
Review LP as a Proof System

=
Sound

, complete proof system
For linear inequalities our IR

'

LP : Max Ex

a
.

Ax - b } "
Tmiftgnts

Decision version :

Is there a value of ×

satisfying * ) ?

( Soundness a completeness
Farkailemmn of Decision version )

A set { Ax . b>.§of linear inequalities
.

is UN sat our LR iff

zy=o st
. ytA=o , ytb = -1



Sheralirdamscsrd

Some ( equivalent ) views

• LP tightening
• Pseudo distributions
• As a proof system

Staying ( degree d)
• Add new variables to represent all

degrees d terms

* This
"

lifts
"

polytope from n dimensions to hold

dimensions .

• Projection back to ×
,

..Xn Presences all 01 ,

solutions ( tremors some fractional ones )



sadegreedtightening

Original LP : [ ignore Max CTX ]

Ax >.b
,

Of Xel
130

add new variables ys fse Cn )
,

151 Ed

Impose constraintsiftsxi . I. ( i . ×
, ) . ( atx . b) 30

-
frows

sntsolsutlsd
ae A

New Constraints ;

" Junta "

lifted 410=1

SAD ) Y{ is =×ieT¥i¥q
, !j"Idea.

. ↳  

uiibtsottsoaows

% aea

above constraints translated
to linear inequalities using New Y vars

plus multi linearization
( x .i=xi)



Degree.cl#eudoexpe=tfrA
Let H = { Ax - bso

,
x 's 0,130 }

EACH ) Ts a set of linear functionals

E : R [ X
, .

. in ] ,
⇒ R st

.

HE £ Ed ( H ) :

( i ) C- ( i ) = 1

(2) ECQ ) 30 ttnnsunta

Q
nth

degree Q) f d

(3) E ( PQ) 30 for PEH
,

and

nn - junta Q with

degree ( PQ ) =D

nn . junta : L . # Xi ¥ ,

( + ×
, )

/
Sui :P

am .

Neg
coelf

Each E e { d(9t ) is called a degree . d
'  '

pseudo - dbtnb " for H



Feasible solutions to degree - d SA polytope
are exactly degree . d '

' pseudo . distributions
"

÷
all G- e EACH ) - is a linear Functional

=

st . :

• E [ 1) ± 1

(*)| . E ( Q ) so for any junta Q a degree Ed

• E ( PQ ) ZO for PES and junta Q

mlh deg ( PQ ) Ed

a

A feasible sow girls a value d( ys ) to emy
variable feerydegree ⇐ djunta )

such that ¥11linear constraintsaresatisfied
The corresponding pseudo distribution

E
,

is obtained In the obvious way .

For any degree
- d polynomial

,

we

make it multi linear
,

and then use

LCYS ) values .

Ex. f  =
- X. KXY + Xp -

3×8×1Ea [ f) =
- xcxym , ) + LCY ,

) - 3Yng



The degree . d SA linear constraints

C in ys vars ) content to properties a

when we replace ys by corresponding

monomials

For each feasible point L of degree - d

SA LP
, the functional E

,
defines

a
"

pseudo destitution
"

in the sense that

for every set 5 9 sd original
variables

,
Ea girls a probability disturb

.

to all {0,17 assignments to S

and V. Sa, S st .
s

'
= s

,

and 1 sled
,

the marginal distrib
.

on 5
'

[ wet
.

distribution Neh S ) is equal to the

distils on { 0,1 } ass 's fo s
'



Saasakefutatimsytem

Let 2 be a set if polynomial equalities
( includes xp -

k=o )

Let H be a set 4 poly inequalities ( Ax -6=0 ]
( includes 1=0 )

A degree - d SA derivation of -1 from ( 2
,

H )
[ witnessing No feasible solution ]

is (
g, ,g~ ,

gm,
R ,

pz ,

.pe
) such that :

M s

Egifi + E pe he = -

1

in

#
' "

A heat
arbitrary juntas ie

. ftp.jtedtxj)poly's

SnT=¢

Degree I :

Max degree of { gifi ,
pehe } is d

*
Note 2 includes XP - k=o



Henne

Let

H={
Axzo

,
No }

Then the degree - d SA LP For H
,F={ Fix;D

NO feasible solution iff

there is a degree . d SA refutation

of H
,

2

÷
( ) degree . d SA LP has a feas

.
sdn ⇒

there is No degree - d SA refutation

plug in feas
.

sow into alleged SA ref
.

The LHS will evaluate to something to

(2) degree . d SA LP has as teas sdw ⇒

F  a degree - d SA refutation

By Farkas Lemma
,

Fnonneg
linear comb

of inequalities A) that Is - 1

They convey to a degree - d st

refutation - need xi . xi to multi hneainte



Last class : We did indep . set example .

AI saw that degree D= 2 Ss LP

derives all odd . cycle constraints

Unfortunately ,
there are easy

examples of ind. set where

d=Z SP performs My badly :

EI the complete graph .

Hau : Hajj ) at X
,

a- I

Cannot derive in low degree

Eid :< a



SA degreed tightening [ Alternative
- aequivalent way]

Original LP : Max a ×

st
.

Axisb
, 04<-1

130

add new variables Js
,

, YST e Cn ]
,

SnT=$
151 t IT 1 s d

Js , represents theju¥a¥ a. jltytx ;)

New constraints :

Joho,
= I

Iris ,¢
= Xi J¢,{ y

= KXD

Yspkaixi) = Ygtib
£ converted to a linear

constraint using
Ysui

,
=

×
.

. Ys .

Ygtui - ( txi ) ' Ys .



SA as a Derivation System

÷
t 2 be a set if polynomial equalities

( includes xp -

k=o )

Let old be a set 4 poly inequalities [ Ax -6=0 ]
( includes 1=0 )

A degree - d SA derivation of from (G
,

H )
[ witnessing [7--0,430] ⇒ P ? co ]

is (
g, ,g~ ,

gm,
P , ,

pz ,

.pe
) such that :

M s

Egifi + E pehe=P- co
is 1 e 't

I % hee H

arbitrary juntas ie
. ftp.jteytxj)poly's

SnT=¢

Degree I :

Max degree of { gifi ,
pehe } is d



Lenny Let H={ Axzo
,

no }

Then min { ECP ) 1 E e EACH ) }
equals

Max { co 1 There is a degree . d

SA derivation of P ? Co
from A

,
2=4 . . xeo } }

In words
,

recall that each EEEDCOH ) corresponds
to a feasible solution of degree . I SA LP

.

The solution has some value E ( p ) .

The lemma says that there a a feasible

solution of value co iff SA can denie in

degree d that OH , T implies P= Go

So if there -

is no feasible solution

of value co ,
then Hu { P=co }

,
2 :{ xp XD

has a degree d SA refutation
.

Pf of this Lemma ( derivational

version of SA Lemma ) Ts Samy
Similar



Automaktabihljfsi
degree d SA LP has hold )

linear constraints
,

so solvable In

time p64 (d)

Equivalent} degree - d SA refutations

can be found in time nocd
' )

[ just make a system of nd linear

equations a she ]
what about site automata ability ?

UB : size s ⇒ zrnfgs

for s=p64Cn) this is expl time !

Q= : Prove or dispme : SA

is Pokaufomafifable
L

( wrt size )



USIA

1. Degree lower - bounded

arborescenas [ Bateni
,chaiikargmuswami STOC

'
09 ]

(s

;;;.IT#iiE*.iiE
:*.

approx alg ( gang 47 )

earlier Closn )l05l " "

( Levy ,
Rothwss )

' 16

tmaxmin allocation problem
n players ,

m items utility pig ieln jelm ]
additii

Find allocation to maximise the min utility
of the players

Technical core : Max Min Degree Arhores and

grin directed9 Findsubgrapta
H

st .

endlgrll El
,

contains all sources of g ,

sinks of H

are sinks of g* Maximise min out degree of
vertices in H

.



Other Proof Systems Related

to Sherali - Adams :

1. Dynamic SA : Lsd

2
.

Nullstellensatz :

like SA but only equalities

3 . Polynomial Calculus

like dynamic SP ( Lsd )
but only inequalities

4 . Cutting Planes



LI Lo vast . Schryver
" Left and Project

" SA
Idea is to repeatedly apply SAD algorithm ( projecting
A proof Ts a sequence of lines down to

originalP
,

=o
vans

Pao each
: time )

where each Pi = 0 is

• an axiom

. a given inequality
. denied by an Inference

Complexity measures

Size : bit size of all ( oeff 's

( explicit sums of monomials )
Mmmial . size

Length : # of inequalities
Degree : Max degree
Height : longest path In

proof dog

Notation Ppo ... Riso ¥ P 's 0



Stiffens

given P
,

= 0
.  . . Pm ?0 initial inequalities

axioms XP - y ,
so

inference Let Q ,
be nnjuntas

[ non . Neg linear combinations

of juntas ]

with

Q.tl?Q.tRQzt..tPmQm =P

can derive p=o c- linear

ing

Deya
: one - shot pf system

so derivation dag
-

is a star :

P
.

,
? 0

. . Piso xp . Xiso . .

*⇐t



Lsd : Can apply inference
-

rule repeatedly so

pf day more complicated .

Can prove stuff that SA

can prove In lower degree
( due to cancellations )

Called '
'

Liftand Project"

h = height -
. It 9 steps of lift ( project

Now finding a degree d
,

hf h

proof ( or optimising our Hounds

of degree d SA Lift / project )

Can be done in time ndhd )

i. Apply SAD to dlriu some new linear

inequalities
2. Repeat on extended set of linear

inequalities



Nullsafz ( like SA but start with lpoqeo
-

and dont had 1=0 )
Now we start with only polynmial
equalities [ P

,
> 0 and Piso ]

plus xp -

xi=u .

Intent to :

Start with P
,

so
, ... ,Pm=o

,

X?  . X ;=o

Let

EQQ ;
t Ecxixi )Ri =P

where now Qi ,R. are

arbitrary polynomials
Then Can derive p =o



Nullsatz For UNSAT CNF
-

z possible emersion x. vxjvxz

QX
,

t ( l - XD + ×
,

=L@. 4.x
, )(Xz)( XD = 0 using I -

Xio

Need to use �2� for Nullsatf

Using this conversion
,

he hail :

They If  f=C
,

^ .  . ncm ( unsat KCNF )
has a degree d Nullsatt

refutation
,

then
'

it has a

degree d SA refutation
,

theorem There are unset KCNFS

That hail small degree SA refutations

but No small degree Nulsatz

refutations [ dont hail Non - Neg
juntas so ]



PI: polynomial Calculus

Same as Nullsatz but now proofs
are dynamic

Degree d Nullsaft proofs can be

found in time nkd )
: Linear system

of Need'

eqns a vars

Degree d PC Proofs can also be found

in time nocd)
- prob

'

is

degree - d truncated multiline

version of gvobner basisalg

Notes
�1� Nvllsatt

,

PC over arbitrary fields

Not just R

�2� Soundness / completeness for arb
.

poly eq's on IF follows by
Hilbert 's wuklstelllnsatz



Notelont 'd

�3� Example where SA is stronger
than Nullsatz ( wrt degree )

graphpebb_ling

. degree . d SA can
A

p - simulate width . d Resolution . Wb
11.11.11.

�4� Example Where PC -

is stronger

than Nullsafz ( wrt degree) ;IndustriCPebbling on a line )

×
, x. → Xz ×z→X] .  . . ×m→Xn

'

Xn

Xi0 tx
,

:O X. ( l - Xz)=O Xz(tXD=0 . . Xn . ,(tXn)=0

Nullsatz : OC ( osn ) degree
PC : Oa ) degree



Cuttings

Again a proof system for tightening
an LP

,

Ruley

i. Nonng Linear combinations

2. Division with rounding

Eaixi = ao ,
where
a

,
. . an

divisible by K

⇒ E g÷xi=ta÷T

* Not known to be

automata able
.


