
Exponential lower bounds for the Tree-likeHaj�os Calculus �Kazuo Iwamay Toniann PitassizAbstractThe Haj�os Calculus is a simple, nondeterministic procedure whichgenerates precisely the class of non-3-colorable graphs. In this note,we prove exponential lower bounds on the size of tree-like Haj�os con-structions.1 IntroductionThe Haj�os calculus is a simple, nondeterministic procedure for gen-erating the class of graphs that are not k-colorable [Haj]. Mans�eldand Welsh [MW] have posed the problem of determining the complex-ity of this procedure; in particular, it is an open problem whether ornot there exists a polynomial-size Haj�os construction for every non-3-colorable graph. Because graph 3-colorability is NP -complete, ifthere were polynomial-size Haj�os constructions of all non-3-colorablegraphs, then NP = coNP , so we expect that the Haj�os calculus is notpolynomially bounded. However, there has been very little progresstoward a proof of this conjecture, despite considerable e�ort.Pitassi and Urquhart [PU] have recently shown that the Haj�os cal-culus is polynomially bounded if and only if Extended Frege proof sys-tems are polynomially bounded. This result shows that the complexity�Author's addresses: Iwama { Kyushu University, iwama@csce.kyushu-u.ac.jp;Pitassi { University of Pittsburgh, toni@cs.pitt.eduySupported by Scienti�c Research Grant, Ministry of Education, japan, No. 02302047and No. 04650318.zResearch performed at UCSD and supported by an NSF postdoctoral fellowship.1



problem for the Haj�os calculus is very di�cult, since Extended Fregesystems are a very powerful class of proof systems for the propositionalcalculus, and no techniques currently exist which appear adequate toprove super-polynomial lower bounds for them.In this paper, we introduce the tree-like Haj�os calculus, analogousto tree-like propositional proofs, and prove exponential lower boundsfor tree-like Haj�os constructions. This is somewhat surprising becausein the setting of propositional Frege proofs, it is known that restrictingoneself to tree-like proofs does not lead to signi�cantly larger proofs.More precisely, Kraj���cek [K] has shown that any Frege proof can be ef-�ciently simulated by a tree-like Frege proof. In contrast to this result,our lower bound shows that the Haj�os calculus cannot be polynomi-ally simulated by the tree-like Haj�os calculus. This loss of e�ciencywhen we restrict to tree-like Haj�os derivations can be compared tosimilar losses in e�ciency in weak propositional proof systems, suchas Resolution and cut-free Gentzen systems [Urq].2 The Haj�os calculusWe de�ne a graph G to be a pair (V;E), where V is a �nite set ofpositive integers, and E a set of unordered pairs of elements of V .The size of a graph G, jGj, is the number of its edges. A 3-coloringof a graph is an assignment of one of 3 distinct colors to each of thevertices of the graph. A graph is 3-colorable if and only if there existsa 3-coloring of the graph such that no two adjacent vertices receivethe same color.The Haj�os calculus is a collection of initial graphs, together witha �nite collection of rules which allows us to derive precisely the classof non-3-colorable graphs. The set of initial graphs in the Haj�os cal-culus contains all graphs isomorphic to K4. There are three rules forgenerating new graphs:(1) (Vertex/Edge Introduction) Add (any number of) vertices andedges.(2) (Join rule) Let G1 and G2 be disjoint graphs, a1 and b1 adjacentvertices in G1, and a2 and b2 adjacent vertices in G2. Constructthe graph G3 from G1[G2 as follows. First, remove edges [a1; b1]and [a2; b2]; then add an edge [b1; b2]; lastly, contract vertices a1and a2 into a single vertex, named a1.2



(3) (Contraction rule) Contract two nonadjacent vertices into a sin-gle vertex, and remove any resulting duplicated edges; the singlevertex can be either of the two original vertices.A construction of a graph G in the Haj�os calculus is a sequenceof graphs, ending with G, such that every graph in the sequence iseither an initial graph or follows from previous graphs by one of theabove rules. The size of a construction is the sum of the sizes ofall graphs in the construction. The Haj�os calculus is polynomiallybounded if there exists a polynomial p such that every non-3-colorablegraph G has a Haj�os construction of size at most p(jGj). In [PU],it was established that the Haj�os calculus is polynomially bounded ifand only if Extended Frege systems are polynomially bounded.A Haj�os construction of G can be visualized as a directed acyclicgraph, with nodes labelled by graphs, and where the directed edgesdescribe which graphs are used to derive subsequent graphs. A con-struction is tree-like if the underlying directed acyclic graph is a tree;in other words, if each intermediate graph in the construction is onlyused once. Clearly, any construction can be transformed into a tree-like construction, but the size of the tree-like construction may besubstantially larger than the original one.Pitassi and Urquhart de�ned the following reformulation of theHaj�os calculus, and proved that the set of graphs having polynomial-size Haj�os constructions is equal to the set of graphs having polynomial-size HC constructions. The system HC has the same set of initialgraphs, as well as rules (1) and (3) of the Haj�os calculus, but now rule(2) of the Haj�os calculus is replaced by the following rule:(2) (Edge Elimination rule) Let G1 and G2 be two graphs with com-mon vertex set fv1; :::; vng which are identical except that G1contains edges [v1; v2] and [v2; v3] and not [v1; v3], whereas G2contains edges [v1; v2] and [v1; v3] and not [v2; v3]. Then from G1and G2, we can construct the graph G3 which is graph G1 withedge [v2; v3] removed.3 Propositional Proof SystemsA propositional proof system is a collection of initial propositionalformulas (axioms), together with a �nite set of rules which allow us toderive new propositional formulas. A propositional proof system is a3



Frege system if its axioms consist of all instances of a �nite number oftautologies, and it has a �nite number of inference rules of a certainform which are sound (i.e. preserve truth). For a more in-depthtreatment of propositional proof systems and their relative e�ciency,see [CR]. A proof of a formula f in a particular proof system is asequence of formulas ending with f such that each formula in thesequence is either an axiom instance, or follows from previous formulasby one of the inference rules. The size of a proof is de�ned to be thenumber of occurrences of symbols in it.3.1 Frege systems, Bounded-depth Frege, Re-namingFor concreteness, we will work with the following Frege system, F , de-scribed in [PU]. However, we could work in any Frege system becauseit was shown in [CR] that every two Frege systems are p-equivalent.The underlying formulas in F are boolean formulas over the basis ^,_ and :, where ^ and _ are unbounded-fanin boolean functions, and: is de�ned as usual. F will be slightly nonstandard in that it will bea refutation system for unsatis�able formulas in conjunctive normalform. A refutation in F of an unsatis�able formula, A, is a sequenceof formulas, ending with A such that each formula is either an axiominstance or follows from previous formulas by a rule. It is easy tointerpret our system F as a proof system for tautological formulas bysimply replacing all ^'s by _'s and all _'s by ^'s in the following axiomand rules. F has a single axiom schema, p^p, and the following rules.In addition, the associative and commutative laws for disjunction andconjunction will be applied tacitly. The symbol , indicates that therule may be applied either from left to right, or from right to left.(R0) A ^ A ^B ) A ^B, and A ^A) A,(R1) A) A ^ B,(R2) (A _B) ^ C ) A ^ C,(R3) (A ^ C); (B ^ C)) (A _B) ^ C,(R4) A ^ l; B ^ l) A ^B,(R5) A _ (B1 ^ :::^ Bk), (A _B1) ^ :::^ (A _Bk),(R6) A ^ (B1 _ :::_ Bk), (A ^B1) _ :::_ (A ^Bk),4



(R7) :(A1 ^ :::^ Ak), :A1 _ :::_ :Ak,(R8) :(A1 _ :::_ Ak), :A1 ^ :::^ :Ak,(R9) ::A , A.(R10) 0 ^A, 0 and 1_ A, 1.The depth of a formula is the depth of the boolean tree whichrepresents the formula. We de�ne a depth-d proof in F of a formula,A, to be a proof in F where each formula occuring in the proof hasdepth at most d. Alternatively, the depth-d Frege system, Fd, is thesystem F , where each formula is restricted to have depth at most d.Another rule used in propositional proofs is the renaming thatallows us to derive A[p=q] fromA, where A[p=q] is the formula obtainedfrom A by uniformly substituting the new variable p for the variableq in A. If G is a Frege system, the system which results from G byadding the renaming rule will be denoted by RG. It is a surprisingresult due to Buss [Buss] that if we add the Renaming rule to a Fregesystem, the resulting system is as powerful as Extended Frege. On theother hand, the following lemma shows that if we restrict attentionto tree-like Frege proofs, then adding the Renaming rule is completelypowerless.Lemma 1 Any size S, depth d tree-like proof in RF can be convertedinto a size O(S), depth d tree-like proof in F (without Renaming).Proof. We will prove that any tree-like proof with r > 0 renaminginstances can be converted into a tree-like proof of the same size withr � 1 renaming instances. Let P be a tree-like proof of f and letA(x) ) A(y) be the �rst renaming instance in P . To eliminate thisrenaming rule, we uniformly replace the variable x by the variable y inthe subproof of A(x), yielding a proof of A(y) of the same size as theoriginal proof of A(x). Let P 0 be the sequence of formulas in P , butwith the subproof of A(y) replaced by the above sequence of formulas.Because the original proof was tree-like, A(x) must only be used once(to derive A(y)), and therefore, P 0 is still a tree-like proof of f , butwith r � 1 renaming instances. We can now proceed inductively toconvert any tree-like proof with r renaming instances into a tree-likeproof with zero renaming instances. 25



4 Simulation ResultsUsing reductions between CNF unsatis�ability and graph non-3-colorability,we can translate the rules and axioms of the Haj�os calculus to obtaina propositional refutation system, and similarly, we can translate therules and axioms of a propositional refutation system to obtain a graphcalculus. Below we review the translations described in [PU] betweenpropositional formulas and graphs.4.1 Translation from Propositional Formulasto GraphsGarey, Johnson and Stockmeyer [GJS] showed that 3SAT is reducibleto 3-Colorability, by obtaining a polynomial-time, many-one trans-formation from 3CNF formulas to graphs. Here, we slightly modifytheir construction so that it is a transformation from arbitrary CNFformulas to graphs. Let f be a CNF formula, f = C1 ^ C2 ^ :::^ Cp,with underlying variables x1; :::; xn. For notational convenience, letCi = (li1_ li2_ :::_ liq). Then Graph(f) consists of the following nodes,N : N = fv1; v2; v3g[ fxi; xi j 1 � i � ng [faij ; bij; cij j 1 � i � p; 1 � j � q � 1g:The set E of edges for Graph(f) is given by:E = f[v1; v2]; [v2; v3]; [v1; v3]g [ f[xi; xi]j1 � i � ng[ f[v3; xi]; [v3; xi]j1 � i � ng[ fGCi j 1 � i � qg;where GCi consists of the following edges:GCi = f[aij; bij]; [bij; cij]; [aij; cij] j 1 � j � q � 1g[ f[cij ; aij+1] j 1 � j � q � 2g[ f[li1; ai1]; [ciq�1; v2]; [ciq�1; v3]g[ f[lij; bij�1] j 2 � j � qgWhen Ci is just a single literal, l, then the construction for GCisimply puts l in place of cq�1. A key property of the graph G is:6



for each Ci = (li1 _ li2 _ ::: _ liq), a proper 3-coloring to li1; :::; liq can beextended to a proper 3-coloring of the underlying vertices of GCi if andonly if at least one of li1; :::; liq has the same color as v1. (The colorv1 thus represents \true".) This observation leads to the followinglemma, which was proven in [GJS].Theorem 2 (GJS) f is satis�able if and only if Graph(f) is 3-colorable.4.2 Translation from Graphs to PropositionalFormulasConversely, if G is any graph, then there exists a propositional 3CNFformula, Form(G) with the property that G is 3-colorable if and onlyif Form(G) is satis�able. Following [PU], we de�ne the propositionalstatement, Form(G), with underlying variables fRx; Bx; Gx j x 2 V g,which expresses \G is 3-colorable" as follows:x̂2V (Rx _Bx _Gx)(Rx _Bx _Gx)(Rx _Bx _ Gx)(Rx _ Bx _Gx)(Rx _Bx _Gx)^[x;y]2E(Rx _Ry)(Gx _Gy)(Bx _By):Lemma 3 G is 3-colorable if and only if Form(G) is satis�able.5 The Main TheoremTheorem 4 (Main Theorem) There exists a family of graphs thatrequires exponential-size tree-like HC constructions.The general idea of the proof is to show that any tree-like HCconstruction of a graph G, when translated into a propositional refu-tation of Form(G), can be simulated e�ciently by a small-depth Fregeproof. We then obtain the lower bound by using known exponentiallower bounds on the size of small-depth Frege proofs of the proposi-tional pigeonhole principle.By using the translations between propositional formulas and graphsdescribed above, we can translate the Haj�os calculus to obtain a new7



propositional refutation system. De�ne Form(HC) to be the propo-sitional refutation system obtained by translating the rules and ax-ioms of HC. Speci�cally, Form(HC) has one axiom: Form(K4) andthree rules, obtained by translating the three rules of HC . Tree-likeForm(HC) is the refutation system Form(HC) but where the under-lying directed acyclic graph is required to be tree-like.Lemma 5 Any size S tree-like proof in Form(HC) can be convertedinto a size O(S) tree-like proof in F2.Proof. Pitassi and Urquhart [PU] showed that all rules with theexception of the contraction rule can be e�ciently simulated by a adepth-2 Frege system. After the conversion to propositional formulas,the contraction rule becomes precisely the renaming rule. In the con-text of dag-like proof systems, this rule is powerful enough to allow ane�cient simulation of arbitrary substitution. (This is the key observa-tion used to show that if the Hajos calulus is polynomially bounded,then so are Extended Frege proofs.) However, in the context of tree-like proofs, the renaming rule is powerless. We proceed more formallybelow.Let P be a tree-like proof of f in Form(HC); we will show howto modify P to obtain a depth-2 Frege proof, P 0, of f . Tree-likeForm(HC) has one axiom, Form(K4), and three rules. It was shownin [PU] that any instance of the axiom Form(K4) can be derivedby a constant-sized tree-like proof in F2. They also showed that anyapplication of rule (1) or (2) can also be linearly simulated by tree-likeF2. (These simulations are straightforward.) Given P , we �rst applythis translation to obtain a new proof P 0 where all axioms and rules(1) and (2) of Form(HC) have been replaced by their F2 simulations.The �nal rule (3) is the renaming rule, and thus P 0 is a polynomial-sized, depth-2 proof of f in RF . Furthermore because P was tree-like,P 0 will also be tree-like. Now by Lemma 1, all renaming instances canbe removed to obtain a polynomial-size, depth-2, tree-like Frege proofof f . 2Lemma 6 Let f be an unsatis�able CNF formula. Then there ex-ists a c > 0 such that if there exists a size S, depth k proof ofForm(Graph(f)) in F , then there exists a size Sc, depth k + 3 proofof f in F . 8



Proof. The above lemma is implicit in [PU], but we prove it herefor completeness. Let f = C1 ^ C2 ^ :: ^ Cq be a CNF formula, withunderlying variables fx1; :::; xng. The proof follows the basic ideabehind the [GJS] proof that if Graph(f) is non-3-colorable, then f isunsatis�able. We will de�ne a particular coloring for Graph(f), basedon the propositional variables fx1; :::; xng.Let Ci = (l1 _ l2 _ ::: _ lq) be a clause in f , where each lk is aliteral over fx1; :::; xng. We will �rst de�ne variable substitutions forall 1 � j � q � 1, and 1 � k � q.Rlk $ lk; Blk $ lk; Glk $ 0Rlk $ lk; Blk $ lk; Glk $ 0Raij $ (l1 ^ :::^ lj+1); Baij $ (l1 _ :::_ lj) ^ lj+1;Gaij $ lj+1Rbij $ 0; Bbij $ lj+1; Gbij $ lj+1;Rcij $ (l1 _ :::_ lj+1); Bcij $ (l1 ^ :::^ lj+1);Gcij $ 0;Rv1 $ 1; Bv1 $ 0; Gv1 $ 0Rv2 $ 0; Bv2 $ 1; Gv2 $ 0Rv3 $ 0; Bv3 $ 0; Gv3 $ 1Let P be the size S, depth k Frege proof of Form(Graph(f)). Wewill show how to obtain a depth k + 3, polynomial size Frege proofof f from P . We �rst uniformly make the variable substitutions de-scribed above throughout the proof P . This results in a new sequenceof formulas such that the �nal formula, f 0, is Form(Graph(f)), butwith the above variable substitutions. It is not too hard to checkthat this new sequence of formulas is still a valid Frege proof (of f 0).Furthermore, this new proof has polynomial size and depth k + 3 be-cause the substitutions are all constant-size with depth at most 3. Itis left to show that from a proof of f 0, we can obtain a small-depth,polynomial-size proof of f . We will argue this informally. Considerthe clauses in f 0. It can be checked that all clauses with the exceptionof clauses of the form (Bciq�1 _Bv2) can be simpli�ed to the constant1 by elementary reasoning. For each i, 1 � i � q, the only clauseremaining is (Bciq�1 _ Bv2), which becomes Bciq�1 = Ci after applying9



the substitution. Combining all of the Ci's, we can then easily derivef . This �nal derivation of f from f 0 does not increase the depth, andthe size is linear in the size of f 0. 2The propositional pigeonhole principle, PHPn, is a very well-knowntautology stating that there is no one-to-one map from n+ 1 pigeonsto n holes. We encode PHPn using variables Pij , 1 � i � n + 1,1 � j � n. Using these variables, PHPn can be written as the dis-junction of the following clauses:^f:Pij j 1 � j � ng; 1 � i � n + 1;^fPik; Pjkg; i 6= j; 1 � i; j � n + 1; 1 � k � n:Note that the size of PHPn is O(n3). The following theorem showsthat any small-depth Frege proof of PHPn requires exponential size.Theorem 7 ([BIKPPW]) For n su�ciently large, any depth-d Fregeproof of the negation of the propositional pigeonhole principle, :PHPn,requires size at least 2
(n6�d ).Using the above lemmas and theorem, we will now prove our maintheorem.Proof of Main Theorem. We will show that for all n su�cientlylarge, any tree-like HC construction of Graph(:PHPn) requires expo-nential size. Assume for sake of contradiction that there exists a sizeS, S < 2
(n6�d ), tree-like HC proof of Graph(:PHPn), where d = 5.Then there exists a size SO(1), depth-2 Frege proof of Form(Graph(:PHP )),by Lemma 5. Now by Lemma 6, there exists a size S0(1), depth-5 Fregeproof of :PHPn. But this contradicts Theorem 7. 2Corollary 8 The Haj�os calculus cannot be polynomially simulated bythe tree-like Haj�os calculus.Proof. Cook and Reckhow [CR] have shown that there are polynomial-size Extended Frege proofs of the propositional pigeonhole principle.By the simulation results in [PU], it follows thatGraph(:PHPn) has apolynomial-size Haj�os construction. Thus, Graph(:PHPn) is a fam-ily of graphs that have polynomial-size Haj�os constructions, but bythe proof of the above Theorem, do not have polynomial-size tree-likeHaj�os constructions. 2 10
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