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Question 5:
The language of successor is L, = [0,s,=]. The theory of successor, Th(s), is the set of all
sentences over L that are logical consequences of the following set of axioms W:
P1) Vz(sz # 0)
P2) VaVy(sz = sy D x = y)
P3) Va(x = 0 V Jy(z = sy))
) Va(sz # x)
2) Va(ssx # x)
) Va(

x(sssx # x)

Prove that there is no finite set T of sentences in Th(s) such that every sentence in Th(s) is a
logical consequence of I'. Note that the sentences in I' are not necessarily among the original set W
of axioms.

Assume that there is a finite set ' of sentences in Th(s) such that every sentence in Th(s) is a
logical consequence of I'. Let A = I'N¥; then A C T is some finite set of sentences such that A =T
by transitivity of logical consequence, A = Th(s).
Now define a model M that satisfies A but falsifies Th(s). Let k be the largest integer such that
the term with &k consecutive ‘s’es (ss- - - sx) is a term in A. The universe will be {ag, a1, az, ..., ar,0,1,2,3,...}
where the a; are constants. Successor is interpreted as:

z+1 reN
ST =
A¢41 mod (k+1) L = Qg

Thus the successor function works as usual on the natural numbers. On the other elements of the
universe, sag = aj, Sa; = asg, ..., sap = ag. Axioms P1, P2, and P3 are satisfied. All the other
axioms Si in A are also satisfied, but axiom Sk 4+ 1 (Va(sss...sx # ) which has k 4+ 1 consecutive
‘s’es) is not satisfied, since x = a falsifies it. Since this model satisfies A but does not satisfy all
the axioms in U, it cannot be that A |= Th(s).



