
Sos into
-

the basic idea is to generalize SAD .

Again we introduce Variables Y ,
,

For all

subsets IE [ n]
,

1J let .

But Now he will require that He
J

matrix

± µ III
,
151 = £2

- \ I Just =D

YIUJ
'

is PSI

• Since PSD matrices are convex
,

can still

Sohl ( via SDP ) to arbitrary accuracy
In time nocd)

• Duality to proof system ( SOD follows by
extended Farkas lemma

+ relationship between SOS pays and

PSD matrices

• PSD condition implies the SA inequalities
( $0degree - d Sos tightening are )\ at least as good as degree . d S Ad



505 Preliminaries

⇒
vectors on Reals

Vectors u ,V are column vectors
,

so

utv = < U ,v > =  a scalar

uvt = uxov = tensor product

( UQV )↳ = Ui
. Vj

Fact xt Ax = ( xx
'

)•
A

P
M

dot product as

#
' -

" s

vectors

outer product

Fact Tr ( AB ) =Tr( BA )

Fact A ,B symmetric ⇒ TKAB ) = A • B
�1�

Tr > sum 4 diagonal entries
a

, ,b "
+ anbnt .  - .

( dotproduct .

Yasuda;)



Hv
Up

= (§
,

will )¥ p
: 2 : Euclidean

Norm

Hull
.

=

Yemen
,

nil

A
,

B matrices

,
entries Aij By,

A @ B
,

the kwnecker product is a matrix

with entries ( AoB)
iyj ,

,

= Aij Big

AQK = A @ A @ . @ A

A
,

B square matrices

Det ( AB ) = Det ( A) . Detc B)

A diagonal matrix Or (upper or lowed

triangular . Then

Detcp ) = Product 9 diagonal
entries



Thy Let A be an nxn matrix

Then the sum 4 eigenvaluls

of A = trace (A)

and product of eigen values = Det CA )



Psimafres

Let A be an nxn symmetric matrix on Reab

A is posited finite ( PSD ) . if fire IR
"

vtav = 0 ( vttv =

,§
,

Ayjvivj )

A is postdate if it is positive
semi - definite and Nonsingular

Notation A 30 means A is PSD

A > 0 means A. is positive definite

Facet If M
, ,

. .

, Me are PSD
,

so is

any Nonneg combination

d. M
,

+ Kmt .  . theme a to

( so PSPN - all n.by . n PSD matrices

forms a cone . )
1



Matrixdecompositims

Let A > 0 ( A n.by . n )
equivalent

Then A has the following decompositions

@A = UTU Cholesky de comp

P
U is unique

witnesses

sina.in [ E) lot]×utU×=
luxt > °

Cut flu is upper
triangular ,

real

@ A  = L D L
's

LDL decomp

listen:.lt#YlllL lower D T

triangular

diagonal
l

8 & NonnegLDL holds for -

any symmetric matrix
, D

,
L are

but A to

⇒ D has unique
positive entries



SVD

�3� A  = Q -11.
QT spectral de comp

( agendeamp ) (Nuontgne)
Q is orthogonal matrix

columns of Q are unitary eigenvectors of A

ie
. QQ 's =I

IX. : diagonal matrix corresponding
to eigen values

,

all are positu

Asymmetric ⇒ eigenvectors with

different egen values are

orthogonal :

X has eigenvalue Th to

Y
"  "

A
,,

to

Then xt Ay = 17×54
yttx = tyyix =R

, xty
so d×xTy= dyxty ⇒ 17=17

,

A symmetric & real ⇒ e-yen values are real

say x has eigenvalue 17 .
Then

(AA
's

Ax = IN Ax =xtAAx= it 1×12

is real & positive so

a is real



t.lk#mptim
show by induction that A :[ DL

using ( Ford > o ) :

live.tk:tl :
:¥tE¥I

outer

V
"

: length ny vector
product

C
,

I : a.1) - by - ( na ) matrix

Need to show : B = C - 4¥ is posiku
def .

Fix UER
" '

,
u nonzero

Fix xt = [ dug
,

ut ] .

: lar

Then UTBU = XT Ax > 0 so pos .

definite



F-getholkydmp.by :

A ⇐ EDL = ( LTD"y( Dhl )
since D is diagonal

= ( LD"2Y ( [ Dh )
= UT U

-

If A is PSD ,
all decompositions

still work . But then the entries

of U s D can be Zero
.

Also U
,

L
,

D Not unique
and 11

.

can hau Zero entries

[ For LDL It A is PSD
,

2>-0
.

If 2=0 then v. is also o since

otherwise there would be a y st ytayso



Lenny A symmetric nxn matrix on R

A is PSD iff A • B 30 for all

PSD matrices B

⇒

Pt A ,B PSD ⇒ can write A as

QTA.Q C spectral decamp)

Then

A•B=Tr( AB) =Tr(QttQB )

⇐dfm?yIdia↳
: M AQBQ ) A diagonal ,

Non . Neg=Tr( AB
" )

B' =QBQ
"PSD

= § dibi,
a nonneg

diag .

=o entries

- 7,0⇐ : say sy st
.  yiAy< 0

Fix B=yyT . Then A•B=yTAy
B ts PSD by construction

+ A  • B < 0
.

Lemmas A > 0 Then A•B > of BID unless 13=0

A pos def .



lemma( another characterization )

A n . b- n square ,
symmetric matrix

on R

A is positive definite iff determinant

of all upper left submatnies

are positive

-
him A n . b- n symmetric .

TFAE : ⇐som%@
I .

A is PSD C Abo )

2
.

All eigenvalues are non . Neg
3 .

Determinant of all upper left svbmatvice
is NON - Negative

quadratic
4

. ThetolynmiulPp,lx)= EAIJXIX;

is a Sos 's
.

ie .

F Linear fxws 4. . La st
.

Pp = § ( Li )2 mean 0

5
.

A  = UTU 1 Chomsky )
variance Ag.

6 .

There are correlated ~ 's X
, .  . Xm st

.

this' Exix ;=Ai ,
and xidistnryboytad;)

}



SIS- some history
�1�

Late 1800 's Mmkowski / Hilbert asked :

Can eury ronmeg muttivarpoy over R

be written as a 505 's ( pit pit . + Pi )
Motzkin [1960 's ] . NO !

• It

x4yt-x2y4-3x2y2isnonnegatnitx4YtgI3xY2s4.x4y2.yy4j3f.canaYsoNsTI9itaannotbeunaenassos@Hi1bertls17tnPnbkmC1900AddRs8ji.ca

n eary nonneg poly on IR be

written as sum . of . squares of
Rational functions ?

Art in [ 1927 ) - Yes !



Moreonmotzkinlspdynomallx
x4y2tx2y4 -3×242 non negativity

Arithmetic Mean - geometric Mean (AM . GM ) Jneq :

AM of X , . . .Xn : X. txzt .

.t÷

gm of K . . Xn :

( x
, .xz .

. .  .Xn)±

AM . GM : x. t . .
+ xn

=
= ( xixi . '×n)h

2 dimensions : Perlin .
of ×

,

. by - xz rect is

ZX
,

t ZX
z

| persiammetarseaauarxenmiitnytmyrx
. )

Says square has smallest

perimeter of all rectangles of

same area )

Lots of proofs 9 AM . GM ineq



Jansen 's ineg
.

Let f be concave function
. Then

f (4t÷×n ) 3 § fcxiyn
f on mean of z mean of fcx

,
) . . . C. Cxn )

X
, . . Xn

pfot-fmuunnsncqi.fi
tog

log ( Efi ) > §tn ) logx ,

= § logxitn

= log ( Ixik )
Back to Nonneg of Motzkin 's Poly :

It x4y 't 44×2-3×42
apply AM . gm to 1 ,x4y2, y 4×2

. Fi ,.lt#jtxI.x?y2+fx6Ij
's

= # .1) xij >*o



Mottet
' d

To see Mcqy) = x2y4tx4y2+1 . 3×42

is non . neg ,
here's a better way .

( x2ty 't 1) is positive

and we hail

( y tytti ) mcx ,y) =

( xzy . y )
'

+ {x. y
'

. x )
'

+

( ×
'

y
'

- IT t
'

4 ( xy
'

- ×3y )

+34 ( ×y3t×3y - Zxy )2

so Mcx ,y) = Pi + Pitts '

+ R
,

'

+ Pp
PQ#'t
ie . it is a sum . of - squares (always Nonnegd

divided by something positive

so Mcx ,y) is nonneg !



So this poly is nmneg .

and can be written as
SOSSOS

But cannot be written as Sos !

Luckily
=

In some special cases
,

SOS

-

is guide # to non - Negativity ;

D Univariutc case n=1

@ Degree 2 D= 2

�3� ^=2 and d=y
) Hilbert iggg

* �4� Functions our

hyper #be

f : Lo ,lT⇒R



Unvanate Case

÷( × ) = ao + a
,

X t 92×2 t ...
+ Qzd X

among.fi?obfE.t
= §j ( II. of;D Xi

In uniu case
,

SOS condition
'

is

equally to non negating !



SOS on Boolean Hypercube

⇒
Mfa Every Nonwegahie function

f : { 0,15 ⇒ R has a

degree 2N 505 certificate

PI Let g :{ 0,15 ⇒ R be the

multi linear

( unique ) function that agrees

with F on the hypercube .

Then f=g2 on { 0,1 ]n and

has degree s 2h
.

We 'll soon

see
a belter

,

moreconstructive algorithm to

find an SOS certificate

( but still expl time in worst case )



Sos certificates via PSD matrices

÷
MML EIRH, :Yn]u

Let FCX
,  . . XD be a degree

2¥
poly

Let z be a vector of all degree Ed

monomials
.

Then f is Sos iff#f(D= ZTQ 7
,

Q to

proof -

=

§Zi2, Qi ;

§ Factorise Q = UTU
.

Then fcx ) = E UT Uz  = 1/42-1/2

= Ei ( Uz )?

The terms in decomposition are given

by gi  = ( Uz )
,

The # of squares = rank of Q

ie . ( Uz)T= -4 .  - - yr r poly 's

# ( ux ) : H.  . Y .
] (¥) = yitityi



So f= Hey . ( Ut ) = yit .  .
+ yi

fhith row of U
,

are

coeff 's of yi since highest terms

in Yi cannot

El say

t.yi.w.in#YgeaoanmIt)
create matrix Q st .

Qij = # " If←@off's of yi . wffsfyj )

is

[ Yi on E
.

Can think 9 IF I :L
,

where

nonzero Zi
'

s correspond to

degree < dmonomials
In x vans ]

But f : Rlx
, . ..Xn]µ⇒R wonneg is

Nytequivalent to f being Sos



Examples Let p = 2×4+2×3
y

- ×2y2t5y4
If p a 505

,
since pi is homogeneous,

the

poly 's in the Sos 's representation hail degree 2

[ so terms are x2
, y2, xy ]

¥i¥#ftp.YIG?ffM=?.aixixi
{ 31 932 833

= of ,,
X. X

,
+ qzzkxztq } , X3X3 +

28 ,zX , Xzt 282}XzX,
+ 29,3×1×3

=
of

,
,X4 t qzzyttq33×242+28,2×42

+ 2qz3 Xy
'

t 28,3 X3y
=

of , ,x
"

tqnylltfg3 ] +2g , 2) Fy
'

+ 2qz3XY3
t 29,3×3



The existence of a PSD Q is

equivalent to feasibility If an SDP

in standard primal form :

Qtc st
. of , ,=2

9255

2g , ,=2

Zqz ,=O

q⇒t2qE -1



Matching coefficients of p

p
s 2×4+2×3 y

- y2y2t5y4 + 0×53
q p r a r

Gies q , , 2q ,
| 922 \

zqz,

solving SDP
-1=933+2%2

girls
Q = 2 - 3 1

←
Rank 2

f.so:) imosemisa
2 squared

Cholesly factorization :

Q=k(}→gg:o)
'

Fzfo.;D
in

ftp.tfg.I.D.IEE#YItYDEY.y,2tY~



Now let's consider f : { 0,1 ]
"

→ R
.
(ftp.rcubef

Here
,

f non -

Neg
-

is equivalent to

f having an Sos certificate

But - Now Sos cert Acute
could hail much layer degree

Than f
.

=

Let f : {0,1 ]^⇒lR
.

Let E be vector of all multi linear
monomials on x. .  . Xn ( IF 1=2

" )

Thy f :{ 0,1J ⇒ R
'

"

Non . Neg .
iff

f has an SOS certificate iff

FQ sit
. ZTQZ  = flx )

,
Q do

PI
�1� we already saw f now Neg iff

f has an Sos

at
ificate

@ Same as previous pf but

Now can't restrict to monomials
of degree = deg C f )



Exoimpe

Here's an example of a function f :{0,1T ⇒ z

that is Non - Neg ,

has low degree (3)

but requires Sos certificates of degree ran )

Start With random VNSAT 3- CNF

[ roarndnfseitm:dIdeFfee . ] expander]
f  = C

,
^ Cz ^

.  . ^Cm on X
,

.  - Xn

Comert each clause C → Pc :

C = ( x
,

vxiv xD → Pc = C 1 - x
, )(×z)( 1.xD

t a falsifying C → RK ) =L

ya satisfying C → R (2) =o

Let Pt ±
§* R . 1 ← degree 3

and Non . Negative
if f Ts VNSAT

thm Pf requires SOS degree
(grigorieuf ten ) [Yneiyiyodon ]



To find 505 certificate ,
find a

feasible solution to :

Pf = EQ
; Zi

:Qto \
this Is a bunch

Of equations
variables are equating weft 's

qi ; of Pf to

where gj poly's

correspond to (as In example )
I ,J e [ n ]



So already he can see that sum - of . squares
forms the basis of a proof system

.

( for nsmncgatwity 9 a single funtioin

our hypercube . )
-

0M€
Let f :{

•,iT⇒E
(reesdmteoETsoidlf

then f < 0 = - ft 30

i\§*hYgIjhgis

unsolvable
our { 0,1T iff

Fsos g
st . g=f .

@ Let g be a Sos
, g=f .

Then g
} 0

,
¥130

⇒ g- f. 1 = -1=0 # ]

@ If f co unsolvable our { 0,1 ]n
then f = O

,
so by

completeness zsos g
sit

. g=f
[ degree of g- is a- zn ]



more general proof System [ more than one poly ]

*
wine, Stengle ] 60-70 's

Positive (generalizes Nullstelknsatz )

Take a set of poly inequalities
asserting all are nonnegatue ( opposite

as

P,
30

,
...

,
pm ?o

,
no (

faebpmjtoqf

Jf unsolvable ( an IR) then they
imply -1

Casady , ]
A

This is an Sos proof




