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Probabilistic Directed Distance Fields for
Ray-Based Shape Representations:

Supplemental Material

APPENDIX A
PROOFS OF GEOMETRIC PROPERTIES

For a shape S, we consider visible oriented points (p, v)
(i.e., ⇠(p, v) = 1), such that q(p, v) = p + d(p, v)v 2 S,
unless otherwise specified.

A. Property I: Directed Eikonal Equation
First, note that for any visible (p, v) (with p /2 S), there

exists an ✏ > 0 such that any � 2 (�0 � ✏, �0 + ✏) satisfies
q(p, v) = q(p + �v, v) 2 S. In such a case, by definition of
the directed distance field (DDF), d(p + �v, v) = d(p, v)� �.
Restrict � to this open interval. The directional derivative along
v with respect to position p is then

rpd(p, v)T v = lim
�!0

d(p + �v, v)� d(p, v)

�
(23)

= lim
�!0

d(p, v)� � � d(p, v)

�
(24)

= �1, (25)

as required.
1) Gradient Norm Lower Bound: For any visible (p, v),

since |rpdv| = ||rpd||2||v||2 | cos(✓(rpd, v))| = 1, where
✓(u1, u2) denotes the angle between vectors u1 and u2,
we also see that ||rpd||2 = 1/| cos(✓(rpd, v))|, and thus
||rpd||2 � 1.

2) Visibility Gradient: Consider the same setup as in A-A.
The visibility field satisfies a similar property: ⇠(p+ �v, v) =
⇠(p, v), as the visibility cannot change when moving along the
same view line (away from S). Thus, we getrp⇠(p, v)T v = 0.

B. Property II: Surface Normals
Consider a coordinate system with origin q0 2 S, with a

frame given by (bi,bj,bk) where bk = n(q0) and bi,bj 2 Tq0(S)
spans the tangent space at q0. Locally, near q0, reparameterize
S in this coordinate system via

S(x, y) = (x, y, fS(x, y)), (26)

where fS controls the extension of the surface in the normal
direction. Notice that

@↵S|q0 = (�x↵, �y↵, @↵fS |q0), (27)

where ↵ 2 {x, y} and �x↵ is the Kronecker delta, but since
@xS|q0 = bi and @yS|q0 = bj are in the tangent plane,

@↵fS |q0 = 0. (28)

Consider any oriented position (p, v) that points to q(p, v) 2
S on the surface. Locally, the surface can be reparameterized
in terms of (p, v):

q(p, v) = p + d(p, v)v 2 S. (29)

Yet, using q = (qx, qy, qz), we can write this via Eq. 26 as

S(qx, qy) = (qx, qy, fS(qx, qy)), (30)

where qx is the component along the x direction in local
coordinates, which depends on p and v. In other words, the z
component of q depends on p via:

qz(p, v) = fS(qx(p, v), qy(p, v)). (31)

Let (p0, v0) point to q0 (i.e., q0 = q(p0, v0)). Then:

@pifS |p0 = @qxfS |q0| {z }
0

@piqx|p0 + @qyfS |q0| {z }
0

@piqy|p0

= 0 8 i 2 {x, y, z},

since @q↵fS |q0 = 0 using Eq. 28.
Derivatives with respect to position are then given by

@pzqz|p0 = 1 + @pzd(p, v)|p0vz = @pzfS |p0 = 0 (32)
@p↵qz|p0 = @p↵d(p, v)|p0vz = @p↵fS |p0 = 0, (33)

using Eq. 29 and Eq. 31, with ↵ 2 {x, y}. Thus, using Eq. 32
and Eq. 33,

@

@(px, py, pz)
d(p, v)|p0 = (0, 0,�1/vz), (34)

in local coordinates. Since the z component here is along the
direction of the surface normal, n(q0) = n(p0, v0), this can
be rewritten as

rpd(p, v)|p0,v0 =
�1
vz

n(q0)
T
=
�n(q0)T

n(q0)T v
. (35)

For any C1 surface S, and point q0 2 S (that is intersected by
visible oriented point (p, v)), we can always construct such a
coordinate system, so we can more generally write:

rpd(p, v) =
�nT

nT v
. (36)

C. Property III: Gradient Consistency

Consider the same setup (coordinate system) and notation
as in the Proof of Property II above (§A-B). Since v 2 S2, it
suffices to consider an infinitesimal rotational perturbation of
some initial view direction v0:

dR(t) = [!]⇥dt, (37)

where [!]⇥ is a skew-symmetric cross-product matrix of some
angular velocity vector !, so that ev = (I + dR(t))v0 and
dv = ev� v0 = [!]⇥ dt v0 is the change in the view (given dt)
and a velocity of u := @tv = [!]⇥v0. The change in surface
position, q(p, v(t)) = p + d(p, v(t))v(t), with respect to t is
then

@tq = v@td + d@tv

= (@vd@tv)v + d@tv

= (@vdu)v + du.

The z component, in local coordinates, is then

@tqz|q0 = @tfS(qx, qy)|q0
= @qxfS |q0@tqx + @qyfS |q0@tqy

= 0,
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via Eq. 28. Thus, @tqz|q0 = (@vdu)vz + duz = 0, meaning

duTn = �(@vdu)vTn (38)

using uz = uTn and vz = vTn at q0. Recalling that @pd =

�nT /(nT v) and rearranging, we get

@vdu = �d
nT

vTn
u = d@pdu. (39)

Notice that u = @tv = [!]⇥v0 is orthogonal to v0 and the
arbitrary vector !. Hence, for any visible oriented point (p, v)
away from viewing the boundary of S (i.e., where nT v = 0)
and for all ! 2 R3, we have

rvd[!]⇥v = drvd[!]⇥v. (40)

This constrains the derivatives with respect to the view vector
to be closely related to those with respect to position, along
any directions not parallel to v.

1) Alternative Expression: Note that the inner product with
�v primarily serves to restrict the directional derivative in valid
directions of v. A cleaner expression can be obtained with
a projection operator, which removes directional components
parallel to v.

First, let us define d to normalize v:

d(p, v) := d

✓
p,

v

||v||2

◆
, (41)

for all v 2 R3 \ {0}. Then, consider a perturbation along the
view direction of size |�| < 1:

d(p0, v0 + �v0) = d(p0, v0(1 + �)) = d(p0, v0), (42)

with ||v0|| = 1 and using Eq. 41 for the last step. This means
the directional derivative along v must satisfy

@vd(p, v)v = 0. (43)

In the previous section, we showed that @vdu = d@pdu for
all u ? v. Let Pv = I � vvT be the orthogonal projection
removing components parallel to v. Then we can rewrite
the result of the previous section as @vdPv = d@pdPv . But
@vdPv = @vd � @vdvvT = @vd by Eq. 43. Thus, we may
write

@vd = d @pd Pv, (44)

which agrees with Eq. 40.

D. Property V: Local Differential Geometry
Given a visible oriented point (p, v), we have shown that

the surface normal n(p, v) on S (at q = p + d(p, v)v) is
computable from rpd (see Supp. A-B). Curvatures, however,
require second-order information.

We first construct a local coordinate system via n, by
choosing two tangent vectors at q: tx, ty 2 Tq(S), where
||t↵||2 = 1 and tTx ty = 0. In practice, this can be done
by sampling Gaussian vectors, and extracting an orthogonal
tangent basis from them. We can then reparameterize the
surface near q0 = q(p0, v0) (with surface normal n0 = n(q0))
via S(x, y) = q0+xtx+yty+fS(x, y)n0, where x and y effec-
tively control the position on the tangent plane. Alternatively,
we can write S(x, y) = q(p(u), v0), which parameterizes S

about the oriented point (or viewpoint) p(u), where u = (x, y),
and p(u) = p0 + xtx + yty . Notice that p(u) is essentially a
local movement of p parallel to the tangent plane at q0 2 S
(which is “pointed to” by (p0, v0)). Note that p0, v0, and q0
are fixed; only u and p(u) are varied. Further, notice that the
plane defined by p(u) (in the normalized tangent directions tx
and ty) is parallel to the surface tangent plane at q0 (and thus
orthogonal to n0), but not necessarily perpendicular to v.

Using this local frame on Tq0(S), the first-order derivatives
of the surface are

@iS|u=0 = @i (p(u) + v0d(p(u), v0)) |u=0 (45)
= ti + @id(p(u), v0)|u=0v0 (46)
= ti + (rpd(p, v0)ti)v0 (47)

where i 2 {x, y} and pj is the jth component of p. Then the
metric tensor (first fundamental form) is given by

gij = @iS|Tu=0 @jS|u=0 (48)
= �ij + cicj + civ

T
0 tj + cjv

T
0 ti, (49)

where i, j 2 {x, y}, u = (x, y), �ij is the Kronecker delta
function, and ck = rpdtk. Notice that rpd is parallel to n
(see Property II), and thus orthogonal to t1 and t2. Thus, cx =

cy = 0, and so, in theory, gij = �ij , but this may not hold for a
learned DDF, if one computes directly with Eq. 49. However,
in practice, we use the theoretical value (where g = I2 in
local coordinates), as deviations from it are due to error only
(assuming correct normals).

Next, the shape tensor (second fundamental form) IIij can
be computed from the second-order derivatives of the surface
[95] via:

IIij = nT
0 @ijS|u=0 (50)

= nT
0 @ij(p(u) + v0d(p(u), v0))|u=0

= nT
0 v0@ijd(p(u), v0)|u=0

= nT
0 v0@i

X

k

@pkd(p(u), v0) [@jp(u)]k| {z }
[tj ]k

|u=0

= nT
0 v0

X

k

@i@pkd(p(u), v0)[tj ]k|u=0

= nT
0 v0

X

k

[tj ]k
X

`

@p`@pkd(p(u), v0)[@ip(u)]`|u=0

= nT
0 v0

X

k

[tj ]k
X

`

@p`,pkd(p(u), v0)| {z }
Hp[d]k`

[ti]`|u=0

=
�
tTj Hp[d]ti

�
nT
0 v0, (51)

where i, j 2 {x, y}, u = (x, y), n0 = n(q0), [ti]k is
the kth component of ti, Hp[d] is the Hessian of d with
respect to p (at u = 0), and p(u) = p0 + xtx + yty . Note
that our parameterization of the surface using the DDF (i.e.,
q(p(u), v0)) defines surface deviations in terms of v0; the nT

0 v0
term undoes this effect, rewriting the deviation in terms of n
instead.

Curvatures can then be computed via the shape tensor
(see, e.g., [95]). Gaussian curvature is given by CK =

det(II)/ det(g), while mean curvature is written CH =

tr(IIg�1
). Notice that these quantities can be computed for
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any visible (p, v), using only d(p, v) and derivatives of d
with respect to p (e.g., with auto-differentiation). Thus, the
curvatures of any visible surface point can be computed using
only local field information at that oriented point.

E. Neural Depth Renderers as DDFs

A natural question is how to parallelize a DDF. Consider
a function f : ⇤⇧ ⇥ ⇤S ! Im

d,⇠, where Id,⇠ = R+ ⇥ [0, 1],
from continuous camera parameters (i.e., elements of ⇤⇧) and
some space of shapes ⇤S to an m-pixel depth and visibility
image. Then f is implicitly a conditional DDF, as each pixel
value can be computed as (d(p, v), ⇠(p, v)), where p and v
are a fixed function of ⇧ 2 ⇤⇧. In other words, the camera
intrinsics and extrinsics determine the p and v value for each
pixel, with p determined by the centre of projection (camera
position) and v determined by the direction corresponding to
that pixel, from the centre of projection out into the scene.
We may thus regard the depth pixel value as a function of
p and v, via the camera parameters. This holds regardless of
the architecture of f . Thus, all the properties of DDFs hold in
these cases as well: for example, for a depth image Id, camera
position Cp and viewpoint Cv , Property II relates @CpId to the
surface normals image, while Property III constrains @CvId.
We believe this point of view can improve the framework for
differentiable neural rendering of geometric quantities (e.g.,
[56]–[59]).

APPENDIX B
SINGLE-ENTITY DDFS

A. Mesh Data Extraction

We display visualizations of each data type in Fig. 7. We
briefly describe how each is computed (note that we only need
to obtain (p, v), after which (⇠, d) can be obtained via ray-
triangle intersection):

• Uniform (U): simply sample p ⇠ U [B] and v ⇠ U [S2].
• At-surface (A): start with q0 ⇠ U [S] (obtained via area-

weighted sampling) and v0 ⇠ U [S2]. Sample p on the
line between q0 and its intersection with B along v0. Set
v = �v0. Note that the final output data may not actually
intersect q0 (since one may pass through a surface when
sampling p).

• Bounding (B): sample p ⇠ U [@B] and v ⇠ U [S2], but
restrict v to point to the interior of B.

• Surface (S): simply use p ⇠ U [S] and then take v ⇠
U [S2].

• Tangent (T): the procedure is the same as for A-type data,
except we enforce v0 to lie in the tangent plane Tq0(S).

• Offset (O): take a T-type (p, v) and simply do p  p +

&O✏On0, where n0 is the normal at q0, and we set ✏O =

0.05 and sample &O ⇠ U [{�1, 1}].
Since we assume B is an axis aligned box (with maximum
length of 2; i.e., at least one dimension is [�1, 1]), sampling
positions on it, or directions with respect to it, is straightfor-
ward. See also §V-A1, which examines the effect of ablating
each data type.

B. Single-Entity Fitting
Given a mesh, we first extract data of each type, obtaining

(p, v) tuples in the following amounts: 250K (A and U) and
125K (B, T, O, and S). Since rendering outside B uses query
points on @B, we bias the sampling procedure for T, A, and
O data, such that 10% of the p-values are sampled from @B.
For each minibatch, we sample 6K (A and U) and 3K (B, T,
O, and S) points, across data types. In addition to these, we
sample an additional 1K uniformly random oriented points per
minibatch, on which we compute only regularization losses
(LV and LDE), for which ground truth values are not needed.

We note that not all loss terms are applied to all data types.
As discussed in §IV, the transition loss LT is only applied
to S and T type data (since we do not want spurious field
discontinuities, due to the field switching between compo-
nents, except when necessary). As briefly noted in Property
II, the DDF gradient rpd (and hence field-derived surface
normals) are not well-defined when n and v are orthogonal.
The gradients are also not well-defined on S-type data (since
d is explicitly discontinuous for p 2 S, and thus rpd does
not exist there). Hence, we do not apply the directed Eikonal
regularization LDE or the normals loss Ln to S, T, or O data.
Similarly, the weight variance loss LV (designed to reduce
weight field entropy) should not be applied to S, T, or O
samples, as the weight field should be transitioning near those
samples (and thus have a higher pointwise Bernoulli variance).
The remaining losses are applied on all data types.

We then optimize Eq. 2 via Adam [96] (learning rate: 10�4;
�1 = 0.9, �2 = 0.999), using a reduction-on-plateau learning
rate schedule (reduction by 0.9, minimum of 5K iterations
between reductions). We run for 100K iterations, using �d =

5, �⇠ = 1, �n = 10, �V = 1, �E,d = 0.05, �E,⇠ = 0.01,
and �T = 0.25. Note that we double �d on A and U data.
The field itself is implemented as a SIREN with seven hidden
layers, initialized with !0 = 1, each of size 512, mapping
(p, v) 2 R6 ! ({di}Ki=1, {wi}Ki=1, ⇠) 2 R2K+1 (note that the
set of wi’s has K � 1 degrees of freedom). We use K =

2 delta components. An axis-aligned bounding box is used
for B. Since w2 = 1 � w1, we output only w1 and pass it
through a sigmoid non-linearity. We apply ReLU to all dj
outputs, to enforce positive values, and sigmoid to ⇠. We use
the implementation from [97] for SIREN. In terms of data,
we test on shapes from the Stanford Scanning Repository [98]
(data specifically from [99]–[101]).

C. Rendering Efficiency
As noted in the main paper (§V-A4), we tried to use approx-

imately comparable MLP-based architectures. Both models
were run on an NVIDIA GeForce RTX 2080 Ti. We used
the default settings of DIST [7] for rendering, including no
aggressive marching, and used 50 marching steps, the lowest
value we found in the released code. To mitigate the effect
of the choice of shape and the camera position, we ran DIST
on five shapes, each with two azimuths (90 degrees apart)
and at two distances from the shape (0.25 and 2.5). At the
far distance, DIST renders in 5.34 seconds (standard deviation
0.35); at the close distance, DIST takes 9.78 seconds (standard
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deviation 1.58), due to differences in which heuristics can
be applied to optimize runtime. In contrast, the DDF renders
in 0.006 seconds, with negligible difference across shapes or
cameras, since we call the MLP once regardless of whether
or where the shape exists along that particular ray.

APPENDIX C
UDFS AND MDFS

A. MDF Extraction
We obtain v⇤ via a fitting procedure, with a forward pass

similar to composition (see §V-A). Starting from an already
trained (P)DDF, we define a small new SIREN network gv
(five hidden layers, each size 128), which maps position to a
set of Kc candidate directions, such that gv : R3 ! S2⇥Kc

Given a position p and candidates {v⇤i }
Kc
i=1 = gv(p), we

can compute ⇣v⇤ = {d(p, v⇤i (p)), ⇠(p, v⇤i (p))}
Kc
i=1. To obtain

a UDF depth estimate, we use

[UDF(p) =
X

i

!(i)
⇣v⇤ (p) d(p, v⇤i (p)), (52)

where the weights !⇣v⇤ are based on those from our explicit
composition method:

!⇣v⇤ (p) = Softmax

✓⇢
⌘�1
T ⇠(p, v⇤i (p))

"s + d(p, v⇤i (p))

�

i

◆
. (53)

We use the same ⌘T and "s as for composition. Note that
this formulation essentially takes the candidate directions,
computes their associated distances, and then (softly) chooses
the one that has lowest distance value while still being visible.
We can also obtain v⇤(p) via these weights, using

ev⇤(p) =
X

i

!(i)
⇣v⇤ (p) v⇤i (p) (54)

v⇤(p) =
ev⇤(p)

||ev⇤(p)||2
, (55)

Note that, in the ideal case, v⇤(p) = �rpUDF(p)T , meaning
we could compute it with a backward pass, but we found such
an approach was noisier in practice.

To train gv to obtain good candidates, we use the following
loss:

Lv⇤ =
1

Kc

X

i

d(p, v⇤i (p))� ⇠(p, v⇤i (p)) (56)

+
2⌧n

K2
c �Kc

X

i

X

j 6=i

v⇤i (p)
T v⇤j (p) (57)

+
⌧d
Kc

X

i

⇥
v⇤i (p)

Tn(p, v⇤i (p)) + 1
⇤2

(58)

where the first sum encourages obtaining the direction with
minimum depth that is visible, the second prevents collapse
of the candidates to a single direction (e.g., local minima),
and the third encodes alignment with the local surface normals
(similar to the directed Eikonal regularizer; see Supp. C-B).
Note that the first sum (Eq. 56) includes a d term, which
linearly penalizes longer distances, and a �⇠ term, which
pushes the visibility (i.e., probability of surface existence in the
direction v⇤i (p), from position p) to be high. We use Kc = 5,
⌧n = 5 ⇥ 10

�3, and ⌧d = 0.1. Optimization was run for 10
4

iterations using Adam (LR: 10
�4; �1 = 0.9, �2 = 0.999).

Each update used 4096 points, uniformly drawn from the
bounding volume (p ⇠ U [B]).

B. Surface Normals of the MDF v⇤

Let v⇤ be defined as in §V-A3 and choose p such that v⇤(p)
is not multivalued (i.e., neither on S nor on the medial surface
of S). Recall that, by definition,

UDF(p) = d(p, v⇤(p)) (59)

and
n(p, v) = n(q(p, v)) =

rpd(p, v)T

||rpd(p, v)|| (60)

where n(p, v)T v < 0 (see Property II). Then, by Eq. 59,

rpUDF(p) = rpd(p, v⇤(p))

= ||rpd(p, v⇤(p))|| rpd(p, v⇤(p))

||rpd(p, v⇤(p))||
= ||rpUDF(p)|| n(p, v⇤(p))T

= n(p, v⇤(p))T ,

via the S/UDF Eikonal equation in the last step.
Finally, by the directed Eikonal property (I), we have:

rpUDF(p)v⇤(p) = rpd(p, v⇤(p))v⇤(p) = �1, (61)

meaning rpUDF(p) = �v⇤(p)T . Indeed, recall that the
gradient of a UDF has (1) unit norm (i.e., satisfies the Eikonal
equation) and (2) points away from the closest point on S,
which is precisely the definition of �v⇤(p).

APPENDIX D
SINGLE-IMAGE 3D RECONSTRUCTION

A. Model Architecture and Training Details
Architecture and Optimization. Our CPDDF is a mod-

ulated SIREN [74] with layer sizes (512, 512, 512,

256, 256, 256, 256). Note that we use a softplus ac-
tivation instead of ReLU, when multiplying the modulator to
the intermediate features. The encoders (one ResNet-18 for the
camera, and another for inferring the latent conditioning shape
vector) take 128 ⇥ 128 RGBA images as input. However,
when rendering the visibility mask for LM , we output 64 ⇥
64 images. We set �R,S = 1, �R,⇧ = 5, and �R,M = 10.
We also used small weight decays on the camera and shape
predictors (10�6 and 10

�3, respectively). Training ran for
100K iterations with AdamW [102] and a batch size of 32.
We used dim(zs) = 512 and a SIREN initializer of !0 = 1.

Shape-fitting Loss. We use the same settings as the single-
shape fitting experiments, with slight modifications: �d = 5,
�⇠ = 10, �n = 10, �V = 1, �E,d = 0.1, �E,⇠ = 0.25, and
�T = 0.1. An additional loss on the variance of ⇠ is also
applied (to reduce the visibility entropy at each point, which
leads to fuzzy renders):

LV,⇠ = �V,⇠⇠(p, v)[1� ⇠(p, v)], (62)

where we set �V,⇠ = 0.25. This encourages less blurriness in
the shape output due to uncertainty in the visibility field. For
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Figure 20: Single-image 3D reconstruction visualizations on held-out data. Per inset, columns represent (i) the input RGB
image, (ii) the visibility b⇠, (iii) the depth bd, (iv) the normals bn, (v) the sampled point cloud (PC) from the DDF, and (vi) a
sample from the ground-truth PC. Quantities (ii-v) are all differentiably computed directly from the CPDDF and b⇧, per point
or pixel (i.e., no post-processing needed). PC colours denote 3D coordinates. A high-error example is in the lower-right of
each category. See also Fig. 12 and Supp. §D-D.

minibatches, we sample 1.2K (A and U) and 300 (S, B, T, and
O) oriented points per shape, with each minibatch containing
32 shapes.

Camera Loss. The camera fitting loss L⇧ utilizes a camera
representation only involving extrinsic position (the camera is
assumed to be looking at the origin). In particular, we use the
azimuth, elevation, and radius representation of the camera
position. Before computing the L2 loss, we z-score normalize
each element, based on the training set statistics. We also
restrict the predicted camera b⇧ to be within the range of the
parameters observed in the dataset.

Rendering Scale Factor. We note that an additional scale
factor is needed for rendering DDFs for ShapeNet. Since
ShapeNet shapes are normalized with an instance-dependent
measure (the bounding box diagonal), one needs to know the
scale to reproduce the output image. This is an issue as our
CPDDF always outputs a shape in [�1, 1]3, with training data
normalized to have longest axis-aligned bounding box length
equal to two. Further, it creates an ambiguity (with respect to
the output image) with the camera position (radius from the
shape). At train time, before rendering to compute LM , we
use the ground-truth scale factor. At test time, we estimate it
by sampling a point cloud and measuring the diagonal.

Data Extraction. We use the ShapeNet-v1 [77] data and
splits from Pixel2Mesh [70], [71], with the renders by Choy
et al. [72]. For DDF training, per data type, we sample 20K
(A and U) and 10K (S, B, T, and O) training samples per
shape, using the watertight form of the meshes (via [103]),
decimated to 10K triangles. These samples are only used for
training, not evaluation, and are in a canonical aligned pose.
We set the maximum offset size for O-type data as ✏O = 0.02;
remaining parameters are the same as those used for single
shapes (see §B).

Explicit Sampling Details. We also remark that our explicit
sampling algorithm slightly oversamples points initially (when
requesting a point set of size np, we actually sample (1+"p)np

via p ⇠ U [B]). The final point cloud, however, is sorted by
visibility (i.e., by ⇠(p, bv ⇤

(p))) and only the top np points are
returned. We used "p = 0.1 in all experiments. This is to
prevent outputting non-visible points.

PC-SIREN Baseline Details. Recall that the PC-SIREN is
our architecture-matched baseline, with identical encoders and
a nearly identical decoder architecture to the DDF one. Here,
the decoder is a mapping fb : R3 ! R3, which is trained to
compute fb(p) 2 S from p ⇠ [�1, 1]3, but uses an identical set
of SIREN hidden layers as the DDF. A set of sampled random
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DDF PC-SIREN
P2M 3DR

⇧g-L ⇧g-S b⇧r-S b⇧-L b⇧-S ⇧g-L ⇧g-S b⇧-L b⇧-S

DC # 0.459 0.512 0.823 0.855 0.919 0.431 0.465 0.876 0.915 0.610 1.432

Chairs F⌧ " 55.47 48.40 42.28 47.51 41.08 62.25 56.36 50.56 45.57 54.38 40.22

F2⌧ " 72.82 67.75 60.39 63.81 58.98 77.38 74.56 65.43 62.76 70.42 55.20

DC # 0.210 0.239 0.673 0.793 0.836 0.215 0.227 0.829 0.844 0.477 0.895

Planes F⌧ " 80.46 76.62 63.32 63.75 60.54 81.49 80.11 63.64 62.34 71.12 41.46

F2⌧ " 90.05 88.55 76.16 74.96 73.47 89.71 89.18 74.76 74.18 81.38 63.23

DC # 0.231 0.288 0.390 0.541 0.606 0.371 0.400 0.737 0.768 0.268 0.845

Cars F⌧ " 70.91 59.93 54.16 62.69 52.47 64.57 57.82 56.01 50.04 67.86 37.80

F2⌧ " 86.57 79.66 74.68 79.71 72.78 78.72 76.00 71.22 68.52 84.15 54.84

DC # 0.300 0.346 0.629 0.730 0.787 0.339 0.364 0.814 0.842 0.452 1.057

Avg F⌧ " 68.95 61.65 53.25 57.98 51.36 69.44 64.76 56.74 52.65 64.45 39.83

F2⌧ " 83.15 78.65 70.41 72.83 68.41 81.94 79.91 70.47 68.49 78.65 57.76

Table V: Single-image 3D reconstruction results. Rows: ShapeNet categories and performance metrics. Columns: L/S refer to
sampling 5000/2466 points for evaluation (2466 being the output size of P2M), ⇧g/b⇧ denote using the true versus predicted
camera for evaluation (the former case removing camera prediction error), and b⇧r test-time camera correction from the
predicted position using gradient descent. Metrics: DC is the Chamfer distance (⇥1000), F⌧ is the F-score (⇥100) at threshold
⌧ = 10

�4. PC-SIREN is our matched-architecture baseline; Pixel2Mesh (P2M) [70], [71] and 3D-R2N2 (3DR) [72] are
baselines using different shape modalities (numbers from [71]). Note that scenarios using ⇧g (effectively evaluating shapes in
canonical object coordinates) are not directly comparable to P2M or 3DR. Overall, DDF-derived PCs (1) perform similarly to
directly learning to output a PC and (2) underperform P2M overall, but outperform it in terms of shape quality when camera
prediction error is excluded.

points can thus be mapped into a point cloud of arbitrary
size. The baseline has 25,645,574 parameters, while the DDF-
based model has 25,647,367 parameters. The camera loss L⇧

is unchanged and the mask-matching loss LM is not used.
The shape-fitting loss LS is replaced with a standard Chamfer
loss DC [104], computed with 1024 points per shape with a
batch-size of 32. The remaining aspects of training remain the
same.

B. Table of Detailed Results
We show complete results across all categories in Table V.

C. Ablation with NH = 1

Recall that NH is the number of times to “cycle” the
points (projecting them towards the surface via the DDF) when
sampling an explicit point cloud shape from a DDF (see §V-B).
We show results with NH = 1 in Table VI. In most cases, it
is slightly worse than using NH = 3, by 1-3 F -score units;
occasionally, however, it is marginally better: on Planes-b⇧, it
has slightly lower DC , though this does not translate to better
F -score.

D. Additional Visualizations
Some additional visualizations are shown in Fig. 20. For

highly novel inputs, we also observe that, sometimes, the

DDF
⇧g-L ⇧g-S b⇧-L b⇧-S

DC # 0.477 0.532 0.861 0.928
Chairs F⌧ " 54.37 47.26 46.81 40.35

F2⌧ " 71.62 66.33 63.09 58.09
DC # 0.201 0.231 0.748 0.799

Planes F⌧ " 80.69 76.71 63.86 60.48
F2⌧ " 90.23 88.49 75.30 73.55
DC # 0.235 0.309 0.545 0.628

Cars F⌧ " 68.21 57.36 59.84 49.98
F2⌧ " 83.99 76.41 76.87 69.32

Table VI: Single-image 3D reconstruction results with “single-
hop” point sampling (NH = 1).

network does not adapt well to the shape (e.g., see the
chairs example in the second row and second column). While
much error is due to the incorrectly predicted camera, the
DDF outputs can also be a bit blurrier, especially when it is
uncertain about the shape. This can occur on thin structures,
which are hard to localize (e.g., the chair legs in either row one
and column one, or row three column two), or atypical inputs
(e.g., row three, column two of the cars examples), where the
network does not have enough examples to obtain high quality
geometry. One can also see some non-uniform densities from
our point cloud sampling algorithm (e.g., concentrations of
points on the chair legs in column two, or on the wheels of
several examples of cars).
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(P, N) zs d(p, v|zs)
E

⇧

zs In

zT

+ IT
rpd fT

Figure 21: Two-stage unpaired generative modelling architec-
ture. Upper inset: VAE formulation mapping a point cloud
P and associated normals N to latent shape vector zs via
PointNet encoder E, and decoding into depth values via
conditioning a PDDF. Lower inset: latent shape zs and camera
⇧ are randomly sampled and used to render a surface normals
image In, via the derivatives of the learned conditional PDDF
(see Property II). The normals map In is then concatenated (�)
with a sampled latent texture zT , and used to compute the final
RGB image IT = fT (In, zT ). Coloured circles indicate ran-
dom variables sampled from a particular distribution; dashed
lines indicate computation with multiple forward passes (per
point or pixel).

APPENDIX E
GENERATIVE MODELLING

See Fig. 21 for a diagram of our two-stage 3D-to-2D
modality translation architecture. See also Fig. 22 and 23 for
additional sample visualizations (as in Fig. 13).

A. Shape VAE

The first stage learns a VAE [84], [105] on 3D shape,
in order to (i) obtain a latent shape variable zs that is
approximately Gaussian distributed, and (ii) learn a CPDDF
using zs that can encode a shape in a form that is easily
and efficiently rendered, yet still encodes higher order shape
information. We learn a PointNet encoder [86] E that maps
a point cloud with normals (P, N) to a latent shape vector
zs = E(P, N). The conditional PDDF (CPDDF) then acts as
the decoder, computing depth values as d(p, v|zs) for a given
input. To implement conditional field computations, we use
the modulated SIREN approach [74]. This can be trained by
the following �-VAE loss [106]:

LVAE = LS + �LKL, (63)

where LKL is the standard KL divergence loss between a
Gaussian prior and the approximate VAE posterior, and LS

acts analogously to the reconstruction likelihood. We use
ShapeNet cars [77] to fit the Shape VAE. Our goal is to show
that we can rapidly train a model that can sample renders of
surface normal geometry (from a unified 3D model), which
is either difficult (or computationally costly) for most implicit
approaches, or it uses a model directly on 2D surface normal
images (missing a unified 3D shape model). These images
could be useful for other downstream models, which may
expect 2D input, but still propagate gradients to an underlying
3D object model.

Data. Data is extracted from 1200 randomly chosen shapes
from ShapeNet-v1 cars [77], sampling 60k (A and U) and 30K

(S, B, T, and O) oriented points. We downsample shapes to
10K triangles before extraction. For minibatches, we sample
1.2K (A and U) and 300 (S, B, T, and O) oriented points
per shape, with each minibatch containing 32 shapes. We also
sample point clouds P (with normals N ) of size 1024 to send
to the PointNet at each minibatch.

Architectures. The PointNet encoder follows the
standard classification architecture [86], with four
Conv1D-BatchNorm-ReLU blocks (sizes: 64, 64,
128, 1024), followed by max pooling and a multilayer
perceptron with Linear-BatchNorm-ReLU blocks (two
hidden layers of size 512; dropout probability 0.1). No
point transformers are used. The final output is of size
2dim(zs). We then compute the approximate variational
posterior q(zs|P, N) = N (zs|µ(P, N),⌃(P, N)) with two
networks for mean µ and diagonal log-variance matrix ⌃,
each structured as Linear-ReLU-Linear (in which all
layers are of dimensionality dim(zs); note that each posterior
parameter network takes half of the vector output from the
PointNet encoder as input).

For the decoder, we use eight layers (512, 512,

512, 512, 256, 256, 256, 256) (with the modu-
lated SIREN [74]). We set dim(zs) = 400 and dim(zT ) = 64.

Training. We run for 100K iterations, using � = 0.05, �d =

5, �⇠ = 10, �n = 10, �V = 1, �E,d = 0.1, �E,⇠ = 0.1,
�V,⇠ = 0.1, and �T = 0.1. Adam is used for optimization
(learning rate 10

�4; �1 = 0.9, �2 = 0.999).

B. Image GAN

After training a Shape VAE, the CPDDF decoder can
be used to render a surface normals image In (see §III-C
and Fig. 8). To perform generation, we first sample latent
shape zs ⇠ N (0, I) and camera ⇧, which includes extrinsics
(position and orientation) and focal length, following with
normals map rendering to get In. We then use a convolutional
network fT to obtain the RGB image IT , based on the residual
image-to-image translation architecture from CycleGAN [87].
This is done by sampling zT ⇠ N (0, I) and computing IT =

fT (In, zT ), where one concatenates zT to each pixel of In
before processing. Notice that zs, zT , and ⇧ are independent,
while the final texture (appearance) depends directly on zT ,
and indirectly on zs and ⇧, through In.

For training, a non-saturating GAN loss [85] with a zero-
centered gradient penalty for the discriminator [107], [108]
is used (as in [66], [109]). To ensure that fT preserves
information regarding 3D shape and latent texture, we use two
consistency losses:

LC,S = MSE(In, bIn) & LC,T = MSE(zT , bzT ), (64)

where MSE is the mean squared error, bIn = gT (IT ) (with
gT having identical architecture to fT ), and bzT = hT (IT )
(with hT implemented as a ResNet-20 [73], [110]). The first
loss, LC,S, encourages the fake RGB image IT to retain the
3D shape information from In through the translation process
(i.e., implicitly forcing the image resemble the input normals)
while the second loss, LC,T, does the same for the latent
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Figure 22: Additional example samples from the ShapeVAE and translational image GAN.

Figure 23: Example interpolations from the ShapeVAE and
translational image GAN.

texture (implicitly strengthening textural consistency across
viewpoints). The final loss for the GAN image generator is

LGAN = LA + �C,SLC,S + �C,TLC,T, (65)

where LA is the adversarial loss for the generator and the
last two terms enforce consistency (see also [75], [81], [82]).
We fit to the dataset of ShapeNet renders from Choy et al.
[72]. Note that information on the correspondence with the
3D models is not used (i.e., the images and shapes are treated
independently).

Generation process. Recall that our generation process can
be written IT = G(zs, zT ,⇧) = fT (In(zs,⇧) � zT ), where
In(zs,⇧) denotes the CPDDF normals render (see §III-C) and
� refers to concatenating zT to every pixel of In. For latent
sampling, zs, zT ⇠ N (0, I), while the camera ⇧ is sampled
from the upper hemisphere above the object, oriented toward

the origin at a fixed distance and with a fixed focal length.
The image size was set to 64⇥ 64.

Networks. The translation network fT exactly follows the
architecture from CycleGAN [87] consisting of residual blocks
(two downsampling layers, then six resolution-retaining layers,
followed by two upsampling layers), using the code from
[111]. The normals consistency network, gT , has identical
architecture to fT , while the texture consistency network,
hT , is a ResNet-20 [73], [110]. We utilize the convolutional
discriminator implementation from Mimicry [112], based on
DCGAN [113].

Training. Our image GAN is trained in the standard al-
ternating manner, using two critic training steps for every
generator step. The non-saturating loss [85] was used, along
with a zero-centered gradient penalty [107], [108] (with a
weight of 10 during critic training). We used the following
loss weights: �C,S = 1 and �C,T = 1 For optimization, we
use Adam (learning rate 10

�4; �1 = 0.0, �2 = 0.9) for 100K
iterations (with the same reduce-on-plateau scheduler as in
Supp. B).

2D GAN Comparison. As mentioned in the paper, we
trained a convolutional GAN with the same loss and critic
architecture using the Mimicry library [112]. We evaluated
both our model and the 2D GAN with Frechet Inception
Distance (FID), using torch-fidelity [114] with 50K samples.

APPENDIX F
DDF-BASED PATH TRACING DETAILS

A. Path Tracing with Intrinsic Appearance DDFs

We depict the path tracing process in Fig. 24. We describe
the path tracing process, material models, and lighting speci-
fiers of the Intrinsic Appearance DDF (IADDF) in §F-B, §F-C,
and §F-D We also describe pseudocode of the algorithms in
Figs. 25 and 26. Additional implementation details are in §F-E
and §F-G. Finally, we present additional discussion in §F-F.

B. The Intrinsic Appearance DDF (IADDF)

Recall the classical notion of intrinsic images, which sep-
arated a 2D image into depth, “orientation” (or surface nor-
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Figure 24: Illustration of our simple DDF-based path tracing
algorithm. To simulate the pixel value obtained in a given
direction, we use recursively query the DDF (i.e., the mapping
q). Upon encountering a light source, the light value is propa-
gated back to the eye through the sequence of rays. The entire
process is differentiable, including the normals computation.

mals), reflectance, and illumination [88]6. In this section, we
show how to define a scene description covering these pieces,
by combining a DDF with simple INRs for appearance. In
particular, taking advantage of the light transport interpretation
of DDFs, we factorize rendered image colour into fields for
intrinsic appearance and lighting. This combined formulation
can be thought of as an “intrinsic image field”, because it acts
as a forward model for the set of all intrinsic images, whether
of geometry or appearance (i.e., it can continuously render
such intrinsic images, from any viewpoint). We therefore
denote the combined model an Intrinsic Appearance DDF
(IADDF), as it incorporates a model of lighting-aware intrinsic
appearance along with the geometric information held by the
DDF. In the context of vision, maintaining an IADDF model of
the scene automatically provides colour constancy as a side-
effect, simply by replacing image appearance with intrinsic
appearance. The IADDF consists of the following fields:

• The geometry field, G, modelled by a DDF, consisting of
– The distance field d : R3 ⇥ S2 ! R+.
– The visibility field ⇠ : R3 ⇥ S2 ! [0, 1].

• The material appearance model, M. We consider a simple
approach consisting of a continuous Bidirectional Re-
flectance Distribution Function (BRDF) and a directional
sampling function, which provides guidance on bounce
directions (e.g., for the sake of computational efficiency
when rendering or learning). M includes7

– The BRDF fB : R3 ⇥ S2 ⇥ S2 ! R|C|

+ .
– The importance sampler8

 : R3 ⇥ S2 ! P[S2],
where P[S2] is the set of probability distributions on
S2.

• The lighting model, L . To simplify our setting, we
consider two fields: one for entities locally emitting light

6Given that we consider the material reflectance of an entity to be its
intrinsic appearance, we could also reasonably call the illumination-derived
image component, coming from the external environment, its extrinsic appear-
ance.

7We use C to denote the radiance emitted from a position (commonly
relegated to, e.g., a simple RGB colour value).

8We remark that  depends on the local surface normal n through the
spatial position q at which it is evaluated. (We make this indirect dependence
explicit in Figs. 25 and 26).

and another for measuring the contribution of the external
environment. Thus, in our case, L consists of

– The emission field, which handles objects directly
emitting light (e.g., glowing), ML : R3 ⇥ S2 ! C.

– The environment light, which represents light “in-
coming” to the scene from some faraway source,
EL : S2 ! C.

In our simplified scenario, the IADDF is simply the tuple
(G, M, L ) = (d, ⇠, fB , , ML, EL).

C. IADDF Path Tracing

Given an IADDF, we have disentangled models for the
scene geometry, lighting, and intrinsic appearance. However,
unlike other neural or differentiable rendering methods, the
presence of an illumination model now necessitates some form
of simulated light transport. In particular, we need to solve
the classical rendering equation [115], [116], which can be
formalized in the recursive integral

L(q,!o) = LM (q, !o) +

Z

⌦[n(q)]
fB(q, !i, !o)Li(q, !i) d!?

i ,

(66)
where q is a surface point, n(q) is the surface normal at q,
⌦[n(q)] is the hemi-sphere about n, L(q,!o) is the outgoing
radiance from q in direction !o, LM (q, !o) is the emitted
radiance (from q in direction !o), fB(q, !i, !o) is the BRDF
(which computes how irradiance from !i is converted to
radiance along !o), Li(q, !i) is the incoming irradiance to
q from direction !i, and d!?

i is the projected solid angle
measure (where d!?

i = |!i · n(q)| d!i under Lambert’s
cosine law, foreshortening the area element from oblique
viewpoints) [117], [118]. In our simple setting, the recursion
and connection to DDFs becomes more clear by rewriting the
incoming radiance to

Li(q, !i) =

(
L(q � d(q,�!i)!i,�!i) if ⇠(q,�!i) > 0.5

LE(q,�!i) otherwise
,

(67)
where (d, ⇠) are the DDF and LE(q, !) is the light from the
environment falling on q from direction !. (e.g., [119]). In
other words, the incoming radiance at a point is either (i)
the outgoing radiance reflected off of another surface (i.e.,
inter-reflections) or (ii) the external light from the environment
(when another surface is not visible).9

Clearly, for a given pixel with an eye ray through it,
corresponding to an oriented point (p, v), we want to obtain
the light coming back to the eye: L(q(p, v),�v). We use
a straightforward form of solution, detailed in Fig. 25: an
eye ray tracer or backward path tracer10, which is a form

9We remark that there is an abuse of notation and terminology. In particular,
L and LM should be radiant densities. Under the pinhole camera assumption,
for a given direction and position on a pixel sensor, the irradiance is
proportional to radiance from a single direction. One then integrates over
the pixel area to get total irradiance (i.e., flux or power), which is integrated
over time to measure radiant energy at that pixel (for a given exposure).

10We mean “backward” here in the sense of rays starting from the camera
and bouncing to a light source (i.e., the reverse of what physical light is
thought to do) [120], but note that this nomenclature is not uniformly followed
(e.g., [121]).
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of MC rendering. Benefits of such MC path tracing methods
include excellent generality (in terms of the scene descriptions
and lighting effects they can handle), relative simplicity of
implementation, and lack of statistical bias (i.e., zero error in
expectation), while downsides include the slow convergence
(depending on the algorithm and scene) and image noise [122].

We briefly describe the stochastic path tracing algorithm
(see Figs. 25 and 26 for details). For a given pixel and camera
(eye), we cast a ray into the scene, finding the scene point
q and normal n via the DDF. Based on  , we sample new
outgoing directions from the hemisphere about q, and use the
DDF to find the next surface in that direction. These “bounces”
are the segments of a light path, being built backwards from
the eye to the light source. This continues until the ray misses
any local geometry (i.e., ⇠ = 0), returning a value from EL in
that direction. The final sampled pixel irradiance corresponds
to this value (attenuated by the material fB through the
bounces), plus any emissions (from ML) encountered along
the way.

D. Basic Intrinsic Appearance Models
In our simplified setting, we merely need to specify the

BRDF fB and bounce sampler  (see §F-B). We consider
three basic cases, but note that any differentiable field (ideally
satisfying certain priors, particularly those of physical real-
ism) fB and sampling procedure (with accompanying density
function)  could be used, which would be necessary for
modelling arbitrarily complex observed materials. Note that
we treat C = R3; instead of including a continuous dependence
on wavelength, which would be more realistic, we instead
output three discrete colour values corresponding to the RGB
channels in the end.

The first case is Lambertian (or diffuse) material:

fB,Lam(q, !i, !o) =
⇢a
⇡

(68)

 Lam(q, !o | n) = U[⌦[n(q)]], (69)

where U is the uniform distribution and ⇢a 2 [0, 1]3 is the per-
channel albedo. We write  (q, !o|n) to make the dependence
on n(q) more clear, but note12 that n depends on q, through
d.

The second case is a mirror material (e.g., see [118], [123]):

fB,Mir(q, !i, !o) =
�(!r(!i, n)� !o)⇢m

|!r(!i, n) · n| (70)

 Mir(q, !o | n) = P�[!r(�!o, n)], (71)

where � is the Dirac Delta function (distribution) on S2, P�

is the Dirac probability measure, ⇢m is the albedo (Fresnel
reflectivity), and !r(u, v) is the outgoing reflection direction
of an incoming direction u about n. Recall that, when we
sample v ⇠  Mir(q, !o | n) (see Fig. 25), we are interested in
sampling directions that will contribute to outgoing light back

11While p may initially be the camera position (i.e., Cp in ⇧), recall from
§III-C that rendering proceeds by first projecting p along the camera ray to
the domain of the PDDF, denoted B, and then utilizing that boundary point
as p instead.

12Additionally, since the DDF is not view consistent, n is not necessarily
either.

Algorithm 1: PathTracePixelDDF(u,⇧)

Input: Pixel u and Camera ⇧
Models: DDF (d, ⇠), Appearance (fB , ), and

Illumination (ML, EL)

Hyper-Parameters: Maximum bounces n, Number of
MC Samples m

Output: The pixel colour c at u

1 p, v  GetOrientedPoint(u,⇧) // Camera ray

for u
2 if ⇠(p, v) < 0.5 then // Check for ray

intersection with scene

3 return EL(v) // Return environment

light if no intersection

4 q  p + d(p, v)v // Scene point for the

camera ray

5 n Unit(rpd(p, v)) // Scene point

surface normals

6 !o  �v // Direction back to the eye

7 cE  ML(q,!o) // Colour emitted from q
towards !o

8 for k  1 to m do // Iterate over MC

samples

9 v(k)n ⇠  (q, !o | n) // Sample light

direction from q about n

10 !(k)
i  �v(k)n // New incoming
direction, into q

11 B  fB(q, !
(k)
i , !o) // Query the BRDF

field

12 ck  B � Trace(q, v(k)n , ` = 1) // Obtain

colour by “bouncing” the ray

13 wk   (v(k)n | q,!o)
�1 |n · !(k)

i | // Weight

in MC averaging

14 c = cE +
1

m

mX

i=1

wici // Final pixel colour

15 return c

Figure 25: Algorithm used for DDF rendering via backward
path tracing. We devise a simple approach based on stochastic
backward ray tracing, where we start rays from the eye and
follow them into the scene until a light source is encoun-
tered.11 For efficiency, we only use multiple Monte Carlo
(MC) samples for the first bounce, since the contribution
afterwards often falls off quickly. Notice that (i) we can
compute the colour of each pixel independently, using a
series of differentiable field (i.e., DDF, BRDF field, and
lighting field) calls per pixel ray (in a parallelizable manner
similar to NERFs), (ii) substituting the DDF as the geometric
representation does not preclude utilizing the many advances
in path tracing methods, and (iii) this framework naturally
enables handling reflections, shadows, and glowing objects.
See Fig. 26 for the definition of the recursive Trace function
and Fig. 24 for a visual depiction.
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Algorithm 2: Trace(p, v, `)

Input: Initial Scene Point p, Direction v, Bounce
Level `

Models: DDF (d, ⇠), Appearance (fB , ), and
Illumination (ML, EL)

Hyper-Parameters: Maximum bounces n
Output: Colour c at p from direction v

1 if ⇠(p, v) < 0.5 then // Check for ray

intersection with scene

2 return EL(v) // Return environment

light if no intersection

3 if ` � n then // Check current bounce

level

4 return ~0 // Stop bouncing after level

n

5 q  p + d(p, v)v // Scene point along ray

from (p, v)
6 n Unit(rpd(p, v)) // Scene point

surface normals

7 !o  �v // Direction back to p from q
8 cE  ML(q, !o) // Colour emitted from q

towards !o

9 vn ⇠  (q, !o | n) // Sample light

direction from q about n
10 !i  �vn // New incoming direction

(i.e., into q)
11 B  fB(q, !i, !o) // Query the BRDF field

12 c B � Trace(q, vn, ` + 1) // Recursive

colour from q (via !i) to p
13 return cE + (vn | q, !o)

�1 |n · !i| c
// Single-sample MC irradiance at p

Figure 26: DDF-based recursive path tracing process, used by
the algorithm in Fig. 25. Each recursive call corresponds to
a single bounce of the light path (and thus one call to the
DDF). Notice that only a single forward and backward pass
is needed from the DDF per bounce. See also Fig. 24 for a
visual depiction.

to the eye (!o); thus, for a mirror, we should of course sample
the reflection of !o. Notice that the BRDF contains a cosine
term that cancels out the geometric attenuation from Lambert’s
cosine law; this is needed to ensure energy conservation in
the rendering integral (i.e., we do not need to correct for the
differential contribution of directions based on foreshortening
of the area element, because no scattering occurs about the
reflection direction). We remark that modelling reflections is
an important and difficult topic in CV; modern Analysis-by-
Synthesis methods based on NERFs cannot easily model them
without significant modification (e.g., [124], [125]), despite
applications in terms of editing (including, e.g., removing
reflections from glass or making an object reflective). Moving
to a path tracing framework, such as the IADDF or an
extension that can model transmission, immediately enables
disentangling or generating reflections.

The third case is a simple glossy material, based on the
classical Phong model [126]. This formulation, while non-
physical, simply mixes a Lambertian and specular reflection
term, as has been previously applied in computer graphics
(e.g., see [118], [127]):

fB,G(q, !i, !o) = ⌘L
⇢a
⇡

+
(1� ⌘L)⇢m
N(↵, !i, n)

(!o · !r(!i, n))
↵

(72)
 G(q, !o) = ⌘LU[⌦[n(q)]] + (1� ⌘L)PProj(q, !o),

(73)

where ⌘L 2 (0, 1) balances diffuseness and specular-
ity, N(↵, !i, n) = ⇡

1
1+↵ |!i · n|

↵
1+↵ , PProj(q,!o) =

NProj(!r(�!o, n(q)),⌃p(↵)), ↵ 2 [0,1) is the specular
exponent (controlling “glossiness”), and NProj is a distribution
centered about the reflection direction, based on a spherical
projection of a Gaussian. In the second line, we use the sum
to denote a convex combination (mixture) of the two measures.
We relegate the details of the Gaussian model to §F-G2, but
remark that its sampling procedure can be back-propagated
through13, via the reparameterization trick. The second term
effectively “interpolates” between a mirror (↵ ! 1) and
a Lambertian material (↵ ! 0). Notice that, in order to
obtain visually reasonable specular highlights, the DDF has
to provide fairly accurate surface normals (i.e., the derivatives
of the mapping need to be correct), just as with the mirror
case.

E. Path Tracing Post-Processing
We remark that our algorithm records the light flowing

through a scene at a pixel, effectively measuring irradiance
at that position. It is thus akin to a raw image (in “linear
RGB”), which is often not perceptually agreeable. In real
cameras, of course, the standard camera image processing
pipeline transforms such images to standard RGB, through a
complex series of specialized algorithms (e.g., [128], [129]).
In our case, we apply a very simplified differentiable post-
processing for visualization, applying denoising (Gaussian fil-
tering), min-max normalization, and then a gamma transform
via rgb = rgb

1/2.2
linear. In order to fit to real images, one would

likely need a learnable mapping to mimic the camera pipeline
(to produce the images to which we would be fitting).

F. Additional Discussion
In conclusion, we have devised a simple approach to inte-

grating DDFs into a path tracing framework, via the IADDF.
The interpretation of recursive DDF applications as covering
the space of light paths lends itself well to this combination.
The internal structure modelling capability of PDDFs, which
other directed fields often ignore, is fundamental to our light
transport algorithm; without it, we could not model the intra-
scene paths between surfaces.

Similar to NERFs, one can differentiably render each pixel
and MC sample independently (i.e., in parallel), with a fixed

13Notice that such samples depend on the DDF through n and material
parameters, like ↵, can be back-propagated to via pathwise derivatives.
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number of queries per ray. More exactly, we incur O(nm)

DDF calls per pixel, for n bounces and m MC samples.
(see Fig. 25). While this is distinctly more costly than the
single call used for geometric neural rendering of DDFs
(and then using a simple INR, such a texture field [130]), it
enables a principled connection between DDFs and appearance
modelling. Moreover, rendering via light transport in this
manner enables (a) decomposition of illumination, reflectance,
and shape; (b) automatic handling of many natural phenomena,
including surface inter-reflections, glowing objects, multiple
light sources, complex material reflectances, and mirrors;
and (c) differentiability through the rendering process (i.e.,
potentially enabling gradient-based learnability). When editing
IADDF scene descriptions, one can easily relight scenes or
alter intrinsic material appearance of objects (even changing
surfaces to mirrors or enabling them to emit light). The com-
positionality of DDFs suggests inserting new objects should
be relatively straightforward as well. Non-local changes in
appearance due to such edits, including shadows or inter-
reflections, will be naturally accounted for by the path tracing
algorithm. This is in contrast to, e.g., standard NeRF editing
procedures, for which such non-local physical effects are not
easily modelled or corrected.

The most important challenge is in deriving IADDFs from
image data. The Analysis-by-Synthesis multiview image setup,
as in NeRFs, is likely to be amenable to inverse rendering
with IADDFs, but powerful priors will be needed to constrain
the inherent ambiguities between shape (shading), illumina-
tion, and reflectance, as well as neural architectures able to
learn higher dimensional (here, 5D) scene descriptions and
learning methods for view consistency. For instance, priors on
smoothness and material-type parsimony have already proven
effective in decomposing lighting from reflectance (e.g., [44],
[131]); constraining the space of BRDFs will also necessitate
learning which materials are likely to appear in the world.
Similarly, more sophisticated learned models of lighting and
intrinsic material appearance will be needed, compared to
the simple ones used here. In addition, the use of a DDF
does not preclude most techniques for improving MC path
tracing, (e.g., bidirectional tracing [120], importance sampling
[132], [133], radiosity techniques [119]). Research on such
methods has been a major topic within computer graphics
for decades (and increasingly enmeshed with differentiable
and/or learning-based techniques); combining such advances
with the IADDF should hopefully lead to a disentangled neural
scene representation that (i) can be efficiently rendered, (ii)
interoperates with other ML algorithms, (iii) models a myriad
of physical phenomena, (iv) can be learned in a weakly
supervised Analysis-by-Synthesis manner, and (v) is easily
edited in terms of shape, material, and lighting.

G. Technical Details

1) Hyper-Parameters and Implementation Details: The fit-
ting process was the same as in §V-A, except we use double
the number of extracted samples (as well as 500K W-type
samples; see §F-A). In all cases, we used number of bounces

n = 3, MC samples14 m = 256, and post-processing Gaussian
blur � = 1 (images are 512

2), except for the glossy material
with ↵ = 3, which used m = 512, and ↵ = 1, which used
m = 1024 and � = 3. Fig. 14, row one, used ↵ = 1 and
⌘L = 0.75.

2) Projected Gaussian Importance Sampler: Recall the
simple glossy material defined in Eq. 72, specifically the
importance sampler  :

 G(q,!o | n) =⌘LU[⌦[n(q)]] +
(1� ⌘L)NProj(!r(�!o, n),⌃p(↵)). (74)

Two operations need to be implemented: density evaluation
and sampling.

We use a basic simplification to compute the inverse density,
by assuming we know the origin of a sample:

 G(v | q, !o, n)
�1

=
1 [v ⇠ U[⌦[n(q)]]]

⌘L
P�1
U (v) +

1 [v ⇠ NProj]

1� ⌘L
P�1
NProj

(v | !r,⌃p(↵)),

(75)

where PU and PNProj are density functions, !r = !r(�!o, n),
and 1 [·] is the indicator function. We discuss the actual density
used by PNProj later.

For obtaining a single sample from this combined material
(i.e., v ⇠  G(q,!o | n)), we first choose which mixture mode
(specular or Lambertian) to pick: b ⇠ B(⌘L), where B(⌘L) is
the Bernoulli distribution. If b = 0, we sample uniformly, from
U[⌦[n(q)]]. Otherwise, if b = 1, we take a Gaussian sample
e⇣ ⇠ N (!r,⌃p(↵)) and then normalize it via v = e⇣/||e⇣||2.

To compute the density PNProj , we use an approximation.
We assume that we know ⇣ = e⇣ � !r, and then compute
PNProj(v | !r,⌃p(↵)) ⇡ C(PN (⇣ | 0,⌃p(↵))). We use a sim-
ple clamping function, C, to keep the density numerically
stable.

The key parameter that controls the glossiness of the
material is the Phong specular exponent ↵, which is related
to the “spread” of the bounce directions about the reflection
direction. This affects the density through the noise covariance
⌃p(↵) = f↵ exp(�0↵)I3, where f↵ = 3.5 ⇥ 10

�↵ and
0 = 1. We remark that this ad hoc formulation means that
one should not interpret ↵ the same way as in other Phong
models.

In terms of differentiability, the reparameterization trick can
be used to optimize ↵, since we are using a diagonal Gaussian
(as in most VAEs). However, notice that back-propagation to
⌘L through the sampling process is non-trivial; since it controls
which mixture component (b) to sample, it describes a fun-
damentally discrete random indicator function (i.e., Bernoulli
variable). Techniques for handling discrete random variables in
stochastic computation graphics (e.g., continuous relaxations
[134], [135] or score functions [136]) would be necessary for
obtaining derivatives.

14Note: the mirror material only requires one sample (though, for instance,
non-mirror materials encountered after a mirror could lead to requiring more).
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Figure 27: Examples of path-traced DDFs, as in Fig. 14. Top row: Lambertian material. Second row: glossy material with
↵ = 3 and ⌘L = 0.25. Notice the “sheen” added by the mirror term, which injects the glossiness. Third row: no external
lighting is used. Instead, a simple “glow” (constant ML > 0) is emitted by the geometry; hence the areas of the shape that
would normally be shadowed due to self-occlusion are actually highlighted.

APPENDIX G
THEORETICAL DETAILS: VIEW CONSISTENCY OF DDFS

This section is an extended and more complete version of
the theoretical analysis in §VII of the main paper.

A. Preliminaries

In this section, our intention is to explore the conditions
under which a DDF, or one of its constituent fields, represents
a shape. In particular, we show an equivalence between certain
local properties of such fields and the existence of a 3D shape
to which the field has been perfectly “fitted”. We begin by
defining the basic setting, including the domain in which our
fields operate, the oriented points that characterize our ray-
based geometric representation, and the precise definition of
a shape.

Definition G.1: Domain B, B", �, and �"

We consider fields with a geometrically simple domain,
B ⇢ R3. In particular, we assume that B is convex,
compact, and has a smooth boundary, @B, with outward-
facing surface normals. Finally, for " > 0, we denote B"

as the "-domain of B, defined via

B" =

⇢
p 2 B

���� min
b2@B

||p� b|| � "

�
, (76)

which will be useful for ensuring certain boundary con-
ditions on our fields of interest.
Often, we will be interested in the 5D Cartesian product
space, � = B⇥S2. Similarly, we can define �" = B"⇥S2.

The role of B" is to enable us to define a notion of “away
from the boundary” (i.e., B \B" is a thin "-width shell around
the edges of the domain). Notice that we restrict our attention
to a small part of R3, where our shape of interest will reside,

but the domain of our fields will be the 5D space �, comprising
oriented points or, equivalently, rays.

Definition G.2: Oriented Points and Rays

We generally denote an oriented point via ⌧ = (p, v) 2 �
(or in �" when specified). Any oriented point induces (or
is equivalent to) a 3D ray: r⌧ (t) = p + tv, t � 0. In
a slight abuse of notation, we may refer to the oriented
point and ray forms of such 5D elements interchangeably.

Fundamentally, our interest is in representing 3D shapes,
which are defined simply as follows.

Definition G.3: Shapes

We define a shape to be a compact set S ⇢ B. Often, we
will be interested in shapes S ⇢ B", for " > 0.

Note that using B" does not strongly constrain the shape: for
example, one can simply use the bounding sphere of the given
point set, and then inflate it enough to satisfy the " condition.

Next, for the sake of notational simplicity, we define an
“along-ray” form of any function (or field) that operates on
oriented points (i.e., in 5D), by considering its restriction to a
given ray.

Definition G.4: Along-Ray Functions

We define the “along-ray” form of a function g : �! X ,
which maps into a set X , to be:

fg(s | ⌧) := g(p + sv, v) = g(r⌧ (s), v), (77)

where s � 0, ⌧ = (p, v) 2 �, and r⌧ is the ray form of
⌧ .
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Finally, we introduce notation for the intersections of rays
and point sets.

Definition G.5: Intersecting Rays and Point Sets

Consider a point set S ✓ B and an oriented point ⌧ 2 �.
Intersected Points. Let S⌧ ✓ S denote the set of points
in S intersected by r⌧ (i.e., q 2 S⌧ iff 9 t � 0 such that
r⌧ (t) = q). For notational clarity, we may write [S]⌧ as
well.
Intersecting Rays. Let IS ✓ � be the set of rays that
intersect at least one member of S (i.e., ⌧ 2 IS if 9 q 2 S
such that r⌧ (s) = q for some s � 0). For q 2 B, we
denote Iq := I{q}.

B. View Consistency for Simple DDFs

Our first consideration will be a simplified form of DDF,
which does not utilize a visibility field.

Definition G.6: NNBC Field

An NNBC field on � is a non-negative, bounded scalar
field that is piece-wise continuously differentiable along
rays, written d : � ! R�0. The latter condition means
the along-ray form is piecewise C1 (i.e., it satisfies fd(s |
p, v) = d(p + sv, v) 2 C1).

In general, such fields need not have an obvious connection
to any shapes (in the sense of the definition above). In this
section, we treat such fields as putative representations for
shapes – the goal is to understand the exact conditions under
which such fields are “equivalent to” (or “represent”) some
shape.

Constraint Definition G.1: Positive Boundary Condi-
tion for Simple DDFs (BCd)

An NNBC field d satisfies the Positive Boundary Condi-
tion BCd iff

inf
v2S2

d(p, v) > 0 8 p 2 B \ B". (78)

Recall that B \ B" is the “outer shell” of the bounding
domain. In other words, BCd demands that d cannot have any
zeroes close to @B.

Constraint Definition G.2: Directed Eikonal Condi-
tion for Simple DDFs (DEd)

An NNBC field d satisfies the Directed Eikonal Con-
straint DEd if @sfd(s | ⌧) = �1, except at
along-ray zeroes of d (i.e., at any (q, v) such that
lim✏#0 infs2(0,✏) d(q � sv, v) = 0).

The second constraint is on the derivative of d: it says that,
along any ray, d must decrease linearly, at unit rate, unless
d = 0 (a value at which it may potentially stay).

Constraint Definition G.3: Isotropic Opaqueness
Condition for Simple DDFs (IOd)

An NNBC field d satisfies the Isotropic Opaqueness
Constraint at a point q 2 B if

0

@lim
✏#0

inf
s2(0,✏)
v2S2

d(q � sv, v) = 0

1

A =)

✓
lim
✏#0

inf
s2(0,✏)

d(q � sv, v) = 08 v 2 S2
◆

. (79)

We say d is isotropically opaque, denoted IOd, if it
satisfies the Isotropic Opaqueness Constraint everywhere
in B.

Notice that this is stronger than (i.e., it implies) the fol-
lowing constraint, which refers only to local properties in the
neighbourhood of some oriented point (q, v):

✓
9 v 2 S2 s.t. lim

✏#0
inf

s2(0,✏)
d(q � sv, v) = 0

◆
=)

✓
lim
✏#0

inf
s2(0,✏)

d(q � sv, v) = 08 v 2 S2
◆

. (80)

Namely, if the field approaches zero at some position q from
any direction v, then it must approach zero at that point from
all directions. Note that, for the left-hand side of Eq. 79, a
single particular direction v along which d converges to zero
need not exist (see Supp. §H-D for an example). The weaker,
second form of IOd means that convergence to a zero from one
direction must be accompanied by a zero from all directions.

Together, these field constraints enable us to define a simple
DDF, which we will show is capable of representing shapes
with theoretical consistency guarantees.

Definition G.7: Simple DDF

We define a simple DDF to be an NNBC field such that
IOd, BCd, and DEd are satisfied.

The remainder of this section will be devoted to showing
that the three field constraints, which define a simple DDF,
are sufficient to ensure a form of “view consistency”.

Before that, however, we define some notational constructs
around Simple DDFs. First, we define a simple function based
on d, which outputs the position that our depth field takes us
to, along a given ray.

Definition G.8: Positional Field
Any simple DDF has an associated positional field, or
q-mapping, defined by: q(p, v) := p + d(p, v)v.

Next, because DDFs can be discontinuous at zeroes, for
convenience of notation, whenever a simple DDF d approaches
zero along a ray, we denote this as a zero of the field
(regardless of the nature of any discontinuities at such points).
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Definition G.9: Left-Continuity Convention

For any q 2 B", we write:

d(q, v) = 0 () lim
✏#0

inf
s2(0,✏)

d(q � sv, v) = 0. (81)

In words, left continuity for d defines a slightly looser notion
of a zero along rays (here, we say “left” with respect to the
direction v). We also apply this convention to q, so that if
d(p, v) = 0, we write q(p, v) = p. Finally, we define a special
set of points that is associated to any simple DDF.

Definition G.10: Positional Zero Set for Simple DDFs

We denote the set of positional zeroes of a Simple DDF
as

Qd =

8
<

:p 2 B

������
lim
✏#0

inf
s2(0,✏)
v2S2

d(p� sv, v) = 0

9
=

; . (82)

Note that the condition for being in Qd is slightly weaker
than that of being a directional zero, in the sense of Eq. 81.
I.e., there may be q 2 Qd such that there is no v for which
d(q, v) = 0. However, any q that satisfies d(q, v) = 0 for some
v is necessarily in Qd.

Our first lemma concerns these positional zeroes, namely
that it is a closed set bounded in B".

Lemma G.1: Properties of Simple DDF Positional
Zeroes

Let d be a simple DDF. Then Qd ✓ B" and Qd is a
closed set.

Proof. See Supp. §H-A2. ⌅

Notice this shows that Qd is a shape (i.e., compact point
set). We will use these properties later, connecting this point
set to the shape represented by the field (as we will later show).
The first step along this line is to define what it means for a
simple DDF to “exactly” represent a shape.

Definition G.11: Shape-Induced Simple DDFs

Let S be a shape such that S ✓ B". We define a set of
“induced fields” associated to S, which each act as a form
of representation for the shape. Recall that S⌧ denotes
the points in S intersected by r⌧ . Then S induces a field
d : �! R�0 iff
(i) for any ⌧ = (p, v) 2 � such that S⌧ 6= ?, d(⌧) =

minq2S⌧ ||q � p|| and
(ii) 9 "E > 0 such that for any ⌧ 2 � with S⌧ = ?, we
have that d(⌧) > "E , q(⌧) /2 B, and fd is C1 along r⌧
with @sfd(s | ⌧) = �1.

Intuitively, a point set S induces a field d if (i) the q-
mapping always takes p to the closest point in S along v,
unless (ii) no intersection exists, in which case q must predict
a point outside the valid domain. Notice, of course, that a large
class of d can therefore satisfy this for a given S, differing

only in where outside B they output.15 We next show that any
induced field is a Simple DDF.

Theorem G.1: Shape-Induced Fields Are Simple
DDFs

Consider a field d that is induced by some shape S. Then
d is a simple DDF. Further, the positional zeroes of d in
B satisfy S = Qd.

Proof. See Supp. §H-A3. ⌅

Recall that the definition of a shape-induced field need not
be unique (as two induced fields may differ on rays that do
not intersect S) and therefore allows a given S to induce a
set of d fields, which differ only in terms of their out-of-
domain behaviour. Hence, we need a measure of “equivalence”
between Simple DDFs. A given shape S can then induce an
equivalence class of Simple DDFs. To define this notion of
equivalence, we first define the set of empty rays.

Definition G.12: Empty Rays

Let d be a Simple DDF. Then we let E [d] ✓ � be the set
of empty rays, defined by E [d] = {⌧ 2 � | q(⌧) /2 B},
where q is the q-mapping of d. Notice that an empty ray
⌧ 2 E [d] must have fd(s | ⌧) > 0 as long as r⌧ (s) 2 B.
(I.e., we cannot have a zero of d on an empty ray).

For a given d, the empty rays are those that d maps outside
of the domain. To check equality, we can ignore the depth
values of empty rays, as long as which rays are empty is the
same.

Definition G.13: Equivalence of Simple DDFs

Consider two Simple DDFs, d1 and d2. Then d1 and d2
are equivalent iff (i) both fields have the same set of
empty rays, written E (i.e., E := E [d1] = E [d2]) and (ii)
they agree on non-empty rays (i.e., d1(⌧) = d2(⌧) 8 ⌧ 2
� \ E).

Later we will see a slightly different form of equivalence
between full DDFs (i.e., including a visibility field), similar to
that of Simple DDFs. First, however, we formally define what
it means for a simple DDF to be a shape representation.

Definition G.14: Shape Representations as View-
Consistent Simple DDFs

A Simple DDF d is View Consistent (VC) iff there exists
a shape S such that S induces d.
We can therefore call any such d a shape representation
for the point set S.

Recall that an NNBC field (see Def. G.6) maps rays (in
5D) to positive scalars, with very little constraints. Most

15An alternative form of shape-induction (see Supp. §H-A1) avoids defining
notions of equivalence by including the boundary @B with the shape S. This
enables a simpler form of equality, but the approach above is more analogous
to what we will do in the case of the full DDF.
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such fields will not be view-consistent, in the sense that they
will not represent a shape (point set), in a self-consistent
manner (e.g., violating the basic inequality16 from §III-B).
The definition above formalizes what it means for a field to
be view-consistent.

The next theorem is the main result of this section. It shows
that the local17 field constraints (Constraints G.1, G.2, and G.3)
are sufficient to ensure a Simple DDF represents a shape (i.e.,
in a view-consistent manner).

Theorem G.2: Every Simple DDF is a Shape Repre-
sentation

Any simple DDF d is view consistent (i.e., there exists
a shape S ✓ B" such that d is equivalent to any field
induced by S). Further, d is a shape representation for the
set formed by its positional zeroes, Qd (i.e., Qd induces
d).

Proof. See Supp. §H-A4. ⌅
The two theorems above (G.1 and G.2) show that being

a simple DDF (i.e., non-negativity, no zeroes close to the
boundary, isotropic zeroes, and unit along-ray derivatives)
is equivalent to view consistency (i.e., to being induced by
some shape). In other words, the constraints on the implicit
field of being a simple DDF is synonymous with being a
shape representation. Later, these results will be useful when
showing that full DDFs can be constrained in a similar manner,
in order to guarantee view consistency.

C. View Consistency for Visibility Fields
We next look at the second constituent field in a DDF: the

visibility field, which demarcates whether or not a shape is
present along a given ray. Similar to the previous section,
our interest is in determining sufficient constraints on a given
visibility field such that one can be assured it is “view-
consistent”, meaning compatible with some 3D shape.

As for simple DDFs, we begin by defining a relatively
unconstrained field, for which we shall find constraints relating
to view consistency.

Definition G.15: BOZ Field

Let ⇠ : � ! {0, 1} be a binary-valued field on �. We
restrict ⇠ such that its zero set is open; i.e., 8 ⌧ 2 �,
if ⇠(⌧) = 0, then 9 " > 0 such that ⇠(e⌧) = 0 8 e⌧ 2
B"(⌧) \ �, where B"(⌧) is the open ball centered at ⌧
of radius ".
We call any such binary field, with an open zero set, a
BOZ field.

Similar to NNBC fields (Def. G.6), a BOZ field does not
have an obvious connection to 3D shapes or their multiview
silhouettes – one can imagine BOZ fields that do not represent

16Recall that if q(p1, v1) is a predicted surface point, then d(p2, v2) 
||p2 � q(p1, v1)||, for any ray r(p2,v2) that intersects q(p1, v1).

17Local in the sense that each constraint can be defined about a single point,
particularly IOd (a point that is zero along one ray must be zero on all of
them) and DEd (the along-ray derivative at any point is �1).

a consistent 3D point set from all viewpoints. Our goal
is to understand when (or under what conditions) a BOZ
field acts as a continuous representation of the silhouettes
of some coherent shape (i.e., when it assigns every ray a
binary indication as to whether a shape point exists along
that ray or not). It turns out a very similar situation to that
of Simple DDFs arises. Thus, similarly, we begin by defining
field constraints, which will eventually connect BOZ fields to
coherent silhouettes of shapes.

Constraint Definition G.4: Non-Visible Boundary
Condition for Visibility Fields (BC⇠)

A BOZ field ⇠ satisfies the Non-Visible Boundary Condi-
tion, denoted BC⇠, if ⇠(p, v) = 0 8 (p, v) 2 O[B\B", B"],
where O[V, U ] = {⌧ = (p, v) 2 � | p 2 V, r⌧ (s) /2
U 8 s � 0} is the set of “outward rays” from a given
set.

Recall that B \ B" is the “outer shell” of the bounding
domain and, essentially, O[V, U ] contains oriented points (or,
equivalently, rays) that start in V and do not intersect U . In
other words, BC⇠ demands that any rays that (i) start at a point
close to the boundary and (ii) do not intersect the inner part of
the domain (i.e., B") must have a value of zero. Intuitively, if
we imagine ⇠ to be representing an object in B", this condition
prevents the object from being visible on rays that start outside
of B" and “look away” from B".

Constraint Definition G.5: Directed Eikonal Con-
straint for Visibility Fields (DE⇠)

A BOZ field ⇠ satisfies the Directed Eikonal Constraint
DE⇠ if ⇠ is always non-increasing along a ray (i.e.,
f⇠(s1|⌧)  f⇠(s2|⌧) 8⌧ 2 �, s1 > s2 ).

Intuitively, along a ray, this constraint means that the
visibility can only ever go from “seeing” to “not seeing” an
object (i.e., along a ray, one should not suddenly see a new
point in the shape become visible).

Constraint Definition G.6: Isotropic Opaqueness for
Visibility Fields (IO⇠)

A BOZ field d satisfies the Isotropic Opaqueness Con-
straint at a point q 2 B if the following implication holds:

9 v s.t.

 
lim
✏#0

sup

s2(0,✏)
⇠(q � sv, v) = 1

!
^

 
lim
✏#0

inf
s2(0,✏)

⇠(q + sv, v) = 0

!

=)
�
⇠(⌧) = 1 8 ⌧ 2 Iq

�
, (83)

where Iq is the set of rays in B (i.e., r⌧ , for oriented
points ⌧ 2 B) that intersect q. An isotropically opaque
field (IO⇠) satisfies the Isotropic Opaqueness Constraint
everywhere.
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In words, if there is any direction along which the field
flips from one to zero, then the point at which that occurs
must be “isotropically opaque” (i.e., from any direction, any
ray that hits that point must produce a visibility value of one).
Intuitively, IO⇠ says that such “one-to-zero“ discontinuities in
⇠ are special. As we shall see, they act similar to surface points
(or zeroes of d, in the case of simple DDFs). In particular, for
any point q 2 B, if even a single direction v exists such that
a one-to-zero discontinuity occurs along v at q, then any ray
that contains q must also be visible.

As for simple DDFs, with these three constraints, we
can now define an appropriately limited set of fields, called
visibility fields, which we will show is intimately tied to
shapes.

Definition G.16: Visibility Field

We define a Visibility Field to be a BOZ field such that
IO⇠, BC⇠, and DE⇠ are satisfied.

Analogously to simple DDFs with left continuity (Def. G.9),
we utilize a notational convention for visibility, which slightly
broadens when an oriented point is considered visible.

Definition G.17: Upper-Continuity Convention for
Visibility Fields

Whenever a visibility field ⇠ approaches one, we denote
the field value as one, regardless of the nature of any
discontinuities at such points. In particular, for any q 2 B,
we write:

⇠(q, v) = 1 () lim
✏#0

sup

||�||<✏
q+�2B

⇠(q + �, v) = 1. (84)

In other words, we assume “upper continuity” for ⇠, along
all directions. Notice that this is consistent with the require-
ment on BOZ fields that the zero set ⇠�1

(0) is open. Further,
its complement, ⇠�1

(1) ✓ � = B ⇥ S2, is closed (using the
fact that B is compact).

Definition G.18: Positional Discontinuities of the Vis-
ibility Field

Consider a visibility field ⇠. Then we define its positional
discontinuity set as follows:

Q⇠ := C

 (
q 2 B

����� 9 v s.t. lim
✏#0

sup

s2(0,✏)
⇠(q � sv, v) = 1

^ lim
✏#0

inf
s2(0,✏)

⇠(q + sv, v) = 0

�◆
, (85)

where C is the closure operator on sets.

Intuitively, given a visibility field ⇠, the set Q⇠ simply
contains all of the one-to-zero discontinuities in ⇠. More
specifically, for any point q 2 B, if there exists some direction
v such that the field ⇠ flips from one to zero (i.e., from “seeing
something” to “seeing nothing”) at q, then q 2 Q⇠.

Lemma G.2: Properties of Positional Discontinuities
of Visibility Fields

A visibility field ⇠ satisfies (i) Q⇠ ✓ B", (ii) Q⇠ is a
shape, and (iii) there cannot be discontinuities in ⇠ from
zero-to-one along a ray.

Proof. See Supp. §H-B1. ⌅
Given these properties, the discontinuities Q⇠ are a good

candidate for a potential shape that ⇠ is implicitly representing.
First, like for simple DDFs, we need to define what it means
for a shape to induce a field (i.e., “exactly” represent it).

Definition G.19: Shape-Induced Binary Fields

Let S ✓ B" be a shape. Recall that IS ✓ � is the set
of rays that intersect S. Then we say a BOZ field ⇠ is
induced by S if the following holds:

⇠(⌧) = 1 () ⌧ 2 IS . (86)

Further, given a fixed shape S, its associated induced field
⇠ is unique.

Notice that the induction relation is an “iff”, meaning
⇠(⌧) = 0 implies that no q 2 S can be present along the
ray r⌧ . In addition, importantly, while the S-induced field ⇠
is unique, the inducing shape for a given ⇠ is not necessarily
unique. For instance, imagine a sphere with another shape
(say, another sphere) inside it – such a shape will induce the
same visibility field as using the outermost sphere alone for the
inducement. Given this definition, our first result in this section
shows that any shape-induced field satisfies the constraints of
a visibility field.

Theorem G.3: Shape-Induced Binary Fields Are Vis-
ibility Fields

Let S ✓ B" be a shape, with an induced field ⇠. Then ⇠
is a visibility field (i.e., IO⇠, BC⇠, and DE⇠ hold). Also,
the positional discontinuities of ⇠ satisfy Q⇠ ✓ S.

Proof. See Supp. §H-B2. ⌅
So far we have shown that any shape can be used to generate

or induce a visibility field (in the sense of Def. G.16). We can
use this to define a notion of shape representation for visibility
fields.

Definition G.20: Shape Indicators as View-Consistent
Visibility Fields

A visibility field ⇠ is View Consistent (VC) iff there exists
a shape S such that S induces ⇠. We can therefore call
any such ⇠ a shape indicator for the point set S.

Note we call it a shape indicator instead of a representation
because we cannot (necessarily) reconstruct S from ⇠ (i.e., it
would be an incomplete representation). Instead, we call it an
indicator because it “indicates” whether or not the shape (or
some shape) exists along the given ray (i.e., acts as an indicator
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function for each ray). We next show that the local constraints
of a visibility field are sufficient for it to be a representation
of some shape.

Theorem G.4: Every Visibility Field is a Shape Indi-
cator

Let ⇠ be a visibility field. Then there exists a point set
S such that ⇠ is induced by S. Further, we can take the
positional discontinuities as an inducer; i.e., S := Q⇠

induces ⇠.

Proof. See Supp. §H-B3. ⌅

So far, we have shown a close duality between visibility
fields and shape indicators (i.e., between binary fields with
specific local constraints on the field, namely IO⇠, DE⇠, and
BC⇠, and binary fields constructed from a given point set).
However, it is clear that many inducing point sets can induce
the same field. Unlike the case with simple DDFs, this is not
merely a question of behaviour outside the domain (e.g., recall
the example of a sphere within a sphere inducing the same field
as the outer sphere alone). We can therefore ask for a “minimal
example” over an equivalence class of inducing point sets (i.e.,
given many shapes S that all induce the same ⇠, which is the
simplest?).

This leads us to the following corollary, which shows
that the simplest (i.e., smallest) shape (i.e., closed point set)
that induces a given visibility field is the set of positional
discontinuities.

Corollary G.1: Minimal Characterization of Visibility
Fields

Consider the set of shapes S[⇠] = {S | S ✓ B induces ⇠}
that all induce the same field ⇠. I.e., S[⇠] is an equiva-
lence class of inducing shapes. Then, Q⇠ 2 S[⇠] is the
smallest closed point set among all such inducers.

Proof. See Supp. §H-B4. ⌅

This shows that Q⇠ is special among shapes that induce ⇠,
in that it forms a subset of any other shape that also induces
⇠. Next, we provide some additional intuition concerning Q⇠,
which is derived from the visibility field itself. Instead, given
any shape S, we can describe which subset of points actually
forms Q⇠ ✓ S, without referring to any ⇠ directly.

Definition G.21: Directly Lit Points

Consider a shape S contained in B". Imagine a set of
uniform lights placed at each p 2 @B (or, equivalently,
imagine each such p casting rays in all possible direc-
tions. We denote the set of points in S that are “directly
lit” by such lights (or intersected first by such cast rays)
as D`(S). Mathematically, the directly lit points (DLPs)
can be written

D`(S) = C

✓⇢
q 2 S

���� 9 ⌧ = (p, v) 2 �@ s.t.

q = arg min
eq2S⌧

||p� eq||
�◆

, (87)

where �@ = @B ⇥ S2 and S⌧ is the set of points in S
that are intersected by the ray r⌧ .

Intuitively, any point in S that can be hit by a light ray from
the boundary, directly and without occlusion, is a DLP. One
could, equivalently, call q 2 D`(S) an observable point from
the boundary. Similar to Q⇠, we include a closure operator,
to ensure that D`(S) contains its limit points and boundary.
Without this, the directly lit set is not necessarily closed.

We next show that directly lit points are an alternative
characterization of the positional discontinuities. Intuitively, it
relates the local field property of a one-to-zero discontinuity
to the “observable” behaviour of the shape from the boundary
@B. In other words, DLPs are defined via the point set S, not
its induced field ⇠. However, we next show that D`(S) is a
special subset of S, in that it forms a minimal inducer for the
equivalence class S[⇠], and it is therefore equal to Q⇠.

Corollary G.2: Directly Lit Points Minimally Charac-
terize Visibility Fields

Given any shape S in the equivalence class S[⇠] of
inducers for the field ⇠, the set of DLPs D`(S) is a
minimal inducer of ⇠ and furthermore D`(S) = Q⇠.

Proof. See Supp. §H-B5. ⌅
In words, to get the minimal inducing point set from a shape

S, one need not construct the induced field and then find its
discontinuities. Instead, one can compute the DLPs directly
from S, by “looking inwards” from the boundary and finding
the observable (i.e., directly lit) points.

Summary. We have shown that (i) we can devise a notion
of “inducement”, under which any 3D shape gives rise to
an associated visibility field, ⇠, which acts as its binary
indicator function along rays; (ii) the local constraints that
define a visibility field ⇠ (i.e., IO⇠, DE⇠, BC⇠) are sufficient
to guarantee that some point set must exist that induces ⇠
(meaning, every visibility field is the indicator of some shape);
(iii) the positional discontinuities Q⇠ play a special role, as
the minimal closed subset of S that can induce a given field
⇠ (in some sense, Q⇠ represents the best reconstruction of the
initial shape that one can obtain from ⇠); and (iv) an alternative
but equivalent characterization of the minimal closed inducing
subset of S can be given by the set of directly lit points
(DLPs).
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1) Shape-from-Silhouette, Visual Hulls, and Visibility
Fields: The connection to DLPs (or boundary-observable
points) allows us to interpret ⇠ more intuitively as the con-
tinuous field of silhouette images. In this setting, each pixel
is associated to a ray that starts, say, from a camera outside
the domain, and assigns a binary pixel value that decides
whether or not the given shape is intersected by that ray. As
already noted, given ⇠, one can compute Q⇠, which recovers as
much information about the shape (or, rather, the equivalence
class of shapes) that could have induced it as is possible.
This is therefore closely related to prior work on shape-
from-silhouette and visual hulls, which has seen significant
theoretical investigation in prior works.

In particular, estimating 3D shape from visibility images
alone (i.e., silhouettes) has been studied in computer vision
for decades [2] (see also [92]), complemented by research into
how humans overcome the inherent ambiguity of the problem
(e.g., [137], [138]). Given that an infinite set of shapes can give
rise to an identical silhouette, additional constraints are needed
for shape inference, either in the form of purely geometric
considerations [91], priors [139], or simply more viewpoints.
In general, the basic idea is to use back-projection from the
silhouettes into 3D space, with each such constraint forming
a 3D visual cone, in which the shape must lie. The volumetric
intersection of such cones generates the visual hull of the
object, a point set that contains the shape of interest with
increasing precision as the number of views increases. Signifi-
cant theoretical work has characterized the geometry of visual
hulls, particularly in the shape-from-silhouette context (e.g.,
[90], [93], [140]–[144]). Numerous techniques have been ap-
plied to visual hull computation (e.g., [145]–[148]), as well as
applications thereof (e.g., [149]–[151]). Generalizations of the
shape-from-silhouette problem consider errors in the camera
poses, inconsistencies or noise in the silhouettes themselves, or
issues related to non-convexity of shapes (e.g., [147], [152]–
[156]). Space carving [94] generalizes shape-from-silhouette
geometric constraints to utilize a notion of photo-consistency,
producing a “photo-hull” that is more constrained than the
visual hull; this relates more closely to recent AbS approaches
to multiview 3D scene reconstruction, such as NeRFs.

In contrast, our work focuses on potentially under-
constrained 5D visibility fields, which can be rendered into
silhouettes from any continuously varying viewpoint, and the
conditions under which such fields properly correspond to
some underlying shape (i.e., when ⇠ is a shape representation,
guaranteeing view consistency). The most common shape-
from-silhouette situation involves so-called external visual
hulls, which involve only viewpoints (i.e., cameras) outside
the convex hull of the shape [93]. In the context of this thesis,
a visibility field ⇠ considers the presence of a shape along any
possible ray. This enables ⇠ to represent aspects of shape that
are missed by external visual hulls, such as concavities, and
is thus more similar to internal visual hulls (e.g., see [93],
[142]), which assigns the “viewing region” to be anywhere
outside the shape (not just its convex hull).

Nevertheless, questions still arise regarding visibility fields
and their representational capacity. One aspect of shapes
“missed” by visibility fields is internal structure: shape points

that are completely surrounded by other shape points cannot
be preserved by the field. In other words, given a shape S
with internal structure, any S-induced field will not be able
to recover such structure.18 One can see this by noting that
the directly lit points of ⇠ (equivalently, the set of one-to-
zero discontinuities) will not include such internal structure.
These points, however, fully encode the field (as they induce
it). Combining a visibility field with a distance field, as we will
do in the next section, enables a complete shape representation
(i.e., including internal structure).

D. View Consistency for Directed Distance Fields

In this section, we investigate the combination of a visibility
field and a slightly modified form of simple DDF, which define
the full DDF discussed in the other sections of this chapter.
Similar to the prior two sections, we define view consistency
through a notion of “shape representation”; i.e., whether or
not some shape (point set) exists that induces the DDF. In this
case, the visibility field will be used to control where (in �) the
distance field needs to be strongly constrained. This is different
from the simple DDF case, in that it alleviates constraints
on d. Given a simple DDF, one can imagine constructing a
visibility field based on the presence or absence of a zero of
the d-field along the ray (i.e., whether q maps a ray outside of
B). However, this section considers the opposite: rather than
deriving ⇠ from d, we specify ⇠ first, and use it to derive
where and how d must be constrained (reducing the demands
on d). As a result of this, we need additional conditions to
ensure that the visibility field and depth field are compatible
with one each other.

Definition G.22: Visible and Non-Visible Ray Sets

Let ⇠ be a visibility field. We define the sets of visible
and non-visible rays, respectively, as

RV [⇠] = {⌧ 2 � | ⇠(⌧) = 1} (88)
RN [⇠] = {⌧ 2 � | ⇠(⌧) = 0}, (89)

written via upper-continuity (Def. G.17). Further, RV [⇠]
is closed, while RN [⇠] is open.

The closed or open nature of these sets is due to the BOZ
field definition, which requires ⇠�1

(0) to be open, and so
its complement ⇠�1

(1) ✓ � = B ⇥ S2 is closed, since �
is compact.

Define Ad,⇠(q) as the visible infimum of d at q:

Ad,⇠(q) = lim
✏#0

inf
s2(0,✏)

v2S2 | ⇠(q,v)=1

d(q � sv, v).

18This is why there is an equivalence class of shapes that induce a given
visibility field (i.e., S[⇠]).
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Definition G.23: ⇠-Coherent Simple DDFs

Given a visibility field ⇠, an NNBC field d is a ⇠-coherent
simple DDF iff it satisfies

1) (IOd,⇠) Isotropic opaqueness on visible rays.

8 (q, v) 2 RV [⇠] :

(Ad,⇠(q) = 0) =) (d(q, v) = 0) . (90)

2) (BCd,⇠) Positive boundary condition on visible
rays.
�
(p, v) 2 RV [⇠] ^ p 2 B \ B"

�
=) d(p, v) > 0.

(91)
3) (DEd,⇠) Directed Eikonal constraint on visible rays.

For any ⌧ 2 RV [⇠] such that d(⌧) > 0, we have
@sfd(s | ⌧)|s=0 = �1.

In words, a ⇠-coherent depth field d satisfies the isotropic
opaqueness, boundary, and directed Eikonal constraints when-
ever ⇠ = 1 (i.e., it is a simple DDF on RV [⇠]). Outside of the
visible rays RV [⇠], d is essentially unconstrained.

Definition G.24: Locally Visible Depth Zeroes

Let ⇠ be a visibility field and d be ⇠-coherent. Then the
locally visible zeroes are given by

Qd,⇠ = C
��
eq 2 Qd

�� 9 v 2 S2 s.t. ⇠(eq, v) = 1
 �

,
(92)

where C is closure and we use upper-continuity for ⇠
(Def. G.17).

This set includes any zero of d (i.e., q 2 Qd; see
Def. G.10) that is “locally visible” along some direction
(meaning, lim✏#0 sup||�||<✏ ⇠(q+�, v) = 1). The locally visible
zeroes (Qd,⇠) will play an analogous role to the zeroes Qd for
simple DDFs and the discontinuities Q⇠ for visibility fields.

Definition G.25: Directed Distance Field (DDF)

A BOZ field ⇠ and an NNBC field d form a Directed
Distance Field (⇠, d) iff:

1) ⇠ is a visibility field.
2) d is a ⇠-coherent simple DDF.
3) Locally visible depth zeroes are isotropically

opaque with respect to ⇠:
q 2 Qd,⇠ =) ⌧ 2 RV [⇠] 8 ⌧ 2 Iq , where Iq ⇢ �
is the set of rays that intersect q.

4) Every visible ray must hit a locally visible depth
zero:
⌧ 2 RV [⇠] =) B⌧ \Qd,⇠ 6= ?, where B⌧ is the
set of points in B intersected by r⌧ .

The definition of a DDF can be intuited as combining a
visibility field with a simple DDF that is constrained only
along visible rays, along with two additional restrictions that
force the two to be consistent. The consistency constraints
hinge on special zeroes of d that are “locally visible” (i.e.,
at least one ray exists, along which q 2 Qd is visible at an
infinitesimal distance). Such zeroes are (i) always visible and

(ii) every visible ray must intersect at least one. The next
lemma clarifies the relation between the fundamental point-
sets associated with these various fields: the zeroes of d, the
visibility discontinuities, and the locally visible depth zeroes.

Lemma G.3: Fundamental Point Sets

Let (⇠, d) be a DDF. Then Q⇠ ✓ Qd,⇠ ✓ Qd.

Proof. See Supp. §H-C1. ⌅
Note that locally visible zeroes (i.e., points in Qd,⇠) require

all intersecting rays to be visible rays, but they do not require
such points to be one-to-zero visibility discontinuities (i.e.,
Q⇠). However, such discontinuities do have to be zeroes of
the depth field (i.e., in Qd).

Next, we connect the locally visible depth zeroes to a closely
related set of points, the directly visible zeroes, where the
relation is more non-local. Later, this relation will be useful
in determining the relationship between shape-induced field
tuples (soon to be defined, in Def. G.27) and DDFs.

Definition G.26: Directly Visible Depth Zeroes

Let (⇠, d) form a DDF. Then the set of directly visible
depth zeroes is given by

Dd,⇠ = C
��
eq 2 B

�� 9 (p, v) 2 RV [⇠] s.t. q(p, v) = eq
 �

,
(93)

where q(p, v) is the q-mapping of d.

In words, Dd,⇠ ✓ B records positions where at least one
ray ⌧ exists such that (i) ⇠(⌧) = 1 and (ii) eq is the first zero
(i.e., member of Qd) along r⌧ . Thus, equivalently, using the
properties of ⇠-coherence, we may write

Dd,⇠ = Closure
��
eq 2 B

�� 9 ⌧ 2 RV [⇠] s.t.

eq = p + es(⌧ | Qd)v
 �

, (94)

where es(⌧ | S) = minq2S⌧ ||p� q||, ⌧ = (p, v), and S⌧ is the
set of points in S ✓ B that are intersected by r⌧ . This latter
form helps illuminate the connection to shape induction (e.g.,
recall Def. G.11 for simple DDFs). First, however, we show
that not only are the locally and directly visible depth zeroes
equivalent, but that the outputs of d and q (the positional field
of d) are effectively controlled by them.

Lemma G.4: DDFs Map to Locally Visible Depth
Zeroes

Let (⇠, d) be a DDF. Then Qd,⇠ = Dd,⇠. Further:

8 ⌧ = (p, v) 2 RV [⇠] : d(⌧) = min
eq2[Dd,⇠]⌧

||eq � p|| and

q(⌧) 2 Qd,⇠, (95)

where [Dd,⇠]⌧ is the set of points in Dd,⇠ that intersect
r⌧ and q is the q-mapping of d.

Proof. See Supp. §H-C2. ⌅
This lemma will be used later, to link DDFs to shape rep-

resentations. Following the previous two sections, on simple
DDFs and visibility fields, we next define an approach to “field
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induction”: given a shape S, how can we construct a DDF,
consisting of a “field pair” (⇠, d), that appropriately represents
S? We then show that inducing a field in this manner, versus
having a DDF with constraints on local field behaviour (i.e.,
Def. G.25) are equivalent.

Definition G.27: Induced Field Pair

Consider a shape S ✓ B". By Def. G.19, S induces
a unique visibility field, ⇠. We also define an induced
distance field d to be any NNBC field that satisfies

d(⌧) = min
q2S⌧

||q � p|| 8 ⌧ 2 RV [⇠], (96)

where S⌧ is the set of points in S that are intersected by
r⌧ .
Then, given a shape S, we define any such pair (⇠, d), to
be an induced field pair.

Notice that this construct for d is similar to inducement of
simple DDFs; the main difference is that d(⌧) is unconstrained
when ⇠(⌧) = 0 (i.e., d no longer needs to predict distances
outside the domain). Further, the induced visibility ⇠(⌧) is
one iff ⌧ intersects S. Hence, for a visible ray ⌧ 2 RV [⇠],
d is constrained to always predict the distance to the closest
q 2 S⌧ .

Thus, similar to Theorems G.1 and G.3, when a shape S
induces a field pair F , we want to show that F follows the
field requirements of DDFs (Def. G.25).

Theorem G.5: Induced Field Pairs are Directed Dis-
tance Fields

Let S be a shape and F = (⇠, d) be an S-induced field
pair. Then F is a Directed Distance Field, which satisfies
Qd,⇠ = S.

Proof. See Supp. §H-C3. ⌅

Now that we know that any field pair generated from a shape
is a DDF, we next want to work towards showing the converse,
that any DDF is a shape representation of some shape. First,
similar to simple DDFs, the presence of the visibility field
means we need to define a notion of equivalence between
fields (where values on non-visible rays can be ignored).

Definition G.28: Equivalence of Directed Distance
Fields

Consider two DDFs, F1 = (⇠1, d1) and F2 = (⇠2, d2).
Then F1 and F2 are equivalent iff (i) ⇠1(⌧) = ⇠2(⌧) 8 ⌧ 2
� and (ii) d1(⌧) = d2(⌧) 8 ⌧ 2 RV [⇠1].

This definition of field equality enables us to establish when
a DDF is a shape representation.

Definition G.29: View Consistent Directed Distance
Fields as Shape Representations

A DDF F is view consistent (VC) iff it is equivalent
to a DDF that has been induced by a shape S. I.e., F
is VC iff there exists a shape S such that F is an S-
induced field pair. In such a case, we say that F is a
shape representation for S.

Finally, analogously to Theorems G.2 and G.4, we can
assert that the field constraints of Def. G.25 are sufficient to
guarantee that a DDF represents some shape.

Theorem G.6: Every Directed Distance Field is a
Shape Representation

Let F = (⇠, d) be a DDF. Then F must be view
consistent (i.e., there exists a shape S such that F is
an S-induced field pair). Further, Qd,⇠ is a shape that
induces F .

Proof. See Supp. §H-C4. ⌅
This last theorem finally links full DDFs to shape repre-

sentations, by combining view-consistent visibility fields with
depth fields that are constrained (in the same manner as simple
DDFs) along visible rays (i.e., in RV [⇠]) and unconstrained
along non-visible rays (i.e., in RN [⇠]). In other words, full
DDFs are simple DDFs, but with looser requirements on d
when ⇠ = 0 (controlled instead by a visibility field, ⇠). The
concept of shape representation can therefore be equivalently
derived in two ways: (i) by starting from a point set and
inducing a field pair from it, or (ii) by starting from a visibility
field and a distance field that are “compatible” with one
another, and satisfying the basic requirements on the fields
(BC, IO, and DE).

The latter case, in particular, is important, as it suggests
that one need only ensure certain local constraints, in order
to obtain a view consistent 5D field. Specifically, for the
boundary conditions (BC), one should demand that, near the
boundary of the domain, d does not predict surface points
(i.e., zeroes) and the visibility field returns zero whenever it
“looks outward” from the domain (i.e., the shape cannot be
visible outside the domain). For the directed Eikonal (DE)
constraints, one requires @sfd = �1 and f⇠ non-increasing,
along visible and all rays, respectively. Isotropic opaqueness
(IO) asks that (visible) zeroes of d are zero from all directions
and, similarly, that one-to-zero “flips” in ⇠ are visible from
all directions. Finally, two demands are placed to ensure
consistency between the visibility and depth fields, relying
on the set of locally visible zeroes (i.e., depth zeroes that
are visible at infinitesimally close points along some ray): (a)
any ray that intersects such a zero must be visible, and (b)
any visible ray must hit such a zero. Together, the previous
theorems ensure that a field satisfying these conditions must
be a shape representation (and vice-versa).

This is reminiscent of solving the Eikonal equation to obtain
a distance field, which is loosely followed by some modern
distance-based isosurface ISF training methods. Notice, for
instance, that BC and IO act like boundary conditions, while
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DE forms the constraint that needs to be solved across space.
We expect that improvements in techniques for fitting higher-
dimensional INRs with differential constraints (in this case,
equivalent to solving a 5D partial differential equation) will
make neural implementation of (P)DDFs more viable.

In summary, these theorems give requirements for generic
learned fields (i.e., implemented as neural networks (⇠✓, d✓)
with weights ✓) that ensure view-consistency if satisfied. By
careful design of the field architectures and losses, to ensure
fitting to the data and satisfaction of these conditions, we
should converge to the desired shape, given enough network
capacity and sufficient supervision.

APPENDIX H
PROOFS FOR VIEW CONSISTENCY OF DDFS

This section provides the proofs for the Lemmas, Theorems,
and Corollaries of §VII in the main paper and Supp. §G. It
also includes an alternative definition of field induction for
simple DDFs (§H-A1) and an example of why the positional
zeroes need to be defined as converging over all directions,
rather than just a single one (§H-D). Note that we denote a
shape S to be a compact point set in the domain B".

A. Proofs for Simple DDFs

1) Alternative Formulation of Field Induction:
Definition H.1: Field Induction via Boundary-
Subsumed Shapes

Let S be a shape (closed point set) such that S ✓ B".
Define S@

= S[@B. Let S@
⌧ be the set of points in S@ that

are intersected by r⌧ (i.e., for any q 2 S@
⌧ , there exists t �

0 such that r⌧ (t) = q). Then S@ induces a field d in the
boundary-subsumed sense iff d(⌧) = minq2S@

⌧
||q � p||,

for any ⌧ 2 �.

Note that S is closed by definition, while S@
⌧ must be

closed and non-empty (because we include the boundary in
the definition of S@

⌧ , there must be at least one intersection);
hence, the minimum must exist. In this case, the induced field
is unique and equality may be used instead of equivalence, for
simple DDFs. Finally, notice that saying S induces d in the
boundary-subsumed sense is equivalent to saying S@

= S\@B
induces d (in the non-boundary-subsumed sense). However, in
the boundary-subsumed case, S has a unique induced field,
for a fixed B. On one hand, this simplifies the notion of
equivalence between simple DDFs. However, in the main
thesis, we utilize the more complex notion of equivalence,
as it (i) keeps the shape separate from the domain boundary
and (ii) is more analogous to the scenario we encounter for
full DDFs.

2) Properties of Positional Zeroes:
Lemma G.1: Properties of Simple DDF Positional
Zeroes

Let d be a simple DDF. Then Qd ✓ B" and Qd is a
closed set.

Proof. By BCd, d(p, v) > 0 for all p 2 B \ B", v 2 S2, so
there cannot be any zeros of the field outside of B".

Next we show that the set is closed. Since d is a simple
DDF, it satisfies IOd, BCd, and DEd.

Suppose that Qd is not closed. Then there must exist a p s.t.
there is a sequence (pk)1k=1 that converges to p, where every
pk 2 Qd, but p /2 Qd (i.e., p is the limit of points pk, all of
which are in Qd). Since any pk 2 Qd, by IOd, we have that
d(pk, v) = 0 8 v 2 S2.

Let " > 0. Choose pk s.t. ||pk�p|| < " (such a pk must exist
as the sequence is converging to p) and set vk := Unit(pk �
p) 2 S2 to be the direction vector pointing from p back to pk.
By IOd, d(pk, vk) = 0 and so, by DEd, we must have that
d(p, vk)  ||pk � p|| < ". But since " is arbitrary, we must
have that

lim
✏#0

inf
s2(0,✏)
v2S2

d(p� sv, v) = 0, (97)

which implies p 2 Qd.
This is a contradiction; hence, Qd must be closed.

⌅

3) Shape-Induced Fields Are Simple DDFs:
Theorem G.1: Shape-Induced Fields Are Simple
DDFs

Consider a field d that is induced by some shape S. Then
d is a simple DDF. Further, the positional zeroes of d in
B satisfy S = Qd.

Proof. We need to show that d, induced by S, satisfies the
three constraints of a simple DDF.

• Let d be induced by S. Let ⌧ = (p, v) 2 � be such that
S⌧ 6= ?, and ⌧e = (pe, ve) 2 � be such that S⌧e = ?.

• Since S ✓ B" is compact, d(⌧) = minq2S⌧ ||q�p|| � 0 is
both non-negative and bounded. By definition, d(⌧e) > 0

is also non-negative and bounded. Finally, for any ⌧ (with
S⌧ 6= ?), d(⌧) = minq2S⌧ ||q � p|| is clearly C1 along
the ray, with potential discontinuities at zeroes of d; for
any ⌧e, d is defined to be C1 along the ray as well.

• (IOd) First, note that there can be no zeros of d except
on rays that intersect S, since a ray with no intersections
(e.g., ⌧e) is defined to have positive d; further, those
zeroes must be at the intersection with S, since, by
definition, at all other points, d measures the distance
to the closest of those points along the ray. So we need
only check points in S.
So, consider any q0 2 S, and choose an arbitrary v 2 S2.
Consider the oriented point ⌧(s) := (q0 � sv, v), so that
S⌧(s) is the set of points in S intersected by the ray r⌧(s),
which is a function of s. Looking at d, as we move along
v towards q0, shows us that

lim
✏#0

inf
s2(0,✏)

d(q0 � sv, v) (98)

= lim
✏#0

inf
s2(0,✏)

min
q2S⌧(s)

||q � (q0 � sv)|| (99)

 lim
✏#0

inf
s2(0,✏)

||q0 � q0 + sv|| = 0. (100)
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Since d � 0 as well, we must have that
lim✏#0 infs2(0,✏) d(q0 � sv, v) = 0. Since this holds for
arbitrary v, IOd also holds.

• (BCd) By definition, S is a subset of B". Hence, the
induced field d cannot have any zeroes in B\B". Since d
is non-negative, we must have d(p, v) > 0 for any v 2 S2,
p 2 B \ B". Thus, BCd holds.

• (DEd) Consider any intersecting oriented point, ⌧ =

(p, v) 2 �, s.t. d(p, v) = minq2S⌧ ||q�p|| = ||q0�p|| > 0

(i.e., d(⌧)v + p = q0 2 S). First, note that fd(s |
⌧) = ||q0 � (p + sv)|| = ||d(⌧)v + p � (p + sv)|| =

||[d(⌧)� s]v|| = d(⌧)� s for s 2 [0, d(⌧)]. Then, clearly,
@sfd(s | ⌧) = @s(d(⌧)�s) = �1, as required. For a non-
intersecting ray, by construction, we have d(p, v) > 0 and
@sfd(s | p, v) = �1. Hence, d satisfies DE as well.

• Finally, as noted above (see the section on IOd), we know
that the zeros of an induced field inside B can only occur
at intersections with S. Hence, any q 2 B s.t. q 2 Qd

must also satisfy q 2 S. Since S ✓ B", this also restricts
Qd to points in B" (recall, by the lemma above, that
Qd ✓ B" for any simple DDF). There may be additional
zeros of d outside the domain B, which we can ignore.
Hence, we have S = Qd.

• Altogether, we have shown that any closed point set in B"

can induce or generate a simple DDF. Further, the zeros
of the induced field (in the domain) coincide with the S
itself.

⌅

4) Every Simple DDF is a Shape Representation:
Theorem G.2: Every Simple DDF is a Shape Repre-
sentation

Any simple DDF d is view consistent (i.e., there exists
a shape S ✓ B" such that d is equivalent to any field
induced by S). Further, d is a shape representation for the
set formed by its positional zeroes, Qd (i.e., Qd induces
d).

Proof. Let d be a simple DDF on B. We show that its
positional zeroes, Qd, in B" form the inducing shape. Recall
that any inducing shape must be in B" and compact (and note
that B" itself is compact).

• Qd is a Shape
By Lemma G.1, Qd ✓ B" and Qd is closed; hence, Qd

is a compact point set (i.e., shape). Thus, we can simply
set S = Qd.
Now, we also already know that any S-induced field, say
ds, must be a simple DDF. We simply need to show that
ds (which was induced by Qd) is equivalent to d.

• Empty rays
Suppose E [ds] 6= E [d]. Then either (a) 9 ⌧a 2 E [ds]\E [d]
or (b) 9 ⌧b 2 E [d] \ E [ds].
Case (a): ⌧a /2 E [d] =) 9 q = p+d(⌧a)v 2 B". (Note
that q /2 B \ B" due to BCd.) But by DEd, d(q, v) =

0 =) q 2 Qd and thus q 2 S, contradicting ⌧a 2
E [ds]. (I.e., ⌧a cannot be in E [ds] if it is not in E [d].)

Case (b): ⌧b /2 E [ds] =) 9 q = p + d(⌧b)v 2 B".
In particular, ⌧b must intersect some q 2 S along r⌧b
(where S ✓ B"). But this implies q = q(⌧b) 2 B", which
contradicts ⌧b 2 E [d]. (I.e., ⌧b cannot be in E [d] if it is
not in E [ds].)
Thus, both cases lead to a contradiction. Hence, the empty
sets coincide: E [ds] = E [d].

• Intersecting rays
Consider an intersecting ray ⌧ = (p, v) 2 � (i.e.,
non-empty ray). For the shape-induced field, we have
ds(p, v) = minq2S⌧ ||q � p|| = ||qs � p||, where qs
is the closest intersection point along r⌧ . We therefore
know qs 2 S = Qd and there cannot be any other
q 2 Qd (i.e., zeros of d) between p and qs along ⌧ .
Thus, by DEd, along ⌧ , d must decrease at a unit rate,
until it reaches the zero at qs (or, equivalently, fd must
increase at a unit rate, going from qs to p). Hence,
d(p, v) = ||qs � p|| = ds(p, v), as required.
This shows that d and ds are equivalent. In other words,
given a Simple DDF d, we are guaranteed that d is a
view-consistent shape representation of its zero-set, Qd.

⌅

B. Proofs for Visibility Fields

1) Properties of Positional Discontinuities of Visibility
Fields:

Lemma G.2: Properties of Positional Discontinuities
of Visibility Fields

A visibility field ⇠ satisfies (i) Q⇠ ✓ B", (ii) Q⇠ is a
shape, and (iii) there cannot be discontinuities in ⇠ from
zero-to-one along a ray.

Proof. Note that the closure operator in Def. G.18 ensures the
set Q⇠ is closed by definition. Also, by DE⇠, there cannot ever
be discontinuities from zero to one along a ray. Further, since
⇠ satisfies BC⇠, note that Q⇠ \ (B \ B") = ?, because (by
IO⇠) any ray ⌧ that intersects a q 2 Q⇠ (i.e., satisfies ⌧ 2 Iq)
must have ⇠(⌧) = 1 including outward-facing rays, which
would violate BC⇠ if they were present. Hence, Q⇠ ✓ B".
This shows that Q⇠ is closed and bounded, and hence is a
shape. ⌅

2) Shape-Induced Binary Fields Are Visibility Fields:
Theorem G.3: Shape-Induced Binary Fields Are Vis-
ibility Fields

Let S ✓ B" be a shape, with an induced field ⇠. Then ⇠
is a visibility field (i.e., IO⇠, BC⇠, and DE⇠ hold). Also,
the positional discontinuities of ⇠ satisfy Q⇠ ✓ S.

Proof. We need to show that a shape-induced binary field
satisfies the constraints of a visibility field.

• (BC⇠) Since S ✓ B", any outward-pointing ray ⌧ 2 B\B"

in the ✏-boundary cannot intersect a q 2 S. Hence, such
rays satisfy ⇠(⌧) = 0 as required.
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• (DE⇠) Consider a ray ⌧E /2 IS that does not intersect
S. Then f⇠(s | ⌧E) = 0 8 s � 0, meaning ⇠ is non-
increasing along ⌧E (since no point in S can appear along
r⌧E ).
Next, consider a ray ⌧ = (p, v) 2 IS that does intersect
q 2 S. We must have f⇠(s | ⌧) = 1 until at least sq =

||p� q||. After sq , we either must have f⇠(s | ⌧) = 0 iff
there are no more points in S along r⌧ or f⇠(s | ⌧) = 1

iff additional intersection points exist. In the former case,
by the same reason as for ⌧E above, f⇠(s0 | ⌧) = 0 for all
s � sq , because of the assumption that no further points
exist.

• (Q⇠ ✓ S) Consider a point q with a one-
to-zero discontinuity (i.e., at q, there exists a v
such that lim✏#0 sups2(0,✏) ⇠(q � sv, v) = 1 ^
lim✏#0 infs2(0,✏) ⇠(q + sv, v) = 0). This means that there
exists a ray that, when approaching q, has a visibility
of one, but has a visibility of zero upon exiting it. By
the upper continuity convention, we have ⇠(q, v) = 1

but ⇠(q + sv, v) = 0 for any s > 0 (recalling also
that ⇠ cannot increase along a ray, and hence it must
stay at zero thereafter). Recall that ⇠(⌧) = 1 iff ⌧
intersects qs 2 S, but also ⇠(⌧E) = 0 iff ⌧E does not
intersect S. This implies we must have q 2 S. Thus, any
positional discontinuity of an shape-induced field must
be an element of the shape itself.

• (IO⇠) By the definition of Q⇠, IO⇠ can be written as q 2
Q⇠ =) ⇠(⌧) = 1 8 ⌧ 2 Iq , where Iq is the set of
rays that intersect q. Now, suppose that q 2 Q⇠. But,
since Q⇠ ✓ S, then q 2 S. Hence, by the definition of
inducement, any ray ⌧ containing q must satisfy ⇠(⌧) = 1.

• Together, these imply that any shape-induced field is a
visibility field.

⌅

3) Every Visibility Field is a Shape Indicator:
Theorem G.4: Every Visibility Field is a Shape Indi-
cator

Let ⇠ be a visibility field. Then there exists a point set
S such that ⇠ is induced by S. Further, we can take the
positional discontinuities as an inducer; i.e., S := Q⇠

induces ⇠.

Proof. Our strategy is to show that Q⇠ induces ⇠ directly.
• We have already shown that Q⇠ is a shape in Lemma G.2.

Next, we simply need to show that Q⇠ induces ⇠. By
definition, ⇠ is a BOZ field that satisfies IO⇠, BC⇠, and
DE⇠. For any ⌧ 2 �, we need to show that ⇠(⌧) = 1 ()
⌧ 2 IQ⇠ .

1) Suppose ⇠(⌧) = 1, where (p, v) = ⌧ . Consider
f⇠(s0 | ⌧), which is the visibility along the ray r⌧ .
By BC⇠, there must exist an s such that f(s | ⌧) = 0

(since any outward ray in B \ B" must have a
visibility of zero). This means there must exist
sq 2 [0, s] such that q = p + sqv is a positional
discontinuity (i.e., q 2 Q⇠). By DE⇠, there can

only be one such one-to-zero discontinuity. But this
means that r⌧ intersects q 2 Q⇠, so ⌧ 2 IQ⇠ .
Notice also that, if ⇠(⌧) = 0, along the ray r⌧ , we
can never have a discontinuity from zero to one, by
DE⇠. Hence, ⇠(⌧) = 0 implies r⌧ cannot intersect
any point in Q⌧ as well.

2) Suppose ⌧ = (p, v) 2 IQ⇠ . This means that there
exists q 2 Q⇠ along the ray r⌧ (i.e., there exists s
such that q = p + sv 2 Q⇠). By the definition of
Q⇠, at q, there must exist at least one v such that
that a one-to-zero discontinuity in ⇠ occurs along v
at q. Then, the implication of IO⇠ is satisfied, so we
must have that ⇠(⌧) = 1 (since ⌧ 2 Iq).

Together, these show that ⇠(⌧) = 1 () ⌧ 2 IQ⇠ ,
meaning Q⇠ induces ⇠, as required.

⌅

4) Minimal Characterization of Visibility Fields:
Corollary G.1: Minimal Characterization of Visibility
Fields

Consider the set of shapes S[⇠] = {S | S ✓ B induces ⇠}
that all induce the same field ⇠. I.e., S[⇠] is an equiva-
lence class of inducing shapes. Then, Q⇠ 2 S[⇠] is the
smallest closed point set among all such inducers.

Proof. We have already shown that Q⇠ induces ⇠ (i.e., Q⇠ 2
S[⇠]) in Theorem G.4. However, we have also shown that any
S-induced field ⇠ has Q⇠ ✓ S in Theorem G.3. This means
Q⇠ is at at most as large as the smallest member of S[⇠].
Hence, it is the smallest such inducing point set.

⌅

5) Directly Lit Points Minimally Characterize Visibility
Fields:

Corollary G.2: Directly Lit Points Minimally Charac-
terize Visibility Fields

Given any shape S in the equivalence class S[⇠] of
inducers for the field ⇠, the set of DLPs D`(S) is a
minimal inducer of ⇠ and furthermore D`(S) = Q⇠.

Proof. Given Cor. G.1, we simply need to show that Q⇠ =

D`(S).
• Let S be a shape and ⇠ its induced field. By definition,

both Q⇠ and D`(S) are closed sets.
(i) Consider q 2 Q⇠ (and since Q⇠ ✓ S, we also have
q 2 S). This means there exists a v such that ⇠(p, v) = 1

(by upper-continuity) but lim✏#0 infs2(0,✏) ⇠(q + sv, v) =
0. Since by this latter zero value, by DE⇠, there can be no
eq 2 Q⇠ between q and the boundary along v. There also
cannot be any s > 0 such that q + sv 2 S (else ⇠ would
be one). Let b 2 @B be the intersection point of r(q,v)
with the boundary. This means that the first intersection
with S, from the ray r(b,�v), is q. Hence q is directly lit;
i.e., q 2 Q⇠ =) q 2 D`(S).
(ii) Consider q 2 D`(S), with b 2 @B being a boundary
point from which q can be observed. Let v := Unit(q�b)
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point from b to q. We make the same argument as in (i),
but effectively in reverse. By the definition of a DLP,
q 2 S and there can be no other q0 2 S between q and b.
Hence, ⇠(q,�v) = 1 (notated via upper-continuity), but
lim✏#0 infs2(0,✏) ⇠(q � sv,�v) = 0. Thus, q 2 Q⇠ is a
positional discontinuity; i.e., q 2 D`(S) =) q 2 Q⇠.
Together, these show that D`(S) = Q⇠. Since Q⇠ is a
minimal inducer, so too is D`(S).

⌅

C. Proofs for Directed Distance Fields (DDFs)
1) Fundamental Point Sets:
Lemma G.3: Fundamental Point Sets

Let (⇠, d) be a DDF. Then Q⇠ ✓ Qd,⇠ ✓ Qd.

Proof. The second relation is true by definition, so we focus on
the first one. Consider a location with a visibility discontinuity,
q 2 Q⇠. By the definition of Q⇠ (and the upper continuity
convention), we may write ⇠(q, v) = 1 for some v 2 S2.
Consider the visible ray (q, v) = ⌧ 2 RV [⇠], which starts at
q and goes along v (so that ⇠(⌧) = 1). By property 4 of the
DDF (Def. G.25), there must be a eq 2 Qd,⇠ along r⌧ (i.e.,
9s � 0 s.t. r⌧ (s) = eq). But, since q 2 Q⇠, we must have that
⇠(q + sv, v) = 0 for any s > 0. That is, there is no locally
visible zero along r⌧ (s), for any s > 0. Hence, we must have
a zero at s = 0, meaning q 2 Qd,⇠; i.e., any q 2 Q⇠ also
satisfies q 2 Qd,⇠, as required. ⌅

2) DDFs Map to Locally Visible Depth Zeroes:
Lemma G.4: DDFs Map to Locally Visible Depth
Zeroes

Let (⇠, d) be a DDF. Then Qd,⇠ = Dd,⇠. Further:

8 ⌧ = (p, v) 2 RV [⇠] : d(⌧) = min
eq2[Dd,⇠]⌧

||eq � p|| and

q(⌧) 2 Qd,⇠, (95)

where [Dd,⇠]⌧ is the set of points in Dd,⇠ that intersect
r⌧ and q is the q-mapping of d.

Proof. First, we show that locally visible and directly visible
depth zeroes are equivalent; i.e., Qd,⇠ = Dd,⇠. The rest of the
lemma follows straightforwardly.

• Consider q 2 Qd,⇠. Then, d(q, v) = 0 and ⇠(q, v) = 1.
This means ⌧ = (q, v) 2 RV [⇠] and q(q, v) = q+0v = q,
which implies q 2 Dd,⇠.
Consider q 2 Dd,⇠. Then there must exist ⌧ = (p, v) 2
RV [⇠] such that q = p + d(p, v)v (note that this relation
ensures d(⌧) = ||q � p||). Along ⌧ , by DEd,⇠, we
have that fd(s | ⌧) must be linearly decreasing until
s = ||q � p||, at which point d(p + sv, v) = d(q, v) = 0.
We therefore only need to show that ⇠(q, v) = 1. We
know that ⇠(p, v) = 1. However, we have already shown
that Q⇠ ✓ Qd,⇠ in Lemma G.3. Thus, we can only have
a one-to-zero discontinuity at a zero of d. (We cannot
change from zero to one because ⇠ satisfies DE⇠). Thus,
there are only two options: (i) there is a discontinuity in ⇠

at q, but this exactly means q 2 Qd,⇠ (and ⇠(q, v) = 1 by
upper continuity), or (ii) there is no discontinuity between
p and q, in which case ⇠ = 1 throughout the ray (i.e.,
f⇠(s | (p, v)) = 1 8 s 2 [0, d(p, v)]. In either case,
⇠(q, v) = 1 as required.
Hence, Qd,⇠ = Dd,⇠.

• Consider a visible ray ⌧ = (p, v) 2 RV [⇠]. We want to
show that d computes the distance to the closest member
of Qd,⇠ (equivalently, Dd,⇠). Since (⇠, d) is a DDF and
⌧ 2 RV [⇠], there must be a closest zero, q 2 Qd,⇠,
along ⌧ (by requirement four of Def. G.25). By the same
logic as the previous part of the proof, we must have
⇠ = 1 along the ray until at least q (i.e., a one-to-
zero discontinuity cannot occur until q, at the closest).
By definition, d(q, v) = 0. Thus, along the ray (where
⇠ = 1), we must have that DEd,⇠ holds, which ensures
that d(p, v) = ||q�p|| at p. Thus, d computes the distance
to the closest member of Qd,⇠ = Dd,⇠, as required.

• Since d(p, v) = minq2[Qd,⇠]⌧ ||p � q||, where ⌧ =

(p, v) 2 RV [⇠], we have that q(⌧) = p + d(p, v)v =

p+(minq2[Qd,⇠]⌧ ||p�q||)v = p+||q⇤�p||v = q⇤ 2 Qd,⇠,
where q⇤ = argminq2[Qd,⇠]⌧ ||p � q|| and using the fact
that q⇤ lies on r⌧ .

⌅

3) Induced Field Pairs are Directed Distance Fields:
Theorem G.5: Induced Field Pairs are Directed Dis-
tance Fields

Let S be a shape and F = (⇠, d) be an S-induced field
pair. Then F is a Directed Distance Field, which satisfies
Qd,⇠ = S.

Proof. We need to show that F satisfies the properties of a
DDF.

1) ⇠ is necessarily a visibility field, because, as shown
in Theorem G.3, any shape-induced binary field is a
visibility field.

2) The induced d is defined in the same way as a simple
DDF, except that it is unconstrained on non-visible rays.
On visible rays, the same properties therefore apply
(recalling that we have previously shown that shape-
induced depth fields are simple DDFs; see Theorem
G.1). However, restricting IOd, BCd, and DEd to RV [⇠]
is exactly the definition of ⇠-coherence, as required.

3) Next, we show that Qd,⇠ = S.
(i) Let q 2 Qd,⇠ be a locally visible depth zero. We
know ⇠(q, v) = 1 and d(q, v) = 0, for some v 2 S2.
But for a visible ray (q, v) = ⌧ 2 RV [⇠], the only way
fd(s | ⌧) can approach zero is if q 2 S, since d is
induced and thus constrained along ⌧ . Hence, q 2 Qd,⇠

implies q 2 S.
(ii) Consider q 2 S. By the definition of induced field
pair, ⇠(q, v) = 1 and d(q, v) = 0, for any v 2 S2. This
immediately implies q 2 Qd,⇠.
Together, these show that Qd,⇠ = S for induced field
pairs.
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4) Next, let q 2 Qd,⇠ and consider Iq , the set of rays that
intersect q. We need to show that every ⌧ 2 Iq is visible
(i.e., ⌧ 2 RV [⇠]). But q 2 S as well, so (since ⇠ is
induced by S), we must have that ⇠(p, v) = 1 for any
(p, v) 2 Iq .

5) Finally, consider ⌧ 2 RV [⇠]. But ⇠ is induced by S, so
there must exist some q 2 S such that ⌧ 2 Iq . But since
S = Qd,⇠, q 2 Qd,⇠ as well. This implies B⌧\Qd,⇠ 6= ?,
as required.

⌅

4) Every Directed Distance Field is a Shape Representa-
tion:

Theorem G.6: Every Directed Distance Field is a
Shape Representation

Let F = (⇠, d) be a DDF. Then F must be view
consistent (i.e., there exists a shape S such that F is
an S-induced field pair). Further, Qd,⇠ is a shape that
induces F .

Proof. Our strategy is to directly show that Qd,⇠ is a shape
that induces F .

• We first note that Qd,⇠ is a shape. Since Qd,⇠ ✓ Qd

and Qd ✓ B" is bounded, so too is Qd,⇠. The closure
operator ensures that Qd,⇠ is a closed set by definition.
Hence, Qd,⇠ is a compact point set and therefore a shape.

• We first show that ⇠ is induced by Qd,⇠. We need to show
⇠(⌧) = 1 () ⌧ 2 IQd,⇠ , where IQd,⇠ ✓ � is the set of
rays starting within B that intersect Qd,⇠.
Let ⌧ 2 RV [⇠]. Since (⇠, d) is a DDF, we have that r⌧
must intersect Qd,⇠, by requirement four of Def. G.25.
In the other direction, suppose ⌧ 2 IQd,⇠ . But by
requirement three (of Def. G.25), every locally visible
depth zero is isotropically opaque with respect to ⇠.
Hence, ⇠(⌧) = 1, as required.
Hence ⇠ is induced by Qd,⇠, and uniquely so. This is the
first element of the field pair.

• Next, we need to show that d is induced by Qd,⇠ on
visible rays; i.e., d(⌧) = minq2[Qd,⇠]⌧ ||q � p|| for any
⌧ 2 RV [⇠]. However, using the directly visible depth
zeroes, we have already shown this in Lemma G.4. Since
Dd,⇠ = Qd,⇠, we have that d(⌧) = minq2[Dd,⇠]⌧ ||q �
p|| = minq2[Qd,⇠]⌧ ||q�p||. This means that any ed induced
by Qd,⇠ matches d on visible rays; hence, any induced
pair (⇠, ed) is equivalent to (⇠, d).

• Together, these show that any DDF actually forms a
shape-induced field pair, via the locally visible zeros
Qd,⇠. In other words, any DDF is a representation of
the shape Qd,⇠.

⌅

D. Convergence Example

We demonstrate the need for defining positional zeroes (Qd)
with

lim
✏#0

inf
s2(0,✏)
v2S2

d(q � sv, v) = 0, (101)

rather than the simpler form

9 v s.t. lim
✏#0

inf
s2(0,✏)

d(q � sv, v) = 0. (102)

The latter scenario requires specifying a single fixed direction
along which convergence occurs. In the former case, however,
such a direction need not necessarily exist (e.g., via a sequence
where d converges to zero, but there is no fixed direction along
which the converge occurs). This is useful to ensure that the
positional zeros Qd always form a closed set.

Consider the following 2D point set S:

pk = ⇢kR(✓k)[1, 0]
T (103)

where k 2 {1, 2, . . .}, ⇢ < 1, R(✓) is a 2D rotation matrix
with angle ✓, and ✓k = ⇡/(2k). Note that pk converges to
q = [0, 0]T (but q /2 {pk}k), while ✓k converges to 0. Let
vk = R(✓k)[1, 0]. As k increases, vk converges to u = [1, 0]T .

Consider the simple DDF d, which has been induced by
S = {pk}k.19 Is q 2 Qd? Note that pk 2 Qd 8 k, so if not,
then Qd will not be a compact set (shape). Further, note that
d necessarily satisfies IOd, in addition to BCd and DEd. The
former means that if a point is not a zero from one direction,
then it cannot be a zero from any direction.

First, consider the definition using Eq. 101. In this case,
q 2 Qd, because (similar to the proof in §H-A2 above) for
any ✏ > 0, we can always choose a pk s.t. ||pk � q|| < ✏ and
let ev := Unit(pk� q). This converges to zero, as ✏ shrinks, in
the limit. Hence the equation is satisfied. However, note that
ev changes continuously; there is not one single direction that
is used.

Next, consider the definition using Eq. 102. But notice that
⌧ = (q, u) is an empty ray, since q /2 {pk}k. Thus, d(q, u) > 0

(by IOd), meaning q /2 Qd. This situation is what we wish to
avoid, since it permits the set of positional zeroes to not be
closed.
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