
Last class :
-

Sos In simple case

Where we had ngconstraints

Just wanted to derive

Sos certificate for non - Negf :{ 0,1T
⇒ R

Today SOS as way
to tighten SDPS
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Original LP : [ ignore Max CTX ]
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above constraints translated
to linear inequalities using New Y vars

plus multi linearization
( x .i=xi)
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Today : start with K={ xeirnlrxab }
=

Degree t Sos SDP relaxation :

New variables Y±→
,
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,
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Ai•Y = be. Aesymm.

Yao
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Linear

Let K ={xeR
"

1 Ax3b} reopen.tt?tim0fprob!mma.p

the th level of Sos hierarchy SOS
,
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-

is the set of vectors ye
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Let 505Mt C K ) :={y{⇒ ,
... ,Y{n} I

g
Ye 504 ( k )

projection of the vectors

In soseck ) to original
variables X

, .  . Xn

. y ) do enforces vars are

consistent

Y{ 1,23£ Y{i3tY{y
' 11[

min ya , ,yn}3 ]
Mf(g) §guarantees that

y satisfies em ( ( nicer

constraint ( and more )



• The set of PSD matrices forms

a non polyhedral cone
,

so 505£ ( k )

is a cmjexst .

Separation problem for Sof ( k )
'

is

In Pol ,
time

.

i
.

Jf M = A- if constraints
,

can optimise on Sos
,

( k )

in time N
't )p64(m) up to

numerical errors .
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÷
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Lenny Let K={ xeyzn ( Ax > b}
and let yfsostck ) for +30

.
Then :

(a) knsaisnasoptiid integrates.FeYosEk,

(b) Oey ,
a- 1 y ,

,

,sq=+
cmux set

(c) Oeysgsy ,
a TJEJ

,
OHJIHJKT

(d) ly , @ Is FE YIJ Ah IJIH

(e) sostfro'
( k ) ek ( easy )

(f) sosocklzsos ,(k)= .  - ZSOSNCK) ( easy)

: atyhtening
and by @ )

contains integral hull



(a) Let xe Kn { 0,1J be a feasible

integral sow .

let y ,
= I ,

Xi .
then ytsoslk ) ttso

�1�

Mecy) is a sub matrix of the rank . 1

psd matrix yyt since t entry J ,J :

(madly ,

= Ya ,

ftp.xiihFYDHI
's)

= ysiy ,
- HYt)¥

since

so May) is PSD
xotktxeti

)

�2� Consider a constraint ax =p in Ax > b

The slack moment matrix for This

inequality is a sub matnx of ( ax . f) yyt
which is again PSD

,
rank - 1

( since ax - f ZO because × a a

\ feas . son )
IT Q Ysusui '

By ,u ,

=Ca× . e) .y;¥



(b) let IJIET . The determinant g
the principle sub matrix of Me (

y )
indexed by

{
4

,
I ) is

¢ J

0k¥at
, |y, y ,

=¥H±) ' 0

so 0 E YIE 1

(c) Similar to (b)
,

det of principle
svbmafrix of Mecy) indexed by ( J ,J )

det I|¥j¥T = y ,
Cy ,

. %) > o

Using JUJ  =J

Since Y,
+ ¥30 ( by part (b) )

,

it must be that y±=¥



(d) Look at dlt 4 principal svbmafnx

of Me #indexed by EI
,

J ]

I J

det
±

|%4# =y,¥ysI,

> 0

J Yes YJ

so lysa ,
1£ Eb



Now we want to show that feasible

solutions ye soS+( K) can be viewed as

locallyconsistent distributions

See

Theorem ( Lauria Lecture Notes Th 8 or

( Rothross lecture notes )
Let ye sost ( k ) . Then tss [ n ]

,
lslst

there is a distribution DCS) our { 0,15
st

.
HIES

Pr

z~D(y
[ offZi =D . y ,

* We proud similar statement

for SA .



Any feasible solution yes # k) corresponds

to a Linear functional Ey : RCX
,

. .Xn]+ ⇒ HZ

satisfying :

Ey (1) =/

Ey( QJZO
for any QESOS

ftp.Q ) for
any QESOS

,

and Pe H

* Note ? this Is stronger than SA functionals

where Q 's we non . neg juntas

Note : a junta # a Sos :

[ x. a. a) ( x
, )]2

= X. ( the )lXD



wr_tingycso.lk#xmbnatim

For
any yesost ( K) and any

variable

i where Y ,
not integral ,

we can

write y as convex combination

of z
" )

and Z
'→

st .

the in variable In ZM is 0

the eh variable in Z
' "

is 1

( o ) a)and z
,

z
'

' are In 505£
. ,

( k )
more precisely :

Lenny Let yesoq .

( k )
,

iecn ]
st

.
0< % .

< 1 .
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( et z = Yet i ) Z = YI ' YIu{i3

I -
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Yi 1 -

Yi

Then y=y ,
.z

' ' '
+ ( tyi ) .z'd

,

with ZM
,

Z
' "

c- Sosa
,

( k ) and

zM
'

=o
,

zeal =/



Iterating the previous lemma he get :

Corollary
Let ye 505+1 K )

,
Se [ n ]

,
Isl st

Then ye con { Zesose . is ,

( k ) /

Zoe [ QB ties }
"

after n iterations he hail

SOSNP
"

( k ) = cmv ( k n { 0,1T )

€
:

.fi#.I0oQEIElg
"



Paolo( Rothross gius z proofs )

clearly zni = t.fi=i ,
¥

'
=  

k,¥÷=o
and yo . zg

"
+ ( tyi) zhf

'
=Y

, , ,
+ ( y ,

. Y.ua,
)=Y±

so ne just have to show Ed
,

zc ' )
← Sof . ,

( k )

Since rfcy ) to
,

F vectors vs

st . < vs ,v , > = Ysut FI,J III
,

ljlst

chooseif
"
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# Yue is

can check that ( VI
" ,Vj " 7=5, they ,¥u{ is )

=YIuy,uei_ = z "±l
,

for IJ IIHJKT

i. Me
. ,
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' "

) to
.

Sim_a4uh_ssevsEts@lueifua.s >

r again can check it equals 7k¥
i. Mt. , ( zn ) 30



Similarly considerth constraint ax =p

Since Mf ( y ) 30 F TI vectors

sit
. ( its

,
Tf ) = .§

,
asYsususjz

' IIUJ

Let Jlg"
= ¥.

Vari } .

then can • heck

a"

,
# '

s = meant'l± .

and thus it
. ,

( z
' ' ' ) to

and similarly can show Mf
. ,

( Zn ) do



Claim

any Uye
Sos

,
( k)

satisfies Ey ( Q ) so where Q=ff2 ,

degcf) at

Y 30 so Y= UTU ( cholesky decomp)

Let Ebe coefficient vector of f

(Mmmenamtyaefor each degree s

E)
Then zt UTUZ

= (UZT ( Uz )

= #c y ) T
70 since Eutyz

= ztyz rip is PSD

Similar
Ey ( PQ ) > 0 where Q = Sos

,

Pek



Softy

Let {P
,

>.o
. .

Pm >o }

=P
be poly

inequalities in X
,

. . . Xn

An 505
,

derivation of Po > o

is

§ RQ
, =P .

where Rep
,

Q . a SOS

Byelaws
TF there Is some feasible Y
in

505+0
)

,
then for any

SOS
,

CP
)

derivation ERQ . =P . ,

Ey ( ERQI ) =o

Since ERQ =B
, Ey (B) 20



Example : Manjit

LI : Max E Z
is

UEV

5. t
. Xi ' X ; = Zij

EYEYa ) 's

Zys 2- Xi - X ;
til .DE E

It turns out [ gw ] that degree 3

so SDP has the property that tg
,

and for all feasible Ye 5053 ( Kg )

rally ) = opt_g)
=878

Ie . can PNU in degree 3 SOS (Ks)

{ Q .
P. .

= Po

where Po :  apt (g) - .878 ( Eue
 
it ;)

saytfdepee 3 Sos MM worse than °Pt↳¥q



Example : Maxcy g g
LI : Max E Z

is
UEV

5. t
. Xi - Xy⇐ Zij

X ;
 ' Yit Zij

II.III:* nine
} "

In contrast
,

the original LP
-incmplete

and ecen Linear degree SA graph
all kpthas integrality says k ! has name

FusgsgsistjnpdsimtsTainafT@FEqt.o

Ig =L



sosfxn.hn

• Gun an approx problem,
take

the standard LP and tighten
via dlsrle d~4 SOS . Then Sohl SDP

• Yields in magy cases the best known

approx . algorithm

Ctsorrnall
d~4 )

approx
• Takes guess . work out of algorithm

•
We 'll see can also be used

to obain unsupervised learning dlgs

•

Raghu
: Under Ugc ,

degree 4 SOS
-

is optimal
for all CSP ,



So far we proved Sos soundly

fif F  a feasible solution
,

then the

corresponding pseudo . dutwb
.

satisfies any degreed Sos proof )

Competes : If No feasible saws In 50644

then

there
is a degree d Sos refutation

a
requires strong duality which

doesn't had In general for SDP ,

but does hold ah hypercube
( as well as most other cases

5

of interest to as )



SDPstandardfor@PRlmAlbHymlns.t. §yiAi 's C
'

' " '
in

g)
equivalent

�2� DUAL

Max C • X

st . A. • x=k .

ti

X 30 €
this

Ts the SDP

relaxation

@ equivalently
min BTY

m

st
. { y .AtS=C

i= .,

530



Them ( weak Duality)
If Y is feasible for PRIMAL SDP

and X
is feasible for dual SDP

then ( • × > bty

Pt C•X = ( Eyipits )•X

= Ey :( A.•x)+(s•x)
= Eyeb + (s•x )

since S PSD
,

we know S•X 30 VXPSD

& since XPSD ⇒ s•XzO

a. C • X - bty Ee s•X 30

so £•X = bty



STRONG DUALITY For SDP 's FAILS :

Aaronlssomewhuteasierex

Primal : Mm Xz st
.

C' i. Iao
Dual : Max

zy st
.

[ ;4.) { E:]

Duality demonstration :

If:%tYoI•4k]=
0 -

y .

yt Xz
=

Xz '

Zy = 0

Dual has opt value 0
,

but 0

Not attainable In primal
( can get arbitrarily close )

Next example gets a gap
-

primal has opt

-1
,

dual = 0



Here m show a gay ( so can't get

arbitrarily close to primal )

Example [ Lovas ] ]

miniy ,

*

⇐tif;D '

since entry 11 is 0
,

SDP - ness forces top
row / we to  all 0

,
so feasible

saws are Cy ,=o yiso ) .

SD primal

opt is 0

DyalFord

t.EE ,)+'it :O::o) .cooooo;)
girls Max - X ] >

st . Yyzt Xat -133=1
7 Xzz =0

forces x
,

.=Xu ' 9×351 XD 0
so  opt  is -1



Note if nl change PRIMAL so 11 entry
is some my small e > o

,

then

primal opt becomes -1
. ( x ,=c , xixt )

STRONgdvs.LI#sDP

STRONG Duality holds '

if the

program is at all robust

C Slater 's condition is satisfied ) or

either the primal or dual

is feasible and bounded
-

( any very Large point violates

the constraints )

& SDP over hypercube
satisfies bounded ness



Proof uses Farka 's lemma

extended to SDP 's :

EIeEe"t#

Let Ai be symmetric

matrices .
Then §y ; Ai

> 0

has No sow iff 7×30 ,
XAO

st
. Ai • ×=o ti

kinematic-

Let Ai
,

Cbesymmetric matrices .

Then § Yu Ai B C has no sdniiff

3×79×+0 s.t.sn/=0Vi and C•Xzo

PI ' if Eypieo infeas then ZX

follow by hyperplane separation thm

other direction : them (§qA)•X > 0

hby plemmabut Au•X=0 so # from so > prelims



Strongly

primal :

min { btyl §ypi*c}

Dualmax
{ c•x| A .•X=b

.

¥i
,

Mo }

Strongly
Assume both PRIMAL a DHAL are

feasible
.

JF primal strictly feasible

then Dusl opt is achieve

s primal ( DUSL opt are

the same



@
From SDP

make degree d 505 SDP

@
sows to degree dsos SDP are

" pseudo distributions
" [ give assignments to

monomials satisfying
with a vector view fxwleqns ]@Aa feasiblesolution to

degree d SOS SDP iff
F degree d Sos refutation

anysffafe
"

⇒ 3  a feas so IN then eva 70

plug in this functional to
*

evaluate any
Sos ref . to ZO

×xo⇒
⇐ No feas sow

,
then by a

IDP duality ,

that"sos

FX 70 x¥o st
.

.Ai•X=o
ti

this should concert to an SOS refutation
via SDP ⇐ > sum -9 - squares

connection



Exampleotsspw

€36 : n items
,

each weight 1

knapsack capacity 1.9

k = { x€R3 . |i§k .

' I
- 9 }

OPT  =1

sides 2- round solw ye S0{ ( k )

choose y ;
st

. O< yi< 1

Then y=yi.y
" l

e ( tyi )yH
where y

" ,dMesoso.lk)

since
y

a conux combination
,

at least one of y
' ' '

, yet has

opt > opt by
Casey y

" )
-

is better ( layer ) than ye )

if ya not integral completely integral ,

Fj s .t
. Y ;

> °

,
so



Y
'

is a cmuxcmb of yY , y
'

's

but then y
,

"
t Soso ( k ) has value 2

which is not feasible .

59 y
"

must be completely integral
a had value 1

.

OI ye
)

is bigger sow
,

then a had a

problem - since ue used 1 of our Z

rounds just to make my out of n

variables integral .

T

this is behind SA 1.9 - ol's) integrality

gap
for this instance

N¥e: this shows that for any yes0{ ( k )
,

and any it's you;
=o

.

ie . Prob yi=y;=1 =o [ sleep?
' ]



smarterSOSzanalysm.ie
for any yesoflk )

,y¢; ,go
V.

'

itj

we had vi. v
,

' - Yun ,
:O

So the vectors y . .vn representing different

Items are orthogonal .

So ul get
2

EEYI = E. "

ligament
since v. vi. vivo, I

" Vall )

Pythason,
of =L

so this means 505PM ( K) = cmv(Kn{ qpn )
so

ye softly ⇒ value A y=1



MoregenlraHykYnPsfna@i.n
items

,
each weight 1

K={ xe RIO I ,§yXi- kt -9 } Ken

( before k= 1)

Then 505PM
l k ) = com ( Knko ,iT }kti

so any ye soso.lk) has value k


