > 1, then Q7 (u,w) =1
with probability 1 — ¢. Therefore, Q' does compute V(u) with error ¢; that is, for
every value of u,

C [logm]+3

Q(’f(u,w):l@H H

=1 =

Prob Q7w = 1] { 277 V=)

A key step in the proof of our main result, the depth-three simulation of ACC?[2]
proofs, will be to formalize the proof of this property of Q7, in our logic system,
using a depth-three, quasipolynomial-size proof of the form threshold of MODs’s
of AND’s of polylog fan-in, i.e., a flat proof.

The polynomial Q7" associated with an A of fan-in m is defined from Q7 as

QR (u,w) =19 QT (1 ®uy, ..., 1 up,w).
In this case, we have that for every value of u,

Proby, [Q' (u, w) = 1] { ; i QEZ; _ é

We now turn to the definition of the probabilistic polynomials P4 that compute,
with high probability, the value of the formulas A that appear in our ACC°[2] proof.
Let y1,...,yq be d disgjoint sequences of probabilistic variables whose length is the
maximum number of probabilistic variables required by any of the polynomials @7,
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for m € [s]. Let A be a formula of depth d appearing in the ACC°[2] proof. The

polynomial P4, with ordinary variables # = (#1, ..., ®,) and probabilistic variables

Y1,--.,Yq, 18 obtained by replacing each occurrence of a connective * of fan-in m
m

at level ¢ by the corresponding probabilistic polynomial @Q7*, using probabilistic
variables y;.

DeFINITION 4.2. For ¢ = 1,...,n, Py, = ;. Next, Pry = 1, Py = 0,
Py, =0, Pg,y = 1. Finally, if m > 1 and A = #(Ay,...,Ap) is a formula of
depth d > 1, then P4 is the probabilistic polynomial in x,y1,...,yq defined by
PA :QT(PAN"' aPAmayd)~

For example, for

A — \/(/\(xla $2); xs, \/(xla $4))’

we have

Pa(x1, 22,23, 22,31,92) = Q%(Qi(l‘l, T2, Y1), T3, Q%(l‘l, T4, Y1), Y2)-
Note that P4 has (logn)?(@ degree and uses polylog(n) probabilistic variables.

By using the key property of Q7 it is not difficult to show that for every value

of x,

>1—esy if A(z)=1
PrObyl,...,yd [PA(J;’ yl’ M ’yd) = 1] { 2 ESA A lf AEJ;; — 0

where s, denotes the size of A. Based on this, we define the translation of A,
denoted tr(A4), to be the formula that expresses the fact that A is true by saying
that the probability that P4 = 1 is very high.

DerINITION 4.3. If A is a propositional variable z;, ¢ = 1,... n, or one of the
formulas A(), V(), ®1() or @o(), then tr(4) = A. If A is any other formula of depth
d > 1, then tr(A) is the formula

Z PA(xaal,... ,O'd) Z (1_€5A)2|y1|+...+|yd|

T1,...,04
where o1,...,04 range over all possible values of the sequences of probabilistic
variables y1,...,yq4.

Note that tr(A) is indeed a depth-three formula of size 200g )% 4nd of the

form threshold of MOD3’s of AND’s of fan-in (log n)o(d). In addition, the threshold
in the definition of tr(A) is an integer since ¢ is the inverse of a power of 2 and
lyi| > log(1/¢), for every .

5. The key property of Q7

m

In this section, we show that the key property of QU', namely, that for every
value of u = (uy, ..., um),

m >1—¢ if V(ug,...,upn) =1
PI’Obw[QV (U,w)zl] {;0 if \/Eui’”.’umgzo

has a quasipolynomial-size flat proof in our logic system. Note that in the later
applications of this property, the u;’s will not be merely propositional variables.
They will be polynomials of degree (log n)o(d) over Zo in the propositional variables
z1,...,%,. Therefore, special care will be necessary to ensure that the resulting
proofs are flat proofs.
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This property can be proved in many ways. In every case, however, the main
step is to establish that if %2’“ < 18] < %Qk, where S = {i : u; = 1}, then, with
probability at least 1/16, Ry = @i:h(i):r u; is equal to 1. (The actual numbers
in the bounds on |S| and in the probability may vary slightly.) Recall that Ry
is equal to the residue modulo 2 of the number of ¢ € S such that h(i) = r.
Therefore, one way to prove such a lower bound on the probability that Ry = 1
is to in fact prove that, with probability at least 1/16, there is exactly one i € S
such that A(¢) = r. This in turn can be shown either by an argument similar to
the BPP C XY argument (see [Sip83]) or by a simple application of the inclusion-
exclusion principle, as suggested in [Reg93].

It turns out, however, that such a proof is not appropriate for our purposes.
The reason is that 1t seems to require statements such as “the probability that
u; = 1 and, for all j # 4, that A(j) # r or u; = 0, is at least 1/2.” Since the u; are
in fact polynomials over Zs that compute the connectives from the previous level,
this would lead to a depth-four proof of the form threshold of AND’s of MODy’s of
small AND’s.

To work our way around this problem, we will give a new proof of the lower
bound on the probability that R; = 1. Let C%, denote the number of ¢ € S
such that h({) = r. The idea is to use inclusion-exclusion directly to evaluate the
probability that C}, , is odd, instead of the probability that C%, = 1. Since this
proof does not seem to have been previously published, we first state and prove the
result without worrying about the complexity of the proof.

PROPOSITION 5.1. If 128 < |S| < 12% then

1
PrObhyrerx[zk] @ Ug =1 Z E
i:h(i)=r

Proor. Using the notation introduced earlier, we want to show that

Proby, e, x[25][Ch,r is odd] > %. For every i € S, let B; = {h,r : (h({) =

7)A(Ch,r is 0dd)}. Let B = UjesB; and let V = {h,7: Cj, is odd}. Then, by the

principle of inclusion-exclusion, we have that

VI>V=Bl+> |Bl— > BBl
i€S 1,j€S5,1<]

Dividing by [Hy, x [2¥]|, we get that

Proby »[Chr is odd] > > Proby [(h(i) = r) A (Ch, is odd)]
€S

— > Proby[(h(i) = h(j) = r) A (Ch, is odd)].

4,jE5i<

The probability in the second term is at most Proby ,[h(i) = h(j) = r], and this is
bounded above by 1/22* because Hj, is a universal family of hash functions. As for
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the first term, for every i € S, we have that
Proby, ,[(R(i) = 7) A (Chr is 0dd)]

= Proby,[(h(:) = r) AN([{7 € S = {1} - h(j) = r}] is even)]

= Probp . [h(i) = r] = Probs . [(h(:) = r) A ({7 € S = {i} : h(j) = r}] is odd)]
> Probhr[h(l)zr]—Probm[(HJ’eS—{ H(A(i) = h(j) = 7)]

> Probu,[h(i) =r] = > Proby,[h(i) = h(j) = 1].

jES—I

The first term is easily seen to be equal to 1/2%. Therefore, by using once again
the universal property of Hy, we get that

Proby ,[Chy is 0dd] > 3 2ik_ 3 2% _ 2%

€S jES—1 1,J€5,i<]
9k _ |8 Liq|2
922k 922k
1
> L)L
- 8 4 32
1
T

O

We now proceed to show that this proof can be formalized by a flat proof. First,
we prove a lemma typical of the kind of basic facts about formulas with threshold
and parity connectives that will be used in the subsequent proofs.

LEMMA 5.2. Let P and Q be arbitrary polynomials of degree (log n)o(d) over Zis
i the propositional variables x1, ... ,x,. Then the sequents P,QQ — PQ, PQQ — P
and PQ — @ have flat proofs of size 9(logn)?

PROOF. Suppose that P = >2/_, A; +a and Q = Zj’:l B; + b, where the
A;’s are distinct monomials in the variables z1,...,2,, a € Zs and similarly
for ). Recall that in a sequent such as P,Q — P@, P stands for the formula
®1-a(A1,. .., As), where A; denotes the conjunction of all the factors in the mono-
mial A;. Similarly, @ stands for &1_3(B1, ..., B).

The polynomial PQ = Y ;_, Z;Il A;B; + 23:1 aB; 4+ Y i_, bA; + ab, on the
other hand, does not stand for the formula

@1_(1[](14131, e ,Ath,aBl, e ,ClBt,bAl, e ,bAs),

where A;B; denotes the conjunction of all the factors in A; and B;, aB; denotes
B; repeated a times and similarly for 6A4;. Instead, PQ must first be written in
standard form, i.e., as a sum of distinct monomials. Nevertheless, it 1s easy to prove
that

PQ — @1_(1[](14131, c.. ,Ath, ClBl, c.. ,ClBt, bAl, R ,bAs)
and vice-versa.

Therefore, to prove that P, Q — P, it is sufficient to show that
(51) @I—G(Ala"' aAs)a 691—17(31"" aBt)
— @1_(1[](14131, c.. ,Ath, ClBl, c.. ,ClBt, bAl, R ,bAs)
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and to prove PQ) — P, it 1s sufficient to show that
(52) @1_(1[](14131, e ,Ath, ClBl, e ,ClBt, bAl, N ,bAs)
- @l—a(Ala cee aAs)~

To prove both of these sequents, we will first show that for every ¢ and d, the
sequent

(53) @C(Alﬂ"' aAs)a @d(Bla"' aBt) - @cd(AlBla"' aAth)

has a quasipolynomial-size flat proof. We do this by induction on s.
In what follows, we will make frequent use of several basic facts about parity
formulas, such as

@C(Ala"' aAs)a ®d(Bla"' aBt) - @C-I—d(Ala"' aAsaBla"' aBt)a

— @®o(A:), ®1(A4;) and A; — B1(4;).

For the base case, s = 0, we must prove that &.(), ®q(B1,...,B:) — Pea().
This sequent follows from @.() — if ¢ = 1 and from — @.q4() if ¢ = 0.

Now assume that for every ¢ and d’ we have a proof for

@ (A1, .o Asmr), @ (B, ..., By) — @op(A1By, ..., A;_1By).
A proof for Sequent (5.3) is outlined below.
L &.(Ar, .. A), Ay — B (A, .., Asd)
2. @e1(Ar, o A1), @al(Br, - By) = @e—nya(A1 By, . As1By)
3. As,®q(By, ..., By) — ®a(As By, ..., AsBy)
4. @(c—l)d(AlBh - ,As—lBt), @d(AsBl, - ,Ath)
— @ea(A1B1,. .., As By)
5. ®.(A1, ..., As),®a(B1,...,By), As — Bea(A1B1, ..., AsBy)
Lines 1 and 4 are simple basic facts. Line 2 is from the inductive hypothesis. The

existence of a proof for Line 3 can be established by induction on ¢. Line 5 follows
from the previous ones by three applications of the cut rule.

6. @C(Al, e ,As) — As, @C(Al, e ,As_l)

7. @C(Alﬂ cee aAs—l)a @d(Bla cee aBt) - @cd(AlBla cee aAs—lBt)

8. — As, @Q(AsBl, e ,Ath)

9. @cd(AlBla cee aAs—lBt)a @O(AsBla cee aAth) - @cd(AlBla cee aAth)

10. @C(Alﬂ cee aAs)a @d(Bla cee aBt) - ASa @cd(AlBla cee aAth)
Lines 6 and 9 are simple basic facts. Line 7 is from the inductive hypothesis. The
existence of a proof for Line 8 can be established by induction on ¢. Line 10 follows
from Lines 6 to 9 by three applications of the cut rule. Sequent (5.3) now follows
from Lines 5 and 10 by the cut rule.

We now prove Sequents (5.1) and (5.2) from Sequent (5.3). Sequent (5.1) is

proved as follows.

L @®1-a(Ar, ..o, A), @1-8(B1, ., Bt) — Sa—aya-n)(A1B1, ..., AsBy)

2. D1-a(Ar, o Ag), B1p(Br, oo, By), @a—aya—n(A1 By, ..., AgBy)

— @1_(1[](14131, c.. ,Ath, ClBl, c.. ,ClBt, bAl, R ,bAs)

Line 1 is from Sequent (5.3). Line 2 is a basic fact. Note that (1 —a)(1 — b) +

a(l —b)+b(1 —a) =1— ab. Sequent (5.1) follows from these two lines by the cut
rule.
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The idea behind the proof of Sequent (5.2) is to prove the sequent
@—a(Ala N ,As) — @—ab(AlBla N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs).

The proof proceeds as follows.
. = @®_y(B1,...,B), ®1-p(B1, ..., By)
2. @—G(Ala e aAs)a @—b(Bla e aBt) - @ab(AlBla e aAth)
3. @—G(Ala cee aAs)a @—b(Bla cee aBt)a @ab(AlBla cee aAth)
— @—ab(AlBla N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs)
4 ®_aq(Ar, .., As), &p(B1, ..., By)
— @—ab(AlBla N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs)
Lines 1 and 3 are simple basic facts. For Line 3, note that ab+a(—b)+b(—a) = —ab.
Line 2 is from Sequent (5.3). Line 4 follows by one application of the cut rule.
5. @ a(Ar, ... As), ®16(B1, ..., By) — S_a—n)(A1B1, ..., AsBy)
6~ @—G(Ala cee aAs)a @l—b(Bla cee aBt)a 69—(1(1—17)(14131’ cee aAth)
— @—ab(AlBla N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs)
7. @—G(Ala s aAs)a @l—b(Bla s aBt)
— @—ab(AlBla N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs)
8. @—a(Ala e ,As) — @—ab(AlBla e ,Ath, ClBl, N ,ClBt, bAl, N ,bAs)
Line 5 is from Sequent (5.3). Line 6 is a simple basic fact. Note that —a(1 —b) +
a(l —b)+ b(—a) = —ab. Line 7 follows from Lines 5 and 6 by the cut rule. Line 8
follows from Lines 1, 4 and 7 by two applications of the cut rule.
9. — @—a(Ala s aAs)a @l—a(Ala s aAs)
10. @—ab(AlBla e ,Ath, ClBl, e ,ClBt, bAl, N ,bAs)
@1_(1[](14131, N ,Ath, ClBl, N ,ClBt, bAl, N ,bAs) —
Lines 9 and 10 are simple basic facts. Sequent (5.2) follows from Lines 8, 9 and 10
by two applications of the cut rule. O

We now establish the inclusion-exclusion principle that is needed. Let k be an
arbitrary number in {3, ..., [logm] + 3}. For every pair h,r in Hy, x [2¥], let ¢y ,
denote the polynomial @ifh'(i):r u;. Then, for every 7, let Ch r denote @j:h(j):'r'uiu]’
and, for every ¢ # j, let golh’fr denote @l:h(l):r u;uju;. Notice that 302,7“ and golh’fr are
equivalent, respectively, to u; A @5, and u; Au; A pp p.

LEMMA 5.3 (Inclusion-Exclusion). For every number t, the sequent

S D e 2t =D enr > Y] >t

12 h,r:h(i)=r h,r 1<j \h,r:h(i)=h(j)=r

O(d)

has a flat proof of size 9(logn)

ProOF. If t = 0 or if t > m|H|2¥, then the proof is simple and left to the
reader. So suppose that 0 < ¢ < m|Hy|2*. The sequent to be proved is the same as

hyr \i:h(i)=r hyr i,j:i<,h(1)=h(j)=r
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First, we show, for every pair h,r and for every number ¢;, that
(54) dooehezti— et D el 2h
i:h(i)=r 0,7:4<j,h(3)=h(§)=r

If {1 = 0, then there is nothing to prove. So suppose that ¢; > 1. Then

Y >t — e,
i:h(i)=r

since, for every 1, gol;” — @n,r. In addition, since gol;” — ug, we also have that
Yoo Ghezt— D wizt
i:h(i)=r i:h(i)=r
It is not difficult to show that
[
Z u; >t — Z ulu]2<21)
i:h(i)=r 0,7:4<j,h(3)=h(§)=r
Now, since @y, ,, uth; — go%’jr,

pars D, w2 (tfj) - > ez ({;).

0,7:4<j,h(3)=h(§)=r 0,7:4<j,h(3)=h(§)=r

Therefore,
i i t
S odezu— X enz(h)
i:h(i)=r 6,4 4<j,h(d)=h(j)=r
Note that <t21) + 1 > 11 because t; > 1. Therefore, (5.4) follows from

.7 . tl .7 . tl
Ph,r, Z @27]7' Z (2) — Phr + Z QD;—L?T Z (2) + 1.
§,5:<4,h()=h(j)=r §,§:<g,h(8)=h(j)=r
The proof now concludes with an induction on the number of pairs h,r. Let
Yhﬂ' = Z @2,7‘
i:h(i)=r
and
Zpr = P+ Z golhjr
i,§:i<j,h(i)=h(j)=r

Then (5.4) says that Y, , > t1 — Z5 , > t1, and we want to show that
D Yar2t = Y Zny 2t
h,r h,r

Order the pairs in H; x [2*] in some arbitrary way. We will show, by induction,
that for every pair A, r’ and for every number 5, the sequent

(5.5) Yo Yir2ts = > Zny >t
h,r<h',r! h,r<h',r!

has a flat proof. The inductive basis, i.e., the case when A’ ' is the first pair in
My x [2%], is immediate from (5.4).



BOUNDED-DEPTH FREGE PROOFS WITH MODULAR CONNECTIVES 15

For the inductive step, let A’, 7' be one of the pairs and suppose that (5.5) holds
for h,r < h',r'. We break the proof of (5.5) into cases according to the value of
Yy 1. We will show, for every ¢ =1,...,¢t —1, that

(5.6)  Yww 2t Y Va2t = Yo 2ti+l, Y i 2t
h,r<h! r! h,r<h! r!

This is equivalent in meaning to (Yjs »» =t1) = (5.5). Then, since

S Va2t — V>l Y Y, >t

hor<h!,r! hyr<h!,r!
and
Yo 2t — Zpiypr 24,
we get that
S Vet = Y21, > Zyy 2t
hor<h! r! hor<h! r!
and

Vi >t — > Zpp >t
h,r<h!,r!

by using the inductive hypothesis and simple facts about threshold connectives.
These two sequents correspond to the cases Y3/ ,» <0 and Yp/ .+ > t. Therefore, by
combining with (5.6), we get a proof of (5.5).

To complete the inductive step, there only remains to prove (5.6). The idea is
simple. Suppose that Yj: .o = t1. Then Zp: .+ > t1, by (5.4). On the other hand,
Zh,r<h',r' Yy » > t—t1, which implies that Zh,r<h',r' Zp p > t—11, by the inductive
hypothesis. Combining the two we get >, ..., ., Zn, > t. In sequent calculus, we
have that .

Yoipr 20 — Zppr 21
and that

Yo Va2t = Y 2ti+l Y Vi >t—t5.
hor<hlr! h,r<h!r!

The result follows by the inductive hypothesis and since

Dy 2ty D Inp2t—ti— Y Iy 2t
h,r<h’,r! h,r<h’,r!

We now show that Proposition 5.1 has a flat proof.
LEMMA 5.4. The sequent
1.4 1.4 N,
Loz = dwzg? 3 ewzip
3 g h,r€Hy X[2%]

where Ny = [Hz|2%, has a flat proof of size 9(logn)?
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ProoF. Note that the threshold N3 /16 is an integer since k > 3 and |H] is a
power of 2 no smaller than 4.
First, we show that for every 1,

1 . .3
(5.7) U — Zj:“j z 12’“’ . ;0_ Phr 2 Ml

Since, for every h,r such that h(i) = r,

w, [le @ | — ¢h,
Jy#LR()=r

we have that
w, D |1e D w2l = X el > 7.
h,r:h(i)=r Jy#LR()=r h,r:h(i)=r
Therefore, it is sufficient to show that

yule v (e @ W)
J

h,r:h(i)=r Jy#LR()=r

W o

Let B! = @j:j# h(j)=r Wi- For every h, r,
— Eh,, 1O B,
Therefore,

W o

- 2 E%Z%'Hk" Y. (&E,)>

h,r:h(i)=r h,r:h(i)=r

[Hel.

Since Efw -3 > 1, we have that

ji#ih(i)=r Wi

S Bzl - Y [ X w)e

hyroh(i)=r h,r:h(i)=r \j:j#ih(j)=r

[Hk|.

W |

The formula on the right hand side of this sequent is the same as

> DT I

Ji#t \h,r:h(i)=h(j)=r

[Hk|.

|

By the universal property of the family Hj of hash functions, the value of the inside
sum is either 0 or [Hy|/2¥. From this it follows that

Z Z u; | > —[Hy| — ZUjZ%Qk.

Jiui#i \h,rh(i)=h(j)=r farmp

|

Therefore,

|Hk|a

o

HZu]’z%’“, Y, (oE,)>
J

h,r:h(i)=r

which completes the proof of (5.7).
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From (5.7), we get that

YOS DS 2D Bl I DEE= 1S -1

7 h,r:h(i)=r

By the principle of inclusion-exclusion (Lemma 5.3), this implies that

I IS PN P T

1<j \h,r:h(i)=h(j)=r

Now,

153l D DR S
i<j

h,r:h(1)=h(j)=r
N . N
2,7
N SN o S A
h,r 1<j \h,r:h(i)=h(j)=r

Since py? — wiu;,
:

> DA % — Yoo wuy | > %

i<j \hr:h(i)=h(j)=r i<j \h,r:h(i)=h(j)=r

Again by the universal property of Hj, the value of the inside sum on the right
hand side is at most [Hz|/2*. This implies that

Nk 22k
E E R I UUj 2> =
— : , 32 , 327
1<j \h,r:h(i)=h(j)=r i<y

It is not difficult to show that for every ¢,

Zuu]Z——> u; > t.

1< 7
Therefore,
22k 2k
Qw2 gy = Y w2
1<J g
which completes the proof of the lemma. O

Finally, we arrive at the key property of Q7.

LEMMA 5.5. Let w = (u1,...,um) be a sequence of polynomials of degree
(log n)o(d) over Zis in the propositional variables @1, ... ,x,. The sequents

ZQT(U,T)Zl — ZUZ >1

and

Swi>1 — > QU(u, 1) > (1—e)2"!,
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where T ranges over all possible values of the probabilistic variables w of Q7, have
flat proofs of size 9(logn)?

ProoF. First, from the sequents of Lemma 5.2, the following basic facts about
polynomials over Zs can be shown:

(5.8) le(leP)loQ) — P, Q

(5.9) ZP > K — ZZ 1@ P)Q;) > KN

i=1 j=1

(5.10) SMUeP)>M-K YN 1¢Q)>N-1L
— TEI L (1e PQ) = MN — KL
where P, @, the P;’s and the @);’s are polynomials over Zs; and K and L are
numbers.
Consider the first sequent in the statement of the lemma. To prove this sequent,

it is sufficient to show that for every 7, Q'(u,7) — \/, u;. Consider an arbitrary
7. As was done earlier, let [, denote the polynomial @i:hl K(i)=re e i Then

Cc L(m)

QY (u,T) —1@HH 14 Rig),

=1 k=3

where L(m) = [logm] + 3. By repeated applications of (5.8), we get that

QVUT Zle>1

The first sequent follows since, for every pair I, k, Rip — >, u; > 1.
Consider now the second sequent. By Lemma 5.4, we have that for every [ k,

RTINS D DI T L

hik, T,k

where the last sum ranges over all possible values of hy, 71 ;. From (5.9), we get
that for every [, k,

S R |Hk|2k

hik, T,k

Hff(ﬁ? |”k’|2kl
— " > =t =_
E 1 (1 Rig) || (1®Ripn)| > 16

(hl,k’vrl,k’)agk’SL(m) k' 2k

Therefore, for every I,

L(m) L(m) k
Zu221—> Z 1@1_[ @le/ _W.

(Ri,5, 71,k ) a< k< L (m)
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Then, by repeated applications of (5.10), we get that

Zui21—>

¢ Lim) L(m) “
> 1o [T ® R | >@—e) | T] 1Hel2*
(hl,kﬂ“l,khglgc, 3<E<L(m) =1 k'=3 k=3

The result follows the right hand side is precisely > QU (u,7) > (1 — el O
The key property of @3 is easily derived from the key property of Q7.

LEMMA 5.6. Let u = (u1,...,um) be a sequence of polynomials of degree
(log n)o(d) over Zis in the propositional variables @1, ... ,x,. The sequents

Zui >m — ZQT(U,T) > 2lwl
and

Sz e 1 — S w>m,

where T ranges over all possible values of the probabilistic variables w of Q7 have
flat proofs of size 9(logn) 7@

ProoF. We prove the second sequent. The proof of the first one is similar. By
Lemma 5.5, we have that

Y suw) 21 — > Qp(leur)> (1-0)2)

K3

where 1 ® u denotes 1P uy,...,1 D u,,. For every ¢, we have that — u;, 1 P u;.

This implies that
— ZUZ > m, Z(l@ui) > 1.

On the other hand, since, for every 7, QW (u,7) = 1 ® Q7 (1 ® u, 7), we have that
QN (u,7),Q7(1® u,7) — and that

S QU ) > 2P+ 1, > QU1 @u, ) > (1—e)2"l —.
The result follows. O

6. Properties of P4 and tr(A)

In this section, we show that several properties of the probabilistic polynomials
P4 and of the formulas tr(A) have flat proofs in our logic system. This will then be
used in the next section to show that the rules of inference used in ACCY[2] proofs
can be simulated by flat proofs.

These properties all have very easy proofs if one is not concerned with the
complexity of these proofs. However, some care must be taken in order to obtain
flat proofs. For example, the property

D Pa(o) Zesa2l 41 — t(A),
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can be proved from the fact that P4 computes A with error ¢, a fact that is easily
established by using the key property of Q7' (Lemma 5.5). However, such a proof
mentions explicitly the formula A and this, of course, has to be avoided. We will
therefore have to prove this and the other properties in a more direct way.

In the following lemmas, by a small ACC[2] formula, we mean a formula over
the connectives =, A, V and &, of size at most 1/(4¢). Recall that in Section 3 we
fixed an arbitrary ACCY[2] proof of depth d and size s and that in Section 4 we
defined ¢ to be 1/2[2‘|'lOg s1. We then defined the polynomials P4 and the formulas
tr(A) in terms of €.

LEMMA 6.1. For every small ACC°[2] formula A and for every small ACC[2]
formula of the form @1(A1, ..., Ap), the sequents tr(A4),tr(—A) — and
tr(@l(Al, e ,Am)), tr(@o(Al, e ,Am)) —
have flat proofs of size 9logn) (@)

ProOOF. Suppose that A is a depth-d formula. Associated with A and —A,

we have probabilistic polynomials Pa(y1,...,yq) and Poa(y1,...,¥at1). (We are
omitting the sequence x of propositional variables.) Let y denote yy,...,yq and
let z denote Y411, so that we may write P4(y) for Pa(y1,...,yq) and Po4(y, z) for

Poa(y1,...,ya+1). By definition, the sequent tr(A), tr(—A) — says that

D Palo) > (1—esa)2¥L Y Poa(o,7) > (1 — esa)2WHFll —
Recall that P, 4(o,7) = Pa(0)@® 1. For every o, we have that P4(c), Pa(o) @ 1 —.
Therefore,

tr(4), > (Pa(o)@1) >esa2Vl +1 —.

g

Since Y _(Pa(o) & 1) is always at most 212l and since Yo.(Pa(o)dl) > 1 —
Pa(o) @ 1, we have that

Y (Pa(o) @ 1) > esa2WHllp 1 — N (Pa(o) 1) > esa2l + 1.
Therefore,
tr(4), S Poa(o,7) > a2l g1

The result follows since 1 —es_4 > €s4.

The second sequent is proved similarly. O

LEMMA 6.2. For every small ACCY[2] formula A of the form V(Ay, ..., Apm)
and for every i € [m], the sequents tr(A4;) — tr(A4) and tr(\/j;éi A;) — tr(A) have
flat proofs of size 9(logn) 7@

Proor. For the first sequent, we have to show that

ZPAl(U) >(1- 55A1)2|y| — Z (Z Py(o, 7-)) >(1— ESA)QIyIHZI.
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Consider an arbitrary o. Since Pu(c,z) = QU (Pa,(0),...,Pa,(0),z), from

Lemma 5.5 we get that
— Y Pa(o,7) > (1—e)2-l.

Therefore,

g T

(1 —es4,)21(1 = £)2I7]]
1—

ZPA (1—esa,)20 — > (Z Pa(o, 7'))
)

which implies that tr(4;) — tr(A), since (1 — es4,
Now let B = \/;_; Aj. Then Pg(y,2) = QU~
show that

Z (ZPB (0,7) ) > (1 —esg)2WHl Z (ZPA (0, 7) ) > (1 = es4)21F141,
Consider an arbitrary . By Lemma 5.5, we have that

ZPBUT>1—>ZPA

JES

E) Z 1-— ESA.
((Pa,;(y))j2i,2). We want to

and that

Y Paj(0) =1 — > Pafo,m) > (1-e)2.

Therefore,
> Pp(o,r)>1 — Y Palo,7) > (1—e)2".

Since the maximum value of )~ Pg(c,7) is 212l it can be shown that

> (Z Pp(o, T)) > (1 —esp)2lWIHl
— Z (ZPA (o, 7') > (1 —esp)2l¥I(1 —e)2ll.

which implies that tr(B) — tr(A4), since (1 —esp)(1 —¢) > 1 —es4. O

LEMMA 6.3. For every small ACCY[2] formula of the form &;(A1, ..., An),

the sequent
tr(Ay), tr(®ic1(Az, ..., Am)) = te(@i (A1, ... Ap))
has a flat proof of size 2(logn)

PrOOF. Let A = @;(A1,...,Am) and B = &;_1(As,..., An). Tt is easy to
see that for every pair o, 7, P4, (o), Pp(c,7) — Pa(o, 7). From this, we get that

D Pay(0) > (L—esa,)2WHEL N " Py(o,7) > (1 — esp)2lvIH]

g, T g, T

- ZPA(Ua 7) > (1 —esa, —esp)2l¥IF12L
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The result follows since s4, + sp < s4 and

ZPAI (1 —es4,)2l — ZPAI (1 —es4, )21

LEMMA 6.4. For every small ACCY[2] formula B of depth d, the sequent
Z Pp(o1,...,04) > esp2lviltotlyel L1 tr(B)

T1,...,04

has a flat proof of size 9(logn)

O(d)

ProoF. We use induction on the generalized structure of B. Call A a gener-
alized subformula of B if A = #(B;,..., B;) where *(By,..., B,) is a subformula
of B and 1 < ¢ < r. We show that for every generalized subformula A of B, the
sequent

Z Pa(or,...,0q0) > esp2lvaltotlyal g tr(A4),
O1,...,04
where d is the depth of A, has a flat proof in our logic system.

Basis. Suppose that A = *(uy, ..., un), where all the u;’s are propositional
variables.

Case A = V(ug, ..., um). Then Pa(y1) = QU (u1, ..., um,y1). The result
follows directly from Lemma 5.5.

Case A = ®1(u1,...,upy). Here Py is deterministic, i.e., P4 does not depend
on y;. Therefore, ZUI Py>1— P4yand Py — ZUI P4 > 21911 The result follows
easily.

The other cases are similar.

Inductive step. Now assume that A = *(A1,..., Ap), where some of the A;’s
are not merely propositional variables. Let y denote yq,...,ys—1 and let z denote
ya. Then the sequent we must prove is

ZPA(O', T) > esq2lltEl 41 tr(A).

g, T

Case A = = A;. Recall that in this case Ps(y, z) = Pa,(y) ® 1. For every o, T,
we have that — P4(o, 7), Pa,(0). Therefore,

~ (A Z(ZPAI )ngAzlyHlm

so that
— tr(4 ZPAI > 5,210 41,
since the inside sum is at most 2!1?l. Then, by the inductive hypothesis, we get that
— tr(A), tr(A1). On the other hand,
D (Pa(o) @) >esa, 2+ 1, tr(4y) —

g

so that

Z (Z Pa(o, T)) > e 200141 tr(4;) —,
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since, once again, the inside sum is at most 2|, The result follows.
Case A =V(A1,...,An). For every o, by Lemma 5.5, we have that

Y Pa(o,r) 21 — > Pafo)>1.

Therefore,

Z (Z Pa(o, 7')) > es 2lulHll L Z (Z PAl(g)) > esa2ll 41,

since the value of the inside sum on the left hand side is at most 2/*l. The formula
on the right hand side is the same as

> (ZPAl(U)) > es429 41,

)

For every ¢, the inductive hypothesis says that
D Palo) >esa 2V +1 — (4.
g

Therefore, since tr(A;) — tr(A) by Lemma 6.2,
> Pafo) zesa 2V +1 — w(A).

From this, it i1s easy to show that

5 (Srate) zesn 1~ uia,
The result follows.

Case A= A(A1,..., An). Recall that Ps(y,2) = 1 & QU (1@ Pa,(y),...,1 &
P4, (y),z). For every o, 7, we have both Ps(o,7),1® Pa(o,7) — and its inverse.
Therefore,

ZPA(Ua ) > esa 2Vl 4 Z(l @ Palo,7)) > (1 —esy)2lvIFll -
and
— > (1@ Pa(o,7)) 2 esa2VHll 41, tr(4).
This implies that it is sufficient to show that
Z(l @ Pa(o, 7)) > esp 2l 1 2(1 ® Pa(o, 7)) > (1 — ESA)QIyIHZI.

By an argument similar to the one used in the previous case (A = V(A1, ..., Ap)),
it can be shown that

D (16 Pa(o, 7)) 2 esa2ttllpr — 3~ (2(1 @PA,(U))) > es429 41,

o,T g [

For every ¢, by the inductive hypothesis, we have that
> Pafo) zesa 2+ 1 — > Pa(0) 2 (1—esa,)2
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Therefore,
> (16 Pao)) > esa 2P +1 = > (1@ Pa(0) > (1 —esa,)2W.

g

As in the proof of the sequent tr(A4;) — tr(A4) in Lemma 6.2, it can be shown that
D (1@ Pa(0) > (L—esa)2¥ — D (1@ Pao,7)) > (1 —es4)2V1HL

Therefore,
D (1@ Pa(0) > esa2V +1 = > (16 Pa(o,7)) > (1 —es4)2WHL

From this, we get that

Z (Z(l & PAE(U))) >esq 241 — Z(l @ Pa(o,7)) > (1 —es4)2WWIH1l

g [ o,7

The result follows.

Case A = ®1(A1,..., Ay). Here, we have that Pa(y,z) = @i~ Pa,(y). Let
B=®1(A2,...,Apn) and B’ = &¢(As, ..., An). For every pair o, 7, we have that
Pa(o,7) — Pa,(0), Pp(o,7) and that Py(o,7) — Pa,(0) ® 1, Pp/(o, 7).

First consider Py(o,7) — Pa,(0) ® 1, Pp/(o, 7). This implies that

ZPA(O', T) > es 2l g

— S(Pay(0) 1) 2 esa, 20 1N (o, 1) > esp 2 41

Therefore, since tr(A4;),>", (Pa,(0)® 1) > es4, 21" +1 — and by the inductive
hypothesis,
> Pafo,m) > esa2WH 4 1 ir(Ay) — w(B).
By Lemma 6.3, tr(A;),tr(B’) — tr(A). Therefore,
> Palo,m) > esa2WH 4 1 ir(Ar) — tr(A).
Now consider P4(o,7) — Pa,(c), Pp(o, 7). This implies that
ZPA(O', T) > s 2l g

g, T

— ZPAI(U) > 55A12|y|+|z| 11, ZPB(U, > esp2lltll 4.

Therefore, by the inductive hypothesis,
> Palo, ) > esa2VFE 41— tr(4y), t2(B).
By an argument similar to the one used in the proof of Lemma 6.3, and by using the
inductive hypothesis on Ay, it can be shown that tr(B) — tr(Ay), tr(A). Therefore,
> Palo,m) > esa2WH 41— tr(Ay), tr(A).

The result follows.
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Case A = @o(A1, ..., Ap). Similar to the previous case. O

LEMMA 6.5. For every small ACC[2] formula A and every small ACC[2]
formula of the form @1(A1,..., Ap), the sequents — tr(A), tr(—~A) and

- tr(@l(Ala s aAm)), tr(@o(Al, . ,Am))
have flat proofs of size 9log )@

ProoF. The proof of the first sequent is implicit in the proof of the previous
lemma, case A = —A;. The proof of the second sequent is similar. O

LEMMA 6.6. For every small ACC°[2] formula A of the form V(A1 ..., An)
and for every i € [m], the sequent tr(A) — tr(4;), tr(\V. ., 4;) has a flat proof of

size Q(IOg”)O(d) .

j#i
ProoF. Let B = \/ﬁfi Aj. Consider an arbitrary 0. By Lemma 5.5,
Y Pa(o,m) =1 — > Pa(o)>1
T J

which implies that

ZPAUT)>1—>PA ), > Pay(o

J#i
In addition, again by Lemma 5.5,

> Paj(0)>1 HZPBUT > (1 —¢)2ll.
i#i
Therefore, for every o,

ZPAO'T)>1 — Pa( ZPBO'T —E)lel.

From this, it can be shown that

> (Z Palo, T>) > L1 —esa)(1 - <2,

since the inside sum on the left hand side is at most 2/?l. Note that %(1 —es4)(1—
£) > 1/4> max{es,,csp}. Therefore, by Lemma 6.4, tr(A) — tr(4;),tr(B). O
LEMMA 6.7. For every small ACC[2] formula A of the form A(A1, ..., An)
and for every i € [m], the sequents tr(A) — tr(A;), tr(A) — tr(/\j# A;) and
tr(4;), tr(/\]# A;) — tr(A) have flat proofs of size 9(logn) 7@
ProoF. All three sequents are proved by using the proofs of the corresponding
sequents for the V connective (see Lemmas 6.2 and 6.6). We show how this is done

for the first sequent; the arguments are similar for the other two.
We have to show that

ZPA(U’ 7)> (1 —¢€s4) 2|y|+| z| ZPA (1 —esa, )QIyI
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Since, for every o, 7, Pa(o,7) = 1 ® QU (1 ® Pa,0(),..., 1P Ps_(0),7), we have
that

ST Pa(o,m) > (1 —esa)2PHEL S (16 Pao, 7)) > esa2IHE 41 —

g, T

which implies that

S Pale.r) 2 (1— 52 3716 Pa(o,7)) 2 (1 - esq)2WH]

g, T

In addition,

> Pafo) zesa 2+ 1 — > Pa(0) 2 (1—es4,)2,

by Lemma 6.4, and

— Y Pa(0) > esa2M 4+ 1D (1@ Pa(0) > (1—es4,)2.

Therefore, it is sufficient to show that

D (1@ Pa(0) > (L—esa)2¥ — D (1@ Pa(o,7)) > (1 —esq )27

o o,T

This in turn can be proved by the same argument that was used in Lemma 6.2 to

prove that tr(A;) — tr(A) when A =V(A4y,..., Ap). O

LEMMA 6.8. For every small ACCY[2] formula of the form &;(A1,..., An),

the sequents

tr(®i(As, ..., Am)) — tr(Ar), tr(®:(A1,..., 4n))

tr(Ay), tr(@®i(Ar, ..., Am)) — tr(®i—1(Aa, ..., Ap))
and
tr(®i(Ar, ..., Am)) — tr(Ay), tr(®(Az, ..., 4An))
have flat proofs of size 9logn) (@)
ProoFr. By Lemma 6.3, we have that
tr(Ayr), tr(®ic1(As, ..., Ap)) — tr(Bi(Ar, ..., An)).

By an argument similar to the one used in the proof of that lemma, and by using
Lemma 6.4 for Ay, it can be shown that

tr(@i( A, ..., Am)) — tr(A1), t2(Bi(Ay, ..., Am)).

The other two sequents follow from these two by Lemmas 6.1 and 6.5. O
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7. Main result: the simulation of ACCY[2] proofs

THEOREM 7.1. If the family of sequents F' = {(Tpn — A,) : n € N} has «a
depth-d ACCP[2] proof, then tr(F) = {(tr(T',) — tr(Ay)) : n € N} has a flat proof
of size 9logn)?

Proor. It is sufficient to show that every rule of inference that can occur in an
ACCP[2] proof can be simulated by a flat proof in the sense that whenever I' — A
can be inferred from IV — A’ and T" — A" then tr(T') — tr(A) can be derived
from tr(I") — tr(A’) and tr(I'"") — tr(A”) by using a flat proof. It is easy to verify
that this can be done by using the sequents from the previous section. O

COROLLARY 7.2. If the family of DNF formulas FF' = {(— Cp1,...,Com) :
n € N} has an ACCP[2] proof, then F has a flat proof of size 9(logn) 7@

ProoF. Given the previous theorem, there only remains to show that
— Ch1, ..., Cym can be derived from — tr(Cp1), ..., tr(Cpm) by using a flat proof.
Clearly, it suffices to show that for every formula A4 of the form A(uq, ... , up), where
all the w;’s are propositional variables, the sequent tr(A) — A has a flat proof.

By Lemma 6.7, we have that for every ¢, tr(A) — tr(u;). Since tr(w;) is simply
u;, this is the same as tr(A) — u;. The sequent tr(4) — A can now be derived by
repeated applications of the A-right rule. O

8. Generalization to ACC"[p*] proofs

We now explain how the simulation of ACC?[2] proofs can be generalized to
ACCO[p] proofs.

First, redefine our logic system by using the symbol @©; to denote a mod p
connective instead of a mod 2 connective. For j = 0,...,p — 1, the formula
®;(A1,...,An) is interpreted to be true if and only if the number of true 4;’s
is equal to j mod p. To the initial sequents &1() — and — @q(), add &;() — for
j=2,...,p— 1. The rules of inference remain the same. ACCP[p] proofs can now
be defined precisely as in Definition 2.3 and flat proofs now have mod p connectives
on level two (see Definition 2.4).

The simulation of ACC®[2] proofs made essential use of polynomials over Zs.
Naturally, for ACC°[p] proofs, polynomials over Z, will be used instead. The
symbols & and € will now denote addition of polynomials over Z,. Statements
about polynomials over Z, will be of the form v = a (mod p), where u is a
polynomial over Z, in the propositional variables and a« € Z,. Suppose that
u = ag+ ayMi; + ---+ axMpy, where the M;’s are nonempty products of vari-
ables and the a;’s are coefficients in Z,. Then a statement such as « = a (mod p)
will be realized by the formula @q_q,(My,..., M1, Mo, ..., Ma, ... , My,..., My),
where each M; is repeated a; times. Whenever a polynomial u appears on its own
in a formula, then v =1 (mod p) is assumed. In particular, © & 1 is equivalent to
u =0 (mod p).

Probabilistic polynomials over Z,, are associated with the various connectives as
follows. Let ¢ = 1/2[*+oertlogs]  For the — connective, let Q- (u1) = 1@ (p—1)u;.
For the mod p connectives, let

g, (W) =1ao(p-1) ((p—j)GB@Ui) ~
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The fact that ng(u) computes @;(u) follows from Fermat’s Little Theorem:
a?~1 =1 (mod p) if and only if @ Z 0 (mod p).

Consider now an V connective. Recall that the main idea behind the def-
inition of QY in the mod 2 case was the fact that if £2¥ < |S| < 12%, then
Ry = @i:h(i):r u; is equal to 1 with probability at least 1/16. That is, the number
of i € S such that h(i) = r is odd with probability at least 1/16. In the mod p
case, this is replaced by “the number of ¢ € S such that h(7) = r is not divisible by
p.” Accordingly, R is now (@i:h(i):r u;)P~1 and Q7' is defined by

le(p-1) (@ UzFle)

C [logm]+3

Qruwy=1a(p-n][ ]

=1 =
Naturally, for the A connective we now have

QX (w,w) =10 (p-DQVAS(p—Dur,..., 1O (p = D, w).

The lemmas of Sections 5 and 6, and their proofs, have to be adapted to the
new definitions and the new context. Only minor changes are required and they
usually involve basic properties of polynomials over Z,.

In Section 5, the key property of Q' now requires an additional hypothesis,
namely, the fact that the inputs to the V connective, the polynomials u;, are such
that w; = 1 (mod p) or w; = 0 (mod p). Consequently, in Lemmas 5.3 to 5.6,
instead of “the sequent ... has a flat proof of size Q(IOg”)O(d)”, we now have “the
sequent ... can be derived from the sequents — w;,u; @ 1, fori =1,... ,m, by a
flat proof of size 90087)?» " Rocall that u; @ 1 stands for u; = 0 (mod p).

Some of the other changes are as follows. In the paragraph preceding
Lemma 5.3, let ¢35, = (@z’:h(z’):r u; )P~ ©h» = Uiph,r and @2,7]7« = uiUjpp,r- In
the proof of Lemma 5.4, E; . should be defined as 1 & (1 ¢ @j:j#’h(].)zr uj )Pt
Then, for every h,r,

p—1
— B, |1e D w
J#ih(i)=r
The proof then proceeds as in the mod 2 case, with 1 ® E;L . replaced by (1 &
@j:j;ﬁi,h(]’):r uj )Pt

In Section 6, we first need an additional lemma.
LEMMA 8.1. For every small ACC[p] formula A, the sequent

_>PA(O-1"" ,O'd),l@PA(O'l,.., ,O'd)
has a flat proof of size 2(logn)

This is easily proved by induction on the structure of A.

Lemma 6.1 should be for tr(P;(A41, ..., 4Amn)), tr(®; (A1, ..., An)) —, 4,j €
{0,...,p—1}, 1 # j, instead of just tr(P1 (A1, ..., Am)), tr(Bo(A1,...,4n)) —.
Similarly, Lemmas 6.3 and 6.8 should be for i € {0,... ,p—1}. As for Lemma 6.5,
the sequent — tr(P1(A1, ..., Am)), tr(®o(A1,. .., Am)) should be replaced by

— tr(@o(Al, N ,Am)), tr(@l(Al, N ,Am)), N ,tr(@p_l(Al, N ,Am))
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The proof of this sequent uses the fact that ¢ < 1/(ps). In Lemma 6.4, cases have
to be added for @;(A1,..., 4n), 1 € {2,...,p—1}, but these are handled as in the
mod 2 case.

Finally, we arrive at the main result, the simulation of ACC[p] proofs by
quasipolynomial-size flat proofs.

THEOREM 8.2. If the family of sequents F' = {(T'n — A,) : n € N} has «a
depth-d ACCP[p] proof, then tr(F) = {(tr(T,) — tr(Ay)) : n € N} has a flat proof
of size 9logn)?

This is proved exactly as Theorem 7.1.

It is possible to further generalize the simulation to ACCP[p*] proofs. These are
defined exactly as ACCP[p] proofs except that we now have connectives @; mod pe,
for j=0,...,p°—land e =1,...,k: the formula &; mod pe (A1, ..., Am) is true
if and only if the number of true A;’s is equal to j mod p®. The simulation then
proceeds exactly as for ACC[p] proofs. In particular, polynomials over Z, are still
used and the simulating flat proofs still have only mod p connectives on level two
(no mod p° connectives). The only difference is in the handling of the mod p°
connectives.

The idea behind the translation of mod p® connectives into low-degree polyno-
mials over Z, comes from a simple fact that was used, for example, by Beigel and
Tarui [BT94] in their simulation of ACCY circuits (see Section 9 for more on their
result): u; + -+ 4y = 0 (mod p®) if and only if (ul + .1.71. +u’") = 0 (mod p) for
all 1 €{0,... e —1}. Accordingly, let

ngmodpe(u):ﬁ 1e(p-1) i (pea_j) 5 ITw

1=0 a=0 SClm], |S|=p!—ai€S

p—1

It is not hard to see that the summation over @ in this polynomial is congruent to

0 (mod p) if and only if (ul +'”+pul’” +rt- Z) =0 (mod p).

The lemmas of Section 6 can be easily adapted to these new polynomials. One
fact that must be used is that (p;) =0 (mod p) for every a € {1,...,p* — 1}.

9. Possible extensions to ACC® proofs

Our depth-three simulation of ACC°[p] proofs relies in an essential way on
the corresponding simulation of ACCP[p] circuits. As we have seen, most of the
simulation consists in the formalization, in our logic system, using quasipolynomial-
size flat proofs, of the key step in the circuit simulation, i.e., the computation of
OR gates by low-degree probabilistic polynomials over Z,, and of several related
basic facts. Fixed-depth simulations are also known for general ACCY circuits.
For example, let SYMT denote the class of depth-two circuits with symmetric
gates at the output and AND gates of polylog(n) fan-in on level one. Beigel and
Tarui [BT94] have shown that ACCY circuits can be simulated by quasipolynomial-
size SYMT circuits, which implies a simulation by depth-three threshold circuits.
(See also [GKR195].) Therefore, it is natural to ask if our simulation of ACC°[p]
proofs can be extended to ACCP proofs, perhaps by using the simulation results
for ACCO circuits.
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An important characteristic of the simulation of ACCY[p] circuits, one that
was not mentioned explicitly earlier, 1s that this simulation is “bottom-up”. This
means that the simulation of a circuit A = %(Ay, ..., Ap) is done inductively by
first simulating each subcircuit A; and then combining with the % gate to get the
simulation of A. This characteristic plays an important role in our simulation
because the rules of inference of the logic system involve the top-most connectives
of the formulas. To illustrate this point, consider the V-right rule

F—>A1,\/(A2,... ,Am),A
I — V(A1 ..., Ap), A

It 1s easy to see that this rule can be simulated by a flat proof if and only if the
two sequents

tr(Ar) — tr(V(A1, ..., An))
and
tr(V(Asg, ..., Ap)) — te(V(A1, ..., Ap))

have flat proofs themselves. Now the proof of these two sequents, which was done in
Lemma 6.2, relies crucially on the fact that the polynomial Py (4, .. 4,,) computing
the formula V(Aq, ..., Ay) is defined in terms of the polynomials P4, computing
the A;’s.

All of the known simulations of ACCP circuits, however, are “top-down”. That
is, the simulation of a circuit A of the form B(G1, ..., Gn), where the G;’s are the
gates at level one, is done by first simulating B and then combining with the G;’s
to get a simulation of A. As a consequence, it is not clear how a sequent such as
tr(Ay) — tr(V(A1, ..., Am)) could be proved without having to “translate back”
to Ay, derive V(A;,..., Ap) and then “translate” again to tr(V(4i, ..., Am)).
The reason is that if A = *(Ay,..., 4n) = B(G1,...,Gp), then, in a top-down
simulation, tr(A) would be defined in terms of tr(B) and not in terms of the tr(A4;)’s.

We are therefore led to the following question: is it possible to do a “bottom-
up”, fixed-depth simulation of ACC? circuits? This is an interesting question on
its own, but a positive answer might also lead to a fixed-depth simulation of ACC?
proofs. One way of obtaining such a “bottom-up” simulation would be to show that
a circuit of the form MOD, of SYM* can be simulated by a quasipolynomial-size
SYM circuit. Notice that this would imply that ACCP circuits with one level of ar-
bitrary symmetric gates inserted anywhere could be simulated by quasipolynomial-
size SYMT circuits. Such a result would be surprising; however, since no superpoly-
nomial lower bound is known for SYMT™ circuits, this possibility cannot be ruled
out. In addition, a bottom-up simulation of ACCO circnits—at least one that would
proceed as indicated at the beginning of this section—would imply a simulation of
ACCDP circuits with an extra level of arbitrary symmetric gates at the input. The
idea is to simply start with a stronger inductive basis. Therefore, the simulation of
MOD, of SYMT circuits by quasipolynomial-size SYMT circuits might not only be
sufficient but also necessary for a bottom-up simulation of ACCP circuits. Whether
this should be taken as an approach for obtaining such a simulation or as evidence
in favor of its impossibility is open for debate.
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10. Towards ACC[p]-proof lower bounds

In this section, we outline an approach for obtaining exponential lower bounds
for ACCO[p] proofs.

In this article, we have shown that any quasipolynomial-size ACC°[p] proof
can be quasipolynomially simulated by a flat Frege proof. In fact, each formula can
be viewed as a small-degree probabilistic polynomial. Thus, if we could succeed
in obtaining lower bounds for our flat system, then ACC?[p]-proof lower bounds
would follow.

A very successful recent method for obtaining lower bounds for very small
depth propositional proof systems is the interpolation method. The general idea
is as follows. Let A(x,z) A B(y, z) be a 3CNF formula, where A(x,z) is a 3CNF
formula involving the variables # and z, and B(y, z) is a 3CNF formula involving
the variables y and z. (Here, 2, y, and z each denote a vector of propositional
variables.) Let S be a particular propositional proof system. Then S has a feasible
wnterpolation theorem if for every 3CNF formula F' of the above split form, there
exists a circuit, C(z), such that: C(a) = 1 only if A(»,a) is unsatisfiable, and
C(a) = 0 only if B(y,a) is unsatisfiable. Furthermore, the size of the circuit C
must be polynomial in the size of the shortest S-refutation of F'. Note that for
any assignment a to z, at least one of A(x,a) or B(y,a) must be unsatisfiable
because F' is unsatisfiable. So the function computed by C(z) exists, and we are
interested in the case where the function is computable by polynomial-size circuits
whenever F' has a short refutation in S. There is also a monotone version of
the above definition. Define A(x,z) A B(y, z) to be monotone if A(x,z) involves
only positive occurrences of z variables. In this case, S has a feasible monotone
wnterpolation theorem if for every 3CNF formula of the monotone split form, there
exists a monotone, polynomial-size circuit C'(z) computing the above (monotone)
function.

Now suppose that we can show that S has a feasible interpolation theorem.
Then, using a result due to Razborov [Razb] (and later generalized by Krajicek
[Kraa)]) this implies lower bounds for S, assuming a standard cryptographic con-
jecture. Furthermore, if we can show that S has a feasible monotone interpolation
theorem, then using the method of [BPR95] (generalized by [Kraal), together with
exponential lower bounds on the size of monotone circuits, we get unconditional
lower bounds for our proof system S. Thus, feasible interpolation theorems are
quite important because they give rise to lower bounds.

This method has been quite successful in obtaining new lower bounds. For
example, it has been used to obtain exponential lower bounds for Resolution and
Cutting Planes [BPR95, Krab, Pud, CH], as well as for Nullstellensatz proofs
[PS]. Tt has also been applied to get conditional lower bounds for bounded arith-
metic [Razb], for Grobner refutations [PS], and for generalizations of Cutting
Planes [IP, Krab].

When does a proof system have an effective interpolation theorem, and how
hard is 1t to show this? This 1s a very interesting question that does not have a
satisfactory answer at present. For example, we do not know if ACCP[p] proofs have
effective interpolation theorems. An interesting observation, due to Impagliazzo,
can be used to obtain interpolation theorems. Suppose that system S can be de-
terministically stmulated efficiently. This means that there is an efficient procedure
testing whether or not there i1s a polynomial-size S proof of a given formula F'. The
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existence of an efficient deterministic simulation not only suggests a good deter-
ministic propositional theorem prover, but it also implies an effective interpolation
theorem for S. This approach was used to obtain interpolation theorems for the
Nullstellensatz system [CEI96, PS], as well as for the polynomial calculus [PS].

In light of the interpolation technology discussed above, it would be very in-
teresting to obtain a subexponential-time deterministic simulation of flat proofs.
First, this would give rise to a powerful and possibly efficient deterministic theorem
prover. Second, it would imply superpolynomial lower bounds for ACC®[p*] proofs
(assuming a standard cryptographic assumption).

As mentioned above, [CEI96] shows how to deterministically simulate poly-
nomial calculus refutations using a variation of the Grobner basis algorithm; our
flat proofs can be viewed as a generalization of small-degree polynomial calculus
refutations in the following way. A small-degree polynomial calculus refutation is
a refutation in our system where each line is a small-degree polynomial over the
main variables z. One derives new polynomials as small-degree linear combinations
of previously generated polynomials. This linearity of the rules is exactly what
enables the Grobner basis algorithm to be used to efficiently find a small-degree
polynomial calculus refutation, if one exists. In contrast, a flat refutation can be
viewed as a parametric polynomial calculus refutation: each line is a small-degree
polynomial but now over two types of variables, the main variables x and the sym-
bolic parameters y. The intended interpretation is that f(z,y) is true if for almost
all values to the y variables, f(x,y) evaluates to 1, and f(z,y) is false if for almost
all values of the y variables, f(#,y) evaluates to 0. It is open whether or not there
is a suitable generalization of the Grobner basis algorithm which would give rise to
a subexponential-time simulation of flat proofs.
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