
lPasaP-ftKm

Sound
, complete proof system

For linear inequalities on IR
'

LP : Max Ex

a
.

Ax - b } "
enmigfgnts

Decision version :

Is there a value of ×

satisfying ⇐ ) ?

( Soundness a completeness
Farkailmm of Decision version )

A set { Ax . b>.§of linear inequalities
.

is UN sat our LR iff

zy=o st
. ytA=o , ytb = -1



Duality( Implicational completeness)

Consider any nmneg yt st
. yTA=cT

Then for any feasible Solution ×

to { A×=b } we had

Ex =p Ax s ytb
so

y
? o witnesses the iypperbound

bty .

How tight is such an upper bound ?



Duty

(P) Primal (D) Dual :

Max Ex min bty
st

.

Axsb st
. Aty>

c

x ?o Yeo

Duality(Implied by Farkas
'

Lemmof

Exactly one of the following holds

( i) Neither CP ) Nor (D) has a feasible

Solution

( ii ) (P ) has solns with arbitrarily large
values + (D) is unsat

( Iii ) ( P ) unsat a @ ) has arb . Large
solutions

Liv) Both CP ) a (b) had optimal Sony

q
x* a y* .

Then e×* =bTy*

[ So
there

is a solution to dual that

witnesses tight bound )



So an LP " refutation
" of

{ Ax⇐b
,

x=⇒o } is a mnneg
Linear combination of these

inequalities that equals -1

-

An LP " derivation "

of

{ A×=b
,

x30 } ⇒ Ex a- co
.

is a monneg y* st
.

( y*Yb = co

[ since Ex a- y*TAx=(y*Yb=g

Soundness / completeness
Farkas ' 6mmol Duality Thm



po-utomattabllgf.is

Safi sfi ability of

linear inequalities :

. in N P

. . By Farkas
'

Lemma
,

in GNP

i. in NP n co NP

Eiden( khachigan
' 7 9)

LP E P



LPasrelaxatiinofIntegerProgramFshjjns@WdHult5Ai.A

proof system for integer

programming obtained by
successive LP tightening s

CP : Another pf system ForLP



Sheralirdamscsrd

Some ( equivalent ) views

• LP tightening
• Pseudo distributions
• As a proof system

Staying ( degree d)
• Add new variables to represent all

degrees d terms

* This
"

lifts
"

polytope from n dimensions to hold

dimensions .

• Projection back to ×
,

..Xn Presences all 01 ,

solutions ( tremors some fractional ones )



sadegreedtightening

Original LP : [ ignore Max CTX ]

Ax >.b
,

Of Xel
130

add new variables ys fse Cn )
,

151 Ed

Impose constraintsiftsxi . I. ( i . ×
, ) . ( atx . b) 30

-
frows

sntsolsutlsd
ae A

New Constraints ;

" Junta "

lifted 410=1

SAD ) Y{ is =×ieT¥i¥q
, !j"Idea.

. ↳  

uiibtsottsoaows

% aea

above constraints translated
to linear inequalities using New Y vars

plus multi linearization
( x .i=xi)



since we had 130 as an initial

constraint this girls ts ,T lsutlsd
,

snT=$

¥s×ijF( ' - K . ) so

translates to

E (a)
" "

( Ysm . ) so

T 'ET

Ewe :

5=1,2
5=34,5 x. xz ( e- XD ( ' - Xy) ( Ns )

Multiplying out :

X. xz . X. KX ,
-

Y Xily - KKX ,
+  KXZBXY + KXZBXJ

e X ,XzXyXs - YK 's '4X ,

Yin
- 4123 - Yizy . 4125 + 41234 + Yiz ]stY,zy ,

'

Y ,→y ,

30



Degree.cl#eudoexpe=tfrA
Let H = { Ax - bso

,
x 's 0,130 }

EACH ) Ts a set of linear functionals

E : R [ X
, .

. in ] ,
⇒ R st

.

HE £ Ed ( H ) :

( i ) C- ( i ) = 1

(2) ECQ ) 30 ttnnsunta

Q
nth

degree Q) f d

(3) E ( PQ) 30 for PEH
,

and

nn - junta Q with

degree ( PQ ) =D

nn . junta : L . # Xi ¥ ,

( + ×
, )

/
Sui :P

am .

Neg
coelf

Each E e { d(9t ) is called a degree . d
'  '

pseudo - dbtnb " for H



Feasible solutions to degree - d SA polytope
are exactly degree . d '

' pseudo . distributions
"

÷
all G- e EACH ) - is a linear Functional

=

st . :

• E [ 1) ± 1

(*)| . E ( Q ) so for any junta Q a degree Ed

• E ( PQ ) ZO for PES and junta Q

mlh deg ( PQ ) Ed

a

A feasible sow girls a value d( ys ) to emy
variable feerydegree ⇐ djunta )

such that ¥11linear constraintsaresatisfied
The corresponding pseudo distribution

E
,

is obtained In the obvious way .

For any degree
- d polynomial

,

we

make it multi linear
,

and then use

LCYS ) values .

Ex. f  =
- X. KXY + Xp -

3×8×1Ea [ f) =
- xcxym , ) + LCY ,

) - 3Yng



The degree . d SA linear constraints

C in ys vars ) content to properties a

when we replace ys by corresponding

monomials

For each feasible point L of degree - d

SA LP
, the functional E

,
defines

a
"

pseudo destitution
"

in the sense that

for every set 5 9 sd original
variables

,
Ea girls a probability disturb

.

to all {0,17 assignments to S

and V. Sa, S st .
s

'
= s

,

and 1 sled
,

the marginal distrib
.

on 5
'

[ wet
.

distribution Neh S ) is equal to the

distils on { 0,1 } ass 's fo s
'



6¥ Let S :{ X. XD . Pr ( 4=1 #Xzs 1) =L ( yr )
Pr ( x

,

:\ xio ) : x. C the ) =x
,

- X. Xz

so prcxpixzso ) =L ( y ,
) - LCY , 2)

this -

is positive since he had

X. Ctxd > o ⇒ X
,

- X. Xpo ⇒ 24 ,
) - LCY ,z)?0

similarly PRCX
,

so xz =D : ( tx
,
)( Xz) = XIX

, Xz
so PRCX

,
so Xzs # =L1yd- LCY ,z) 30

and Pr ( X
,

so Xio )¥1 i. x
,

)( txz ) = 1- X
,

- Xz - X. Xz 30

so Prcksoxz :o) =L( 1 ) -24
,
) -4×2 ) . Ny ,z) 30

Casing : Prc x. =D = Prcx
,.li/z=D+Pr4ys'xeDa - -

Y
,

Yu Yi - Yiz

=y
,

So from

any
assignment to ys vans

satisfying the degree - d Ss constraints

he can define a pseudodbtnb oh

all subsets S of

van?
sled

st
. they are cmikrt



Saasakefutatimsytem

Let 2 be a set if polynomial equalities
( includes xp -

k=o )

Let H be a set 4 poly inequalities ( Ax -6=0 ]
( includes 1=0 )

A degree - d SA derivation of -1 from ( 2
,

H )
[ witnessing No feasible solution ]

is (
g, ,g~ ,

gm,
R ,

pz ,

.pe
) such that :

M s

Egifi + E pe he = -

1

in

#
' "

A heat
arbitrary juntas ie

. ftp.jtedtxj)poly's

SnT=¢

Degree I :

Max degree of { gifi ,
pehe } is d

*
Note 2 includes XP - k=o



SA as a Derivation System

÷
t 2 be a set if polynomial equalities

( includes xp -

k=o )

Let H be a set 4 poly inequalities [ Ax -6=0 ]
( includes 1=0 )

A degree - d SA derivation of f from (G
,

H )
[ witnessing {7--0,430} ⇒ F ]

is (
g, ,g~ ,

gm,
R ,

pz ,

.pe
) such that :

m s

Egifi + E pe he = f
i. 1 e 't

I I hee H

arbitrary juntas ie
. ftp.jteytxj)poly's

SNT  =p

Degree I :

Max degree of { gifi ,
pehe } is d



Lenny Let { Ax

-6=0
,

130
,

× ? 03=92

Then the degree - d SA LP has NO

feasible solution Iff

there is a degree . d SA refutation

of H

÷
( ) degree . d SA LP has a feas

.
sdn ⇒

there is No degree - d SA refutation

plug in feas
.

sow into alleged SA ref
.

The LHS will evaluate to something to

(2) degree . d SA LP has as feels saw ⇒

F  a degree - d SA refutation

By Farkas Lemma
,

Fnonneg
linear comb

of inequalities * ) that Is - \

They convey to a degree - d st

refutation - need xi . xi to multi hneainte



' Ik- 5N Dependent Set gtv,E)
wl=n

Max EXI
st

. X. + xjel Vt C i ,j)E[
Oexiel

DETAIL :

Each original constraint ⇒ zn new

constraints

x. .
[ of xi

' 1 ] ⇒ 0 £ Yi
,

, ,
± Xk

( I .xp 1.0 exit ⇒ ⇒ 0<-4 - yiks 1- Xk

x
, ,

[ Xit X
;

=D ⇒ Y.ekty.ms Xk
( " xD [ Xi '' X

;
El ] ⇒ Xi - Yue + X

;
' Y ; k£171 ,

[ Yii=Xi
, Yi ,I=Yji ]



Oddbg.cl#ampk 7
o

#/ a

Original constraints : 6
° |

*{.×¥¥¥'¥¥f¥¥If*n

"±*Hye*m
X→tX

, -4

We will consider the d=2 SA LP
.

It's opt will be 3 ( = 19yd )
instead of 3.5 ( 08?ngfTae Lp )



dn EY- Independent set

SA
(11 0 E Yikt Yk tk

VK

⇐
III.IYII " "

www.is.tk
(4) Xi

- Yik t X
;

 - Y ;,<
a- 1- Xk V.edges l in )

,

-Vk

also hail

1¥ : By :

(a)4,2<-0(3) k=l Kj ) =Cl
, 2)

(b) Xz - Y ,zeX3 ' Y , 3
El - X

,

14 ) with 1<=1 ( i ,D=(2,3 )

(c) 4,3+4 , ,y
EX

,
(3) with K=l K,;) -13,4 )

(d) Xy . Yu,
+ Xs . Y , ,

's 1. ×
,

(4) with K=l
,

a ;j)=H,s)

(e) Y ,
,

,
+ Y , ,6

ex
,

(3) with Ksl
, kij )=CF6)

( f ) Xs

:
y ,6

+ Xp - Y.pe/x ,

(4) with k=l
,

d.D= 16,7)
< (3) K= 1 lcjj ) :C 1,7 )

(g) Y ,

,.=o
sum up : X

, tXztX3tXytXstX6tXz E 3



¥6- Independent set

Now Let's add EX
,

33.5 to LP

By Tarka 's Lemma
, Fnonneglinlan comb

that equals d ;

(a)

Yizso
×i( x. + Xzil )

(b) Xz
' Y , .tk -4,3£ 1 x

,

( 1. Xilxztxsei )

(c) Y, }tyiy< X
, ×i(Xstxyel )

(d) Yyyiytx , y , ,EtX ,

( ' '

4) Cxytxsec )

(e) Yisty ,6< x ,

×
' ( ×st×6£l )

(f) Yb . Y ,6tX ,
- y.tl . X

,

( 1 ' 4) ( X6t×zEl )

(g)
YA

to 41X. txt -4 )

( h ) x.
tXztX3tXytXstX6tXzZ3.5x@xtXz-DtCtxiVXztX5Dix.lx3tYy-Dti.x

,( xytx ,
- 1) t x. ( xstke . 1) t 4-X, )( x.tk . D

t.PT?I?xmIm..IY"' ¥refutation
= 1<-0 ( do )



Notes

Thus degree d 52 SA LP

denies all odd cycle
constraints .

Unfortunately ,
there are easy

examples of ind. set where

d=2 Sp performs My badly :

EI the complete graph .

Hau : Hajj ) xp X
,

a- I

Cannot derive in low degree

Eid :< a



SA degreed tightening [ Alternative
- aequivalent way]

Original LP : Max a ×

st
.

Axisb
, 04<-1

130

add new variables Js
,

, YST e Cn ]
,

SnT=$
151 t IT 1 s d

Js , represents theju¥a¥ a. jltytx ;)

New constraints :

Joho,
= I

Iris ,¢
= Xi J¢,{ y

= KXD

Yspkaixi) = Ygtib
£ converted to a linear

constraint using
Ysui

,
=

×
.

. Ys .

Ygtui - ( txi ) ' Ys .



Automaktabihljfsi
degree d SA LP has hold )

linear constraints
,

so solvable In

time p64 (d)

Equivalent} degree - d SA refutations

can be found in time nocd
' )

[ just make a system of nd linear

equations a she ]
what about site automata ability ?

UB : size s ⇒ zrnfgs

for s=p64Cn) this is expl time !

Q= : Prove or dispme : SA

is Pokaufomafifable
L

( wrt size )


