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Abstract
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Graduate Department of Computer Science
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2004

A wirelessad hoc network is a collectionof nodesthat communicatewith each other in the

absenceof a supporting infrastucture. Approximate information protocols are routing

protocols that utilize approximate, inaccurate information on nodes in order to make

routing decisions.An exampleof such a protocol is the Last Encounter Routing (LER)

protocol. We proposea network model under which we prove fundamental properties of

the LER protocol and make progresstowards a rigorous analysisof its behaviour.
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Chapter 1

In tro duction

1.1 Ad hoc net works

A communication network is a collection of entities that exchangeinformation with each

other. The networksweshall study will bewireless, in the sensethat the physicalmedium

of communication will bewireless.Furthermore, wewill considermobilenetworks, mean-

ing that the relative positionsof the entities that constitute the network changethrough

time.

For the purposesof this thesis,a network can be viewed asa graph G(V; E) whereV

is the set of the aforementioned communicating entities and E is a set of unorderedpairs

of elements in V. We will call the communicating entities nodes, whereasthe elements of

E shall be referredto aslinks. If a link betweentwo nodesu and v exists, i.e. (u; v) 2 E,

then u and v will be adjacent or neighbouring nodes,or just neighbours.

A link betweentwo nodesindicatesthat direct communication betweenthem is possi-

ble. The networks we will deal with are packet-switched, in the sensethat the communi-

cation betweennodeshappensthrough the exchangeof information through messagesof

information, which are calledpackets. Two nodesthat are not adjacent cannot exchange

packetsdirectly. Indirect communication betweenthem however is possibleif nodesrelay

or forward packets on behalf of other nodes;this act is calledrouting. A node which gen-

eratesa packet of information is calleda source whereasa node that is the �nal recipient

of the packet is a destination.

An infrastructured or hierarchical network is a network in which a distinction exists

betweennodesthat generateor receivepackets,calledhosts, andnodesthat route packets,

called relay nodes or simply routers. The algorithm that speci�es how routers relay

1



2 Chapter 1. Intr oduction

packets is called a routing protocol. A network in which no nodes are designatedas

routers but all hostsrelay packets on behalf of other hosts is called an infrastructureless

or an ad hoc network.

Recent advance in wireless technology has led to an increasedinterest in ad hoc

networks. Applications for ad hoc networks wereinitially envisionedin a setting wherea

permanent infrastructure would be impossibleto deploy, such as military or emergency

search-and-rescueoperations in an inhospitable terrain, or in situations were temporary

networks, easy to set-up and dismantle, would be desirable, such as a meeting or a

conference.However, the proliferation of cheap,ubiquitous wirelessdeviceshasprovided

further incentiv e for using ad hoc techniques,sincethey allow for large, self-organizing

networks comprisingof autonomousmobile nodes.

Many interesting problemsarisewhile designingan ad hoc network. The focusof this

thesis will be routing. There are two aspects of ad hoc networks that make routing a

challengingtask. First of all, due to the absenceof a hierarchy or any central authority,

routing must be done in a distributed manner; that is, nodes should decide where to

forward an incoming packet basedonly on local information, like who their neighbours

are, their geographicalposition e.t.c. and information contained in the packet, e.g. iden-

ti�ers (addresses)of the destination and the source. Furthermore, the fact that nodes

are mobile leadsto frequent and abrupt changesin the topology of the network. An ad

hoc routing protocol should be able to function under such circumstances.

1.2 Routing proto cols for mobile ad hoc net works

Early approacheson routing in ad hoc networks wereadaptationsof routing protocolsfor

traditional, infrastructured networks in a mobilesetting. Theseprotocolsarecalledtable-

driven or proactive [37, 8, 34, 7, 24]. In such protocols, each node maintains consistent

information about the topologyof the network. Usually this meansmaintaining a routing

table with next-hop information. This table has an entry for each destination in the

network, which contains the neighbour to which a packet should be forwarded in order

to reach that destination. The creation and maintenanceof routing tables are basedon

the well known Bellman-Ford algorithm [26]. Consistencyis preserved by broadcasting

maintenance packets either at �xed time intervals or when a topology change occurs

(e.g. when a link ceasesto exist), or both. The main drawback of this approach is that

the maintenancepackets generatedconstitute a very large portion of the tra�c of the
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system, especially if nodes are mobile and the topology changesfrequently. In other

words, proactive protocols su�er from a large overhead, i.e. tra�c consistingof packets

that do not contribute to the exchangeof information betweennodes.

In order to deal with this overhead, demand-driven (or source-driven) or reactive

protocols were developed [38, 25, 36]. In reactive protocols, routing tables do not exist

per se; whenever a sourcenode needsto send a packet to a destination, it initiates a

query called a routing request in order to locate it. This query happens in the form of


o oding: every nodethat receivesa routing requestpacket for the �rst time and is not the

destination forwards it to all its neighbours. Assumingthat the network is connected,the

destination will eventually be reached. The routing requestpacket contains information

about the nodes that it has passedfrom, and the destination can use this to send a

route reply to the source. With this reply the sourcelearns a path to the destination

(namely, the one that the routing requestpacket followed). This entire processis called

the route discovery phase. Once route discovery is accomplished,the sourcenode can

sendsubsequent packets over the establishedroute. Somereactive protocols also de�ne

route maintenancemechanisms, so that, if a link breaks while packets are being sent

over a route, this route can be repaired locally. However, even if this is not possible,the

protocol can always fall back to the route discovery phaseto seekfor a new route and

resumetransmission.

The advantage of reactive protocols is obviously that, in contrast to table-driven

protocols, no overheadis incurred by routing table maintenance. This makesthem fare

better with high mobilit y environments (see[10, 5, 42]). On the other hand, the overhead

generatedduring the routing discovery phasecan be quite signi�cant. However, as the

route discoveredcan be usedfor transmitting subsequent packets and nodesvery rarely

exchangea single packet, the cost of the overheadis amortized during long sessionsof

communication.

The above protocols can be characterized with the general term of topology-based

routing, sincethe information usedto route packetsis topologyrelated,e.g. next-hops. In

contrast to topology basedrouting, position-based or location-based routing useslocation

information in order to route a packet.

Position-basedrouting was suggestedas an alternative for topology-basedrouting

becauseof the bene�ts gainedby working with positionsinsteadof paths. It relieson the

following three assumptions:�rst, all nodeslie on a plane. Second,their connectivity is

modeled by a unit graph, i.e. two nodessharea link if their Euclidean distance is less
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than a radius r , the transmissionradius, usually taken to be one. Theseare realistic

assumptionssince they apply to real-life wirelessnetworks to someextent, the second

one perhaps lessthan the �rst one. Their predominancecan be seenby the fact that

they are quite often usedin the analysisof topology-basednetworks, although they are

not necessary. The third assumptionis that each node is either aware of its own location

or it can compute it quickly and e�cien tly. The most frequently encountered argument

in bibliography for justifying this assumptionas realistic is that nodescan make useof

GPS,the Global Positioning System[27]. This is a satellite servicewidely usedby marine

vessels,expeditions e.t.c. to obtain their current geographicallongitude and latitude.

Under theseassumptions,the position of a node, i.e. its coordinateson the plane,can

be usedto route a packet towards the destination. The locality of links in unit graphs

intuitiv ely suggeststhat forwarding the packet towards the direction of the destination

should lead to a successfulrouting. This idea is very enticing, given that location infor-

mation is much moreconcise(it is merely two coordinates) than entire path information.

Thus, insteadof dealingwith topology, in which entire paths needto be maintained, one

can only record position information.

A position-basedprotocol consistsof two parts: the location service and the forward-

ing strategy. Assuming that nodesare positioned on a plane and that all are aware of

their locationsand the destination's location, a forwarding strategyspeci�es how a packet

is to reach the destination. For example,the obvious greedystrategy is to forward the

packet to the neighbour which is closestto the destination. However, it is easyto see

that this strategy does not guarantee delivery even in static networks. As a matter of

fact, de�ning a forwarding strategy that guaranteesdelivery in a mobile network is still

an open problem [20].

On the other hand, forwarding strategies assumethat the sourcenode knows the

destinations position at all time. This, in short, is a transformation from the problem

of maintaining path information (in topology-basedrouting) to maintaining position

information, and is not easyto solve. In most location basedprotocols,a location service

is de�ned in order to addressthe problem, most of the times independent from the

forwarding strategy. A location servicespeci�es how a sourcedeterminesthe location

of the destination. Due to the nature of ad hoc networks, a location service has to

be distributed; in other words, the information of the current positions of nodes in the

network cannot be stored in a centralized manner. For example, the solution in which

onenode maintains all the location information of all other nodesis not consideredvalid.
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Consequently, designinga location serviceis quite involved and has beenthe subject of

extensive research [21, 32].

1.3 Appro ximate information proto cols

The protocolsthat wewill describe in this thesisabideby a generalscheme.The intuition

behind devising such a scheme lies in using useful features from both proactive and

reactive protocols. This combination should, ideally, be done in such a way that the

overheadincurred is lessthan the respective overheadfor both of the above categories.

Proactive protocols ensurethat route discovery is achieved with no overheadwhat-

soever, since routing tables maintain exact routing information about all destinations.

However, a largeoverheadis demandedfor the maintenanceof information in each node's

routing table. On the other hand, the exact opposite holds for reactive protocols; al-

though routing tablesarenot usedand thusno overheadis necessaryfor the maintenance

of information, route discovery is quite costly.

The protocolswe will analyzecan be seenas lying in betweenproactive and reactive

approaches. In theseprotocols,although nodesmaintain routing tables, the information

stored in them will not have to be updated as often as in table-driven protocols. This

will result in inconsistency- entries in routing tables will not provide accurateinforma-

tion about the destination and will inevitably lead to routing failures. Upon a failure,

the protocols resort to 
o oding, just like demand-driven protocols. However, instead of


o oding in order to �nd the destination, asin the route discovery phaseof demand-driven

protocols, 
o oding will be directed towards locating nodeswith more accurateinforma-

tion on the destination. We shall refer to theseprotocols as approximate information

protocols, due to the inherent inaccuracyof the information maintained by nodesin the

network.

Before giving a generalde�nition of routing in approximate information protocols,

we will try to illustrate the basicconceptsinvolved with an example. Consequently, we

will seehow theseconceptscan be extendedto a more generalscheme. Finally, we will

discusspossiblefeaturesof approximate information protocols.
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1.3.1 An example

The protocol we will describe was devisedby Grossglauseret al. and is basedon last

encounter routing (LER), a conceptalso �rst presented by the sameauthors [19]. It is

alsothe protocol we will attempt to analyzein this thesis. As it hasslight modi�cations

from EASE, the original protocol presented in [19], we shall refer to it under the more

genericterm \the LER protocol".

Assumethat the nodesforming the network resideon a plane. Each node i maintains

a routing table RTi containing the coordinatesof every other node j at sometime in the

past. Furthermore, for every entry of its routing table, each node i maintains in a table

M i the elapsedtime since the destination was at that position. In other words, if the

entry RTij at the routing table of node i is the position of node j at time t ago, then its

associated entry in table M i will be M ij = t.

The information RTij in the routing table can be consideredas an approximate,

inaccurateestimation of the current position of node j , i.e. the position of node j some

time in the past is, in somesense,an estimation of j 's current position. In this context,

time t can also be perceived as a metric of accuracy, i.e. as a measureof how closeto

the actual value this estimation is.

A natural questionto ask is how the entries of theserouting tablesget updated. The

approach followed by Grossglauseret al. is a minimalistic one, in terms of the overhead

involved. Nodesupdate the j -th entry of their routing table every time they are within

transmission radius of node j . Grossglauseret al. called such an event an encounter,

hencethe namelast encounter routing (LER). Note that this method of updatesimplies

that the \metric of accuracy" M ij = M j i is none other than the elapsedtime sincethe

last encounter of i and j .

A packet can be routed from a node s to d using the information in the RT tables

as follows. Initially , the sourcenode s can send it to the position RTsd, using any of

the location-basedforwarding strategiesthat exist in literature. If the destination is not

reached with this forwarding, the protocol resorts to 
o oding, as described previously.

However, insteadof looking for the destination itself, it looks for any node that contains

a more accurateentry regarding the destination. In our de�nition of accuracy, a node n

has a more accurateentry than s if M nd < M sd. In other words, while 
o oding, a node

n that encountered d later than s did is sought for.

After locating such a node n, the protocol resumesforwarding as if the packet was
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originated at n. This processis repeatedand the protocol alternatesbetweenforwarding

and 
o oding until the destination is reached. An illustration of this behaviour can be

seenin �gure 1.1, which is explained in detail in the next section. Note that, at each


o oding, the position of the destination known is always better than the one before in

terms of accuracy, given that accuracyis de�ned as the elapsedtime sincean encounter.

Furthermore, such accuracyimprovements happen only through 
o oding.

1.3.2 A generalization

The above examplecan be generalizedto a wider classof protocols, to which we will

refer from now on as approximate information protocols. In such protocols, each node

i maintains a routing table RTi , where RTij is the j -th entry of the table at node i ,

containing information that can be used to route a packet from node i to node j . To

each entry RTij corresponds a metric of accuracyM ij (M ij 2 [0; + 1 ]), where table M i

is alsomaintained by node i . By de�nition, M ii = 0. In general,both tables (of routing

information and accuracy metrics) will be functions of time, denoted by RTij (t) and

M ij (t). We will say that the j -th entry of node i is more accuratethan the j -th entry of

node k at time t if M ij (t) < M kj (t). Equivalently, we will say that in such a casenode

i has better information than k about destination j at time t. When using the above

phrases,we shall drop \at time t" whenever t can be derived from context. In the LER

example, the information stored in routing table entry RTij (t) of node i at time t was

the coordinates of a node at sometime t0 in the past, whereasthe metric of accuracy

was the elapsedtime t � t0 sincet0. Note that the metric of accuracyat time t imposesa

partial ordering amongentries of nodesreferring to the samedestination. This ordering

is partial becausenodesmay have equalaccuracy.

Although the nature of the accuracymetric M will depend on the actual protocol, it

is important that if M id = 0 a packet can be forwarded from i to d without failure or

any form of 
o oding. For example,in LER M id = 0 indicates that i is a neighbour of d,

and hencea packet can be sent to d without failure. This is necessaryfor the protocol to

converge,aswe will discussin the end of this section. Furthermore, a nice property that

the metric of accuracycan have (though not necessaryfor convergence)is that reaching

the destination from a node should be \easier", according to somecost function, than

from a point with worseaccuracy.

The fact that nodes maintain routing tables is reminiscent of proactive protocols.
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However, as indicated by the existenceof the metric of accuracyM , information stored

in a routing table may be inaccurate. Hence, the updating mechanism employed by

the protocol can be lessexpensive than the one used in proactive protocols. In other

words, by deliberately allowing information of routing tables to becomeinaccurate, we

can designupdate mechanismsthat are inexpensive in terms of overhead. The oneused

in last encounter routing for exampleincurs no overheadwhatsoever.

s

d

n1

a1

a2

Figure 1.1: An illustration of approximate information routing. Node s sendsa packet to d. Initially , it

attempts to route the packet using the information (RTsd ) it maintains in its routing table. However,

becausethis information is inaccurate, forwarding fails at node a1. The protocol thus resorts to 
o oding,

looking for a node that has better information about d than the currently available. Such a node is n1,

and basedon the information it provides (RTn 1 d), the packet is forwarded to a2. This processis repeated

until destination d is reached. Nodesa1 and a2 are anchor points and node n1 is a carrier node.

The existing routing information, although inaccurate, may be usedin order to for-

ward a packet. The forwarding method dependsvery much on the kind of information

that is maintained in routing tables. For example,in the LER protocol described above

any location-basedforwarding algorithm will do. However, sincerouting information is

approximate, it is quite possiblethat a routing attempt basedonly on this information

might fail. In the LER example, the destination may not physically be at the coor-

dinates provided. In this case,approximate information protocols resort to 
o oding,

just like reactive protocols. However, unlike reactive protocols, instead of the destina-

tion itself, more accurate routing information about it is sought for upon 
o oding. In

a more generalforwarding scheme,assumethat node i forwards a packet to d using its

(approximate) information RTid . Becauseof the inherent inaccuracy of this informa-
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tion, forwarding fails and the packet only reaches node a. In that case,node a 
o ods

the network querying for a node n that contains more accurate information RTnd -i.e.

M nd < M id . This information can then be usedin a new attempt to forward the packet

to the destination until a new failure occursand the above processis repeateduntil the

destination is reached.

This processis illustrated in �gure 1.1. Clearly, the protocol alternatesbetweentwo

phases:a forwarding phase,in which inaccurate information is employed to forward the

packet to the destination, and a 
o oding or an information discovery phase,in which

better information about the destination is sought for. Figure 1.2 gives a more formal

description of the routing algorithm in approximate information protocols.

Route a packet p from s to d

f

i = s

forward p towards d using RTid

let a be the node reached with this forwarding

while (a 6= d)

f

query the network through 
o oding initialized at a

until a node n is reached such that

it satis�es a halting condition . Node

n should be such that M nd < M id ;

i = n

forward p towards d using RTid

let a be the node reached with this forwarding

g

g

Figure 1.2: An algorithm for approximate information routing

We give additional de�nitions that will assist our analysis in the future. Nodes

a1; a2; : : :, wherethe protocol fails to forward the packet (becauserouting information is

inaccurate) and consequently resorts to 
o oding, shall be referred to as anchor points1.

Anchor points are 
o oding points, i.e. 
o oding is initiated at them. Nodesthat satisfy

1The de�nition is from EASE [19].
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the 
o oding halting condition shall be calledcarrier nodes2. Carrier nodescontain infor-

mation that can be usedto resumepacket forwarding after a forwarding failure. In the

algorithm of �gure 1.2,wedenotewith RTid the approximate information available to the

algorithm and with M id the corresponding measureof accuracyfor this information. We

shall call these the current routing information and the current accuracy respectively.

Note that current information and current accuracychangeonly through 
o oding in the

aforementioned generalscheme. In LER, an anchor point is the position of the destina-

tion at t time ago,wheret is the current accuracy. Carrier nodesare all the nodeswith

accuracybetter than t, i.e. all the nodes that met the destination after it passedthe

anchor point.

The routing schemedescribed in �gure 1.2 is left deliberately vague. The nature of

information storedin routing tables, the way they canbe usedto forward packets toward

the destinationand how such forwarding strategiesmay fail arenot de�ned. Furthermore,

the way 
o oding is implemented is alsonot de�ned and, in particular, nor is the halting

condition. We shall addressthese issuesin the next section, where possibleattributes

of approximate information protocols will be discussedin detail. The only restriction

imposedon the halting condition is that the carrier node that will be locatedby 
o oding

must have better information about the destination than the one currently available.

More formally, if the current accuracyis M id and

C = f n : n satis�es the halting conditiong

is the set of carrier nodes,then C � f n : M nd < M id g.

This restriction implies that, if the area
o oded in each 
o oding step is bounded,the

protocol convergesto an accuracyof zero. Assumethat routing happensvery fast rela-

tiv ely to the movement of the nodesin the network, and that we can thus considernodes

static while routing takesplace. If wede�ne asa distancemetric from the destination the

metric of accuracy, every 
o oding results, accordingto the above restriction, to locating

a node closerto the destination in the accuracyspace.More intuitiv ely, the protocol is

closing in the destination with every 
o oding step, where the metric of proximit y is, in

fact, the metric of accuracy. Sincethe accuracyis lower-boundedby zero, this indicates

that the protocol convergesto zeroin the accuracyspace.Note that, by de�nition, nodes

that have accuracyequal to zero can reach the destination without 
o oding. Further-

more, the restriction that the area
o odedis boundedcanbeeasilyachieved if the halting

2In EASE [19], thesenodesare referred to as messengernodes.
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condition is such that the destination alsosatis�es it and thus there always existsa node

at which 
o oding will stop (namely, the destination).

1.3.3 Features of appro ximate information proto cols

Approximate information protocolscan be constructedfrom the aforementioned general

schemeby specifying variousaspectsof the scheme,like the nature of information stored,

the forwarding strategy, the update policy e.t.c. These aspects are described here in

detail.

Information Stored. Routing tables must contain information that can assistin for-

warding a packet to a destination. Two examplesare next-hopand location information.

Next-hop information is usedin traditional routing protocols for static networks. In

such a scenario,each node maintains the neighbour to which a packet must be forwarded

in order to reach the destination. Alternativ ely, a node can store the entire path from it

to the destination; Such redundant information can be usedto computeoptimal paths.

As in the LER example,location information, i.e. the coordinatesof the destination

on the plane, in the spirit of location basedprotocols, is an alternative. Assuming that

the metric of accuracyis elapsed time (seebelow), storing location information can be

de�ned as RTij (t) = Pj (t � M ij (t)), where Pj (t) is the position of node j at time t.

Although forwarding a packet towards the destination using only location information

is more elaborate than forwarding when using next-hops, and guaranteeing delivery is

still an open problem even when the exact position of the destination is known [20],

location information seemsto degradelessrapidly than next-hop information. Topology

may changerapidly even in a non highly mobile network, whereasthere exist intuitiv e

arguments, such as the distance e�ect (seein DREAM [1] in section 2.3.1), indicating

that location information useful even if it is considerablyout of date.

Using location information is interesting alsofor a di�eren t reason.As we have seen,

location basedprotocols consist of a forwarding strategy and a location service,which

maintains and provides information on the positions of nodes in a distributed manner.

Designinga location servicethat is decentralized is a challengingtask. However, approx-

imate information protocols that use location information circumvent this problem. In

short, each node has its own, inaccurate location service,and the location information

becomemore re�ned as the protocol proceeds.
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Among the protocols that exist in literature and that will be presented in the next

chapter, EASE [19] and DREAM [1] uselocation information, GREP [13] usesnext hop

information and FSR [24] usesfull path information. FRESH [12], oddly enough,stores

no information in a routing table, becauseit assumesthat an estimation of the position

of the destination that may assistto routing is noneother than the position of the node

itself (i.e. 8i; j RTij (t) = Pi (t), where Pi (t) is the position of node i at time t). The

only table FRESH maintains is the metric of accuracy.

Forw arding Strategy . Closely related to the nature of information stored is the for-

warding strategy employed and the corresponding failing condition. For example, if

next-hop information is available, the obvious forwarding strategy is to sendthe packet

towards the neighbour indicated by the routing table. Failure to forward then consists

of a hop having becomeobsolete,i.e. the node that is indicated by the routing table as

a next-hop is not a neighbor of the current node3.

Forwarding using location information is much more complicated,and in somesense,

it is still an open problem. There is an abundanceof strategies[33, 45], most of which

guarantee delivery only under certain assumptions. This is not a problem in our case

however, sincethe protocol doesassumethat failure of the forwarding strategy is possible

and can recover from it by entering a 
o oding phase.Note that, as location information

is inaccurate, the most one can do, given that the forwarding strategy doesnot fail for

any other reason,is to send the packet to the inaccurate location which approximates

the destination's position. This is ambiguouslyde�ned, but we can make it morespeci�c

by stating that the forwarding strategy proceedsuntil the node closest, according to

Euclidean distance, to the above position is reached. If the destination is not within a

transmissionradius from that node, we assumethat a failure hasoccurred.

An improvement that can be applied to all protocols that we describe is greedy for-

warding. In our generalschemewe get closer to the destination in the accuracyspace

only whenwe 
o od. It is possiblehowever that, aswe forward a packet, we passthrough

a node that contains \b etter" information about the destination than the currently avail-

able. Intuitiv ely, this information shouldbeusedand the current level of accuracyshould

be set as the one provided by that node. In this case,accuracy improvements do not

happen only by 
o oding stepsbut alsoduring forwarding. Though this may improve the

3which is thus an anchor point
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performanceof the protocol, it makesanalysismuch harder, so we will not take it into

considerationin our later analysis.

GREP [13] and FSR [24] useby default greedyforwarding, whereasthe greedyversion

of EASE is called GREASE [19]. FRESH [12] and DREAM [1] involve no forwarding

whatsoever, sincepackets progressonly through 
o oding.

Up date mechanism. The update mechanism de�nes when and how updates take

place. A proactiveapproach would be for each nodeto sendperiodically \hello" messages

containing the necessaryrouting information either to the entire network or a subsetof

it, e.g. by using a time-to-live (TTL) �eld on the packet header. In this case,total

overheadshould take into considerationsuch hello packets as well.

A lessexpensiveapproach would be to piggyback information on data or other packets

-like 
o oding packets-usedby the protocol. Piggybacking canbedoneeither aggressively

or moderately. In aggressive piggybacking, each packet carriesrouting information about

all the nodeswhere it has passedfrom. Each node that relays a packet \sni�s" routing

information from the header of the packet and then adds its own information on the

packet before forwarding it. This approach however does not scale well, as the size

of the packets increaseswith the length of the path it traverses. The non aggressive

approach would be to piggyback only the packet originator's information on the header,

thus keepingthe packet length constant but alsomaking updates lessfrequent.

Piggybacking is particularly interesting in approximate information protocols for yet

another reason. If updates happen using this mechanism, increasedtra�c should in-

tuitiv ely lead to more updates, and hencemake information stored in 
o oding more

accurate. On the other hand more accurateinformation should indicate that the proto-

col should resort to 
o oding lessfrequently, which thus results in decreasedtra�c load.

Although at the present stageof our research it seemshard to model such a behaviour,

intuition suggeststhat there exists a balancing mechanism in approximate information

protocolsusing piggybacking as far as network load is concerned.

A lessaggressive approach to updating is using last encounters, as happensby def-

inition in LER. In this scheme,suggestedby Grossglauseret al. [19], updates about a

destination happen only when it is within transmissiondistance,i.e. the sourceand the

destination becomeneighbours. There are at least two reasonswhy such an approach

is interesting. First of all, the behaviour of the protocol, in terms of how costly it is to

route a packet from a sourceto a destination, is independent of tra�c load: updatesare
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completely independent from how many -and what kind- of packets are disseminated.

This simpli�es analysisto a great extent. The secondreasonis that such a protocol also

exhibits a balancingbehaviour, in terms of the speedwith which nodesmove: Sincethe

information maintained is location information, if nodesmove very fast this information

should rapidly becomedegraded(lessaccurate). Fast moving nodesshould thus be hard

to locate. On the other hand, intuitiv ely, a fast moving node should encounter more

nodes than a slowly moving one, and therefore high mobilit y also leads to the genera-

tion of many carrier nodes, thus facilitating future route discoveries. This was noticed

by Grossglauseret al. who indicated that in LER \mobilit y helps" routing. This is an

important observation, becausein most routing protocolsmobilit y is addressedasan ob-

stacleto the routing mechanism. However, sincethe speedof nodesa�ects the behaviour

of the protocol in the above two contradicting ways, it is not clear which oneof the two

prevails and how the protocol reactsunder high mobilit y.

On the other hand, protocols utilizing last encounter routing su�er from a certain

lack of realism: it is highly unlikely that in a real-life ad hoc network all nodeswill meet

each other physically. Only under speci�c types of movement can one assumethat all

nodes(or at least most of them) becomeeventually adjacent to each other. This means

that LER will result to 
o oding quite often in a real-life scenario. Note that this does

not apply to protocols that usepiggybacking; it is quite possiblethat a node broadcasts

packets to all nodes in a network. In fact, sinceapproximate information protocols do

resort to 
o oding, which is a broadcastingmechanism, such a scenariois plausible.

GREP [13] usesscalablepiggybacking as an update mechanism, whereasEASE [19]

and FRESH [12] usea last encounter scheme.DREAM [1] and FSR [24] broadcastupdate

packets.

Metric of accuracy . As already noted, the protocol must de�ne somemetric of ac-

curacy for the information maintained at nodes. Assuming information is accurate at

somemoment in time, a reasonableassumptionwould be that a measureof accuracyis

the elapsed time sincethat moment. This implies that all nodesmaintain time entries

corresponding to routing data, which indicate the time when thesedata were accurate.

Thus

M ij (t) = elapsedtime sinceRTij (t) was accurate

In all packet-basedupdate schemes,time entries canbe replacedby sequence numbers
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of packet headers.Whenever a packet that contains routing information is generatedby

a node, instead of a timestamp that indicates when it was transmitted it may receive

a sequencenumber, which is then stored in the routing tables of nodes that receive it

along with corresponding the routing entries. The idea behind this is that the metric

of accuracy is unnecessary:only the partial ordering of entries, implemented by the

one-to-onecorrespondencebetweenpossibleentries and natural numbers (the sequence

numbers), is required. Note however that the metric of accuracy, apart from providing

a total ordering of estimates,also quanti�es how much more accurate one estimate is

comparedto another. Other than that, the two approaches are equivalent in terms of

how the protocol behaves.

EASE [19], FRESH [12] and DREAM [1] useelapsedtime as a metric of accuracy,

whereasGREP [13] and FSR [24] usesequencenumbers.

Flo oding. An important aspect of the protocol is how 
o oding is implemented during

route discovery. One reasonis that if update packets are not used,
o oding during route

discovery is in fact the only substantial overheadincurred by the protocol. On the other

hand, if piggybacking is usedas an update mechanism, 
o oding contributes, sometimes

a lot, in how updatestake place.

Assumingthe network is modeledby a unit graph, in which two nodesareadjacent i�

their distanceis lessthan a constant, 
o oding consistsof forwarding arriving packetsto all

neighbours. A time-to-live(TTL) �eld in packet headerscanbeusedto limit 
o oding. By

repeatedly 
o oding using an increasingTTL, one can implement 
o oding in concentric

circles; however this increasesthe cost of 
o oding, in terms of the number of packets

exchanged, from linear with respect to the number of nodes 
o oded to quadratic. An

alternative approach would be to forward a packet only to oneneighbor, perhapsunder

someprobability distribution over neighbors, thus doing a random walk query. Such a

query is obviously lesse�ectiv e but also lessexpensive than usual 
o oding.

Another aspect of 
o oding is the actual halting condition, i.e. whenshoulda nodenot

forward a 
o oding packet and instead reply. As de�ned by our generalschema,queries

look for nodeswith better information about the destination than the current one. These

nodes,which are called carrier nodesas we have already stated, are exactly thosenodes

that satisfy the halting condition. An extreme halting condition, employed by reactive

protocols, is to 
o od looking for the destination itself. One plausible halting condition

would be to 
o od until a node that contains any information which is better than the
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current one is found. By our de�nition of approximate information protocols, this is

the halting condition that de�nes the largest set of carrier nodes,sinceall other halting

conditions are a subsetof this. If a metric of accuracyexists, then we can imposemore

stringent halting conditions like 
o oding until a node which has at most 
 (0 < 
 < 1)

times better metric than the one of currently available information. Such a condition

may possibly increasethe expected 
o oding per step, since it decreasesthe number of

carrier nodes,but may also lead to fewer stepsneededin order to reach the destination.

Another approach would be to 
o od a constant area,and usethe best reply (according

to the measureof accuracy)of the onesprovided.

Both GREP [13] and FRESH [12] 
o od under the maximal 
o oding condition. EASE

[19] on the other hand 
o ods for node that contain information twice as good as the

current. This correspondsto a 
 = 1
2 accordingto the terminology usedabove. FSR [24]

doesnot use
o oding at all, whereasDREAM [1] implements what the authors refer to

as \directed" 
o oding (seesection2.3.1 in the next chapter for more details).

1.4 Purp ose and results

The purposeof this thesis is to analyze the performanceof the LER protocol under a

mathematical model. Our work thus consistsof the presentation of a model under which

the protocol shall be studied and of the analysiswhich we perform basedon this model.

The model we proposeconsistsof a network and a cost model. According to our

network model, nodesform a Poisson�eld and move accordingto independent Brownian

motions. Our cost model consistsof a function Q(T), which quanti�es the behaviour

of our protocol in terms of the accuracyT of a sourcenode. This function will be the

solution of a Volterra integral equation. This equation will be de�ned in terms of two

functions,G(T) and p(t; T), which are,with respect to the rest of our model, the expected

one-step
o oding areaand the probability density of the improvedaccuracy, respectively.

We will be interested in computing an upper bound on the performancemeasureQ(T)

for large valuesof T. Our purposeis thus to compute G(T) and p(t; T) basedon our

network model and then �nd an asymptotic upper bound for function Q(T) by solving

the corresponding Volterra equation.

Unfortunately, as we will see,the description of the above two functions in terms of

the network model is far from trivial and could not beachievedwithin the time limitation

under which this thesis was written. The main result of this thesis will thereforebe an
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asymptotic upper bound only for G(T). A derivation of p(t; T) and a bound of the cost

function under our model will be left as future research.

On the other hand, we will describe a simpler model within the present thesis,under

which both p(t; T) and G(T) can be computed, and we will prove in terms of it an

asymptotic upper boundfor function Q(T). This will giveusintuition on how to approach

both G(T) and p(t; T) in our original model, but will also be useful in demonstrating

how resultsacquiredby solving the aforementioned Volterra equationcanbe interpreted.

1.5 Overview

The rest of the thesis is organizedas follows. In chapter 2 we present the related work

that has been done in this area. In chapter 3 we brie
y review various mathematical

notions that will assist our analysis. The model of the network we will use is de�ned

in detail in chapter 4. In chapter 5 we prove a set of fundamental properties that can

be derived from our model and which we will use in our later analysis. In chapter 6

we provide a simpler model than the one proposedin chapter 4 and prove under it an

upper bound for the function that models the cost. The methods and the results of

this simpli�ed analysis are used in chapter 7 to prove an asymptotic upper bound for

G(T) and to speculateon the behaviour of p(t; T) under our original model. Finally, we

concludein chapter 8.
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Chapter 2

Related Work

As discussedin the introduction, approximate information protocolscan be viewed as a

combination of proactive, table-driven and reactive, demand-driven approaches. We will

thereforebrie
y reviewthe work donein thesetwo directions. Furthermore,wewill review

the results on position-basedrouting sinceLER is alsocloselyrelated to such protocols:

information storedin LER routing tables is in fact estimationsof node locations,and the

forwarding strategiesemployed can be any location-aidedforwarding strategiesexisting

in literature. Finally, wewill present several protocolsthat haveapproximate information

routing features.

2.1 Topology-based routing proto cols

Topology-basedprotocolshave beenwidely studied and a vast amount of examplesexist

in literature. We will present here the most prominent proactive and reactive protocols

and we will try to illuminate through them the fundamental conceptsthat have gained

attention in this particular area of research. For more information on topology-based

routing protocols we refer the reader to the survey by Royer et al. [42]. Also, a perfor-

mancecomparisoncan be found in [5].

2.1.1 Proactiv e or table-driv en proto cols

A classicproactive routing protocol is the Destination-SequencedDistance-Vector rout-

ing protocol (DSDV) devisedby Perkins et al. [37]. DSDV is oneof the most prominent

exampleswherehigh mobilit y leadsto overwhelminglevelsof overhead.Nodesmaintain

19
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completerouting tables with next-hop information, and update this information accord-

ing to the well known Bellman ford algorithm [26]. Each node periodically transmits

updates including the contents of its entire routing table (called full dump packets) or

just thoseentries that have beenaltered through time (incremental packets), the former

beinglessfrequent than the latter. Usingsequencenumbersguaranteesthat the most up-

to-date information is considered.If two paths to a destination have the samesequence

number, the one that is shorter is preferred; to implement this, nodes maintain (and

transmit in update packets) the length of their paths along with next hop information.

In the Wireless Routing protocol (WRP), by Murth y et al. [34], nodes transmit

updates about the state of links only to their neighbours. Thesetransmissionshappen

periodically but also upon link failure. Since packets are not broadcast, the update

mechanism is much more elaborate than in DSDV. Nodeshave to maintain information

on the possiblepaths to a destination from all of their neighbours. This includes the

length of all such paths and the �rst, secondand second-to-lasthop. If a link amongtwo

nodes is lost, all the adjacent nodes are noti�ed. If this link a�ects a path that these

nodeswere using - an event they can detect through second-hopinformation, they look

for an alternate path amongtheir neighbors and alsonotify the node that had the failed

link about the existenceof thesepaths. In order to accomplishthis, each node in WRP

maintains very detailed information on the update messagessent and the repliespending

for each update message. Although WRP handles the problem known as \counting-

to-in�nit y" and achieves loop freedomvery e�cien tly by doing aggressive updates and

consistencychecks, as in DSDV, high mobilit y can causesigni�cant packet overhead.

Global State Routing (GSR), by Chen et al [7], is similar to DSDV in the fact that

it updates routing table entries according to how recent they are and to WRP in that

updatesare not broadcastbut only sent to neighbours. On the other hand, in GSR each

node maintains information on the entire graph that de�nes the network, not just next

hops,hencethe name\Global State".

Cluster-headGateway Switch Routing (CGSR), proposedby C.-C. Chiang et al. [8],

imposesa loosehierarchy in the ad hoc network. Groupsof nodesarejoined into a cluster,

amd a cluster-headis electedamongthem in a distributed manner. Extra careis takenso

that cluster-headreelectionsdo not happen too frequently, sincethey consumeresources

of the system. The underlying routing schemeis the sameas in DSDV, however CGSR

exploits the existing hierarchy to minimize overhead.More speci�cally, nodesin di�eren t

clusters exchangepackets through their corresponding cluster-heads,and thus routing
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amongnodesis reducedto routing amongcluster-heads,which areby de�nition lessthan

the total number of nodesin the network. The authors alsoarguethat organizingnodes

in clusters has other bene�ts as well, since it enablesreuseof common resources(like

transmission bandwidth and encoding) into di�eren t, non adjacent clusters. However

CGSR still presents the scalability problemsof DSDV: in a large network, the overhead

becomesincreasingly large either within the samecluster (when few, large clusters are

used)or in the overlying cluster-headnetwork (when many clusterscontaining few nodes

are used).

Iwata et al. [24] proposea protocol similar to CGSRcalledHierarchical State Routing

(HSR). In this protocol, nodes are organized in clusters and elect cluster-headsas in

CGSR.However, cluster-headsarealsoorganizedin super-clusters,which alsoelecthigher

level cluster-heads,and so on. This createsa multi-level hierarchy, wherecluster-heads

of the previous level are members of clusters in the next level. However, this does not

addressthe problem of scalability noted earlier. The reasonis that high mobilit y hinders

the consistencyof the hierarchy; in other words, large overheadis neededto maintain

the proper organization of nodesin clustersand super-clusters,otherwisemany routing

failureswill happen and packets will be dropped. The authors of HSR note this trade-o�

betweenoverheadand throughput.

2.1.2 Reactiv e or demand-driv en proto cols

One of the most widely studied demand-driven routing protocols is the Ad-hoc On-

demand Distance Vector routing protocol (AODV), by Perkins et al. [38]. Its core

conceptis the coreconceptof reactive routing protocols: Nodesdo not maintain routing

table entries unlessthey actually participate in a currently active route. When a source

node needsto establish a route towards a destination, it forwards a routing request

(RREQ) packet to all its neighbours looking for that destination. Its neighbours repeat

the processuntil the destination or a node with a \fresh" route towards the destination

is reached, thus 
o oding the network with RREQ packets. While the RREQ packets

traverse the network, nodes that receive them create temporary routing table entries

with next-hop information associated with the sourcenode. In theseentries they store

the neighbor from which the packet arrived. Hence,they establisha reversepath towards

the source.When a RREQ packet reachesthe destination for the �rst time, a RREP is

sent to the sourceusing the reversepath that the RREP followed. The destination will
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reply only to oneof the possibleRREQ packets it may receive, and the RREP will usea

similar mechanismto the onedescribed above to establisha path from the sourceto the

destination (namely, the path that the original RREQ followed). A similar procedure

takesplaceif, insteadof the destination, a node with a \fresh" path to it is reached. The

above processwe just described is the route discovery phasementioned in section1.2.

All routing information recorded in nodes in the above fashion (i.e. through the

disseminationof RREQs and RREPs) expire after a certain time period if they remain

unused.Nodeentries arethustemporary. This helpseliminate \stale" paths. The \fresh"

paths we mentioned above are paths de�ned by entries that have not yet expired.

AODV handleslink failures by falling back to route discovery: when a link breaks,

the node where the failure occurred propagatesback to the sourcea link failure noti�-

cation. The sourcethen initiates a new 
o oding in order to establisha new path to the

destination.

The Dynamic Source-vector Routing protocol (DSR), devisedby Johnsonet al. [25],

is alsoa prominent reactive protocol. Its main di�erences from AODV are the following.

First of all, each node maintains much more information. Instead of one path per des-

tination, many di�eren t paths are maintained. In that sense,DSR has a routing cache

instead of a routing table. Furthermore, entire paths are stored, as opposedto AODV

whereonly next-hop information is stored. During the route discovery phase,nodesthat

forward RREQ packetsappendtheir identi�cation numbersto the RREQ packet. Hence,

every nodethat receivesa RREQ canupdate its cacheon all nodesfrom which the packet

passed,whereasin AODV only next-hop entries towards the sourceare updated. An-

other di�erence is that the destination replies to all routing request and not just the

�rst. Finally, upon link failure, noti�cation packets are propagatedbackwards towards

the source,however, insteadof reinitiating route discovery by default, the sourcecan use

one of its other cached routes. Note also that routes do not expire after sometime and

thus may becomestale sincefailures at inactive routes are not monitored.

As noted by Royer et al. [10], DSR is much more aggressive than AODV, since it

generatesand disseminatesmuch more information. Its route discovery phaseincurs a

greateroverheadthan AODV, sinceall RREQsarereplied, and the packets involvedhave

headersthat increasewith the sizeof the network. On the other hand, DSR can handle

link failures more gracefully, since it does not resort necessarilyto the route discovery

phaseagain. For a thorough comparisonof the two protocolswe refer the readerto [42]

and [5].
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Another protocol consideredasa benchmark in demand-driven protocols is the Tem-

porally Ordered Routing Algorithm (TORA), by Park et al. [36]. It is the result of

the merging of a proactive and reactive algorithm [15, 9]. TORA has a novel approach

on storing and maintaining nodes. Once routes are established,each node considersits

adjacent edgeseither asincomingor outgoing, with respect to a destination. All edgesin

the network are thus directed. The direction is such that all edgesand the nodesform a

directed acyclic graph (DAG) rooted at the destination. This imposesa partial ordering

of nodes with respect to the distance in hops from the destination, and an associated

metric amongnodes(a \height", with the destination being the lowest point). Upon a

link failure, if a node used that link to reach destination, it can reset its height with

respect to its neighbors, thus reversingthe direction of edges.This reversalcan be prop-

agateduntil a new path is established.We refer the reader to [36] for the exact details

of this technique, which the authors call link reversal.

TORA hasmany interestingpropertiesnot existing in the aforementioned on-demand

routing protocols. By default, multiple paths are maintained for each destination. Fur-

thermore,upon link failure the necessaryupdatesare localizedand only happen to nodes

that areimmediatelya�ected. TORA alsodoesnot focuson the costof establishedroutes;

�nding asmany routesaspossibleis consideredmoreimportant than establishing\good"

routes.

Contrary to TORA, both AODV and DSR prefer during the route discovery phase

routes that have the minimum number of hops. Alternate protocolshave beensuggested

that focuson di�eren t metricsof the valueof routesin ad hoc networks. For example,the

Associativit y BasedRouting (ABR) protocol, by Toh [48], and the SignalStabilit y-based

Adaptive routing protocol (SSA), by Cube et al. [11], can be seenreactive protocols

where routes generatedduring routing discovery are weighted according to a di�eren t

metric than next-hops. Both protocolsare directed towards maintaining routes that are

more probable to be long-lived.

In ABR, each node periodically transmits beacon messagesto all its neighbours.

When a node receivessuch a message,it increasesits associativit y measureon the source

of the beacon. Neighbours with high associativit y are probably moving slowly, whereas

nodeswith low associativit y areprobably moving fast and the link betweenthem is more

likely to be short-lived. Associativit y measuresareset to zerowhena link ceasesto exist.

Upon route discovery, the destination replies to the routing request that has traversed

the path with the highestoverall associativit y. Hence,amongpaths with equalnumber of
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hopsthe onethat is more\robust", in the sensethat its links aremorestable, is selected.

SSA adopts a similar approach. However, the quality of a link is indicated by the

intensity of the receptionsignal. Links are thus characterizedas\strong", if the signalof

the adjacent node is strong, and \w eak" otherwise. Routing requestsare only forwarded

over \strong" links, thus eliminating the generation of paths to the destination which

might be weak and thereforeshort-lived.

2.1.3 Hybrid proto cols

Hybrid protocols, that combine ideasof both proactive and reactive methods, have also

beenproposed. The most commonapproach is to employ proactive routing locally, e.g.

within a small distance from the source,where maintaining accurate routing tables is

tractable, and reactive routing globally. An exampleis the ZoneRouting Protocol [22] by

Haaset al. which separatesthe network into zonesand employs proactive routing within

a zone and reactive routing between nodes in di�eren t zones. Note that approximate

information protocols are also hybrid protocols, although in a di�eren t sensethan the

onedescribed above.

2.2 Position-based routing proto cols

Designingan ad hoc, distributed location servicefor position-basedrouting is a challeng-

ing task, asstated in section1.2. As wehavealreadydiscussed,the nature of approximate

information protocolsmakesa location serviceunnecessary:all nodesmaintain position

information about all possibledestinations,which may of coursebe inaccurate. Wethere-

fore do not discussthe location servicesproposedin literature in detail. Apart from the

referenceslisted below, a survey on several proposedlocation servicescan be found in

[33].

In brief, one way the issueof location servicehas beenaddressedin the past is by

storing the position of a node in many locationsand creating multiple, redundant copies,

which are not however all kept up-to-date. This idea leads to the organization of the

location servicein quorums[21, 46], a conceptwidely usedin databasesand distributed

information systems. Another approach is the useof a global hash function to identify

where location information should be stored [17, 44]. A similar approach is alsousedin

the Grid project [32].
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Figure 2.1: Greedy Forwarding. The circle around S designatesits transmission range. N1 is the closest

neighbor to destination D , whereasN2 is the most forward within radius, N3 is chosen by compass

routing and N4 is the nearestwith forward progress.

The simplestforwarding method usinglocation information is usinga greedystrategy.

In such a method, a node forwards a packet to one of its neighbours basedonly on its

current position and the position of the destination and no other information about the

topology of the network. Several greedy forwarding strategieshave beenproposed. In

the following, we will denotewith S the node that makes the routing decision,with N

the neighbour of S to which the packet is forwardedand with D the destination. In all of

the following protocols,only neighboursN of S that are closerto the destination D than

S areconsidered.Finn [14] �rst suggestedthe simplegreedyscheme,in which S forwards

the packet towards the neighbour that is closestto the destination, i.e. N is such that

the distancebetweenN and D is minimized (node N1 in �gure 2.1). Takagi et al. [47]

suggestedthe most forward within radius scheme. In this scheme, N is such that the

projection of the segment N D on the line that passesfrom S and D is minimized (node

N2 in �gure 2.1). The compassrouting method, by Kranakis et al. [31], alsoemploys the

line betweenthe sourceand the destination: the neighbour N that minimizes the angle

\ DSN is chosen(node N3 in �gure 2.1). All of the above schemesaim at minimizing the

number of hops necessaryto reach the destination. A di�eren t approach is the nearest

with forward progressscheme,by Hou et al. [23], in which the nearestneighbour that is

closerto the destination than the current node is chosen(node N4 in �gure 2.1). Such

a schemeis useful in a setting where nodes are able to adapt their transmissionrange
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in order to avoid packet collisions. Also, choosing any neighbour that is closer to the

destination arbitrarily [35] is alsousefulwhen onewants to minimize the computational

load and thus also the delay of forwarding.

However, greedyforwarding strategiesfail if no neighbour is closerto the destination

than the current node, although a path to the destination exists. Several methods have

beenproposedin order to addressthis issue.Oneexampleis the face-2algorithm, by Bose

et al. [4], which is usedby the Greedy Perimeter StatelessRouting protocol (GPSR),

by Karp et al. [28]. This algorithm guaranteespacket delivery, given that a path to the

destination exists and that the nodes remain static (or, any changesto their positions

are insigni�cant) during the time necessaryto route a packet. We refer the readerto the

original papers for further details.

Forwarding strategiesthat utilize (loose)hierarchical featuresof a protocol have been

proposed. For example, the Terminodes project [2] routing happens proactively if the

destination is within a certain hop distance,otherwisegreedyposition basedrouting is

used. A similar approach is usedin the Grid project [32].

For more information on position-basedprotocols,we refer the readerto the surveys

on the subject by Mauve et al. [33] and by Stojmenovic [45].

2.3 Appro ximate information proto cols

2.3.1 DREAM

The DistanceRouting E�ect Algorithm for Mobilit y (DREAM), proposedby Basagniet

al. [1], is a location basedprotocol that bearssomeinteresting approximate information

properties. The authorsof the original paper [1] describe it asa hybrid betweenproactive

and reactive protocols that usesposition information. As acknowledgedby the authors

of EASE [19], the basic conceptsof DREAM are very closeto the core ideasof EASE.

Technically, it is not an approximate information protocol as de�ned by the general

schemein section1.3.2,sinceits route discovery phaseconsistsonly of a single
o oding.

In other words, it does not alternate between the information discovery phaseand the

forwarding phaseas approximate information protocols do. However, it does combine

proactive and reactive featuresand can otherwisebe described with the terminology we

usedfor approximate information protocols in general.

Under this terminology, in DREAM each node i maintains a routing table RTi with
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Figure 2.2: Directed 
o oding. Node s knows the position of node d at M sd time ago and its maximum

speedv. Using this information it can compute the above conic region. It the forwards a packet only to

its neighbour n1 and not to n2, which lies outside the region.

location information about all other nodes, just as LER. The metric of accuracyM ij is

elapsedtime sinceentry RTij was accurate,henceRTij (t) = Pj (t � M ij (t)), wherePj (t)

is the position of node j at time t. Updates happen with the broadcastingof update

packets1 containing the current location of the node that generatedthem, which are

transmitted periodically. However, broadcasting is constrained, i.e. it does not cover

the entire network. A time-to-live (TTL) mechanism is employed to implement this.

\Short-liv ed" update packets, i.e. packets that are sent to nodeswithin a certain small

hop distance from the source,are transmitted frequently, whereas\long-liv ed" packets

that reach nodesat a larger distanceare sent lessoften.

As stated above, DREAM di�ers from the genericschemeof approximate information

protocols in the way routing discovery takes place. Instead of alternating forwarding

and 
o oding phases,DREAM performs a single \directed" 
o oding. Given that the

maximum speedof the destination is known, each node can use its metric of accuracy

and its estimation on the position of the destination to compute a disk in which the

destination must be. It then forwardsa RREQ only to its neighbours that arepositioned

in the conic areade�ned by it and this disk, as seenin �gure 2.2.

Although DREAM is not an approximate information protocol, it has interesting

features very much related to such protocols. An important observation made by the

authors of [1] is that nodesthat are further away from the destination needto know its

position with lessaccuracy. This is due to the fact that the further two nodesare, the

slower is the respectiveangularspeedof the relativerotation of onearoundthe other. This

is referredto by the authors as the \distance e�ect". As far asapproximate information

protocolsare concerned,the \distance e�ect" demonstratesa nice property betweenthe

distancebetweentwo nodesand the metric of accuracy:although it is plausibleto assume

1theseare called control packets in [1].
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that accuracy decreaseswith distance, so does the level of the accuracy necessaryto

establisha route. Furthermore, DREAM is the �rst protocol in which a location service

is not necessary, for the exact samereasonsit is not neededin approximate information

protocols.

2.3.2 FSR

The Fisheye State Routing protocol (FSR), by Iwata et al. [24] is a modi�cation of

the Global State Routing protocol (GSR), by Chen et al. [7], that adds approximate

information features to it. However, like DREAM, it is not formally an approximate

information protocol as de�ned in section 1.3.2, since it does not have any reactive

properties at all: it considersroutes valid even if they are inaccurate, allowing thus a

margin for packet failure. In approximate information terminology, it consistsonly of a

single forwarding phase-which is exactly the opposite of what happensin DREAM.

In FSR, as in GSR, each node maintains global topology information: the entire

graph representing the network is storedin each node. As in GSR,each link is associated

to a time at which it was accurate. In approximate information notation, each node i

maintains a routing table RTi , whereRTij is an entire path from i to j . The metric of

accuracyM ij is a list of individual accuracies(elapsedtimes)2, one for each link in the

path RTij . Note that, sinceno 
o oding takesplace, the metric of accuracyis only used

to distinguish old entries during updates.

As in GSR, updates in FSR happen through the disseminationof update packets.

However, contrary to GSR, each node sendsinformation to other nodeswith frequency

that varies with respect to their distancesin next hops from it. As seenin �gure 2.3,

a node sends(and receives) packets to (from) nodeswith one-hopdistance more often

than to (from) nodeswith two-hop distance,e.t.c. Thus the graph maintained in each

node is increasinglyinaccuratewith respect to the hop distancefrom the node.

As noted above, FSR has only a forwarding phase,which is basically the routing

mechanism of GSR: packets are forwarded according to the shortest paths computed

on the global graph maintained on each node. The intuition provided by the authors

on why this protocol should work is very much similar to the \distance e�ect" claim

madein DREAM. The accuracyof topology information necessaryfor successfulrouting

2Technically, instead of elapsed times FSR, as GSR and DSDV use incremental packet sequence
number, which are however, as discussedin section 1.3.3, equivalent to elapsedtimes
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2 hops
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Figure 2.3: Decreasingaccuracy in FSR. Nodesthat are closestto the node in the center receive update

packets more frequently .

decreaseswith the distance from the destination. The authors relate this phenomenon

to the biological processthat characterizesan eye of a �sh (hencethe name): it provides

increaseddetail on its focal point and lessaccuracyaway from it. This comparisonwas

originally conceived by Kleinrock et al. [29], who usedit however in a di�eren t context.

2.3.3 EASE

The Exponential Age SEarch protocol (EASE), by Grossglauseret al. [19], is essentially

the LER protocol wedescribedin section1.3.1. Its only di�erence from LER, asdescribed

so far, is that the 
o oding halting condition is not the maximal: If the current accuracy

is T, the protocol 
o ods the network in order to locatea destination with accuracybetter

than T=2. This halting condition guaranteesthat the accuracydecreasesexponentially

with the number of steps,hencethe nameEASE.

In approximate information protocol notation, in EASE each node i maintains a

routing table RTi containing the coordinates of every other node j at sometime in the

past. The metric of accuracyM ij is the elapsedtime sincethe destination j wasat that

position. In other words, RTij (t) = Pj (t � M ij (t)), where Pj (t) is the position of j at

time t. Updateshappen accordingto the last encounter routing scheme(LER), de�ned

by the authors in the samepaper, accordingto which node i updates its routing entry
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RTij every time it is adjacent to node j . Therefore,M ij = M j i is also the elapsedtime

sincethe last encounter of i and j .

As we have already discussed,the above update mechanism is interesting becauseit

incurs no overhead,while the claim of the authors that \mobilit y helps", as described

in section1.3.3, indicates that the performanceof the protocol is not necessarilyworse

in highly mobile s networks. As we described, the faster a node moves,the more carrier

nodes it creates,thus facilitating future route discoveries directed towards it. On the

other hand, the faster a node moves the faster information on it becomedegraded(in

the senseof being inaccurate) and thus the harder it is to locate. Both thesetwo factors

contribute to the overall behaviour of the protocol.

The authors provide a more technical argument to justify why EASE should behave

well. Their claim is that the cost of every 
o oding step is comparable,as far as the

overheadincurred is concerned,to the cost of every forwarding step. In that context, the

number of packets generatedthrough 
o oding is comparableto the number of packets

neededto forward a messagefrom oneanchor point to the next one.

The argument can be summarizedas follows. The authors assumethat nodesmove

according to identically distributed, independent random walks on a grid. They �rst

computethe probability that a carrier node will be within an areafrom the anchor point

(referred to as \the hitting probability" of one carrier node) in terms of the current

accuracy. They then compute the expectednumber of carrier nodesgiven that the des-

tination performsa random walk in terms of the current accuracy. Using the probability

computedabove, the expectednumber of carrier nodesand the assumptionthat carrier

nodespositions are independent, they are able to compute the probability that any car-

rier node will visit the an areaaround the anchor point (the \hitting probability" of any

carrier node). From this quantit y they deducethat the expectedarea
o oded around an

anchor point is proportional to logT, whereT is the current accuracy. They then show

that this make the areacomparableto the length of the path betweenthe current anchor

point and the next one.

We refer the reader to [19] for more details on the actual argument. As noted by

the authors, this argument is not rigorous. There are several points in which it fails.

First of all, while computing the hitting probability of one node and the expected total

number of carrier nodes,they assumethat the destination performsa random walk. On

the other hand, in computing the hitting probability of any carrier node, they assume

that carrier nodes move independently. However, this is true only if the destinations
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tra jectory is given (i.e., if the destination moves deterministically), as noted by the

authors, in which casethe results they calculatedfor the previoustwo quantities should

be much di�eren t. This problem is better illustrated in chapters 5 and 6 of this thesis.

Second,the dependenceof the expected 
o oding area around an anchor point from the

current accuracyis derived with an intuitiv e argument. Finally, an implicit assumption

madeby the authors, when they compute the expectedarea 
o oded in all steps,is that


o oding at each step is not in
uenced by 
o oding at previous steps, which is also not

true, as described in section4.3.1of this thesis.

However, the paper is quite signi�cant, since it presents a �rst analysis of EASE

and contains very important intuition on why EASE should work. The useof random

walks asthe underlying mobilit y processof the protocol is an approach we follow aswell,

since random walks present many interesting properties. However, we chooseto work

with Brownian motion instead of a random walk on a grid. This approach is not much

di�eren t from the one used by the authors, since they too also work on the extremal

propertiesof random walks (they make useof the central limit theorem). Another aspect

of their approach that we also adopt is that the performanceof the protocol is studied

asymptotically, that is, for large valuesof the parametersinvolved.

2.3.4 FRESH

The FResherEncounter SearcH(FRESH) routing protocol , proposedby Ferri�ere et al.

[12], is a simpli�cation of the EASE protocol. Everything is de�ned as in LER except

that nodes do not store any position information in the RT routing tables; they only

keeptrack of the metric of accuracyM ij , which is, as in EASE, the elapsedtime since

the last encounter of of i and j . Routing thus is performedas follows. When a node s

wishesto senda packet to d it initiates a 
o oding, looking for a node with an accuracy

better that the ones has(namely M sd). When such a node is located, the sameprocess

is initiated at it.

In other words, in FRESH no forwarding takesplace,and the anchor points coincide

with the selectedcarrier nodes. Under approximate information notation, FRESH can

be seenas a protocol in which the information RTij that assistsrouting towards the

destination at a node i is the position of the node itself, i.e. RTij (t) = Pi (t) for all j ,

wherePi (t) is the position of node i at time t.

The authors of [12] motivate FRESH by noting that, if nodesperform random walks,
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the expected distancebetweentwo nodesdecreasesas the elapsedtime sincetheir last

encounter decreases.In that sense,asthe protocol progressesand the metric of accuracy

gets closer to zero, so will the expected distance of the current anchor point from the

destination. This behaviour suggeststhat under this model of mobilit y the protocol

convergesto the destination.

This is an immediate implication of the fact that the distancebetweenthe destination

and a node that encountered it sometime ago for the last time is (almost) a random

walk. This is explored in detail in section 5.4 in chapter 5 of this thesis. In short, the

expecteddistancebetweentwo nodesis (almost) proportional to the squareroot of the

elapsedtime sincetheir last encounter.

FRESH is very much related to LER. For example, the processthat characterizes

the generationof carrier nodesis identical in both protocols. Combined with the above

observation, we believe that an analytical description of LER should lead to one for

FRESH as well.

2.3.5 GREP

The GeneralizedRoute Establishment Protocol (GREP), by Ferri�ereet al. [13], is an ap-

proximate information protocol that usespiggybacking as its update mechanism. Nodes

maintain next-hop routing tables, i.e. RTij is the next hop that i should usein order to

forward a packet to j . When a node receivesa packet it immediately updates its infor-

mation on the neighbor that forwarded it and the node that initially generatedit (the

source).The metric of accuracyis againtime, although it is implemented through packet

sequencenumbers. Forwarding a packet is rather straight forward: packets are passed

to the indicated next hop until a link failure occurs. In that case,a 
o oding is initiated

until the destination or a node with better information (a later sequencenumber) than

the oneat the link break is reached.

An interesting property of GREP is that, by default, it performs greedyforwarding

and that such behaviour convergesand is loop free,asthe authors prove. In other words,

a next-hop node is guaranteed to have an accuracyat least as good as the current, i.e.

the sequencenumber it will have will be at least as good. The reasonis, intuitiv ely,

that sincea node is designatedasa next-hop node for a particular destination, a packet

originated from that destination must have alsopassedfrom that node. Hence,the next-

hop node hasan accuracygreateror equal to the current one,sincea packet of the same
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accuracypassedthrough it. This is important becauseaccuracyin GREP is improved

not only during 
o oding but during forwarding as well. That is also why the accuracy

usedat 
o oding is actually the accuracyat the current anchor point -contrary to EASE,

for example.

The actual argument is a little more complicated than the one described. In order

for loop freedomto be guaranteed, extra caution must be taken so that paths created

during 
o oding also have the increasingaccuracyproperty. We refer the reader to the

proof in [13] for further details.

As noted in section 1.3.3 of the introduction, protocols such as GREP display a

balancing behaviour as far as the total number of packets is concerned. In a network

with heavy tra�c, updates will happen quite often and hencemany carrier nodes will

exist per 
o oding step. This, on the other hand, will facilitate future routing discovery

and will reducethe overhead,and thus also the overall tra�c. There seemsthus to be

an interesting relation betweenthe load in the network and the overhead: reducing one

should increasethe other and vice versa,perhapsin someway that an invariant exists.

However, such a behaviour is hard to model. In GREP, it is very hard to quantify and

analyzethe accuracyof a path, becauseof the nature of topology (path) information: a

path either exists or not, and it is hard to create�ner distinctions. However, a protocol

identical to GREP asfar asthe update mechanismis concernedin which however location

information is usedmay be amenableto analysis. Even so,asnoted in section1.4 of the

introduction, describingthe processof carrier node generationis considerablyhard, that

is why we choseto discussabout the LER protocol instead.
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Chapter 3

Technical Preliminaries

In this chapter we introduce certain mathematical conceptsthat will be useful in our

analysis. First of all, we give a brief review of the Landau notation. We will use this

notation to describe the asymptotic behaviour of functions. Furthermore, in our analysis,

the network will be modeled as a Poisson�eld, whereasthe nodeswill move according

to a Brownian motion. We de�ne and describe the basic properties of the above two

mathematical objects.

As we will seein the rest of the thesis, an interesting feature of the protocol will

be the number of carrier nodesthat exist at a given time. This number constitutes an

arrival processand, conditional on the tra jectory of the destination, this processis a

non-homogeneousPoissonprocess.Hence,in the following, we shall give a brief review

of arrival processesin generaland Poissonprocessesin particular.

Finally, in the last sectionof this chapter we present Volterra equationsand methods

to solve them. Volterra equationswill be a useful tool in modeling the behaviour of the

network.

3.1 Landau notation

The following de�nitions are from Hardy and Wright [49]. Let f : R+ ! R and g : R+ !

R+ . Then

f = O(g)

35
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meansthat

lim
t !1

jf (t)j
g(t)

� c

wherec is a positive constant. In the special casewhere

lim
t !1

f (t)
g(t)

= 0

we write

f = o(g):

For example,3t2 + 6t = O(t2) whereaslogt = o(t). Intuitiv ely, f = O(g) meansthat g

grows at least as fast as the absolutevalue of f . If f = o(g), then g grows faster than

the absolute value of f . The symbols O and o, sometimesreferred to as \big-o" and

\little-o", are also called Landau symbols, in honour of Edmund Landau (1877-1938)

who �rst introducedthem.

For reasonsof completeness,we present two more symbols.

f = 
( g)

denotesthat

lim
t !1

jf (t)j
g(t)

� c

wherec is a positive constant, and

f = �( g)

meansthat both f = O(g) and f = 
( g) hold.

3.2 Arriv al pro cesses

Arriv al processeswill be important in establishing the number of carrier nodes in our

protocol. The following de�nitions are taken from Gallager [16].

An arrival process can be seenas a stochastic processthat describes arrivals in an

initially empty system. The epochs of arrivals in the systemare usually denotedwith Si ,

i � 1, whereasthe interarrival intervals, i.e. the time intervals betweentwo consecutive

arrivals, are denotedwith X i , i � 0. Each arrival processis related to a corresponding
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Figure 3.1: An example of an arrival process f S1; S2; : : :g and the corresponding counting process

f N (t); t � 0g.

counting process. This process,denoted usually with N (t), t � 0, shows the number

of arrivals in an initially empty system that have occurred up to and including time

t. Figure 3.1 contains an exampleof an arrival processand the corresponding counting

process.

More formally, an arrival processis a set of random variablesf S1; S2; : : :g, the arrival

epochs, such that the interarrival intervals, de�ned as X 1 = S1 and X i = Si � Si � 1 for

i > 1, are positive random variables,i.e.

Pf X i > 0g = 1

for all i � 1. Note that Sn =
P n

i=1 X i . An arrival processcan be speci�ed by providing

the joint probability distributions of either f S1; S2; : : : ; Sng or f X 1; X 2; : : : ; X ng for all

n � 1.

A counting processN (t); t � 0 is a family of non-negative integer valued random

variables,one for each real number t � 0, with the properties that N (� ) � N (t) for all

� � t (i.e., N (� ) � N (t) is a non negative randomvariable) and N (0) = 0 with probability

1. An arrival processand the corresponding counting processare linked by the equality

of the following two events

f Sn � tg = f N (t) � ng: (3.1)

A renewalprocessis an arrival processin which the interarrival intervals are indepen-

dent identically distributed (positive) random variables.
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3.3 The Poisson pro cess

The number of carrier nodesin our protocol is related to a specialkind of arrival process,

the non-homogeneousPoissonprocess. We shall provide here the necessaryde�nitions

and will prove certain properties of Poissonprocessesthat will be useful to our analysis.

3.3.1 De�nitions

There are several equivalent de�nitions of a Poissonprocess.The onesmost related to

our analysisare the following two, which are taken from Gallager [16]:

De�nition 3.1. A Poisson processof rate � is a counting process f N (t); t � 0g that

satis�es

Pf N (t) = ng =
(�t )n

n!
e� �t (3.2)

and has the following two properties:

1. For all t; t0 suchthat t0 � t � 0, the randomvariable eN (t; t0) = N (t0) � N (t) follows

the samedistribution as as N (t0 � t).

2. For any given k and for all t1; t2; : : : ; tk with 0 < t1 < t2 < : : : < tk the random

variablesN (t1); eN (t1; t2); eN (t2; t3); : : : ; eN (tk� 1; tk) are independent.

The properties mentioned in the above de�nition are known as the stationary in-

crement property and the independent increment property respectively. The probability

distribution in (3.2) is noneother than the Poissondistribution. The following de�nition

is equivalent to the oneabove:

De�nition 3.2. A Poissonprocessof rate � is a counting processf N (t); t � 0g for which

the following hold:

1. f N (t); t � 0g satis�es the stationary and independent increment properties.

2. The random variable eN (t; t0) = N (t0) � N (t) (0 � t � t0) satis�es

Pf eN (t; t + � ) = 0g = 1 � �� + o(� )

Pf ( eN (t; t + � ) = 1g = �� + o(� ) (3.3)

Pf ( eN (t; t + � ) � 2g = o(� )

where o(� ) is any function f suchthat lim � ! 0 f (� )=� = 0.
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3.3.2 Non-homogeneous Poisson pro cess

A non-homogeneousPoissonprocesscan be thought as a generalization of a Poisson

processin which the arrival rate � is a function of time. The following de�nition, aswell

as Lemma 3.1, are from Gallager [16]:

De�nition 3.3. A non-homogeneous Poissonprocesswith arrival rate � (t), where � is

right-continuous, is a counting processf N (t); t � 0g for which the following hold:

1. f N (t); t � 0g has the independent increment property.

2. The random variable ~N (t; t0) = N (t0) � N (t) for all t � 0, � � 0 satis�es:

Pf ~N (t; t + � ) = 0g = 1 � � � (t) + o(� )

Pf ~N (t; t + � ) = 1g = � � (t) + o(� ) (3.4)

Pf ~N (t; t + � ) � 2g = o(� )

(3.5)

An interesting lemmathat relatesa non-homogeneousPoissonprocessto the Poisson

distribution is the following:

Lemma 3.1. For a non-homogeneousPoissonprocessf N (t); t � 0g with right-continuous

arrival rate � (t) bounded away from zero, the distribution of ~N (t; t0) = N (t0) � N (t)

(t0 � t) satis�es

Pf ~N (t; t0) = ng =
[~� (t; t0)]n exp[� ~� (t; t0)]

n!

where ~� (t; t0) = E
h

~N (t; t0)
i

=
Rt0

t � (u)du.

In this thesis,we will be also interestedin a processthat di�ers from a non homoge-

neousPoissonprocessin the fact that bulk arrivals may happen at time 0.

De�nition 3.4. A stochasticprocessf N (t); t � 0g is a non-homogeneousPoissonprocess

with bulk arrivals at time zero if N (t) � N (0) is a non-homogeneous Poisson process

independentof N (0) and N (0) is a Poissonrandom variable.

This is not a counting processaccordingto the de�nition given in section3.2, since

the probability that morethan onearrivals happen at time zerois positive. Equivalently,

this processcan be seenas a non-homogeneousPoissonprocesswith rate

� 0(t) = E [N (0)] � (t) + � (t);



40 Chapter 3. Technical Preliminaries

where� (t) is the Dirac function and � is the rate of N (t) � N (0), or asa non-homogeneous

Poissonprocesswith expectation � (t) = E [N (t)] such that � (0) is positive.

3.3.3 The distribution of arriv als of Poisson pro cessconditioned

on their num ber at time T

The following lemma, from [30, p. 76], will be useful in our analysis.

Lemma 3.2. Let f N (t); t � 0g be a non-homogeneous Poissonprocesswith E [N (t)] =

� (t). Given that N (T) = n, for T � 0 and n > 0, we havethat

N (t) =
X

k:sk � t

1; 0 � t � T

where s1, . . . ,sn are independent random variablesdistributed as

Pf sk � tg =
� (t)
� (T)

; 0 � t � T:

An immediate consequenceof the above lemma is the following corollary.

Corollary 3.1. Let f N (t); t � 0g be a non-homogeneousPoissonprocesswith E [N (t) = � (t)].

Given that N (T) = n, let X be a random variable de�ned as

Pf X = Si j N (t) = ng =
1
n

where Si is the epoch of the i -th arrival, 1 � i � n. Then

Pf X � t j N (T) = ng =
� (t)
� (T)

; 0 � t � T:

Note that, for a homogeneousPoissonprocess,X is uniformly distributed over [0; T]

givenN (T) = n. Also, it is easyto prove that the above lemmaand corollary hold even if

we extend the de�nition of Poissonprocessesto the casewherebulk arrivals can happen

at time 0, i.e. when � (0) 6= 0.

3.4 Poisson �eld and Bro wnian motion

The positions of nodesin our network will be modeledas a Poisson�eld and each node

in the network will move independently of other nodes according to a stochastic pro-

cesscalled Brownian motion. Poisson�elds moving accordingto independent Brownian
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motions have interesting properties. Most importantly, as stated in section 3.4.3, the

nodesof such a network maintain the property of forming a Poisson�eld through time.

Furthermore, later in the thesis we will seehow under such a model the distribution of

the number of carrier nodesin the network can be described.

3.4.1 Poisson Field

A set � = f P1; P2; : : :g wherePi are random variables in R2 is called a point processin

R2. The following de�nition is from R�ev�esz[41].

De�nition 3.5. A point process� in R2 is called a Poisson�eld of density � (� > 0) if

Pf � (A ) = kg =
(� jAj )k

k!
exp(� � jAj ) (k = 0; 1; 2; : : :)

and � (A 1); � (A 2); : : : ; � (A n ) are independentrandomvariableswhere � (A ) is the num-

ber of points of the process� in A , A � R2 is Lebesquemeasurable, jAj is the Lebesque

measure of A and A 1; A 1; : : : ; A n are disjoint Lebesquemeasurablesubsetsof R2.

Notice that

E [� (A )] = Var [� (A )] = � jAj :

This property indicates that � is homogeneous.Although we do not provide a rigorous

de�nition of homogeneity, what the above sentenceintuitiv ely meansis that in a Poisson

�eld, every (measurable)subsetof the planehasthe sameexpecteddensity, i.e. the same

expectednumber of points per unit area.

3.4.2 Bro wnian motion

In our model, nodeswill move accordingto a stochastic processcalled Brownian motion

or Wiener process. The following de�nition is from Borodin and Salminen[3].

De�nition 3.6. A stochastic processB(t) (t � 0) is called a standard one-dimensional

Brownian motion or a Wiener processinitiated at x on a probability space (
 ; F ; P) if

1. B(0) = x a.s.,

2. t 7! B(t) is continuous a.s.,
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3. for all 0 = t0 < t1 < : : : < tn the increments

B(tn ) � B (tn� 1); B (tn� 1) � B (tn� 2); : : : ; B (t1) � B (t0)

are independentand normally distributed with

E [B(t i ) � B (t i � 1)] = 0; Var [B(t i ) � B (t i � 1)] = t i � t i � 1 (i = 1; : : : ; n)

Brownian motion has the following properties, as stated by Borodin and Salminen

[3]. Assumingthat B is a Brownian motion starting at the origin:

1. Spatial homogeneity: For every x 2 R the processx + B is a Brownian motion

initiated at x.

2. Symmetry: � B is a Brownian motion.

3. Scaling: For every c > 0 the processf
p

cB(t=c) : t � 0g is a Brownian motion.

4. Time reversibility: For a given t > 0 the processf B(s) : 0 � s � tg is identically

distributed as f B(t � s) � B (t) : 0 � s � tg.

The spatial homogeneity and symmetry properties indicate that a Brownian motion

remainsa Brownian motion even if the origin is translated or the axis is inversed. The

scalingproperty suggeststhat if we \speedup" a point that performsa Brownian motion

by a factor c, the resulting processwill be a Brownian motion if we also rescalethe

unit length of the axis on which the point movesby
p

c. Finally, the time reversibility

property meansthat given the position at time t of a point that has been performing

a Brownian motion in the interval [0; t], its position in the past -with the time moving

\backwards"- is a Brownian motion.

De�nition 3.7. A standard two-dimensionalBrownianmotion B(t) is a vector f B 1(t); B2(t)g

where B i (t) (i = 1; 2) are one-dimensionalBrownian motions.

Note that the vector B(t0) � B (t) wheret0 � t follows a two-dimensionalomnidirectional

normal distribution with joint density

f X 1 ;X 2 (x1; x2) =
1

2� (t0 � t)
exp

�
�

(x1 � B1(t))2 + (x2 � B2(t))2

2(t0 � t)

�
: (3.6)

In our model, we assumethat nodesmove independently from each other according

to two-dimensionalnon-standardBrownian motions with varianceproportional to v. In



3.4. Poisson field and Br ownian motion 43

other words, nodes'positionsare independent two-dimensionalWiener processes,similar

to the onede�ned above, having however variancesin the interval (t; t0)

Var [B i (t0) � B i (t)] = v(t0 � t) i 2 f 1; 2g: (3.7)

Parameter v is related to how far a node can travel in a given time interval, and can

be used to quantify the intensity of the mobilit y processin the network1. From now

on, when we refer to a Brownian motion as \with variancev" we will meanthat it is in

generalnon-standardand its variance is proportional to v. Non-standard and standard

two-dimensionalBrownian motions are related accordingto the following lemma:

Lemma 3.3. Let B(t) be a two-dimensionalBrownian motion with variance v. Then

B � (t) = B(t=v) is a standard two-dimensionalBrownian motion.

The aboveLemmacanbeeasilyprovedfrom de�nitions of standardand non-standard

Brownian motions.

For further details about Brownian motion we refer the reader to [3], whereasmore

information about Brownian motion in the context of random walks can be found in

[40].

3.4.3 Bro wnian motion in a Poisson �eld

The following theoremfrom R�ev�esz[41] showshow a Poisson�eld interactswith Brownian

motion.

Theorem 1. Let � = f P1; P2; : : :g be a Poisson�eld of density� in R2. Let B1(t),B2(t),: : :

(t � 0) be a sequence of independentR2 valued Brownian motions being also independent

from � and de�ne

Pi (t) = Pi + B i (t) (i = 1; 2; : : :)

and

� (t) = f P1(t); P2(t); : : :g:

Then for any �xed t � 0 the point process� (t) is a Poisson�eld of density � .

This theoremis important becauseit indicatesthat � (t) remainsa Poisson�eld (and

thus also maintains its homogeneity) through time. In other words, a stochastic point

process� (t) de�ned asabove canbe treated asa Poisson�eld of density � for any t � 0.

1Note that the standard Brownian motion can be consideredas a non-standard Brownian motion
with variance proportional to one.
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3.5 Volterra equations

The overheadincurred by our protocol will bemodeledasthe solution of a linear Volterra

equation of the secondkind. The following introductory remarks for Volterra equations

are taken from Brunner and van der Howen[6], exceptcorollary 3.2,which weprovesince

it will be useful in our analysis. The bibliography on the subject of integral equations

and Volterra equationsin particular is quite extensive. The above text is a treatise on

numerical solutions for Volterra equations. For a more theoretical discussionof Volterra

equationswe refer the readerto Gripenberg et al. [18].

Integral equationsarefunctional equationswherethe unknown function appearsunder

an integral sign. A linear Volterra equation of the secondkind is an integral equation of

the form

y(t) = g(t) +
Z t

0
K (t; s)y(s)ds; t 2 I (3.8)

whereI = [0; + 1 ), g : I ! R and K : S ! R where

S = f (t; s) : t 2 I ^ 0 � s � tg: (3.9)

Function y : I ! R is the unknown function. Function K is called the kernel of the

equation. Vito Volterra (1860-1940)�rst showed that the following theoremholds.

Theorem 2 (V olterra). Let functions g and K of the integral equation (3.8) be contin-

uous on I � R and S respectively. Then this equation has a unique solution y : I ! R

given by

y(t) = g(t) +
Z t

0
R(t; s)g(s)ds; t 2 I (3.10)

where R : S ! R is called the resolventkernel of kernel K . The resolventkernel satis�es

the following two identities (called the Fredholm identities)

R(t; s) = K (t; s) +
Z t

s
K (t; � )R(� ; s)d� (3.11)

and

R(t; s) = K (t; s) +
Z t

s
R(t; � )K (� ; s)d� (3.12)

for all (t; s) 2 S.
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This theoremcanbe extendedto Volterra equationson a domain of the form [� ; + 1 )

Corollary 3.2. The Volterra equation of the form

y(t) = g(t) +
Z t

�
K (t; s)y(s)ds; t 2 I � (3.13)

where I � = [� ; + 1 ) and g is continuous in I � and K is continuous in

S� = f (t; s) : t 2 I � ^ � � s � tg (3.14)

hasa unique solution given by

y(t) = g(t) +
Z t

�
R(t; s)g(s)ds; t 2 I � (3.15)

where R : S� ! R is the resolventkernelof K and satis�es the Fredholmidentities (3.11)

and (3.12) in S� .

Proof. Let ŷ(t) = y(t + � ), t 2 I , whereI = [0; + 1 ). Then

ŷ(t) = y(t + � )

= g(t + � ) +
Z t+ �

�
K (t + � ; s)y(s)ds by (3.13)

= g(t + � ) +
Z t

0
K (t + � ; s0+ � )y(s0+ � )ds0 wheres0 = s � �

= ĝ(t) +
Z t

0
K̂ (t; s0)ŷ(s0)ds0

where

ĝ(t) = g(t + � ); t 2 I (3.16)

and

K̂ (t; s) = K (t + � ; s + � ) (3.17)

where (t; s) 2 S. Thus Theorem 2 applies to ŷ(t). The resolvent kernel R̂(t; s) of K̂ is

such that, for (t; s) 2 S

R̂(t; s) = K̂ (t; s) +
Z t

s
K̂ (t; � )R̂(� ; s)d�

= K (t + � ; s + � ) +
Z t

s
K (t + � ; � + � )R̂(� ; s)d� by (3.17)

= K (t + � ; s + � ) +
Z t+ �

s+ �
K (t + � ; � 0)R̂(� 0 � � ; s)d� 0 where� 0 = � + �
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By setting (t0; s0) = (t + � ; s + � ), where(t0; s0) 2 S� we get

R̂(t0 � � ; s0 � � ) = K (t0; s0) +
Z t0

s0
K (t0; � 0)R̂(� 0 � � ; s0 � � )d� 0:

We de�ne R(t0; s0) = R̂(t0 � � ; s0 � � ), where(t0; s0) 2 S� . Then we have

R(t0; s0) = K (t0; s0) +
Z t0

s0
K (t0; � 0)R(t0; s0)d� 0:

Thusthe resolvent kernelR̂ of K̂ is such that R(t0; s0) = R̂(t0� � ; s0� � ) whereR : S� ! R

satis�es (3.11). Similarly it can be shown that R satis�es (3.12). From Theorem 2 we

have

ŷ(t) = ĝ(t) +
Z t

0
R̂(t; s)ŷ(s)ds t 2 I

By replacing ŷ(t) with y(t + � ) and ĝ(t) with g(t + � ) we get

y(t + � ) = g(t + � ) +
Z t

0
R̂(t; s)y(s + � )ds

= g(t + � ) +
Z t+ �

�
R̂(t; s0 � � )y(s0)ds0 wheres0 = s + �

By setting t0 = t + a, t0 2 I � we get

y(t0) = g(t0) +
Z t0

�
R̂(t0 � � ; s0 � � )y(s0)ds0

= g(t0) +
Z t0

�
R(t0; s0)y(s0)ds0

wheret0 2 I � and (t0; s0) 2 S� .

Closedsolutionsfor equations(3.11) and (3.12) exist for a variety of kernels. We will

be interestedin a special classof kernelscalled separable or decomposable.

Lemma 3.4. If K (t; s) = A(t)B (s), then its resolventkernel is

R(t; s) = A(t)B (s) exp
� Z t

s
A(u)B(u)du

�
: (3.18)

Proof. It can be easily seenthat R satis�es (3.11) and (3.12).
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The Mo del

In this chapter we present the model we will use in this thesis in order to analyze the

LER protocol. Before doing so, we de�ne LER rigorously, by giving precisede�nitions

of the accuracy, the routing table entries and the routing algorithm.

Our model consistsof two parts. The �rst is the network model, which describes

how nodesare distributed on the plane and how they move. The secondpart is a model

for the cost, i.e. a performancemeasurethat we will use in order to describe how the

protocol behaves.

4.1 The LER routing proto col

In this sectionwede�ne LER, the last encounter routing protocol, morerigorously. Nodes

maintain routing tables with the positions of destinations during their last encounters.

This meansthat the metric of accuracyis

M ij (t) = minf � : jjPi (t � � ) � Pj (t � � )jj � r 0; � � 0g

wherePi (t), Pj (t) are the positions of nodesi and j respectively at time t and r 0 is the

transmissionradius. The information stored in the routing table is the position of the

destination at the last time of encounter, i.e.

RTij (t) = Pj (t � M ij (t)) :

We assumethat the speedof the moving nodesis such that the changeof node positions

during packet routing is negligible. The routing protocol is de�ned in �gure 4.1. Note that

the protocol is actually resorting to 
o oding if M id � � , where� is somepositive value.

47
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Route a packet p from s to d

f

i = s

while (M id � � )

f

forward p to the position RTid

let a be the node reached with this forwarding


o od the network from a until a node n is reached

such that M nd < M id

i = n

g

forward p to d using RTid ;

g

Figure 4.1: De�nition of the LER routing protocol.

If M id < � , we assumethat the protocol can reach the destination without resorting to


o oding. This simpli�es analysis,but is also a plausible assumptionsincewithin some

level of accuracy, the destination can be reached without 
o oding in real life protocols.

The halting condition is the maximal and the set of carrier nodesis

C = f n 2 N+ : M nd < M id g:

According to the de�nition of carrier nodesprovided in section1.3.2the destination also

should be included in the set of carrier nodessinceM dd = 0 < � � M id . In our analysis

however we shall not consider it as a carrier node. In other words, when we refer to

the set of carrier nodeswe meanall the nodesthat satisfy the 
o oding halting condition

exceptthe destination. This is merely for reasonsof conciseness,sincewe will quite often

needto distinguish carrier nodes from the actual destination. That said, the fact that

the destination is consideredduring 
o oding guaranties that 
o oding will halt, sinceat

least onenode that satis�es the halting condition exists (namely, the destination).

Flooding is implemented by expandingconcentric circles, i.e. the area that we 
o od

is a disk centered at the anchor point a and radius

r = min
n2 C

jjPa � Pn jj
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and thereforethe carrier nodethat the protocol choosesis n 2 C[ f dg such that jjPa � Pn jj

is minimized, i.e. n is the carrier node (or the destination) closestto the anchor point a.

4.2 The net work mo del

In our model, the network will consist of an in�nite, countable number of nodes. If for

each node i , Pi (t) 2 R2 will denotethe position of i at time t. The set

� (t) = f P1(t); P2(t); : : :g

of nodesin the network will be a Poisson�eld of density � spanningover the entire plane

R2. Each point Pi (t) will move independently accordingto a two-dimensionalBrownian

motion of variancev.

The destination will be a point d not belongingto � , which will alsomove according

to a Brownian motion with variancev and independent of each Pi (t) 2 � (t). Each node

maintains a routing table in which an entry about destination d exists.

The parametersdescribing the network will be the density � and v. The distance

unit will be scaledis such a way so that the transmissionradius around each node Pi

is r0 = 1=
p

� . Equivalently, the area of the disk f x : jjx � Pi (t)jj � r 0g around every

node i will be equal to one. Two nodeswill be consideredasneighbouring nodesif their

distanceis lessthan r 0, i.e. the underlying graph of the network will be a unit graph.

Wewill assumethat nodeshavebeenmoving in the interval (�1 ; 0] and at time t = 0

a node initiates a route discovery to node d. Note that sincenodeshave beenmoving

for an in�nite amount of time every node will have encountered d with probability one.

Route discoverieswill be consideredto last for a negligibleperiod of time, so that nodes

can be consideredstatic while they take place.

Sincethe purposeof a routing protocol is to senda packet from a sourcenode s to

a destination d, it is important that, under the connectivity model that we used (i.e.

the unit graph), a path from s to d exists. However, we will not deal with connectivity

issuesin our analysis. More speci�cally, we will assumea path that can be found by our

protocol exists betweens and d. This is justi�ed by the fact that, the probability that

such a path exists increaseswith the density of the network. We will therefore assume

that � is large enoughso that such a path exists with high probability.
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4.3 A mo del for the cost

The goal of this thesisis to measurethe performanceof the aforementioned approximate

information protocols. We will quantify this performancewith a cost function.

Assumethat we try to route a packet from node s to a node d, whereM sd = t. We

wish to measurethe expectedoverheadinduced during route discovery by our protocol.

We will assumethat this overheadis attributed solely to 
o oding. Furthermore, we will

assumethat the this overheadis proportional to the total area covered by the protocol

during 
o oding. In that sense,we wish to computethe expectedtotal area
o oded while

routing from node s to d. While calculating this total area,we might include regionsof

R2 more than once,sincemultiple 
o oding phasesduring route discovery may overlap.

4.3.1 An expression for the exp ected 
o oding area

Let � (t) = f P1(t); P2(t); : : :g be the point processthat forms the network and d be the

destination not belongingto the above process,with Pd its position. Assumethat nodes

are orderedaccordingto their accuracieson the position of the destination at time 0, i.e.

if t i = M id (0), i � 1 , then

0 = t0 < t1 < t2 < : : :

where t0 is the accuracyof the destination itself. We will assumethat accuraciesare

strictly increasing(i.e. no two nodeshave the sameaccuracy). This makesthe de�nition

of carrier nodes easierand, as we will see,it is true for our protocol: only nodes with

accuracyzeromay appear more than oncewith non-zeroprobability. This can be easily

taken into considerationin the forthcoming analysis.

We wish to �nd the expected total area we needto 
o od in order to senda packet

from a sourcenode to d. Assumethat the sourcenode is n, with tn � � . According to

the LER protocol, a 
o oding will commenceat an anchor point looking for carrier nodes

with accuracybetter than tn . The anchor point is in fact Pd(� tn), but we will assume

w.l.o.g. that the anchor point is at the origin.

All nodeswith indiceslessthan n will be carrier nodes,accordingto the de�nition of

the protocol. The positions of carrier nodeswill be distributed around the anchor point

accordingto someprobability distribution. Let x i denotethe position of carrier node i ,

1 � i < n, and x0 denote the position of the destination. Furthermore let yi = Pd(� t i )
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be the estimation that carrier node i has1. We denotewith

F (t0; t1; : : : ; tn� 1; x0; x1; : : : ; xn� 1; y0; y1; : : : ; yn� 1 j tn ) (4.1)

the joint cumulative density distribution of the accuracies,the positionsand the estima-

tions of all carrier nodes, given that the current anchor point is at the origin and the

current accuracyis tn .

Let A be the one-step
o oding area, i.e. the area that we 
o od in the �rst step of


o oding, tc be the accuracyof the carrier node that we locate with this 
o oding and yc

be the estimation of the position of the destination that this carrier node contains. Note

that yc is in fact Pd(� tc). Furthermore, accordingto the de�nition of the LER protocol,

A is the area that we need to 
o od in order to locate the carrier node that is closest

to the origin. Hence,the random variablesA, tc and yc can be de�ned in terms of the

random variablest i , x i and yi , 0 � i < n, as follows

A = � � min jx i j2

tc = targ min jx i j

yc = yarg min jx i j

Therefore,we can compute from the joint distribution of eq. (4.1) the joint cumulative

distribution of A, tc and yc given that the current anchor point is at the origin and the

current accuracyis tn . We denotethis distribution as

F (A; tc; yc j tn ): (4.2)

Let Q be the total area we needto 
o od from the current anchor point in order to

reach the destination. Then obviously

Q = A + Qc:

Where A is the one-step
o oding areaas de�ned above and Qc is the total area 
o oded

from the secondanchor point. We thereforehave that

E [Q j tn ] =
ZZZ

A dF(A; tc; yc j tn) +
ZZZ

E [Qc j A; tc; yc; tn ] :dF(A; tc; yc; j tn ) (4.3)

If F (A j tn ) is the marginal distribution of A, the expectedareaof the �rst 
o oding step

can be further simpli�ed to
ZZZ

A dF(A; tc; yc j tn ) =
Z

A dF(A j tn ): (4.4)

1Note that y0 = x0.
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The quantit y E [Qc j A; tc; yc; tn ] is the expectedtotal areawe will 
o od from the second

anchor point given that the secondanchor point is located at yc, the accuracyat it is tc

and the �rst 
o oding (initiated at the origin) covered an area of sizeA. We will try to

establishhow the valuesof theserandom variablesa�ect Qc.

Let E [Q j tc] be the expected total area 
o oded from an anchor point located at

the origin with accuracyequal to tc. Becauseof the translation invariance property of

both the Poisson�eld and Brownian motion, this is equal to the expectedtotal 
o oding

area from an anchor point located at yc. Furthermore, E [Q j tc] is independent of the

tra jectory of the destination in the interval (�1 ; � t c). This is due to the independence

of Brownian motion of its value at any time within that interval, given its value at time

� tc.

We are thus tempted to say that E [Q j tc] = E [Qc j A; tc; yc; tn ]. However, this is

not true. To seethis, note that E [Q j tc] can be written in the form of (4.3). The joint

distributions involved can again be expressedin terms of a distribution just like the one

in (4.1), namely

F (t0; t1; : : : ; tm ; x0; x1; : : : ; xm ; y0; y1; : : : ; ym j tc) (4.5)

where m is the largest index such that tm < tc. If we translate the origin to yc,

E [Qc j A; tc; yc; tn ] is the expected total area from an anchor point at the origin with

accuracytc, given that a disk of areaA around the point � yc contains no carrier nodes

nor the destination. This a�ects E [Q j tc] in two ways.

First of all, sincethis areacontains no carrier nodes,the joint cumulative distribution

of 4.5shouldbe conditionedon the fact that no carrier nodes(or the destination) exist in

this area. In other words,x0, x1,. . . , xm cannot assumevalueswithin the aforementioned

disk. Given the possible interdependenciesbetween t i , x i and yi for all i , the joint

cumulative distribution can changesigni�cantly comparedto the oneusedin E [Q j t c].

Another way that 4.5 is a�ected is due to the fact that a carrier node i that contains

information with accuracyt i did not move independently of the destination in the interval

[� t i ; 0]. As a matter of fact, it moved in such a way sothat it avoidedthe destination (in

other words, it did not meet it again). Hence,any information on the position of such a

carrier node at time 0 givessomeinformation on the position of the destination - namely,

that it is not within a radius r 0 from that position. In that sense,the information that no

carrier nodesexist within the aforementioned disk a�ects the position of the destination,

i.e. x0, and thus, through the possibleinterdependenciesof (4.5), the valuesof the rest
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of the variablesas well.

4.3.2 A function that appro ximates the cost

Evaluating the expectedtotal 
o oding areathrough equation (4.3) is quite hard. This is

due to the interdependencybetween
o oding at intermediate 
o oding stepsand 
o oding

at previoussteps,as presented above. We will thus try to measureperformanceusing a

di�eren t quantit y than the expectedtotal 
o oding area.

Assumethat we are performing a 
o oding at an anchor point with accuracyT. Let

G(T) be the expectedone-step
o oding area and p(t; T), 0 � t < T, be the conditional

probability density of the accuracyt achieved after the �rst 
o oding step, given that the

accuracyat the anchor point is T. In terms of the cumulative distribution in (4.2), G(T)

is de�ned by equation 4.4 and p(t; T) is the marginal density of tc given that tn = T.

We de�ne the function Q(T) that approximates the cost as a function that satis�es the

systemof equations:

Q(T) = G(T) +
Z T

�
Q(t)p(t; T)dt T � � (4.6a)

Q(T) = 0 0 � T < � (4.6b)

Function Q(T) would beequalto the expectedtotal 
o oding areaif the total 
o oding area

from an intermediate anchor point were independent of previous 
o ods. More precisely,

accordingto the terminology introducedin the previoussection,Q(T) would be equal to

the expectedtotal 
o oding area if the total areaQc 
o oded after the anchor point with

accuracytc given A, yc, tn and tc were independent of A, yc, tn and equal to the total


o oding areagiven tc. In such a case,
o oding at any intermediate anchor point, such as

Pd(tc), will cover the samearea,on average,asa new 
o oding that was initiated at that

point. To seethat in such circumstancesQ(T) coincideswith the total 
o oding area,

note that if this is true then the integrant of equation (4.6) becomes

E [Qc j A; tc; yc; tn ] = E [Q j tc] (4.7)

i.e. the expected area we needto 
o od from the secondanchor point dependsonly on

the accuracyof the secondanchor point and is independent of the previous
o od. Using

(4.7) , for F (tc j tn ) the marginal distribution of tc we get

E [Q j tn ] = E [A j tn ] +
Z

E [Q j tc] dF(tc j tn ): (4.8)
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Since,by de�nition, E [Q j T] = 0 for T < � , by replacing Q(T) with E [Q j T], G(T)

with E [A j T] and p(t; T)dt with dF(tc j tn ) in equation (4.8) we get

Q(T) = G(T) +
Z T

0
Q(t)p(t; T)dt T � �

Q(T) = 0 0 � T < �

Theseequationsimply (4.6).

As described in the previous section, since intermediate 
o oding steps depend on

previous ones, function Q(T) does not coincide with the expected total 
o oding area.

However, given that the actual total 
o oding areais hard to describe, we believe that the

cost estimatedunder this assumptionshould be an indicator of the overall behaviour of

the protocol. Even if the protocol doesnot behave asstated, the resultsprovided should

give someintuition on how the total 
o oding areashould look like and, in a non-rigorous

manner,approximate it.

Equation (4.6) is linear Volterra equation of the secondkind where the unknown

function is Q(T). If functions G(T) and p(t; T) can be computed,the problem of �nding

function Q(T) can thus be reducedto solving (4.6). A major part of the thesis will be

devoted to deriving functions G(T) and p(t; T) and then using them to �nd a solution

for equation (4.6). We shall refer to them as the expected one-step
o oding area and the

distribution of the improved accuracy respectively.



Chapter 5

Fundamen tal Prop erties of the LER

Proto col

In this chapter, we will prove a set of fundamental properties about the carrier nodesin

the LER protocol that we will usein our later analysis.

We will �rst investigatehow many carrier nodesexist per 
o oding step. Intuitiv ely,

this a�ects the behaviour of the protocol sincethe more nodeswe have, the lessareawe

needto 
o od per step in order to �nd any of them. Furthermore, it is interesting to know

the accuracyof the information maintained in carrier nodes. Intuition heresuggeststhat

the more accuratecarrier nodesare on predicting the destinations position, the better

the protocol should behave.

Finally, we shall addressthe issue of how carrier nodes are positioned around an

anchor point. Thesespatial distributions are important for two reasons.First, they can

be used to determine the expected one-step
o oding area G(T), i.e. the area that we

needto 
o od around the anchor point in order to �nd a carrier node. Second,they can

provide information on whether somecarrier nodesare more likely to be located through


o oding than others with respect to their accuracy, in
uencing thus the distribution of

improved accuracyp(t; T).

5.1 Poisson Field crossing a moving disk

In the LER protocol, carrier nodes update their routing tables when they encounter

the destination. Therefore, in order to �nd how many carrier nodesexist, one needsto

investigatehow many nodescrossthe unit-area disk around the destination. This is the

55



56 Chapter 5. Fund ament al Pr oper ties of the LER Pr otocol

subject of this section.

5.1.1 Poisson Field crossing a disk moving according to a de-

terministic function

Assumethat Pi (t), i 2 f 1; 2; : : : g, are two-dimensionalindependent Brownian motions of

variancev, and that the point process� (t) = f P1(t); P2(t); : : :g is a Poisson�eld of density

� . Assumethat a point d, not belonging to � (t), moves according to a deterministic

continuous function f (t) : [0; + 1 ) ! R2 i.e.

Pd(t) = f (t); t � 0:

Let

Df (t) = f x 2 R2 : jjx � f (t)jj � r 0g (5.1)

be a closedunit-area disk centered at Pd(t) = f (t). By \unit-area" we mean that r 0 is

such that

jD f (t)j = � r 2
0 = 1: (5.2)

Furthermore, let

N f (t) = # f i : 90 � � � t such that Pi (� ) 2 Df (� ) g (5.3)

be the number of distinct particles of � that enter the disk around d in the interval [0; t].

Obviously

Pf N f (0) = kg =
(� jD f (0)j)k

k!
e� � jD f (0) j =

� k

k!
e� � : (5.4)

The casewheref (t) = f (0) for all t � 0 is the special casein which point d doesnot

move but remains �xed. To distinguish this casewe will usethe notation A0,N0(t) and

� 0(t) for a �xed disk, the number of points crossingit and its meanrespectively. R�ev�esz

[41] studied the behaviour of N0(t) in the casewhere the particles forming the Poisson

�eld � moved accordingto standard Brownian motions. We will generalizehis results to

any continuous function f and to Brownian motions of variancev.

Theorem 3. Let � (t) be a two-dimensionalPoisson�eld of density � whosepoints move

according to independent Brownian motions with variance v. Let N f (t) be the number
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of distinct points of � that enter the unit-area disk centered at f (t) in the interval [0; t],

where f (t) : [0; + 1 ) ! R2, as de�ned in equation (5.3). Then

Pf N f (t) = kg =
(� f (t))k

k!
e� � f (t ) (5.5)

where � f (t) = E [N f (t)], t � 0 is a strictly increasing function and � f (0) = � . Further-

more N f (t) satis�es the independent increment property.

Proof. The proof follows roughly the proof of Theorem 1.3 of R�ev�esz[41]. Let z 2 R2

and

pf (z; t) = Pf9 0 � � � t for which Pi (� ) 2 Df (� ) j Pi (0) = zg (5.6)

be the probability that a point starting from z visits D f up to time t. Let

Bz = B(z; � x; � y) = f z0 : zx � z0
x � zx + � x; zy � z0

y � zy + � yg (5.7)

be a rectangleon z and

� (Bz) = # f i : Pi (0) 2 Bzg (5.8)

be the number of points in Bz at time zero. Then

Pf � (Bz) = kg =
(� jBzj)k

k!
e� � jBz j (5.9)

where

jBzj = � x� y: (5.10)

For any z with jjzjj > r 0 let

N f (z; t) = # f i : 90 � � � t such that Pi (� ) 2 Df (� ); Pi (0) 2 Bzg (5.11)

be the number of points which started from Bz and visited Df in the interval [0; t].

Becauseof the independenceof the movement of points Pi , intersections of di�eren t

points with the moving disk D f are also independent. Thus, as � X ! 0 and � Y ! 0,

we have

Pf N f (z; t) = kg '
1X

j = k

(� jBzj) j

j !
e� � jBz j

�
j
k

�
(pf (z; t))k (1 � pf (z; t)) j � k

= e� � jBz j (� jBzjpf (z; t))k

k!

1X

j = k

(� jBzj) j � k

(j � k)!
(1 � pf (z; t)) j � k

= e� � jBz j (� jBzjpf (z; t))k

k!
exp[� jBzj (1 � pf (z; t))]

=
� k

k!
e� � (5.12)
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where

� = � jBzjpf (z; t) = �p f (z; t)� x� y: (5.13)

Hence,asthe sumof Poissondistributed independent randomvariables,N f (t) is a Poisson

random variable with distribution

Pf N f (t) = kg =
� k

f

k!
e� � f (5.14)

where

� f = � f (t) = � + �
ZZ

D f (0)
pf (z; t)dxdy (5.15)

and Df (0) = R2 n Df (0).

This proves (5.5). We now need to prove that N f has the independent increment

property, i.e. for any given k and for all t1; t2; : : : ; tk with 0 � t1 < t2 < : : : < tk the

random variables N f (t1), N f (t2) � N f (t1), . . . , N f (tk) � N f (tk� 1) are independent. In

proving this, we follow again [41].

Let Pi (0) 2 Bz. Then the processPi (t) meetsDf up to time t with probability pf (z; t).

Hencethe points located in Bz at time t = 0 and not visiting D f up to time t form a

Poisson�eld, independent from f N f (� ) : 0 � � � tg1. Let � � (Df (0); t) be the points in

Df (0) that do not meet D f before t. Then � � (Df (0); t) is a Poisson�eld independent

from f N f (� ) : 0 � � � tg. Now, N f (tk) � N f (tk� 1) depends only on � � (Df (0); tk� 1)

and is thus independent from f N f (� ) : 0 � � � tk� 1g. Therefore N f (tk) � N f (tk� 1)

and N f (tk� 1) are independent random variables. The generalstatement can be proved

similarly.

Corollary 5.1. ProcessN f (t) is non-homogeneous Poissonprocesswith bulk arrivals at

time 0.

The meanvalues� f cannot be described with basic functions. This is true even for

� 0. However, R�ev�eszcites the following result from Spitzer regarding the asymptotic

behaviour of � 0 [43]

Theorem 4. For a Poisson �eld moving according to standard independent Brownian

motions,

� 0(t) = �
�

2� t
logt

+ (d + o(1))
t

log2 t

�
(5.16)

1Splitting with probabilit y p a Poissonrandom variable with mean� createstwo independent Poisson
random variables with meansp� and (1 � p)� .
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where d is a constant.

This result can be extendedto non-standardBrownian motions of variancesv.

Corollary 5.2. For a Poisson�eld moving according to independentBrownian motions

with variances v,

� 0(t) = �
�

2� vt
logvt

+ (d + o(1))
vt

log2 vt

�
(5.17)

where d is a constant.

5.1.2 Poisson Field crossing a disk performing a Bro wnian mo-

tion

In section 5.1.1 we described how points forming a Poisson�eld and performing inde-

pendent Brownian motions cross a closedunit-area disk which moves according to a

deterministic function. We will now seehow theseresults are a�ected if the movement

of the disk is alsostochastic. In particular, we will investigatethe casewherethe center

of the disk alsoperformsa Brownian motion.

Assumethat Pi (t), i 2 f 1; 2; : : : g, aretwo-dimensionalindependent Brownian motions

of variance v, and that the point process� (t) = f P1(t); P2(t); : : :g is a Poisson�eld of

density � . Assumethat a point d, not belonging to � (t), moves according to a a two-

dimensionalBrownian motion B(t) with variancev, i.e.

Pd(t) = B(t); t � 0:

It is easyto derive the following lemma from the de�nitions of a Brownian motion and

a Poisson�eld.

Lemma 5.1. Let P̂i (t) = Pi (t) � Pd(t), i 2 f 1; 2; : : :g, be the vector distance of point

Pi (t) from point Pd(t). Then

1. P̂i (t), i 2 f 1; 2; : : :g, are Brownian motions with variance 2v and

2. The point process�̂ (t) = f P̂1(t); P̂2(t); : : :g is a Poisson�eld of density � .

Let

DB (t) = f x 2 R2 : jjx � B (t)jj � r 0g (5.18)
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wherer0 is such that (5.2) holds be a closedunit-area disk centered at Pd(t) = B(t) and

NB (t) = # f i : 90 � � � t such that Pi (� ) 2 DB (� ) g (5.19)

be the number of distinct particles of � that enter the disk around d in the interval [0; t].

By �xing the origin on Pd(t), DB becomesD0, i.e. a �xed unit-area disk centered at

the origin, and by Lemma 5.1 P̂i (t) are Brownian motions and that form a Poisson�eld.

Does Lemma 5.1 imply that we can use Theorem 3 for N0(t) to describe NB (t)? The

answer is no, becauseP̂i (t) are not independent.

However, P̂i (t) are independent conditional on Pd(t). As a matter of fact, conditional

on Pd(t) = f (t), t � 0, NB (t) is noneother than N f (t). Theorem 3 implies that NB (t),

as an averageof Poissondistributed variables N f (t) over all possiblef paths the des-

tination may follow, is not Poissondistributed and ~NB (t) = NB (t) � NB (0) is not a

non-homogeneousPoissonprocess.However, the expected number of particles crossing

the moving disk can still be computed.

Prop osition 5.1.

� B (t) = E [NB (t)] = � 0(2t) (5.20)

where � 0(t) is the expected number of points that crossa �xed unit-area disk in the time

interval [0; t].

Proof. Let � i (t) be one if point i hascrossedDB up to time t and zerootherwise. Then

NB (t) =
X

i

� i (t)

thus

E [NB (t)] = E

"
X

i

� i (t)

#

=
X

i

E [� i (t)]

=
X

i

Pf9 0 � � � t : Pi (� ) 2 DB (� )g

=
X

i

Pf9 0 � � � t : P̂i (� ) 2 D0(� )g

For each i , the probability Pf9 0 � � � t : Pi (� ) 2 DB (� )g is the probability that

i will cross the moving disk DB up to time t. This is equal to the probability that



5.1. Poisson Field cr ossing a moving disk 61

P̂i = Pi � Pd will crossa unit-area disk �xed at the origin. By Lemma 5.1, if initial

Brownian motions had variancesv, P̂i will be (not independent) Brownian motions with

variances2v. However, each oneof theseprobabilities is the sameasthe probability that

P̂i would crossa disk at the origin if P̂i were independent. Thereforetheir sum is equal

to the expectednumber of distinct particles crossinga unit-area disk at �xed the origin

while moving independently with varianceproportional to 2v.

This proposition means that although the number of distinct particles crossinga

moving disk DB is distributed di�eren tly than the number of particles crossinga unit-

areadisk D0 �xed at the origin while moving independently with twicethe variance,their

expectedvaluesare the same.

5.1.3 Comparing a moving and a static destination

As wehavealreadystated,NB (t) is the averageof randomvariablesN f (t) over all possible

f paths the destination may follow. Hence, � B (t) is also the averageof � f (t) over all

possiblef paths the destination may follow. Since� 0(t) is a strictly increasingfunction

and � 0(2t) > � 0(t), Proposition 5.1 implies that there exist paths f the destination may

follow such that � f (t) � � 0(t). We claim that somethingstronger holds.

Prop osition 5.2. For every continuous function f : [0; + 1 ) ! R2 and every t � 0

� f (t) � � 0(t): (5.21)

This proposition indicates that a particle that moves will meet more particles, on

average,than a particle that doesnot. If its movement is a Brownian motion, we already

know this is true: Proposition 5.1suggeststhat it meetsasmany particlesasa stationary

would meet in double the time. The interesting point of Proposition 5.2 is that if it

moves according to any deterministic two-dimensionalfunction f (t), it will still meet

more particles!

Proving this requiresan elaborate technique, the presentation of which is beyond the

scope of this thesis. However, we will show how this problem can be reducedto onethat

is intuitiv ely more simple to address,and shall provide a proof of this by Quastel [39] in

the appendix.

Let f (t) 2 R2, t � 0, be a two-dimensionalvector and D f (t) be a closedunit-area
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disk around f (t) as de�ned in (5.1). Furthermore, let

A f (t) = j
[

0� � � t

Df (� )j

= jf x 2 R2 : x 2 Df (� ) for some0 � � � tgj

be the Lebesquemeasure-the area-of the region coveredby the moving disk D f in the

interval [0; t]. If B is a two-dimensionalBrownian motion, the above region of R2 is

called a two-dimensionalWiener sausage. For an exact de�nition of a Wiener sausage

and basic properties we refer the reader to [41], pp. 210-212. The expected area of a

Wiener sausageis closelyrelated to the mean� f , as the following proposition implies.

Prop osition 5.3. Let f (t), t � 0 be a two-dimensionalvector and B a two-dimensional

Brownian motion. Let � f (t) = E [N f (t)]. Then for all t � 0

� f (t) = � E [A B � f (t)]

where � is the density of the Poisson�eld and A B � f (t) is the area of the Wiener sausage

of a Brownian motion with drift � f .

Proof. W.l.o.g. we assumethat f (0) is the zero vector, i.e. f starts at the origin.

Equation (5.15) in the proof of Theorem3 givesus

� f (t) = � + �
ZZ

D f (0)
pf (z; t)dxdy

= �
ZZ

R2
pf (z; t)dxdy

where

pf (z; t) = Pf9 0 � � � t for which Pi (� ) 2 Df (� ) j Pi (0) = zg

is the probability that a point starting from z visits D f up to time t. Let B(t), t � 0 be

a two-dimensionalBrownian motion starting at the origin. Then pf can be written as

pf (z; t) = Pf9 0 � � � t : jj (z + B(� )) � f (� )jj � r 0g

= Pf9 0 � � � t : jj (B (� ) � f (� )) � (� z)jj � r 0g

= Pf9 0 � � � t : � z 2 DB � f (� )g
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which is the probability a unit-area disk whosecenter performsa Brownian motion with

drift � f will passfrom the point � z in the interval [0; t]. Hence� f becomes

� f (t) = �
ZZ

R2
Pf9 0 � � � t : � z 2 DB � f (� )gdxdy

= �
ZZ

R2
Pf9 0 � � � t : z 2 DB � f (� )gdxdy

=
ZZ

R2
E [� B � f (z; t)] dxdy

= E
� ZZ

R2
� B � f (z; t)dxdy

�

= E [A B � f (t)]

where� B � f (z; t) is oneif DB � f crossesz within the time interval [0; t] and zerootherwise.

Hence, proving Proposition 5.2 is equivalent to proving that for every continuous

function f : [0; + 1 ) ! R2 and every t � 0

E [A B + f (t)] � E [A B (t)]

i.e. the expectedareacoveredby a unit-area disk performing a Brownian motion is less

than or equal to the expected area covered by a unit-area disk performing a Brownian

motion with any (continuous) drift. This is a more illuminating perspective on the

problem, becauseit relates it to only one Brownian motion rather than the in�nitely

many that were involved in the original problem. The proof of this in a one-dimensional

setting is rather straightforward, however for two or more dimensionsit becomesquite

involved. We present a proof by Quastel [39] in the appendix.

5.1.4 Sto chastic domination

A randomvariable X whoserangeis A stochastically dominatesanother randomvariable

Y, whoserangeis alsoA, if

Pf X > ag � Pf Y > ag (5.22)

for all a 2 A. An immediate consequenceof (5.22) is that E [X ] � E [Y]. We will prove

a seriesof lemmasabout stochastic domination that will assistour analysis.
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Lemma 5.2. Let X 1, X 2 be two Poissondistributed random variableswith E [X 1] = � 1

and E [X 2] = � 2. If � 1 � � 2, then X 1 stochastically dominatesX 2.

Proof. It su�ces to prove that for X Poissondistributed with expectation �

Pf X > kg = 1 �
kX

i =0

e� � � i

i !
(5.23)

is an increasingfunction in terms of � � 0 for all integersk � 0. Indeed

d
d�

Pf X > kg =
d

d�

 

�
kX

i =0

e� � � i

i !

!

= e� � +
kX

i =1

�
e� � � i

i !
� e� � � i � 1

(i � 1)!

�

= e� � � k

k!

which is non-negative for all � � 0 and for all k � 0.

Lemma 5.3. Let

NB (t) = # f i : 90 � � � t suchthat Pi (� ) 2 DB (� ) g (5.24)

be the number of distinct particles of � that enter the disk around a node that performs

a Brownian motion in the interval [0; t], as de�ned in section 5.1.2. Furthermore, let

N0(t) = # f i : 90 � � � t suchthat Pi (� ) 2 D0(� ) g (5.25)

be the number of distinct particles of � that enter a �xed disk in the interval [0; t], as

de�ned in section 5.1.1. Then NB (t) stochastically dominatesN0(t) for all t � 0.

Proof. Conditioned on a path f the destination may take, NB is none other than N f .

Then, by Proposition 5.2 and Lemma 5.2, we get that N f stochastically dominatesN0.

Furthermore, NB can be seenas an averageof N f over all paths the destination may

take. Hence,

Pf NB > ag = E [Pf N f > a j f g]

� E [Pf N0 > a j f g]

= Pf N0 > ag
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5.2 The accuracy of carrier nodes

The analysisin section5.1 providessomeinsight in how many carrier nodesexist. How-

ever, it is not clear how the accuracyof the information maintained in these nodes is

distributed. We shall addressthis issueby introducing the conceptsof �rst entry and

last exit epochs.

5.2.1 First entry epochs vs. last exit epochs

As an arrival process,NB (t) models the �rst entry epochs into DB within the interval

[0; t] of points of the Poisson�eld. To make this more precise,we give a more elaborate

de�nition of the arrival process.

First of all, we assumethat particles Pi perform Brownian motions of variancev in

the time interval (�1 ; + 1 ). Note that at any time t 2 R the point process� (t) =

f P1(t); P2(t); : : :g forms a Poisson�eld. We de�ne the �rst entry epoch of point i into

DB after time t as

t f en(DB ; i; t) = minf � : � � t ^ Pi (� ) 2 DB (� )g: (5.26)

Lemma 5.4. The �rst entry epoch t f en(DB ; i; t) of a point i in DB is a well-de�ned

random variable.

Proof. It is easyto seethat f � : � � t ^ Pi (� ) 2 DB (� )g is non-empty a.s., sinceevery

point will enter the disk eventually with probability one [3]. Furthermore, sinceall its

elements are lower-bounded by t an in�m um exists. In order for t f en(DB ; i; t) to be a

random variable, we need to show that a minimum exists a.s. Let t0 � t denote the

in�m um of the above set. In order for the minimum to exist, t0 must belong in the

above set, i.e. Pi (t0) 2 DB (t0). Suppose that Pi (t0) =2 DB (t0). Since Pi (t), B (t) are

Brownian motions, their di�erence P 0
i (t) = Pi (t) � B (t) is continuous. Thus, for every

� > 0 there exists a � > 0 such that jP 0
i (t

0 + x) � P0
i (t

0)j < � for every 0 < x < � .

Note that Pi (t) 2 DB (t) is equivalent to P0
i (t) 2 D0, where D0 a closedunit-area disk

�xed at the origin. SinceD0 is a closedset, its complement D0 is an open set. By our

hypothesis, P0
i (t

0) 2 D0. Therefore there exists an � 0 > 0 such that P0
i (t

0) + ~y 2 D0

for all 0 < jP0
i (t

0) � ~yj < � 0. By setting � = � 0, we get that there exists � such that

jP0
i (t

0 + x)j 2 D0. Hence,a lower bound of the set f � : � � t ^ Pi (� ) 2 DB (� )g grater

than t0, a contradiction.
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Note that the �rst entry epoch of a point that is already in DB at t is t. We de�ne

the following process

N f en(DB ; T; t) = # f i : t f en(DB ; i; T) � tg t � T (5.27)

This processis counting the number of �rst entry epochs in the interval [T; t]. Interest-

ingly enough,N f en(DB ; 0; t) is noneother than NB .

Lemma 5.5.

N f en(DB ; 0; t) = NB (t)

a.s. for all t � 0.

Proof. For every point i that is counted by NB (t) there exists a � 2 [0; t] such that

Pi (� ) 2 DB (� ). Thus f � : 0 � � � t ^ Pi (� ) 2 DB (� )g is non-empty and the minimum

of f � : � � 0 ^ Pi (� ) 2 DB (� )g (which exists by Lemma 5.4) will be less or equal

to t. Therefore i is also counted by N f en(DB ; 0; t). Similarly, if a point is counted by

N f en(DB ; 0; t) the set f � : � � 0 ^ Pi (� ) 2 D0g is non-empty and at least oneelement in

it (its minimum) is lessor equal to t, so i will alsobe counted by N .

Note again that

Pf N f en(DB ; T; 0) = kg =
(� )k

k!
e� � (5.28)

i.e. bulk arrivals happen at time 0. However, at subsequent epochs only single arrivals

may happen, i.e. the probability that two points enter the disk simultaneouslyat epoch

t > 0 is 0.

Apart from the �rst entry epochs it is interesting to know the last exit epochs from

disk DB . We de�ne the last exit epoch of point i from DB prior to time t as

t lex(DB ; i; t) = maxf � : � � t ^ Pi (� ) 2 DB (� )g: (5.29)

One can show just as in Lemma 5.4 that last exit epochs constitute well-de�ned

random variables. According to the above de�nition the last exit epoch of a point that

is still in DB at time t is t. Similarly to (5.27) we de�ne the following process

N lex(DB ; t; T) = # f i : t lex(D0; i; T) � tg t � T: (5.30)

This processis counting the number of last exit epochs in the interval [t; T]. For a �xed
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0 T

t

t

Figure 5.1: First entry and last exit processes.

T, N lex(DB ; T � t; T) can be seenas a counting process.Note that, as in (5.28)

Pf N lex(DB ; T; T) = kg =
(� )k

k!
e� � (5.31)

sincethe points whoselast exit epoch is T are exactly the onesthat are in disk DB at

that time. This is not the only similarit y that N lex has with N f en, as it can be seenby

the following lemma.

Lemma 5.6. For any �xed T, N lex(DB ; T � t; T) (t � 0) is distributed as N f en(DB ; 0; t).

Proof. Assumethat at time T all points start moving \backwards" following the tra jec-

tories that they followed in the interval (�1 ; T]. At time T, as at any other time, the

point process� (T) was a Poisson�eld. As points move backwards they are performing

independent Brownian motions by the time reversibility property (seepage42). Finally,

the last exit epochs of the original processbecomethe �rst entry epochs in the back-

ward one, sincethe last time a point exited the disk becomesthe �rst time it enters it

now. Thus, in this backward model counting the last exit epochs of the forward model

is probabilistically equivalent to counting the �rst entry epochs in DB of points forming

a Poisson�eld moving according to independent Brownian motions. This however is

described by the processN f en(DB ; 0; t).

The abovetheoremimpliesthat N f en(DB ; 0; T) is distributed exactly asN lex(DB ; 0; T).

As a matter of fact somethingstronger holds.

Lemma 5.7.

N f en(DB ; 0; T) = N lex(DB ; 0; T) a.s.

Proof. For every point i that wascounted in N f en, the setf � : 0 � � � T^ Pi (� ) 2 DB (� )g

is non-empty. Therefore, the maximum of f � : � � T ^ Pi (� ) 2 DB (� )g will be greater

than 0 and i is alsocounted by N lex. The opposite direction is proved similarly.
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5.2.2 Accuracy as a last exit epoch

In the LER protocol the accuracyof a carrier noden regardingthe position of destination

d is by de�nition

M nd(t) = minf � : jjPn (t � � ) � Pd(t � � )jj � r 0; � � 0g:

Therefore M nd(t) is none other than the last exit epoch of n from the unit-area disk

around Pd. This meansthat, at time T, the number of carrier nodeswith accuracyless

or equal to t is none other than N lex(DB ; T � t; T). Therefore,Lemma 5.6 can be used

to describe how the accuraciesof carrier nodesare distributed.

5.3 The spatial distribution of carrier nodes

The spatial distribution of carrier nodesand the destination is important in determining

both the expectedone-step
o oding areaand the density of the improved accuracy. The

one-step
o oding area obviously relates to this distribution since it is de�ned by the

closestcarrier node to the anchor point. The density of the improved accuracyis also

in
uenced, for exampleby whether nodes that met the destination earlier rather than

later are more or less likely to be located through 
o oding. Unfortunately, the joint

spatial distribution of carrier nodesand the destination is hard to describe. To illustrate

this, in this sectionwe brie
y discusshow marginal distributions relate to the �rst and

last exit epochsand how the movements of carrier nodesand the destination with respect

to time intervals de�ned by theseepochs depend on each other.

We are ultimately interested in the positions of carrier nodes and the destination

relatively to the anchor point. Let Pd(t), t 2 [� T; 0] be the tra jectory of the destination

and Pd(� T) be the current anchor point. A carrier node is then a node that met the

destination in the interval (� T; 0]. Let N be the number of carrier nodesthe destination

meetsin the interval (� T; 0], and Pi (t), t 2 [� T; 0], 1 � i � N , denote the tra jectories

of carrier nodes.

Let Si , 1 � i � N , be the �rst entry epochs of carrier nodes in the unit-area disk

around the destination. As we have already discussed,N is can be seenas a counting

processdescribed in section5.2.1(namely N f en) and Si as the arrival epochs associated

with it. The distanceat time 0 of a carrier node i from the anchor point can be written
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Pd(0)

Pd(� T)

Figure 5.2: A the positions of carrier nodesrelative to the anchor point.

as the sum of three random vectorsas follows.

Pi (T) � Pd(� T) = Pd(Si ) � Pd(� T) + X i + Pi (0) � Pi (Si ) (5.32)

The random vector Pd(Si ) � Pd(� T) is the distance of the destination from the an-

chor point at the time the encounter occurred. Vector X i , which is necessarilyequal to

Pi (Si ) � Pd(Si ), indicates the distancebetweenthe destination and the carrier node at

the encounter epoch, and thus jjX i jj is upper-boundedby 1=
p

� . Finally, Pi (0) � Pi (Si )

is the distance between the carrier node at time 0 and the point at which it met the

destination.

Vectors Pd(Si ) � Pd(� T), 1 � i � N , are normally distributed and independent of

vectorsPi (0) � Pi (Si ). Of course,they are not independent of each other. On the other

hand, Pi (0) � Pi (Si ), 1 � i � N , are normally distributed and independent of each other.

Furthermore, for each i , Pi (0) � Pi (Si ) independent of Pd(T) � Pd(Si ): carrier nodesmove

independently of the destination after they meet it.

The picture changesif we apply the above to last exit epochs. Let S0
i , 1 � i � N , be

the last exit epochs of carrier nodesin the unit-area disk around the destination. These

form, aswe discussedin section5.2.1,a di�eren t arrival processthan the onede�ned by

�rst entry epochs, which follows however, albeit reversedin time, the samedistribution.

Similarly to 5.32,the distanceof a carrier node from the anchor point can be written
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as

Pi (T) � Pd(� T) = Pd(S0
i ) � Pd(� T) + X i + Pi (0) � Pi (S0

i ) (5.33)

The tra jectories of carrier nodes in the intervals [Si ; T] are not independent of the tra-

jectory of the destination in this interval. In fact, they are conditioned on avoiding the

unit-area disk around it. Becauseof this property, describing the distributions of the

aforementioned three vectors is harder than when referring to �rst entry epochs.

5.4 A function that should upp er-b ound the cost

The function we wish to compute is Q(T), T � 0, described by the Volterra equation

presented in (4.6). It is an approximation of the total expected total area the protocol


o ods in order to route a packet from an anchor point with accuracyT.

A questionthat thus arisesis what value of the cost would indicate that the protocol

behaves \w ell", at least with respect to other protocols. The minimum requirement

one might have from an approximate information protocol is that the overheadis less

than the onethat occurswhile 
o oding without taking any approximate information into

account. This is noneother than the cost of 
o oding from the sourceand looking for the

destination itself. This is the approach taken by reactive routing protocols like AODV

[38]; justifying the proactive featuresof the LER protocol (mainly, maintaining a routing

table) requires that they outperform such an approach. Hence, it is interesting to see

what is the expected
o oding cost for �nding the destination itself in our model.

Assumethat nodesn and d move accordingto two-dimensionalBrownian motions in

the interval [� T; 0] with variancesv and that at time � T they had an encounter. Let

A = � jjPn (0) � Pd(0)jj 2. Then, similarly to (5.32), the distancebetweenn and d can be

written as

Pn (0) � Pd(0) = (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) + X (5.34)

where X = Pn (T) � Pd(� T) is their distance at time � T. As in the previous section,

jjX jj � 1=
p

� .

VectorsPn (0) � Pn (� T) and Pd(0) � Pd(� T) indicate the distancestraversedby n and

d respectively in the interval [� T; 0]. If � T is not a last exit epoch, and the tra jectories

of n and d are independent, Pn (t) � Pn (� T) and Pd(t) � Pd(� T), for t 2 [� T; 0], are

independent Brownian motions with variancesv on each axis. Hence,their di�erence is
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Ps(0)

Pd(0)

tra jectory of node s
tra jectory of destination d

Figure 5.3: The distance between the destination d and a sourcen. Node n met d for the last time at

T time ago.

alsoa Brownian motion with doublethe varianceon each axis. Equivalently, Pn (t)� Pd(t),

t 2 [� T; 0] can be seenasa two-dimensionalBrownian motion with variance2v starting

at X . The expectation of A can be written as

E [A] = � E
�
jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) + X jj 2

�

� � E
�
(jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) jj + jjX jj )2�

� � E
h�

jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) jj + 1=
p

�
� 2

i

Similarly

E [A] = � E
�
jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) + X jj 2

�

� � E
�
(jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) jj � jjX jj )2�

� � E
h�

jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) jj � 1=
p

�
� 2

i

Thesetwo bounds indicate that, for large valuesof T, if the tra jectoriesof n and d are

independent,

E [A] = 
(E
�
� jj (Pn (0) � Pn (� T)) � (Pd(0) � Pd(� T)) jj 2

�
):

This quantit y is equal to 4� vT: it is an immediate consequence2 of the fact that the

distanceof the two points is a Brownian motion with variance 2v. This indicates that

2SeeLemma 6.1 in section 6.1.1 for the computation of the variance of a two dimensional Brownian
motion.
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the expected area the sourcenode needsto 
o od, given that it met the destination T

time ago, is proportional to T.

However, in our setting, the tra jectory of a sourcenode, given that its accuracyon

the destination's position is T, is not independent from the tra jectory of the destination.

In fact, as we stated in the previous section, the node performs a Brownian motion

conditioned on not entering the unit-area disk around the destination in the interval

(� T; 0]. Equivalently, Pn (t) � Pd(t), t 2 [� T; 0], can be seenas a two-dimensional

Brownian motion with variance2v, starting at the boundary of the unit-area disk around

the origin and then conditioned on not entering this disk again in (� T; 0].

This indicates that the expected area a sourcenode has to 
o od in order to �nd

the destination is di�eren t than 4� vT. However, sincethe distancebetweenit and the

destination is a Brownian motion conditioned on not visiting the unit-area disk �xed at

the origin, onecan expect that this motion \w anderso� " further than an unconditional

Brownian motion. This meansthat the expected area in this setting should be greater

than 4� vT.

Proving that this intuitiv e observation is true requiresmathematical notions whose

presentation is beyond the scope of this thesis. We thus restrict ourselves to the afore-

mentioned analysis,which, although non-rigorous,givesa good senseof how the expected

cost grows if the sourcedoesnot useany approximate information -namely, it is worse

than linear in terms of the accuracyT. An immediate implication is that any sub-linear

cost function for LER would indicate that the protocol outperforms a reactive protocol

under our model.



Chapter 6

A Simpli�ed Analysis

In this chapter, we will work under the following simpli�ed versionof our original model.

We assumethat the positions of carrier nodesfollow independent, identical, omnidirec-

tional, two-dimensionalnormal distributions centered around the current anchor point

with variance vT on each axis, where T is the accuracy at the current anchor point.

Furthermore, if N (t) is the number of carrier nodeswith accuracylessthan or equalto t,

then f N (t); t � 0g is a non-homogeneousPoissonprocesswith bulk arrivals at time zero

and E [N (t)] = � 0(2t). Function � 0(t) is the expectednumber of nodesencountered by a

static destination within a time interval of length t and is described by equation (5.17)

in Corollary 5.2.

We will denotewith Gs(T) and ps(t; T) the expectedone-step
o oding areaand the

density of the improved accuracyunder this model respectively. Similarly to (4.6), the

function Qs(T) that approximates the cost under this model will be a function that

satis�es the equations

Qs(T) = Gs(T) +
Z 1

�
Qs(t)ps(t; T)dt T � � (6.1a)

Qs(T) = 0 0 � T < � (6.1b)

Notice that this model refers only to one 
o oding step of the protocol, namely the

�rst. In other words, we do not investigate how under such a model the distributions

of the above quantities (number of carrier nodes, their positions on the plane e.t.c.)

will be in
uenced after the �rst step takesplace. The reasonis that we have restricted

ourselvesto approximating the 
o oding cost with Q(T), which by de�nition relatesonly

to quantities measuredat the �rst step. In that sense,this model is a simpli�ed model

73
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that yields Gs(T) and ps(t; T) for one step and, indirectly, a Qs(T). It is not a model

that describesthe mechanicsof a particular network.

That said,this model di�ers from the �rst stepof our original onenamelyin the follow-

ing three aspects: First, the accuraciesof carrier nodesin LER form a non-homogeneous

Poissonprocess.Second,the positions of carrier nodesand the destination are indepen-

dently distributed around the anchor point. Third, thesedistributions are assumedto be

normal. Theseassumptionsdo not hold in our original model, asarguedin the previous

chapter. This fact, as we will seein chapter 7, makesG(T) and p(t; T) much harder to

describe. On the other hand, the simpli�ed model is also similar to the original model

in somerespect. The expected number of carrier nodes is in both models described by

� 0(2T). Furthermore, although the number of carrier nodes is not a Poissonrandom

variable in the original model, it dominatesa variable that is: becauseof this, a Poisson

distribution will arise in chapter 7 in computing an upper bound for G(T). Also, in

Lemma 7.1 of chapter 7 we will seethat this upper bound is a summation, a term of

which is noneother than the averageone-step
o oding areafor n independent, normally

distributed carrier nodes.

The last two propertiesindicate that the analysisin this chapter canbeseenasa \�rst

approach" in dealing with the LER protocol, i.e. as an introduction of the techniques

employed in chapter 7. Furthermore, sinceLER is hard to analyzeunder our original

model and p(t; T) is not computed within this thesis, this chapter provides insight on

how model attributes in
uence the performanceof the protocol and, more speci�cally,

how they in
uence p(t; T). Finally, the solution of the Volterra equation obtained will

indicate many intuitiv e properties of the protocol, aswe will seein section6.4. Knowing

how to interpret such a solution and how to recognizesuch properties in it will assist

in understanding a future solution of the Volterra equation under our original model.

All of the above suggestthat the analysisperformedin this chapter, albeit simpli�ed, is

interesting at the present stageof our research.

Wewill �rst present several preliminary lemmasthat will aid us in deriving Gs(T) and

ps(t; T). We will then show certain properties that can be proved about Qs(T) without

actually solving the Volterra equation in (6.1). Finally we will usethe Volterra equation

to producean asymptotic upper bound for Qs(T).
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6.1 Preliminary lemmas

In our simpli�ed model, the positionsof carrier nodesand the destination are identically,

normally and independently distributed around the current anchor point. It is interesting

thus to seewhat is the expected one-step
o oding area for a given number of nodes

under such circumstances.This is presented in the following section. A rather intuitiv e

result of this analysis is that if nodesare i.i.d. they are also equally likely to be found

through 
o oding. Furthermore, sinceunder our simpli�ed model the accuraciesof nodes

constitute a Poissonprocess,we will also investigate the distribution of the accuracy

achieved if chosenwith equalprobability from a set of accuraciesgeneratedby a Poisson

process.

6.1.1 Indep endent Gaussian distributions in R2

In this section we will present a seriesof lemmasthat describe the expected minimum

areade�ned by points independently distributed accordingto Gaussiandistributions on

the plane. The behaviour of this quantit y is of someinterest sincethe positionsof carrier

nodesin our simpli�ed model follow normal distributions around each anchor point. In

that context, the minimum area,as de�ned in following lemmas,is noneother than the


o oding areaaroundan anchor point whenthe positionsof carrier nodesareindependent.

Lemma 6.1. Let (X ; Y) 2 R2 be a two-dimensionalrandomvariablewhichfollowsa two-

dimensionalomnidirectional normal distribution of variance � 2 on each axis centered at

the origin. De�ne A = � (X 2 + Y 2). Then

E [A] = 2� � 2: (6.2)

Proof. For R the radial part of (X ; Y), we have that R2 = X 2 + Y 2. Hence

E
�
R2

�
= E

�
X 2 + Y 2

�

= E
�
X 2

�
+ E

�
Y 2

�

= 2� 2

and E [A] = 2� � 2.

Lemma 6.2. Let (X i ; Yi ) 2 R2, 1 � i � n, be n independent, omnidirectional, two-

dimensional,normal randomvariableswith zero mean and variance � 2
i on each axis. Let
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A i = � � (X 2
i + Y 2

i ), 1 � i � n, and A = min A i . Then

E [A] = 2�
1

P
i

1
� 2

i

: (6.3)

Proof. The density distribution of (X ; Y) is

f X ;Y (x; y) =
1

2� � 2
e� [x2+ y2 ]=2� 2

: (6.4)

Sincedxdy = rdrd� , in polar coordinateswe get

f R;� (r; � ) =
r

2� � 2
e� r 2=2� 2

: (6.5)

From the joint polar density in (6.5) we get that

f R(r ) =
r
� 2

e� r 2=2� 2
(6.6)

is the marginal density of the radiusof a two-dimensional,omnidirectionalnormal random

variable. The probability that the areaA i is greater than � r 2 is

Pf A i > � r 2g =
Z 1

r

�
� 2

i
e

� � 2

2� 2
i d� =

�
� e

� � 2

2� 2
i

� 1

r

= e
� r 2

2� 2
i : (6.7)

Thus, the probability that the areaA that is greater than � r 2 is

Pf A > � r 2g =
Y

i

Pf A i > � r 2g =
Y

i

e
� r 2

2� 2
i

= e� r 2

2 (
P

i � � 2
i )

sinceA i are independent. Therefore, the probability that the area A is greater than a

value a is

Pf A > ag = e� a
2�

P
i � � 2

i (6.8)

and its expectedvalue is

E [A] =
Z 1

0
Pf A > agda = 2�

1
P

i
1

� 2
i

: (6.9)

Equation (6.8) suggeststhat the point closestto the origin is identically distributed

as a point which is normally distributed around the origin with variance� 2 = 1P
i

1
� 2

i

on

each axis. In particular, if � i = �� for all i , this reducesto a distribution with � 2 = �� 2

n .
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Lemma 6.3. Let (X i ; Yi ) 2 R2, 1 � i � n, be n independent omnidirectional, two-

dimensional,normal randomvariableswith zero mean and variance � 2
i on each axis. Let

A i = � � (X 2
i + Y 2

i ), 1 � i � n, and I = argmin A i . Then

Pf I = ig =
1

� 2
iP

j
1

� 2
j

: (6.10)

Proof. Note that the event f I = ig, 1 � i � n is the event that A i = minj A j . We have

Pf I = i j A i = � r 2g = Pf A j > � r 2; 8j 6= ig

=
Y

j 6= i

Pf A j > � r 2g by the independenceassumption

=
Y

j 6= i

e
� r 2

2� 2
j by eq. (6.7)

= e� r 2

2

P
j 6= i � � 2

j

We thereforeget

Pf I = ig =
Z 1

0
Pf I i j A i = � r 2gf R i (r )dr

=
Z 1

0

r
� 2

i
e

� r 2

2� 2
i e� r 2

2

P
j 6= i � � 2

j dr

=
Z 1

0

r
� 2

i
e� r 2

2

P
j � � 2

j dr

=
1

� 2
iP

j
1

� 2
j

From the above lemma, we have that if � i = �� for all i , all points are equally likely

to de�ne the minimum area. Hencethe following corollary holds

Corollary 6.1. Let (X i ; Yi ) 2 R2, 1 � i � n, be n independent omnidirectional, two-

dimensional,identically distributed normal randomvariableswith zero mean and variance

� 2 on each axis. Let A i = � � (X 2
i + Y 2

i ), 1 � i � n, and I = argmin A i . Then

Pf I = ig =
1
n

: (6.11)

It is interesting to seewhat the expected area is if the number of points is Poisson

distributed. Of course,in order for the minimum area to make senseat least one point

must exist. Note that, in our model, at leastonepoint doesexist, namelythe destination.
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Lemma 6.4. Let (X i ; Yi ) 2 R2, 1 � i � N + 1, be N + 1 independentomnidirectional,

two-dimensional,normal randomvariableswith zero mean and variance � 2 on each axis,

where N is a Poissondistributed random variable with mean � . Let A i = � (X 2
i + Y 2

i ),

1 � i � N + 1 and A = min A i . Then

E [A] =
2� � 2

�
(1 � e� � ): (6.12)

Proof. Given that N = n, by Lemma 6.2 the conditional expectedminimum area is

E [A j N = n] =
2� � 2

n + 1
:

Therefore,the expectedarea is

E [A] =
1X

n=0

2� � 2

n + 1
e� � (� )n

n!

=
2� � 2e� �

�

1X

n=0

(� )n+1

n + 1!

=
2� � 2

�
(1 � e� � )

6.1.2 Equally lik ely carrier nodes forming a Poisson pro cess

In this sectionwewill seehow a Poissonprocesscanbeusedwith equallyprobablecarrier

nodesin de�ning the conditional probability p(t; T).

Let f N (t); t � 0g, be the counting processof the number of carrier nodes with

accuracy in the interval [0; t], and let E [N (t)] = � (t) for t � 0. Note that Si , i � 1,

the epoch of the i -th arrival of this counting process,is the elapsedtime sincethe last

encounter of a node with the destination, i.e. Si is the entry regarding the destination

at this node's routing table. W.l.o.g. we assumethat the node that corresponds to the

epoch Si is node i .

We assumethat f N (t); t � 0g is a non-homogeneousPoisssonprocesswith bulk

arrivals at time zero. This meansthat many nodesmay know wherethe destination is at

time 0 and their the number N (0) is distributed accordingto a Poissondistribution with

expected value � (0). Furthermore, ~N (t) = N (t) � N (0) is a non-homogeneousPoisson

processindependent of N (0) with E
h

~N (t)
i

= � (t) � � (0) (where � (t) = E [N (t)] and

� (0) = E [N (0)] > 0).
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Weassumethat wecommencea 
o oding at time 0 from the position of the destination

at T time ago, i.e. at Pd(� T). Furthermore, we assumethat all existing carrier nodes

and the destination areequally likely to be found. Therefore,if N (T) = n, the probability

that the i -th carrier node will be found is 1
n+1 . Let X be the time estimate that we will

get with this choice,i.e. the time Si in the past that the node i had accurateinformation

about the destination, if we locatedcarrier node i , and zeroif we locatedthe destination.

We can formally describe X as

Pf X = Si j N (T) = ng =
1

n + 1
0 � i � n (6.13)

whereSi , i � 1, is the epoch of the i -th arrival and S0 � 0, corresponding to the event

of �nding the destination itself.

Lemma 6.5.

Pf X = 0g = � (T)

where

� (T) =
� (0)
� (T)

+
� (T) � � (0)

� (T)
�

1 � e� � (T )

� (T)
:

Proof. Given that N (T) = n, we have that the probability that X = 0 is equal to the

probability that the destination waslocatedor that a carrier node that hasaccuracyzero

was located. The probability that the destination was located is 1
n+1 , sinceall nodesand

the destination are equally likely.

The probability that a carrier node is chosenis n
n+1 . We thus needto compute the

probability that, given that a carrier node was chosen,it was one with accuracyzero.

However, given that a carrier node is chosen,each of them is equally likely to be located

with probability 1
n . However, f N (t); t � 0g is a non-homogeneousPoissonprocesswith

bulk arrivals at time zero, whoseexpectedvalue is � (0). Hence,by Corollary 3.1, if we

choseoneof them with equalprobability the probability that it will be lessthan or equal

to zerowill be equal to � (0)=� (T). Hencewe get that

Pf X = 0 j N (T) = ng =
1

n + 1
+

n
n + 1

� (0)
� (T)

=
1

n + 1
+

�
1 �

1
n + 1

�
� (0)
� (T)

=
� (0)
� (T)

+
�

1 �
� (0)
� (T)

�
1

n + 1
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Thus Pf X = 0g can be computed as the expectation over all n, since n is Poisson

distributed with average� (T). This computation is similar to the oneperformedin the

proof of Lemma 6.4 and givesus the lemma.

Lemma 6.6.

Pf X � t j X 6= 0g =
� (t) � � (0)
� (T) � � (0)

(6.14)

for 0 < t � T.

Proof. If X 6= 0, the carrier nodewe locatedis oneof the nodesthat arecounted in ~N (T),

where ~N (t) = N (t) � N (0). Furthermore, ~N (T) � 1, sinceat least onesuch carrier node

exists (the onewe located). We are thereforecontemplating the probability

Pf ~X � t j ~N (T) � 1g

where ~X is the epoch we get if we chooseamongthe epochs in (0; T] with equal proba-

bilit y, i.e.

Pf ~X = ~Si j ~N (T) = ng =
1
n

; 1 � i � n: (6.15)

However, f ~N (t); t � 0g is a non-homogeneousPoissonprocesswith expectation � (t) �

� (0). Hence,by Corollary 3.1 we get that

Pf ~X � t j ~N (T) = ng =
� (t) � � (0)
� (T) � � (0)

; 0 � t � T: (6.16)

We thereforehave that

Pf ~X � t j ~N (T) � 1g =
P 1

n=1 Pf ~X � t j ~N (T) = ngPf ~N (T) = ng

Pf ~N (T) � 1g

=
� (t) � � (0)
� (T) � � (0)

P 1
n=1 Pf ~N (T) = ng

Pf ~N (T) � 1g

=
� (t) � � (0)
� (T) � � (0)

Lemma 6.7. The probability density function of X given that the current estimation for

the destination is T is

p(t; T) =
� 0(t)

� (T) � � (0)
(1 � � (T))

where

� (T) =
� (0)
� (T)

+
� (T) � � (0)

� (T)
�

1 � e� � (T )

� (T)
for � � t � T, � > 0.
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Proof. From Lemmas6.5,6.6we get

Pf X � tg =
� (t) � � (0)
� (T) � � (0)

(1 � � (T)) + � (T)

for 0 � t � T, thus p(t; T) is de�ned as the derivative @
@t Pf X � tg which exists for all t

boundedaway from zero.

6.2 An upp er bound for Qs(T) for a giv en set of in-

dependent carrier nodes

We can usea simple argument to get a moderateupper bound on function Qs(T) in our

simpli�ed model for a given set of carrier nodes. This upper bound does not depend

on the number of carrier nodes existing or the valuesof their accuracies;as such, this

result doesnot involve the Poissondistribution of the accuraciesin the simpli�ed model

at all. Hence,the only point where this proof will di�er from our original model is in

that carrier nodespositions will be assumedto be independently, normally distributed

around the anchor point.

We brie
y recapitulate the main assumptionsof our simpli�ed model that we use

in order to prove the results that follow about Qs(t). At each step, carrier nodes and

the destination are distributed on the plane accordingto independent, omnidirectional,

two-dimensionalGaussiandistributions centered around the current anchor point with

variancevT on each axis, whereT is the accuracyat the anchor point. Furthermore, by

de�nition, function Qs(T) satis�es the set of equations(6.1).

Assumethat nodeshave given accuraciest i , i 2 f 1; 2; : : :g and t0 = 0 is the accuracy

of the destination itself. According to our simpli�ed model (but our original model as

well), many nodesmay have zeroaccuracies,but all other nodeshave distinct accuracies

with probability one. Hence,we can order nodesso that t i > t j if i > j > s, for some

value s � 0, and t i = 0 for all i � s. By Lemma 6.2, the expectedone-step
o oding area

from a point wherethe accuracyis tn thus

Gs(tn) =
2� � 2(tn )

n

where � 2(t) = vt is an increasingfunction. The only property of this variance that we

shall use in our current analysis is that it is increasing,with Proposition 6.1 being the
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only exception. We will thus refer to it as � 2(t) to emphasizethat the following results

do not hold only for vt.

By Lemma 6.3, all carrier nodesand the destination are equally likely to be located

through 
o oding, thus the density of the improved accuracyfrom a point with accuracy

tn , wheren > s, is

ps(t = t i ; tn ) =
1
n

; 0 � i � n � 1:

Hence,equation (6.1) becomes

Qs(tn ) =
2� � 2(tn)

n
+

n� 1X

i =0

Qs(t i )
n

; tn � � (6.17a)

Qs(tn ) = 0; o.w. (6.17b)

Lemma 6.8. Function Qs, as de�ned in (6.17), is an increasing function, i.e. for every

t i > t j we haveQs(t i ) � Qs(t j ).

Proof. Considerthe casewherei = j + 1. If t j < � the lemma is trivially true. Assume

that t j � � . Then, by (6.17a), Qs(t j +1 ) � Qs(t j ) becomes

2� � 2(t j +1 )
j + 1

+
jX

i =0

Qs(t i )
j + 1

� Qs(t j )

which is equivalent to

2� � 2(t j +1 )
j + 1

+
j � 1X

i =0

Qs(t i )
j + 1

+
Qs(t j )
j + 1

� Qs(t j )

or

2� � 2(t j +1 )
j + 1

+
j � 1X

i =0

Qs(t i )
j + 1

� Qs(t j )
j

j + 1

which by (6.17a) is

2� � 2(t j +1 )
j + 1

+
j � 1X

i =0

Qs(t i )
j + 1

�
j

j + 1

 
2� � 2(t j )

j
+

j � 1X

i =0

Qs(t i )
j

!

which holds i� � 2(t j +1 ) � � 2(t j ). This is true since� 2(t) is an increasingfunction. The

generalcaseis proved by induction.

We will now show that, by adding a new carrier node, function Qs can only be

improved.
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Lemma 6.9. Let p be a new carrier node with accuracy tp such that tn� 1 < tp < tn for

somen � 1. Let Q0
s(t) be the function that approximates the cost if we consider this

carrier node when 
o oding and Qs(t) the one if we do not consider it. Then, Q0
s(t i ) �

Qs(t i ) for all i 2 N.

Proof. If tp < � this is trivially true. Assumethus that tp � � . Notice that

Q0
s(t i ) = Qs(t i ); for all 0 � i � n � 1 (6.18)

since,by the de�nition of the functions Qs, Q0
s, they depend only on carrier nodeswith

accuracybetter than t i and are thus not in
uenced by the existenceof carrier node p.

At the anchor point with accuracytn , Qs(tn ) is described by (6.17a). On the other hand,

Q0
s(tn) is

Q0
s(tn ) =

2� � 2(tn )
n + 1

+
n� 1X

i =0

Q0
s(t i )

n + 1
+

Q0
s(tp)

n + 1

(6.18)
=

2� � 2(tn )
n + 1

+
n� 1X

i =0

Qs(t i )
n + 1

+
Q0

s(tp)
n + 1

(6.19)

where

Q0
s(tp) =

2� � 2(tp)
n

+
n� 1X

i =0

Q0
s(t i )
n

(6.18)
=

2� � 2(tp)
n

+
n� 1X

i =0

Qs(t i )
n

(6.20)

Therefore,Q0
s(tn ) � Qs(tn ) becomes

2� � 2(tn )
n + 1

+
n� 1X

i =0

Qs(t i )
n + 1

+
Q0

s(tp)
n + 1

�
2� � 2(tn )

n
+

n� 1X

i =0

Qs(t i )
n

which is equivalent to
 

2� � 2(tn ) +
n� 1X

i =0

Qs(t i )

! �
1
n

�
1

n + 1

�
�

Q0
s(tp)

n + 1

or
 

2� � 2(tn )
n

+
n� 1X

i =0

Qs(t i )
n

!
1

n + 1
�

Q0
s(tp)

n + 1
(6.21)
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and by eq. (6.20) can be written as

2� � 2(tn )
n

+
n� 1X

i =0

Qs(t i )
n

�
2� � 2(tp)

n
+

n� 1X

i =0

Qs(t i )
n

which is true i� � 2(tn ) � � 2(tp). This holds again by the monotonicity of � 2(t). Note

that inequality (6.21) implies that

Qs(tn ) � Q0
s(tp) (6.22)

Weprove the remainingcasesby induction. Weknow that Q0
s(tn) � Qs(tn ). Assumethat

Q0
s(t i ) � Qs(t i ) for all n � i � k � 1 for somek > n. We will prove that Q0

s(tk) � Qs(tk).

This is equivalent to

2� � 2(tk)
k + 1

+
k� 1X

i = n

Q0
s(t i )

k + 1
+

Q0
s(tp)

k + 1
+

n� 1X

i =0

Q0
s(t i )

k + 1
�

2� � 2(tk)
k

+
k� 1X

i =0

Qs(t i )
k

:

SinceQ0
s(t i ) � Qs(t i ) for all n � i � k� 1 by the induction hypothesisand Q0

s(t i ) = Qs(t i )

for all 0 � i � n � 1, it su�ces that

2� � 2(tk)
k + 1

+
k� 1X

i = n

Qs(t i )
k + 1

+
Q0

s(tp)
k + 1

+
n� 1X

i =0

Qs(t i )
k + 1

�
2� � 2(tk)

k
+

k� 1X

i =0

Qs(t i )
k

,

 

2� � 2(tk) +
k� 1X

i =0

Qs(t i )

!
1

k(k + 1)
�

Q0
s(tp)

k + 1

, Qs(tk) � Q0
s(tp)

which is true sinceQs(tk) � Qs(tn ) by the monotonicity of Qs and Qs(tn ) � Q0
s(tp) by

(6.22).

Lemma 6.9, as we have already stated, shows that by consideringan existing carrier

node, the LER protocol can only improve its performancewith respect to function Qs

under our simpli�ed model. This hasan important immediate implication.

Prop osition 6.1. The function Qs(T) is upper-bounded by 2� vT.

Proof. The quantit y mentioned by the proposition is the expected area that the LER

protocol hasto 
o od in our simpli�ed model in order to �nd the destination itself in one

step. By Lemma 6.9, including any carrier node, which is what the LER protocol does,

can only decreasefunction Qs, hencethe upper bound.
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This proposition is important because2� (2vT) is a lower bound for the expectedarea

we would 
o od in order to �nd the destination itself in any protocol that doesnot use

approximate information, e.g. AODV [38], as described in section5.4. There is another

signi�cant consequenceof Lemma 6.9.

Prop osition 6.2. The maximal halting condition for 
o oding is also the optimal for the

LER protocol, with respect to function Qs.

Proof. Any halting condition other than the maximal will discard somecarrier nodes.

By Lemma 6.9, function Qs under the simpli�ed model will be greater than the one if

thosecarrier nodeswheretaken into consideration.

This proposition suggeststhat a modi�cation of the LER protocol in which the halting

condition requirescarrier nodes having an accuracybetter than 
 T, where 0 � 
 � 1

and T the accuracyat the current anchor point, will have optimal performancefor 
 = 1

under our simpli�ed model.

6.3 An asymptotic upp er bound for Qs(T) as the so-

lution of a Volterra equation

The resultsproved in the previoussectiondid not useany information on the distribution

of the accuraciesof carrier nodes in our simpli�ed model. In this section we will show

that by using such information we can improve the upper bound of Proposition 6.1 for

function Qs(T). This upper bound is asymptotic sinceit contains a term (the o(1) term)

whosebehaviour we are able to describe only asymptotically.

Prop osition 6.3. Function Qs(T) that approximatesthe cost of the LER protocol under

the simpli�ed model is upper-bounded by

1
�

�
1
4

log2 2vT + (c + o(1)) logT
�

(6.23)

where c is independentof T and � .

Proof. In our simpli�ed model, N (t), the number of carrier nodeswith accuracylessthan

t, for somet � 0, is such that

Pf N (t) = kg =
(� (t))k

k!
e� � (t ) (6.24)
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where E [N (t)] = � (t) = � 0(2t) and � 0(t) is described by Corollary 5.2. Furthermore

N (t) satis�es the independent increment property. In addition to the above, the positions

of carrier nodes are independently, normally distributed around the anchor point with

variancevT on each axis, whereT is the current accuracyat the anchor point. Hence,

Lemma 6.4 implies that the expectedone-step
o oding areafor the LER protocol in the

simpli�ed model will be

Gs(T) =
2� vT
� (T)

(1 � e� � (T )): (6.25)

Furthermore, Lemma 6.3 implies that carrier nodes are equally likely to be found.

This can be combined with Lemma 6.7 to give that the conditional probability for the

improved accuracyin the simpli�ed model is

ps(t; T) =
� 0(t)

� (T) � � (0)
(1 � � (T)) (6.26)

where� is such that 0 � � (T) � 1. Function Qs(T) satis�es the linear Volterra equation

of the �rst kind in the system

Qs(T) = Gs(T) +
Z T

�
Qs(t)ps(t; T)dt T � � (6.27a)

Qs(T) = 0 0 � T < � (6.27b)

where Gs(T) and ps(t; T) are described by (6.25) and (6.26) respectively. The kernel

ps(t; T) of this Volterra equation is separable,soby corollary 3.2and Lemma3.4we have

that

Qs(T) = Gs(T) +
Z T

�
ps(t; T) exp

� Z T

t
ps(u; u)du

�
Gs(t)dt:

We have that
Z T

t
ps(u; u)du =

Z T

t

� 0(u)
� (u) � � (0)

(1 � � (u))du

�
Z T

t

� 0(u)
� (u) � � (0)

du since� (u) � 1

=
Z T

t

(� (u) � � (0))0

� (u) � � (0)
du

= log
� (T) � � (0)
� (t) � � (0)
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Therefore

Qs(T) � Gs(T) +
Z T

�

� 0(t)
� (t) � � (0)

Gs(t)dt

�
2� vT
� (T)

+
Z T

�

� 0(t)
� (t) � � (0)

2� vt
� (t)

dt

�
2� vT

� (T) � � (0)
+

Z T

�

� 0(t)

(� (t) � � (0))2 2� vtdt sinceT � � > 0

=
2� vT

� (T) � � (0)
�

�
2� vt

� (t) � � (0)

� T

�

+
Z T

�

2� v
� (t) � � (0)

dt

=
Z T

�

2� v
� (t) � � (0)

dt +
2� v�

� (� ) � � (0)

From Corollary 5.2 we have that

� (t) = � 0(2t) = �
�

2� 2vt
log2vt

+ (d + o(1))
2vt

log2 2vt

�
:

Where d is a constant independent of t, v and � . Since� (0) = � , the above also holds

for � (t) � � (0) (� � getsabsorbed in o(1)). We thereforehave,

Qs(T) �
1
�

Z T

�

2� v
2� 2vt
log 2vt + (d + o(1)) 2vt

log2 2vt

dt +
2� v�

�
�

2� 2v�
log 2v� + (d + o(1)) 2v�

log2 2v�

�

=
1
�

� Z T

�

log2vt
2t

log2vt
log2vt + (d0+ o(1))

+ c
�

whered0 = d=2�

=
1
�

� Z T

�

log2vt
2t

�
1 �

d0+ o(1)
log2vt + (d0+ o(1))

�
dt + c

�

=
1
�

� Z T

�

log2vt
2t

dt �
Z T

�

log2vt
2t

d0+ o(1)
log2vt + (d0+ o(1))

dt + c
�

=
1
�

�
1
4

log2 2vT �
1
4

log2 2v� �
Z T

�

log2vt
2t

(d0+ o(1))
log2vt + (d0+ o(1))

dt + c
�

=
1
�

�
1
4

log2 vT �
Z T

�

log2vt
2t

(d0+ o(1))
log2vt + (d0+ o(1))

dt + c0

�

wherec0 independent of T, � . Note that

lim
T !1

RT
�

log 2vt
2t

d0+ o(1)
log 2vt+( d0+ o(1)) dt

logT
� d0=2 = lim

T !1

log 2vT
2T

d0+ o(1)
log 2vT +( d0+ o(1))

1
T

� d0=2

= 0
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Hence

Qs(T) �
1
�

�
1
4

log2 2vT � (d0=2 + o(1)) logT + c0

�

=
1
�

�
1
4

log2 2vT + (c00+ o(1)) logT
�

(6.28)

wherec00is independent of T and � . Notice that this impliesalsothat Qs(T) = O(log2 T).

6.4 Discussion on the results under the simpli�ed

mo del

As we have already mentioned, the results that we acquiredunder our simpli�ed model

can give us little insight on the behaviour of the protocol under the original model.

Keeping this in mind, we shall attempt an interpretation of Proposition 6.3. Bound

(6.23) is of the form

1
�

�
c1 log2 T + (c2(v) + o(1)) logT

�
(6.29)

wherec1 is 1=4 and c2 is a function of v only (it is independent of both � and T).

The �rst conclusiononecan reach from (6.29) is that function Qs(T) is in both cases

O(log2(T)). This upper bound, as sublinear, indicates that the protocol scaleswell for

large valuesof T (seesection5.4).

Furthermore, if above bound is tight, it suggestsan interesting balancing behaviour

in terms of � and v. The actual measureof performancethat we are interestedin is the

overhead,i.e. the expectednumber of packetsexchangedduring 
o oding. Assumingthat

this is proportional to the number of nodesthat participated in 
o oding1, given that the

network forms a Poisson�eld, the number of nodesthat were 
o oded should be � times

the area
o oded. This is not exactly true, sincethis holdsonly if this areais independent

of the Poisson�eld. For example, it obviously does not hold if the area is the area of

the disk around the origin with a radius de�ned by the point of the �eld closestto the

origin. However, if we accept this as a heuristic approximation of the number of nodes

and Qs(T) asan approximation of the area
o oded, the number of nodesthat participate

1A node should be consideredmany times in this calculation if it participates in multiple 
o oding
phases.
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in 
o oding is �Q s(T) on average.Equation (6.23) suggeststhus that the upper bound of

�Q s(T) is independent of � . This meansthat, if it is tight, the behaviour of the protocol

under the simpli�ed model is not a�ected at all by the density of the network2. A non-

rigorousargument for this behaviour would be that although in a densenetwork 
o oding

the sameareais morecostly than in a sparsenetwork, a densenetwork will include more

carrier nodes,thus facilitating the 
o oding.

On the other hand, (6.29)alsosuggestsa nicebehaviour in termsof v. The asymptotic

behaviour of the boundfor two di�eren t valuesof v is the sameunder the simpli�ed model,

sincev doesnot a�ect the dominant term of (6.29). Sincev is usedto model the mobilit y

in the network, (6.29) implies that, if the bound is tight, the protocol also scaleswell

as far as mobilit y is concerned.The intuition behind this would be that, although fast

speedmakes a destination harder to locate, it also contributes to the creation of more

carrier nodes. In that sense,(6.29) strengthensthe claim madeby the authors of EASE

[19] that \mobilit y helps".

An important observation on the method followed is that the probability that the

destination or a carrier nodeadjacent to it wasfound at any 
o oding stepwascompletely

ignored. This information was encapsulatedin the probability � (T), which was taken

in fact to be zero in the derivation of Proposition 6.3. This meansthat, even under the

assumptionsmade,the behaviour of the protocol in the simpli�ed model is in fact better

than the onederived; note that what we computedwasfunction Qs(T) if the destination

was not reached in any intermediate 
o oding step, but 
o oding stopped becausean

accuracybetter than � was reached.

2As long as the network is denseenoughso that it is connected,as we have assumedin section 4.2
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Chapter 7

Towards an Analysis of the LER

Proto col

In chapter 6 we demonstratedhow the LER protocol can be analyzedunder a model

which is simpli�ed comparedto the one we originally proposed in chapter 4. In this

simpli�ed model, the positionsof carrier nodesaround an anchor point wereassumedto

be independent and normal and their number was assumedto be Poissondistributed.

The results that we found had very intuitiv e interpretations, which, if true in our original

model, would be very useful in understandinghow the protocol works.

As noted before, our original model and the simpli�ed one di�er on the properties

mentioned above: First, in our original model, the accuraciesof carrier nodesin LER do

not form a non-homogeneousPoissonprocesswith bulk arrivalsat time zero. Second,the

positions of carrier nodesand the destination are not independently distributed around

the anchor point, nor are they normal.

As wewill see,the abovefactsmakethe computation of the expectedone-step
o oding

areaG(T) and the distribution of the improved accuracyp(t; T) much morecomplicated.

It turns out however, that the techniqueswe usedin the previoussectioncanbe extended

to provide an asymptotic upper bound for G(T). The upper bound weshall obtain di�ers

from the expectedone-step
o oding area Gs(T) we derived under the simpli�ed model;

it is still however sublinear,and thus can still yield an interesting upper bound for Q(T).

On the other hand, we were not able to describe p(t; T) within the time limitations

of this thesis. Although we leave the exact distribution as future research, we discuss

how the lack of independencein
uences it comparedto the distribution ps(t; T) of our

simpli�ed model.

91
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7.1 An asymptotic upp er bound for G(T)

In this section we will provide an asymptotic upper bound for the expected one-step


o oding area G(T) in the LER protocol. There are two reasonswhy computing G(T)

exactly is di�cult. First, the joint distribution of the positions of carrier nodesaround

an anchor point are not easyto describe, as discussedin section5.3. Second,although

the expected number of carrier nodes can be described by Proposition 5.1, the exact

distribution of the number of carrier nodesis not known.

We will addresstheseproblemsby using the following two techniques. We will over-

comeour inabilit y to expressthe exact distribution of the number of carrier nodes by

exploiting the fact that this number stochastically dominatesa Poissonrandom variable,

which wasproved in section5.1.4. This is an immediate consequenceof Proposition 5.2,

which statesthat more nodesare met, on average,by a moving destination than by one

that is �xed.

The absenceof independenceamong the positions of carrier nodes is resolved as

follows. The expectedone-step
o oding area is lessthan the expectedone-step
o oding

area if only a subsetof the existing carrier nodes is consideredwhile 
o oding. We will

construct a subset for which the contribution of the independent and dependent part

of the movements of carrier nodesto the expectedone-step
o oding areacan be upper-

bounded.

Though we so far have investigated the behaviour of our protocol in the interval

[� T; 0], to simplify notation, in this sectionwe will look at the interval [0; T]. Further-

more, we will denote the tra jectory of the destination in this time interval with P0(t),

t 2 [0; T], instead of Pd(t), and with

D(t) = f x 2 R2 : jjx � P0(t)jj � 1=
p

� g (7.1)

the unit-area disk around it. W.l.o.g. we will assumethat P0(0) is the origin. The

Poisson�eld that comprisesthe rest of the nodesin the network is � .

At time T, a 
o od is initiated at P0(0). The set of carrier nodesat this time is none

other than

CT = f P 2 � : 9t 2 (0; T] s.t. P(t) 2 D(t)g: (7.2)

Hence,the expectedone-step
o oding areaG(T) in our protocol is

G(T) = E
�

min
P 2 CT [f P0g

� jjP(T)jj 2

�
(7.3)
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i.e. it is the expected area at time T we needto 
o od from the origin in order to �nd

the closestnode in CT [ f P0g.

The expectedone-step
o oding areaG(T) is upper-boundedby the areawe needto


o od if we look only for a subsetof the aforementioned nodes. Hence,for � 2 (0; T], if

we de�ne

C� = f P 2 � : 9t 2 (0; � ] s.t. P(t) 2 D(t)g (7.4)

then C� � CT and G(T) is upper-boundedby

G� (T) = E
�

min
P 2 C� [f P0g

� jjP(T)jj 2

�
: (7.5)

Set C� contains all the carrier nodesthat met the destination in the interval (0; T]. Let

N = jCj be the sizeof this set. Then N is noneother than

N = N f en(D; 0; � ) (7.6)

where N f en is the counting processintroduced in section 5.2.1, i.e. it is the number of

nodes that entered the unit-area disk around the destination for the �rst time after 0

prior to � .

We denotewith Pi (t), for t 2 [0; T] and 1 � i � N the tra jectoriesof thesepoints in

C� . Furthermore, let � i , 1 � i � N , be

� i = minf t : t � 0 ^ Pi (t) 2 D(t)g (7.7)

i.e. � i is the �rst entry epoch of the i -th point, in the terminology of section5.2.1. We

alsode�ne � 0 = � . We then have that

� i � � (7.8)

for all 0 � i � N . Under this notation, (7.5) can be conveniently rewritten as

G� (T) = E
�

min
0� i � N

� jjPi (T)jj 2

�
: (7.9)

The positions of the carrier nodesand the destination at time T can be written as

Pi (T) = P0(� i ) + X i + Pi (T) � Pi (� i ); 0 � i � N (7.10)

whereX i is obviously Pi (� i ) � P0(� i ). This is illustrated in �gure 7.1. By the de�nition

of � i in (7.7) we have that

jjX i jj � 1=
p

� (7.11)
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tra jectory of destination

tra jectory of carrier node i

P0(0)

Pi (T)

P0(� i ) � P0(0)
X i

P0(T)

Pi (T) � Pi (� i )

Figure 7.1: The encounter of node i with the destination at epoch � i .

for 0 � i � N . Especially for the destination, we have that X 0 is trivially a zerovector.

Note that Pi (� i + t), t � 0, are independent Brownian motions.

We will now prove an upper bound for G� (T).

Lemma 7.1. For � 2 (0; T], let G� (T) be the expected one-step 
o oding area if we

consider only the carrier nodesthat met the destination in the interval (0; � ], as de�ned

above. Then,

G� (T) � E
�

2� vT
N + 1

�
+ 2

s

E
�

2� vT
N + 1

�
(2

p
2� v� + 1) + (2

p
2� v� + 1)2 (7.12)

where the expectations aboveare taken over N .
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Proof. By (7.9) and (7.10) we get that

G� (T) = E
�

min
0� i � N

� jjPi (T)jj 2

�

= � E
�

min
0� i � N

jjP0(� i ) + X i + Pi (T) � Pi (� i )jj 2

�

� � E
�

min
0� i � N

(jjP0(� i )jj + jjX i jj + jjPi (T) � Pi (� i )jj )
2
�

= � E

" �
min

0� i � N
(jjP0(� i )jj + jjX i jj + jjPi (T) � Pi (� i )jj )

� 2
#

� � E

" �
max

0� i � N
jjP0(� i )jj + max

0� i � N
jjX i jj + min

0� i � N
jjPi (T) � Pi (� i )jj

� 2
#

= � E

"

max
0� i � N

jjP0(� i )jj 2 + max
0� i � N

jjX i jj 2 + min
0� i � N

jjPi (T) � Pi (� i )jj 2+

2 max
0� i � N

jjP0(� i )jj max
0� i � N

jjX i jj + 2 max
0� i � N

jjP0(� i )jj min
0� i � N

jjPi (T) � Pi (� i )jj+

2 max
0� i � N

jjX i jj min
0� i � N

jjPi (T) � Pi (� i )jj

#

The expectation of the sum can be written as the sum of the expectations. The �rst

term of the sum can be upper-boundedas follows

E
�

max
0� i � N

jjP0(� i )jj 2

�
� E

�
max
0� t � �

jjP0(t)jj 2

�

� 2E
�

max
0� t � �

jjB (t)jj 2

�
whereB is a 1-dimensionalBrownian motion

� 8E
�
jjB (� )jj 2

�
by the re
ection principle

= 8v�

By (7.11), max0� i � N jjX i jj � 1=
p

� and max0� i � N jjX i jj 2 � 1=� . The third term

E
�

min
0� i � N

jjPi (T) � Pi (� i )jj 2

�

is the expectedminimum of N + 1 Brownian motions, independent from each other and

from N , where the i -th, 0 � i � N , spansover the interval of [� i ; T]. It can thus be

written as

E
�

min
0� i � N

jjPi (T) � Pi (� i )jj 2

�
= E

�
E

�
min

0� i � N
jjPi (T) � Pi (� i )jj 2 j N; � 0; : : : ; � N

��

=E [h(v(T � � 0); v(T � � 1); : : : ; v(T � � N ))]
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whereh(x0; x1; : : : ; xN ) is described by (6.3) in Lemma 6.2 (without the constant � ): it

is the varianceof the minimum of N + 1 independent, omnidirectional, two-dimensional

Gaussianrandom variableswith zeromeansand variancesx i in each axis. The expecta-

tion above is over N and � 1,. . . ,� N (� 0 is not random). Note that

h(v(T � � 0); v(T � � 1); : : : ; v(T � � N )) � h(vT; vT; : : : ; vT) = 2vT=(N + 1)

Hencewe get

E
�

min
0� i � N

jjPi (T) � Pi (� i )jj 2

�
� E

�
2vT

N + 1

�

Note that the expectation in the above upper bound is over all possiblevaluesof N , since

2vT=(N + 1) doesnot depend on any � i , 1 � i � N .

Sinceall variablesinvolved are positive, we can usethe fact that E [Y] �
p

E [Y 2] for

positive random variablesto compute the rest of the terms. We immediately have that

E
�

max
0� i � N

jjP0(� i )jj
�

� 2
p

2v�

and

E
�

min
0� i � N

jjPi (T) � Pi (� i )jj
�

�

s

E
�

2vT
N + 1

�
:

SincemaxX i areupper-boundedby a constant, the termsthat contain it canbecomputed

without concernsover the expectation of the product being equal to the product of

expectations. The term

E
�
2 max

0� i � N
jjP0(� i )jj min

0� i � N
jjPi (T) � Pi (� i )jj

�

is the expectation of the product of independent random variables: Brownian motions

Pi , 1 � i � N are independent of the tra jectory of the destination, and the tra jectory P0

of the destination after � 0 = � is independent of the tra jectory of the destination prior

to � . Hencewe get the upper bound in (7.12).
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The expectation appearing in Lemma 7.1 is the expectedarea 
o oded if Pi (T) were

independent, normal random variables. From the previouschapter, we know this can be

combined with a Poissondistribution of N . However, the distribution of N is not easy

to describe, as we saw in section 5.1.2. We can however use the concept of stochastic

domination to derive a bound in terms of � 0.

Lemma 7.2. The random variable 1=(N + 1) is dominated by 1=(N0 + 1), where N0 is

the number of nodesin � that meet a static destination in the interval [0; � ].

Proof. By (7.6), N = N (� ) is none other than N f en(D; 0; � ), which is none other than

NB (� ) asde�ned in section5.1.2. HenceN (� ) dominatesN0 = N0(� ) , by lemma5.3. It is

easyto seefrom the de�nition of stochastic domination that if a real random variable X 1

stochastically dominatesa real randomvariableX 2 and f is a strictly decreasingfunction,

then f (X 2) stochastically dominatesf (X 2). Since1=(X + 1) is strictly decreasing,the

lemma follows.

This givesus the following lemma.

Lemma 7.3. For � 2 (0; T], let G� (T) be the expected one-step 
o oding area if we

consider only the carrier nodesthat met the destination in the interval (0; � ], as de�ned

above. Then,

G� (T) �
2� vT
� 0(� )

+ 2

s
2� vT
� 0(� )

(2
p

2� v� + 1) + (2
p

2� v� + 1)2 (7.13)

where � 0(t) is described by Corollary 5.2.

Proof. By Lemma 7.2, we have that

E
�

2vT
N + 1

�
� E

�
2vT

N0 + 1

�

=
1X

n=0

2� vT
n + 1

e� � 0 (� 0)n

n!

=
2� vT

� 0
(1 � e� � 0 ) as in Lemma 6.4

�
2� vT

� 0
since1 � e� � 0 � 1

where � 0 = � 0(� ) is described by (5.17) in Corollary 5.2. The above result, combined

with Lemma 7.1 givesus the lemma.
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The time epoch � can be chosento be a function of T. For a given � (T), such that

0 � � (T) � T, the bound in Lemma7.3 can be written in terms of T only. For example,

if � grows linearly in terms of T, Lemma7.3yields a linear upper bound for G� (T). Note

that this bound is also a bound for G(T). By chosing � properly, we obtain the bound

in the following theorem.

Theorem 5. The expected one-step
o oding area G(T) is suchthat

G(T) � 8

s
� vT

�
logvT(1 + o(1)) (7.14)

Proof. The expected one-step
o oding area G(T) is upper boundedby G� (T). On the

other hand, inequality (7.13) can be written as

G� (T) �

 s
2� vT
� 0(� )

+ 2
p

2� v� + 1

! 2

:

Let

� = � (T) =
1
4

s
T

�� v
logvT: (7.15)

By Corollary 5.2 we have that

� 0(t) = �
�

2� vt
logvt

+ (d + o(1))
vt

log2 vt

�
: (7.16)

Thus

2� vT
� 0(� (T))

=
2� vT

2� �v � (T )
log(v� (T )) + (d + o(1)) �v � (T )

log2 (v� (T ))

=
2� vT

2� �v � (T )
log(v� (T ))

1

1 + (d + o(1)) 1=2�
log v� (T )

=
T log(v� (T))

�� (T)

 

1 +
1

1 + (d + o(1)) 1=2�
log v� (T )

� 1

!

=
T log(v� (T))

�� (T)
(1 + o(1)) since lim

T !1
� (T) = + 1
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By substituting the value of � (T) we get

2� vT
� 0(� (T))

=
T log

�
v1

4

q
T

�� v logvT
�

� 1
4

q
T

�� v logvT
(1 + o(1))

=
T(log(v

p
T) + O(log logvT))

� 1
4

q
T

�� v logvT
(1 + o(1))

=
1
2T logvT

1
4

q
�T
� v logvT

�
1 +

O(log logvT)

log(v
p

T)

�
(1 + o(1))

= 2

s
� vT

�
logvT(1 + o(1))(1 + o(1))

= 2

s
� vT

�
logvT(1 + o(1))

Similarly, we have that

� v� (T) =
1
4

s
� vT

�
logvT:

Hence,we have that

G� (T) �

0

B
@

p
2

4
s

� vT
�

logvT
p

1 + o(1) + 2

vu
u
t 2

1
4

s
� vT

�
logvT + 1

1

C
A

2

=

 
p

2
4

s
� vT

�
logvT(

p
1 + o(1) + 1) + 1

! 2

=

 

2
p

2
4

s
� vT

�
logvT(1 + o(1)) + 1

! 2

=

 

2
p

t
4

s
� vT

�
logvT(1 + o(1))

! 2

= 8

s
� vT

�
logvT(1 + o(1))2

= 8

s
� vT

�
logvT(1 + o(1))
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A question that naturally arisesis whether a � di�eren t than the one chosenin the

above theorem -namely the one in (7.15)- would yield a better bound for G(T). It is

easyto seethat, for a �xed T, the optimal � is the one that minimizes the quantit y on

the right hand side of (7.13) in terms of � . This minimization gives the optimal � as

a function of T. However, minimizing the expressionin (7.13) in terms of � directly is

quite hard. The reasonis that � 0 is not explicitly described; we only know its asymptotic

behaviour. Computing thus the optimal value for � remainsan open problem.

However, the choiceof (7.15) is not arbitrary. Sincewe know how � 0(t) behavesfor

large values of t, we can make an educatedguesson a � (T) that will yield a \good"

asymptotic upper bound. More speci�cally, we have that

G� (T) �

 s
2� vT
� 0(� )

+ 2
p

2� v� + 1

! 2

:

By Corollary 5.2, for large values of � , we can approximate � 0(� ) with 2�� v� =logv� .

Sincethe term squaredis positive, to minimize the upper bound for large valuesof � we

needto minimize a quantit y which is approximately

V(� ) =

s
2� vT
2�� v�
log v�

+ 2
p

2� v�

=

s
T logv�

��
+ 2

p
2� v�

We have that

dV(� )
d�

=

p
T

2
p

�

r
�

logv�
(1 � logv� )

� 2
+

p
2� v

p
�

� �

p
T

2
p

�
� � 3=2

p
logv� +

p
2� v� � 1=2

since1 � logv� is approximately equal to � logv� for large valuesof � . By setting this

equal to 0 we get that the optimal value of � is approximately

� �
1
2

s
T

2�� v
logv� :

Thus the optimal � should be asymptoticaly proportional to
p

T multiplied by various

constants and a sublinear function. Hence,we can substitute logv� with logv
p

T in the

above equation and get

� �
1
4

s
T

�� v
logvT
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which is the value we usedin Theorem5.

7.2 The conditional distribution p(t; T)

Although the expectedone-step
o oding areaG(T) wasupper-boundedin the context of

our model, the conditional distribution of the improved accuracyp(t; T) remainselusive

at the current stageof our research. Estimating this distribution is important because,

even if G(T) remainsto someextent the same,the shape of p(t; T) can in
uence greatly

the results that were obtained in chapter 6. In this section,we will present two factors

that a�ect the shape of p(t; T). More speci�cally, we will seethat the dependenceof the

positions of carrier nodeshas a signi�cant impact on the conditional distribution. This

impact is not reversedby the fact that more nodes,on average,contain good estimates.

First, the shape of the distribution p(t; T) is in
uenced by the likelihood of carrier

nodesbeing locatedwhen 
o oding. As we have seen,if the positionsof carrier nodesare

normally, independently distributed around the anchor point, they are equally likely to

be found. In our protocol however, this doesnot hold. To investigatethe in
uence of the

lack of independenceof � (t; T), weconductedthe following experiment. Weassumedthat

the destination performsa Brownian motion, starting at the origin, in the interval [0; T].

While it moves, n carrier nodes are generatedat equally spacedtime intervals within

[0; T]. Starting at the current position of the destination, each node \brancheso� " from

the tra jectory of the destination and performsfor the remaining time a Brownian motion

independent of the tra jectoriesof other carrier nodesand the destination.

More formally, at time i � T
n , 1 � i � n, the i -th node is placedat the destination's

current position. It then movesaccordingto a Brownian motion for the interval [i � T
n ; T],

independently from the destination and the rest of the carrier nodes. We simulated this

experiment and we recordedthe frequencywith which each node appearedcloserto the

origin than all othersand thuswould be chosenupon a 
o oding. This frequency, in terms

of the time that the chosennode branched o� from the tra jectory of the destination, is

shown in �gure 7.2 for n = 10 and n = 100 respectively. As we can see,nodesthat met

the destination earlier are more likely to be located.

This observation can be intuitiv ely understood by the fact that for two nodesi and

j with i < j , given that i is not within a disk of radius r around the destination, the

destination's and thus alsoj 's likelihood of alsonot being in the disk is a�ected. Similar

information on the position of j doesnot in
uence i the sameway. It is more intuitiv e
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Figure 7.2: Carrier nodes branching at equally spacedintervals. The frequenciesof n = 10 (5 � 106

repetitions) and n = 100 (5 � 105 repetitions) carrier nodesare shown.

in fact that i 's probability will be lessin
uenced than j 's, respectively.

This is a negative result, in the sensethat it shows that the distribution we assumed

in our analysis in chapter 6 is too optimistic. The above experiment indicates that the

distribution in the original model is skewed toward worsevalues(closerto T rather than

0) comparedto the simpli�ed one.

Note that the above experiment doesnot model the casewhereencounter epochs are

the last exits epochs, which is what we needin order to describe the probability p(t; T).

If they werelast exit epochs, the carrier nodes'movements after the encounter shouldnot

be consideredto be independent of the movement of the destination. In fact, aswe have

already stated, they should be moving in such a way that they avoid the destination.

Also, we ignoredthe fact that carrier nodespositionsdo not coincidewith the oneof the

destination upon encounters; they merely are within the unit-area disk around it.

We know however that accuraciesare not equally spacedin our model. As a matter

of fact, the expectednumber of carrier nodeswith accuracyt is described by the last exit

epochs processand by Proposition 5.1 we know that more nodeswith accuracycloserto

0 exist than nodeswith accuracycloserto T. This counteracts the e�ect noticed in our

simulation, in the sensethat more nodeswill branch o� \later" rather than \sooner". It

is interesting thus to know whether this will tilt the density function and make accuracies

closerto 0 more probable than the onescloserto T.

Unfortunately, this is not the case.Werepeatedthe experiment with the distancesbe-

tweenbranchingsscaledaccordingto a function that hasa limit behaviour of 4� vt= log(2vt),
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Figure 7.3: Carrier nodesbranching at weighted intervals. The frequenciesof n = 10 (5� 106 repetitions)

and n = 100(5 � 105 repetitions) carrier nodesare shown. In both casesv and � were taken to be 1 and

T was equal to 105.

as the expectedvalue of the number of carrier nodesin our protocol. Unfortunately, the

resulting frequencydistribution showed that nodes that branched o� earlier were more

likely to be located. The reasonis that t= log(t) is, for largevaluesof t, almost linear. Be-

causeof this behaviour, although the intervals betweennodesthat branched o� early are

greaterthan the intervalsbetweennodesthat branchedo� later, they arestill comparable

and cannot diminish the e�ect of interdependenceon the probability distribution.

In conclusion,theseexperiments indicate that the interdependencebetween carrier

nodesmust be taken into considerationin any attempt to �nd an upper bound for the

behaviour of the LER protocol through a Volterra equation.
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Chapter 8

Conclusions

The goal of this thesiswas to provide a rigorous analysisof the LER protocol. To that

purpose,we presented a model of the network under which many attributes of LER can

be described,asshown in chapter 5. We alsopresented a cost function that quanti�es the

behaviour of the protocol. Approximating this cost function was reducedto obtaining

the expected one-step
o oding area G(T) and the probability density of the improved

accuracyp(t; T). In chapter 7, we provided an asymptotic upper bound for the �rst of

these two functions, which, along with p(t; T), can be used to derive an upper bound

for the function Q(T) that approximates the cost. We werehowever unable to provide a

concretedescription of p(t; T) under our model.

Our work remains thus incomplete; it indicates however that LER is amenableto

analysis. As described in chapter 6, our model can yield results that are subject to very

intuitiv e interpretations. This encouragesus to continue in our goal to analyzethe LER

protocol in its entiret y.

Weintend to addressthe issueof the density p(t; T) in future research. The techniques

wehavedemonstratedin this thesismay prove to beusefulin our attempts. Furthermore,

although the upper bound of G(T) we computedis promising, assublinear,whether it is

tight or not is still an open question. It is interesting thus to seeif a bound lower than

this can be obtained.

As stated in the introduction, LER standsout amongother routing schemesthat can

be characterizedas approximate information protocols becauseof the independenceof

the routing mechanismfrom network tra�c. It would be interesting to extendour model

in order to describe the in
uence of the tra�c load as well, allowing us thus to analyze

moreelaborate protocols. As wehavediscussed,approximate information protocolsshow
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an interesting balancingbehaviour with respect to network tra�c. We believe that this

property could be veri�ed analytically and hope that our model could be usedtowards

that direction.
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App endix A

Pro of of Prop osition 5.2

The following proof by Quastel [39] shows that the expected area covered by a Wiener

sausagewith a drift is larger than the expectedareacoveredby a Wiener sausagewithout

a drift.

For f : [0; 1] ! R2 let

�( f ) = E [jf x : 9s 2 [0; 1] s.t. jB (s) � f (s) � xj � r 0gj] :

We wish to show that

�( f ) � �(0)

Let

� N (f ) = E
� Z

R2
1 � e� N

R1
0 $

(jB (s)� f (s)� x j� r 0 )ds

�
dx

where % (x) = 1 if x is true and % (x) = 0 o.w. Then

lim
N !1

� N (f ) = �( f ):

Henceit su�ces to show that

� N (f ) � �( f ):

Let V = N % (jxj � r 0) and

rN (t; x) = E
h
e�

Rt
0 V (B (s)� f (s)� x)ds

i
:

Let uN = 1 � rN . Note that

� N (f ) =
Z

R2
uN (1; y)dy:
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114 Appendix A. Pr oof of Pr oposition 5.2

By the Feynman-Kacformula r N (t; x) satis�es rN (0; x) = 1 and

@t rN =
1
2

� rN � [� f (t )V ]rN :

Then uN (t; x) satis�es uN (0; x) = 0 and

@tuN =
1
2

� uN � [� f (t )V]uN + [� f (t)V ]:

We can write the solution as

uN (t; y) =
Z t

0

Z

R2
[� f (s)V](x)p(s;x; t; y)dxds

where

p(s;x; t; y) = Ex [e�
Rt

s [� f ( u ) V ](B (t+ s� u)) du � y]:

So

� N (f ) =
Z 1

0

Z
[� f (s)V](x)Ex [e�

R1
s [� f ( u ) V ](B (t+ s� u)) du]dxds:

Let � be the uniform distribution on the unit-area disk centered at the origin. We have

� N (f ) = N
Z 1

0
E�

h
e� N

R1
s

$

(jB (u)� [f (u)� f (s)] j� r 0 )du
i

ds

� N
Z 1

0
E�

h
e� N

R1
s $

(jB (u)j� r 0 )duds
i

= � N (0)

which concludesthe proof.


