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Abstract

Towards an Understanding of Last Encourter Routing in Ad Hoc Networks

Efstratios loannidis
Master of Science
Graduate Departmert of Computer Science
University of Toronto
2004

A wirelessad hoc network is a collectionof nodesthat comnunicate with ead otherin the
absenceof a supporting infrastucture. Approximate information protocols are routing
protocols that utilize appraximate, inaccurate information on nodesin order to make
routing decisions.An exampleof sudt a protocol is the Last Encourter Routing (LER)
protocol. We proposea network model under which we prove fundamertal properties of

the LER protocol and make progresstowards a rigorous analysisof its behaviour.
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Chapter 1

Intro duction

1.1 Ad hoc networks

A communiation network is a collection of ertities that exchangeinformation with eadh
other. The networkswe shall study will be wirelessin the sensehat the physicalmedium
of communication will be wireless. Furthermore, we will considermobile networks, mean-
ing that the relative positions of the ertities that constitute the network changethrough
time.

For the purposesof this thesis,a network can be viewed as a graph G(V; E) whereV
is the set of the aforemenioned comrmunicating entities and E is a set of unorderedpairs
of elemerts in V. We will call the communicating ertities nodes whereasthe elemerts of
E shall bereferredto aslinks. If alink betweentwo nodesu and v exists,i.e. (u;Vv) 2 E,
then u and v will be adjacent or neighlmuring nodes,or just neighlours.

A link betweentwo nodesindicatesthat direct commnunication betweenthem is possi-
ble. The networks we will dealwith are packet-switchd, in the sensethat the commnuni-
cation betweennodeshappensthrough the exdangeof information through messagesf
information, which are called packets Two nodesthat are not adjacent cannot excdhange
padetsdirectly. Indirect comnunication betweenthem however is possibleif nodesrelay
or forward padets on behalf of other nodes;this act is calledrouting. A node which gen-
eratesa padet of information is called a source whereasa node that is the nal recipiert
of the padket is a destination.

An infrastructured or hierarchical network is a network in which a distinction exists
betweennodesthat generateor receiwe padets, calledhosts and nodesthat route padets,
called relay nodes or simply routers The algorithm that speci es how routers relay
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padkets is called a routing protocol. A network in which no nodes are designatedas
routers but all hostsrelay padets on behalf of other hostsis called an infrastructureless
or an ad hoc network.

Recernt advance in wirelesstechnology has led to an increasedinterest in ad hoc
networks. Applications for ad hoc networks wereinitially ervisionedin a setting wherea
permanert infrastructure would be impossibleto deploy, such as military or emergency
seart-and-rescueoperationsin an inhospitable terrain, or in situations were temporary
networks, easyto set-up and dismartle, would be desirable, suh as a meeting or a
conference Howewer, the proliferation of cheap, ubiquitous wirelessdeviceshas provided
further incertive for using ad hoc techniques, sincethey allow for large, self-organizing
networks comprising of autonomousmobile nodes.

Many interesting problemsarisewhile designingan ad hoc network. The focusof this
thesiswill be routing. There are two aspects of ad hoc networks that make routing a
challengingtask. First of all, due to the absenceof a hierarchy or any certral authority,
routing must be done in a distributed manner; that is, nodes should decide where to
forward an incoming padet basedonly on local information, like who their neighbours
are, their geographicalposition e.t.c. and information cortained in the padet, e.g. iden-
tiers (addresses)f the destination and the source. Furthermore, the fact that nodes
are mobile leadsto frequert and abrupt changesin the topology of the network. An ad
hoc routing protocol should be able to function under suc circumstances.

1.2 Routing proto cols for mobile ad hoc networks

Early approadieson routing in ad hoc networks wereadaptations of routing protocolsfor
traditional, infrastructured networksin a mobile setting. Theseprotocolsare calledtable-
driven or proactive [37, 8, 34, 7, 24]. In suc protocols, ead node maintains consisten
information about the topology of the network. Usually this meansmaintaining a routing
table with next-hop information. This table has an entry for ead destination in the
network, which contains the neighbour to which a padet should be forwarded in order
to readh that destination. The creation and maintenanceof routing tables are basedon
the well known Bellman-Ford algorithm [26]. Consistencyis presened by broadcasting
maintenance padkets either at xed time intervals or when a topology change occurs
(e.g. whena link ceasedo exist), or both. The main drawbad of this approad is that
the maintenance padets generatedconstitute a very large portion of the trac of the
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system, esgecially if nodes are mobile and the topology changesfrequertly. In other
words, proactive protocolssu er from a large overhed, i.e. trac consistingof padkets
that do not cortribute to the exdhangeof information betweennodes.

In order to deal with this overhead, demand-driven (or source-driven) or reactive
protocols were dewveloped [38, 25, 36]. In reactive protocols, routing tables do not exist
per se; whenewer a sourcenode needsto senda padket to a destination, it initiates a
query called a routing requestin order to locateit. This query happensin the form of
o oding: every nodethat receivesa routing requestpadet for the rst time andis not the
destination forwardsit to all its neighbours. Assumingthat the network is connected the
destination will evertually be readed. The routing requestpadet cortains information
about the nodesthat it has passedfrom, and the destination can use this to senda
route reply to the source. With this reply the sourcelearns a path to the destination
(namely, the onethat the routing requestpadket followed). This entire processis called
the route discwovery phase. Once route discovery is accomplished,the sourcenode can
sendsubsequen padkets over the establishedroute. Somereactive protocols alsode ne
route maintenance medanisms, so that, if a link breaks while padets are being sert
over a route, this route can be repairedlocally. Howewer, even if this is not possible,the
protocol can always fall badk to the route discovery phaseto seekfor a new route and
resumetransmission.

The advantage of reactive protocols is obviously that, in cortrast to table-driven
protocols, no overheadis incurred by routing table maintenance. This makesthem fare
better with high mobility environments (see[10, 5, 42]). On the other hand, the overhead
generatedduring the routing discovery phasecan be quite signi cant. Howewer, as the
route discovered can be usedfor transmitting subsequen padkets and nodesvery rarely
exchangea single padet, the cost of the overheadis amortized during long sessionf
communication.

The above protocols can be characterized with the generalterm of topology-tased
routing, sincethe information usedto route padetsis topologyrelated, e.g. next-hops. In
cortrast to topology basedrouting, position-basel or location-basel routing useslocation
information in order to route a padet.

Position-basedrouting was suggestedas an alternative for topology-basedrouting
becauseof the bene ts gainedby working with positionsinstead of paths. It relieson the
following three assumptions: rst, all nodeslie on a plane. Second,their connectivity is
modeled by a unit graph i.e. two nodessharea link if their Euclidean distanceis less
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than a radius r, the transmissionradius usually taken to be one. Theseare realistic
assumptionssincethey apply to real-life wirelessnetworks to someextent, the second
one perhapslessthan the rst one. Their predominancecan be seenby the fact that

they are quite often usedin the analysisof topology-basednetworks, although they are
not necessaryThe third assumptionis that ead node is either aware of its own location
or it can computeit quickly and e cien tly. The most frequertly encourtered argumert

in bibliography for justifying this assumptionas realistic is that nodescan make use of
GPS, the Global Positioning System[27]. This is a satellite servicewidely usedby marine
vesselsexpeditions e.t.c. to obtain their current geographicallongitude and latitude.

Under theseassumptions the position of a node, i.e. its coordinateson the plane, can
be usedto route a padet towards the destination. The locality of links in unit graphs
intuitiv ely suggeststhat forwarding the padket towards the direction of the destination
shouldlead to a successfulouting. This ideais very ernicing, given that location infor-
mation is much more concise(it is merely two coordinates) than ertire path information.
Thus, instead of dealingwith topology, in which ertire paths needto be maintained, one
can only record position information.

A position-basedprotocol consistsof two parts: the location serviee and the forward-
ing strategy. Assumingthat nodesare positioned on a plane and that all are aware of
their locationsand the destination'slocation, a forwarding strategy speci es how a padet
is to read the destination. For example,the obvious greedy strategy is to forward the
padet to the neighbour which is closestto the destination. However, it is easyto see
that this strategy does not guarartee delivery even in static networks. As a matter of
fact, de ning a forwarding strategy that guararteesdelivery in a mobile network is still
an open problem [20].

On the other hand, forwarding strategies assumethat the source node knows the
destinations position at all time. This, in short, is a transformation from the problem
of maintaining path information (in topology-basedrouting) to maintaining position
information, and is not easyto solve. In mostlocation basedprotocols,a location service
is de ned in order to addressthe problem, most of the times independent from the
forwarding strategy. A location servicespeci es how a sourcedeterminesthe location
of the destination. Due to the nature of ad hoc networks, a location service has to
be distributed; in other words, the information of the current positions of nodesin the
network cannot be stored in a certralized manner. For example, the solution in which
onenode maintains all the location information of all other nodesis not consideredvalid.
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Consequetly, designinga location serviceis quite involved and has beenthe subject of
extensiwe researt [21, 32].

1.3 Appro ximate information proto cols

The protocolsthat we will descritein this thesisabide by a generalscheme. The intuition
behind devising sudh a sdheme lies in using useful features from both proactive and
reactive protocols. This conmbination should, ideally, be done in sud a way that the
overheadincurred is lessthan the respective overheadfor both of the above categories.

Proactive protocols ensurethat route discovery is achieved with no overheadwhat-
soeer, sincerouting tables maintain exact routing information about all destinations.
Howewer, a large overheadis demandedfor the maintenanceof information in eat node's
routing table. On the other hand, the exact opposite holds for reactive protocols; al-
though routing tablesare not usedand thus no overheadis necessaryor the maintenance
of information, route discovery is quite costly.

The protocolswe will analyzecan be seenaslying in betweenproactive and reactive
approades. In theseprotocols, although nodesmaintain routing tables, the information
stored in them will not have to be updated as often as in table-driven protocols. This
will result in inconsistency- ertries in routing tables will not provide accurateinforma-
tion about the destination and will inevitably lead to routing failures. Upon a failure,
the protocolsresortto o oding, just like demand-driven protocols. Howewer, instead of
o oding in orderto nd the destination, asin the route discovery phaseof demand-driven
protocols, o oding will be directed towards locating nodeswith more accurateinforma-
tion on the destination. We shall refer to these protocols as approximate information
protocols, due to the inherert inaccuracy of the information maintained by nodesin the
network.

Before giving a generalde nition of routing in approximate information protocols,
we will try to illustrate the basic conceptsinvolved with an example. Consequetly, we
will seehow theseconceptscan be extendedto a more generalstheme. Finally, we will
discusspossiblefeaturesof appraximate information protocols.



6 Chapter 1. Intr oduction

1.3.1 An example

The protocol we will describe was devisedby Grossglauseret al. and is basedon last
encourter routing (LER), a conceptalso rst presened by the sameauthors [19]. It is
alsothe protocol we will attempt to analyzein this thesis. As it hasslight modi cations
from EASE, the original protocol preserted in [19], we shall refer to it under the more
genericterm \the LER protocol".

Assumethat the nodesforming the network resideon a plane. Each node i maintains
arouting table RT; cortaining the coordinatesof every other node at sometime in the
past. Furthermore, for every ertry of its routing table, ead node i maintains in a table
M; the elapsedtime sincethe destination was at that position. In other words, if the
ertry RT; at the routing table of nodei is the position of node | at time t ago,then its
asseiated ertry in table M; will be M = t.

The information RT; in the routing table can be consideredas an approximate,
inaccurate estimation of the current position of nodej, i.e. the position of nodej some
time in the pastis, in somesensean estimation of j 's currernt position. In this context,
time t can also be perceived as a metric of accuracy, i.e. asa measureof how closeto
the actual value this estimation is.

A natural questionto askis how the ertries of theserouting tables get updated. The
approad followed by Grossglauseeet al. is a minimalistic one, in terms of the overhead
involved. Nodesupdate the j -th ertry of their routing table every time they are within
transmissionradius of node j. Grossglauseret al. called sud an event an encourter,
hencethe namelast encourter routing (LER). Note that this method of updatesimplies
that the \metric of accuracy” M = M;j; is noneother than the elapsedtime sincethe
last encourter of i and j.

A padket can be routed from a node s to d using the information in the RT tables
as follows. Initially , the sourcenode s can sendit to the position RTgy, using any of
the location-basedforwarding strategiesthat exist in literature. If the destination is not
readed with this forwarding, the protocol resortsto o0 oding, as descriked previously
Howeer, instead of looking for the destination itself, it looks for any node that cortains
a more accurateenry regardingthe destination. In our de nition of accuracy a node n
has a more accurateenry than s if Mg < Mgy. In other words, while o oding, a node
n that encourered d later than s did is sough for.

After locating sudh a node n, the protocol resumesforwarding as if the padket was
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originated at n. This processs repeatedand the protocol alternatesbetweenforwarding
and o oding until the destination is readhed. An illustration of this behaiour can be
seenin gure 1.1, which is explainedin detail in the next section. Note that, at eath
o oding, the position of the destination known is always better than the one beforein
terms of accuracy giventhat accuracyis de ned asthe elapsedtime sincean encourter.
Furthermore, suc accuracyimprovemeris happen only through o oding.

1.3.2 A generalization

The above example can be generalizedto a wider classof protocols, to which we will
refer from now on as appraximate information protocols. In sudt protocols, eat node
i maintains a routing table RT;, where RT; is the j-th ertry of the table at node i,
containing information that can be usedto route a padket from nodei to nodej. To
eat ertry RT; correspndsa metric of accuracyM; (M 2 [0;+1 ]), wheretable M;
is alsomaintained by nodei. By de nition, M; = 0. In general,both tables (of routing
information and accuracy metrics) will be functions of time, denoted by RT; (t) and
M (t). We will say that the j -th entry of nodei is more accuratethan the j -th entry of
node k at time t if Mj; (t) < My (t). Equivalertly, we will say that in sud a casenode
i has better information than k about destination j at time t. When using the above
phrases,we shall drop \at time t" whene\er t can be derived from cortext. In the LER
example, the information stored in routing table ertry RT; (t) of node i at time t was
the coordinates of a node at sometime t°in the past, whereasthe metric of accuracy
wasthe elapsedtime t  t%sincet®. Note that the metric of accuracyat time t imposesa
partial ordering amongertries of nodesreferring to the samedestination. This ordering
is partial becausenodesmay have equal accuracy

Although the nature of the accuracymetric M will depend on the actual protocaol, it
is important that if M;y = 0 a padket can be forwarded from i to d without failure or
any form of o oding. For example,in LER M4 = O indicatesthat i is a neighbour of d,
and hencea padet canbe sen to d without failure. This is necessaryor the protocol to
converge,aswe will discussin the end of this section. Furthermore, a nice property that
the metric of accuracycan have (though not necessaryfor convergence)is that reading
the destination from a node should be \easier", accordingto somecost function, than
from a point with worseaccuracy

The fact that nodes maintain routing tables is reminiscert of proactive protocols.



8 Chapter 1. Intr oduction

Howeer, as indicated by the existenceof the metric of accuracyM , information stored
in a routing table may be inaccurate. Hence, the updating medanism employed by
the protocol can be lessexpensiwe than the one usedin proactive protocols. In other
words, by deliberately allowing information of routing tables to becomeinaccurate, we
can designupdate medanismsthat are inexpensiwe in terms of overhead. The one used
in last encourter routing for exampleincurs no overheadwhatsoe\er.

Figure 1.1: An illustration of approximate information routing. Node s sendsa padet to d. Initially , it
attempts to route the padket using the information (RTgq) it maintains in its routing table. However,
becausethis information is inaccurate, forwarding fails at node a;. The protocol thusresortsto o oding,
looking for a node that has better information about d than the currently available. Such a node is ny,
and basedon the information it provides (RTp,q), the padket is forwardedto a,. This processis repeated
until destination d is reached. Nodesa; and a, are anchor points and node n; is a carrier node.

The existing routing information, although inaccurate, may be usedin order to for-
ward a padcket. The forwarding method dependsvery much on the kind of information
that is maintained in routing tables. For example,in the LER protocol described above
any location-basedforwarding algorithm will do. Howeer, sincerouting information is
appraximate, it is quite possiblethat a routing attempt basedonly on this information
might fail. In the LER example, the destination may not physically be at the coor-
dinates provided. In this case,approximate information protocols resort to o oding,
just like reactive protocols. Howewer, unlike reactive protocols, instead of the destina-
tion itself, more accurate routing information about it is sough for upon o oding. In
a more generalforwarding scheme,assumethat node i forwards a padet to d using its
(approximate) information RTiq. Becauseof the inherernt inaccuracy of this informa-
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tion, forwarding fails and the padket only reachesnode a. In that case,node a o ods
the network querying for a node n that cortains more accurate information RT.q -i.e.
Mng < Mjig. This information canthen be usedin a new attempt to forward the padet
to the destination until a new failure occursand the above processis repeated until the
destination is readed.

This processis illustrated in gure 1.1. Clearly, the protocol alternates betweentwo
phases:a forwarding phase,in which inaccurateinformation is employed to forward the
padet to the destination, and a o oding or an information dismvery phase,in which
better information about the destination is sough for. Figure 1.2 givesa more formal
description of the routing algorithm in approximate information protocols.

Route a padket p from s to d
f
i=s
forward p towards d using RTiq
let a bethe node readed with this forwarding
while (a6 d)
f
guery the network through o oding initialized at a
until a node n is readed sud that
it satises a halting condition. Node
n should be sud that Mg < Mq;
i=n
forward p towards d using RTjg
let a bethe node readed with this forwarding

Figure 1.2: An algorithm for approximate information routing

We give additional de nitions that will assistour analysisin the future. Nodes
ay; ap;:::, wherethe protocol fails to forward the padet (becauserouting information is
inaccurate) and consequetly resortsto o oding, shall be referredto as anchor points?.
Anchor points are o oding points, i.e. 0 oding is initiated at them. Nodesthat satisfy

1The de nition is from EASE [19].
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the o oding halting condition shall be called carrier nodes. Carrier nodescortain infor-
mation that can be usedto resumepadket forwarding after a forwarding failure. In the
algorithm of gure 1.2, we denotewith RTq the approximate information available to the
algorithm and with Mi4 the correspnding measureof accuracyfor this information. We
shall call thesethe current routing information and the current accuracy respectively.
Note that current information and current accuracychangeonly through o oding in the
aforemenioned generalsdheme. In LER, an andhor point is the position of the destina-
tion at t time ago,wheret is the current accuracy Carrier nodesare all the nodeswith
accuracy better than t, i.e. all the nodesthat met the destination after it passedthe
andor point.

The routing schemedescriked in gure 1.2 s left deliberately vague. The nature of
information storedin routing tables, the way they canbe usedto forward padets toward
the destination and how sud forwarding strategiesmay fail arenot de ned. Furthermore,
the way o oding is implemerted is alsonot de ned and, in particular, nor is the halting
condition. We shall addresstheseissuesin the next section, where possibleattributes
of approximate information protocols will be discussedin detail. The only restriction
imposedon the halting condition is that the carrier node that will be locatedby o oding
must have better information about the destination than the one currently available.
More formally, if the current accuracyis My and

C = fn: n satis es the halting conditiong

is the set of carrier nodes,thenC fn: My < Mj40.

This restriction implies that, if the area o odedin ead o oding stepis bounded,the
protocol corvergesto an accuracyof zero. Assumethat routing happensvery fast rela-
tively to the movemern of the nodesin the network, and that we canthus considernodes
static while routing takesplace. If we de ne asa distancemetric from the destinationthe
metric of accuracy every o oding results, accordingto the above restriction, to locating
a node closerto the destination in the accuracyspace.More intuitiv ely, the protocol is
closingin the destination with every o oding step, wherethe metric of proximity is, in
fact, the metric of accuracy Sincethe accuracyis lower-boundedby zero, this indicates
that the protocol corvergesto zeroin the accuracyspace.Note that, by de nition, nodes
that have accuracyequalto zero can reat the destination without o oding. Further-
more, the restriction that the area o odedis boundedcanbe easilyadievedif the halting

2In EASE [19], these nodesare referred to as messengemodes.
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condition is sud that the destination alsosatis es it and thus there always existsa node
at which o oding will stop (namely, the destination).

1.3.3 Features of appro ximate information proto cols

Approximate information protocols can be constructed from the aforemenioned general
sthemeby specifying various aspectsof the scheme,like the nature of information stored,
the forwarding strategy, the update policy e.t.c. These aspects are described here in
detail.

Information  Stored. Routing tables must cortain information that can assistin for-
warding a padket to a destination. Two examplesare next-hopand location information.

Next-hop information is usedin traditional routing protocolsfor static networks. In
sud a scenario,ead node maintains the neighbour to which a padet must be forwarded
in order to read the destination. Alternativ ely, a node can store the ertire path from it
to the destination; Sud redundart information can be usedto compute optimal paths.

As in the LER example,location information, i.e. the coordinates of the destination
on the plane, in the spirit of location basedprotocols, is an alternative. Assumingthat
the metric of accuracyis elapsé time (seebelow), storing location information can be
dened as RT; (t) = Pj(t Mj(t)), where P;(t) is the position of node j at time t.
Although forwarding a padket towards the destination using only location information
is more elaborate than forwarding when using next-hops, and guararteeing delivery is
still an open problem even when the exact position of the destination is known [2(],
location information seemgo degradelessrapidly than next-hop information. Topology
may changerapidly evenin a non highly mobile network, whereasthere exist intuitiv e
argumerts, sud as the distance e ect (seein DREAM [1] in section 2.3.1), indicating
that location information usefulevenif it is considerablyout of date.

Using location information is interesting alsofor a di erent reason.As we have seen,
location basedprotocols consist of a forwarding strategy and a location service, which
maintains and provides information on the positions of nodesin a distributed manner.
Designinga location servicethat is decenralized is a challengingtask. Howewer, approx-
imate information protocolsthat uselocation information circumvert this problem. In
short, eath node hasits own, inaccurate location service,and the location information
becomemore re ned asthe protocol proceeds.
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Among the protocolsthat exist in literature and that will be presened in the next
chapter, EASE [19 and DREAM [1] uselocation information, GREP [13] usesnext hop
information and FSR [24] usesfull path information. FRESH [12], oddly enough,stores
no information in a routing table, becausdat assumeghat an estimation of the position
of the destination that may assistto routing is none other than the position of the node
itself (i.e. 8i;] RT; (t) = Pi(t), whereP;(t) is the position of node i at time t). The
only table FRESH maintains is the metric of accuracy

Forwarding Strategy . Closelyrelated to the nature of information stored is the for-
warding strategy employed and the correspnding failing condition. For example, if
next-hop information is available, the obvious forwarding strategy is to sendthe padet
towards the neighbour indicated by the routing table. Failure to forward then consists
of a hop having becomeobsolete,i.e. the node that is indicated by the routing table as
a next-hop is not a neighbor of the currert node®.

Forwarding using location information is much more complicated,and in somesense,
it is still an open problem. There is an abundanceof strategies[33, 45, most of which
guarartee delivery only under certain assumptions. This is not a problem in our case
howeer, sincethe protocol doesassumehat failure of the forwarding strategy is possible
and canrecover from it by ertering a o oding phase.Note that, aslocation information
is inaccurate, the most one can do, given that the forwarding strategy doesnot fail for
any other reason,is to sendthe padket to the inaccurate location which approximates
the destination's position. This is ambiguously de ned, but we can make it more speci ¢
by stating that the forwarding strategy proceedsuntil the node closest, according to
Euclidean distance, to the above position is readed. If the destination is not within a
transmissionradius from that node, we assumethat a failure hasoccurred.

An improvemern that can be applied to all protocolsthat we descrile is greedy for-
warding. In our generalsdhemewe get closerto the destination in the accuracy space
only whenwe o od. It is possiblehoweer that, aswe forward a padet, we passthrough
anodethat contains \b etter" information about the destination than the currently avail-
able. Intuitiv ely, this information shouldbe usedand the currert level of accuracyshould
be set as the one provided by that node. In this case,accuracyimprovemeris do not
happenonly by o oding stepsbut alsoduring forwarding. Though this may improve the

Swhich is thus an anchor point
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performanceof the protocol, it makesanalysismuch harder, sowe will not take it into
considerationin our later analysis.

GREP [13] and FSR [24] useby default greedyforwarding, whereashe greedyversion
of EASE is called GREASE [19]. FRESH [12] and DREAM [1] involve no forwarding
whatsocewer, since padets progressonly through o oding.

Up date mechanism. The update medanism de nes when and how updates take
place. A proactive approad would be for ead node to sendperiodically \hello" messages
cortaining the necessaryouting information either to the ertire network or a subsetof
it, e.g. by using a time-to-live (TTL) eld on the padket header. In this case,total
overheadshould take into considerationsud hello padets as well.

A lessexpensiwe approad would be to piggybad information on data or other padets
-like o oding padkets-usedby the protocol. Piggybading canbe doneeither aggressiely
or moderately. In aggressie piggybaking, ead padet carriesrouting information about
all the nodeswhereit has passedfrom. Each node that relays a padket \sni s" routing
information from the headerof the padket and then adds its own information on the
padet before forwarding it. This approat however does not scalewell, as the size
of the padets increaseswith the length of the path it traverses. The non aggressie
approad would be to piggybad only the padket originator's information on the header,
thus keepingthe padket length constart but also making updateslessfrequert.

Piggybading is particularly interesting in appraximate information protocolsfor yet
another reason. If updates happen using this medanism, increasedtra c should in-
tuitiv ely lead to more updates, and hence make information stored in o0 oding more
accurate. On the other hand more accurateinformation should indicate that the proto-
col shouldresortto o oding lessfrequertly, which thus resultsin decreasedra c load.
Although at the presen stageof our researt it seemshard to model sud a behaviour,
intuition suggeststhat there exists a balancing medanism in appraximate information
protocols using piggybading asfar as network load is concerned.

A lessaggressie approad to updating is using last enmunters as happensby def-
inition in LER. In this scheme, suggestedby Grossglauseret al. [19], updates about a
destination happen only whenit is within transmissiondistance,i.e. the sourceand the
destination becomeneighbours. There are at least two reasonswhy sud an approat
is interesting. First of all, the behaviour of the protocol, in terms of how costly it is to
route a padket from a sourceto a destination, is independen of tra c load: updatesare
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completely independert from how many -and what kind- of padkets are disseminated.
This simpli es analysisto a great extert. The secondreasonis that sud a protocol also
exhibits a balancing behaviour, in terms of the speedwith which nodesmove: Sincethe
information maintained is location information, if nodesmove very fast this information
should rapidly becomedegraded(lessaccurate). Fast moving nodesshouldthus be hard
to locate. On the other hand, intuitiv ely, a fast moving node should encourter more
nodesthan a slovly moving one, and therefore high mobility also leadsto the genera-
tion of many carrier nodes, thus facilitating future route discoveries. This was noticed
by Grossglauseret al. who indicated that in LER \mobilit y helps" routing. This is an
important obsenation, becausan most routing protocolsmobility is addressedasan ob-
stacleto the routing medanism. Howewer, sincethe speedof nodesa ects the behaviour
of the protocol in the above two corntradicting ways, it is not clear which one of the two
prevails and how the protocol reacts under high mobility.

On the other hand, protocols utilizing last encourer routing su er from a certain
lack of realism: it is highly unlikely that in a real-life ad hoc network all nodeswill meet
eat other physically. Only under speci ¢ typesof movemen can one assumethat all
nodes(or at least most of them) becomeewventually adjacen to eat other. This means
that LER will result to o oding quite often in a real-life scenario. Note that this does
not apply to protocolsthat usepiggybadking; it is quite possiblethat a node broadcasts
padkets to all nodesin a network. In fact, since appraoximate information protocols do
resortto o oding, which is a broadcastingmedanism, such a scenariois plausible.

GREP [13] usesscalablepiggybadking as an update medanism, whereasEASE [19
and FRESH [12] usealast encourier sheme. DREAM [1] and FSR [24] broadcastupdate
padets.

Metric of accuracy. As already noted, the protocol must de ne somemetric of ac-
curacy for the information maintained at nodes. Assuming information is accurate at
somemomert in time, a reasonableassumptionwould be that a measureof accuracyis
the elapsé time sincethat momert. This implies that all nodes maintain time ertries
correspnding to routing data, which indicate the time when thesedata were accurate.
Thus

M (t) = elapsedtime sinceRT; (t) was accurate

In all padket-basedupdate sthemestime entries canbe replacedby sequene numkers
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of packet headers.Whene\er a padket that cortains routing information is generatedby
a node, instead of a timestamp that indicates when it was transmitted it may receiwe
a sequencenumber, which is then stored in the routing tables of nodesthat receiw it
along with correspnding the routing ertries. The idea behind this is that the metric
of accuracy is unnecessary:only the partial ordering of ertries, implemerted by the
one-to-onecorrespndencebetween possibleertries and natural numbers (the sequence
numbers), is required. Note however that the metric of accuracy apart from providing
a total ordering of estimates, also quanti es how much more accurate one estimate is
comparedto another. Other than that, the two approadesare equivalert in terms of
how the protocol behares.

EASE [19, FRESH [12] and DREAM [1] use elapsedtime as a metric of accuracy
whereasGREP [13] and FSR [24] usesequencenumbers.

Flo oding. An important aspect of the protocol is how o oding is implemerted during
route discovery. Onereasonis that if update padkets are not used, o oding during route
discovery is in fact the only substartial overheadincurred by the protocol. On the other
hand, if piggybading is usedas an update medanism, o oding cortributes, sometimes
a lot, in how updatestake place.

Assumingthe network is modeledby a unit graph, in which two nodesare adjacert i
their distanceis lessthan a constart, o oding consistsof forwarding arriving padetsto all
neighbours. A time-to-live(TTL) eld in padket headerscanbe usedto limit o oding. By
repeatedly o oding using an increasingTTL, onecanimplemert o oding in concerric
circles; howeer this increasesthe cost of o oding, in terms of the number of padkets
exchanged, from linear with respect to the number of nodes o oded to quadratic. An
alternative approad would be to forward a padket only to one neighbor, perhapsunder
someprobability distribution over neighbors, thus doing a random walk query. Sud a
guery is obviously lesse ectiv e but alsolessexpensiwe than usual o oding.

Another aspect of o oding is the actual halting condition, i.e. whenshoulda node not
forward a o oding padket and instead reply. As de ned by our generalsthema, queries
look for nodeswith better information about the destination than the current one. These
nodes,which are called carrier nodesas we have already stated, are exactly those nodes
that satisfy the halting condition. An extreme halting condition, employed by reactive
protocols, is to o od looking for the destination itself. One plausible halting condition
would be to o od until a node that cortains any information which is better than the
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current oneis found. By our de nition of appraximate information protocols, this is
the halting condition that de nes the largest set of carrier nodes, sinceall other halting
conditions are a subsetof this. If a metric of accuracyexists, then we canimposemore
stringent halting conditions like o oding until a node which hasat most (0< < 1)
times better metric than the one of currertly available information. Sud a condition
may possibly increasethe expected o oding per step, sinceit decreaseshe number of
carrier nodes,but may alsoleadto fewer stepsneededin order to read the destination.
Another approat would beto o od a constart area,and usethe bestreply (according
to the measureof accuracy)of the onesprovided.

Both GREP [13] and FRESH [12] o od underthe maximal o oding condition. EASE
[19 on the other hand o ods for node that cortain information twice as good as the
current. This correspndsto a = 3 accordingto the terminology usedabove. FSR [24]
doesnot use o oding at all, whereasDREAM [1] implemerts what the authors refer to
as\directed" o oding (seesection2.3.1in the next chapter for more details).

1.4 Purp ose and results

The purposeof this thesisis to analyzethe performanceof the LER protocol under a
mathematical model. Our work thus consistsof the presenation of a model under which
the protocol shall be studied and of the analysiswhich we perform basedon this model.

The model we propose consistsof a network and a cost model. According to our
network model, nodesform a Poisson eld and move accordingto independern Brownian
motions. Our cost model consistsof a function Q(T), which quarti es the behaviour
of our protocol in terms of the accuracy T of a sourcenode. This function will be the
solution of a Volterra integral equation. This equation will be de ned in terms of two
functions, G(T) and p(t; T), which are, with respectto the rest of our model, the expected
one-step o oding areaand the probability density of the improved accuracy respectively.
We will be interestedin computing an upper bound on the performancemeasureQ(T)
for large valuesof T. Our purposeis thus to compute G(T) and p(t; T) basedon our
network model and then nd an asymptotic upper bound for function Q(T) by solving
the correspnding Volterra equation.

Unfortunately, as we will see,the description of the above two functions in terms of
the network model is far from trivial and could not be achieved within the time limitation
under which this thesiswas written. The main result of this thesiswill thereforebe an
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asymptotic upper bound only for G(T). A derivation of p(t; T) and a bound of the cost
function under our model will be left asfuture researb.

On the other hand, we will descrike a simpler model within the presen thesis,under
which both p(t; T) and G(T) can be computed, and we will prove in terms of it an
asymptotic upper bound for function Q(T). This will giveusintuition onhow to approadh
both G(T) and p(t; T) in our original model, but will also be usefulin demonstrating
how resultsacquiredby solvingthe aforemerioned Volterra equation can be interpreted.

1.5 Overview

The rest of the thesisis organizedas follows. In chapter 2 we presen the related work
that has beendonein this area. In chapter 3 we briey review various mathematical
notions that will assistour analysis. The model of the network we will useis de ned
in detail in chapter 4. In chapter 5 we prove a set of fundamenal properties that can
be derived from our model and which we will usein our later analysis. In chapter 6
we provide a simpler model than the one proposedin chapter 4 and prove under it an
upper bound for the function that models the cost. The methods and the results of
this simpli ed analysisare usedin chapter 7 to prove an asymptotic upper bound for
G(T) and to speculateon the behaviour of p(t; T) under our original model. Finally, we
concludein chapter 8.
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Chapter 2

Related W ork

As discussedn the introduction, approximate information protocols can be viewed as a
combination of proactive, table-driven and reactive, demand-driven approates. We will
thereforebrie y reviewthe work donein thesetwo directions. Furthermore, wewill review
the results on position-basedrouting sinceLER is also closelyrelated to suc protocols:
information storedin LER routing tablesis in fact estimationsof node locations, and the
forwarding strategiesemployed can be any location-aided forwarding strategiesexisting
in literature. Finally, wewill presen se\eral protocolsthat have approximate information
routing features.

2.1 Topology-based routing proto cols

Topology-basedprotocols have beenwidely studied and a vast amourt of examplesexist
in literature. We will presen herethe most prominert proactive and reactive protocols
and we will try to illuminate through them the fundamenal conceptsthat have gained
attention in this particular area of researt. For more information on topology-based
routing protocols we refer the readerto the survey by Royer et al. [42]. Also, a perfor-
mancecomparisoncan be found in [5].

2.1.1 Proactiv e or table-driv en proto cols

A classicproactive routing protocol is the Destination-Sequencedistance-\ector rout-
ing protocol (DSDV) devisedby Perkins et al. [37]. DSDV is one of the most prominernt
exampleswhere high mobility leadsto overwhelminglevels of overhead. Nodesmaintain
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completerouting tables with next-hop information, and update this information accord-

ing to the well known Bellman ford algorithm [26]. Ead node periodically transmits

updatesincluding the corntents of its entire routing table (called full dump padets) or

just thoseertries that have beenaltered through time (incremental padets), the former

beinglessfrequert than the latter. Usingsequence&umbersguararteesthat the mostup-

to-date information is considered.If two paths to a destination have the samesequence
number, the one that is shorter is preferred; to implemert this, nodes maintain (and

transmit in update padets) the length of their paths along with next hop information.

In the Wireless Routing protocol (WRP), by Murthy et al. [34], nodes transmit
updates about the state of links only to their neighbours. Thesetransmissionshappen
periodically but also upon link failure. Since padkets are not broadcast, the update
medanismis much more elaborate than in DSDV. Nodeshave to maintain information
on the possiblepaths to a destination from all of their neighbours. This includes the
length of all sudh paths and the rst, secondand second-to-lasthop. If a link amongtwo
nodesis lost, all the adjacen nodesare notied. If this link a ects a path that these
nodeswere using - an evert they can detect through second-hopnformation, they look
for an alternate path amongtheir neighbors and alsonotify the node that had the failed
link about the existenceof thesepaths. In order to accomplishthis, ead node in WRP
maintains very detailed information on the update messagesen and the repliespending
for eath update message. Although WRP handlesthe problem known as \counting-
to-in nit y" and adievesloop freedomvery e cien tly by doing aggressie updates and
consistencycheds, asin DSDV, high mobility can causesigni cant padet overhead.

Global State Routing (GSR), by Chen et al [7], is similar to DSDV in the fact that
it updatesrouting table ertries accordingto how recen they are and to WRP in that
updatesare not broadcastbut only ser to neighbours. On the other hand, in GSR eath
node maintains information on the ertire graph that de nes the network, not just next
hops, hencethe name\Global State".

Cluster-headGateway Switch Routing (CGSR), proposedby C.-C. Chiang et al. [8],
imposesa loosehierardy in the ad hoc network. Groupsof nodesarejoined into a cluster,
amd a cluster-headis electedamongthem in a distributed manner. Extra careis taken so
that cluster-headreelectionsdo not happentoo frequertly, sincethey consumeresources
of the system. The underlying routing schemeis the sameasin DSDV, however CGSR
exploits the existing hierarchy to minimize overhead. More speci cally, nodesin di erent
clusters exdhange padets through their correspnding cluster-heads,and thus routing
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amongnodesis reducedto routing amongcluster-headswhich are by de nition lessthan
the total number of nodesin the network. The authors alsoarguethat organizingnodes
in clusters has other bene ts as well, sinceit enablesreuseof commonresources(like
transmission bandwidth and encaling) into di erent, non adjacen clusters. Howewver
CGSR still presens the scalability problemsof DSDV: in a large network, the overhead
becomesincreasingly large either within the samecluster (when few, large clusters are
used)or in the overlying cluster-headnetwork (when many clusterscontaining few nodes
are used).

Iwata et al. [24] proposea protocol similar to CGSR calledHierarchical State Routing
(HSR). In this protocol, nodes are organizedin clusters and elect cluster-headsas in
CGSR.Howeer, cluster-headsare alsoorganizedin super-clusters,which alsoelecthigher
level cluster-heads,and soon. This createsa multi-level hierarchy, where cluster-heads
of the previouslevel are menbers of clustersin the next level. Howewer, this does not
addressthe problem of scalability noted earlier. The reasonis that high mobility hinders
the consistencyof the hierarchy; in other words, large overheadis neededto maintain
the proper organization of nodesin clustersand super-clusters,otherwisemany routing
failureswill happen and padkets will be dropped. The authors of HSR note this trade-o
betweenoverheadand throughput.

2.1.2 Reactiv e or demand-driv en proto cols

One of the most widely studied demand-driven routing protocols is the Ad-hoc On-
demand Distance Vector routing protocol (AODV), by Perkins et al. [3§. Its core
conceptis the core conceptof reactive routing protocols: Nodesdo not maintain routing

table ertries unlessthey actually participate in a currerntly active route. When a source
node needsto establish a route towards a destination, it forwards a routing request
(RREQ) padket to all its neighbours looking for that destination. Its neighbours repeat
the processuntil the destination or a node with a \fresh" route towards the destination
is readhed, thus o oding the network with RREQ padkets. While the RREQ padets
traverse the network, nodesthat receiwe them create temporary routing table ertries
with next-hop information assaiated with the sourcenode. In theseertries they store
the neighbor from which the padket arrived. Hence,they establisha reversepath towards
the source. When a RREQ padket reathesthe destination for the rst time, a RREP is
sen to the sourceusing the reversepath that the RREP followed. The destination will
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reply only to oneof the possibleRREQ padketsit may receiw, and the RREP will usea
similar medanismto the one descrilted above to establisha path from the sourceto the
destination (namely, the path that the original RREQ followed). A similar procedure
takesplaceif, instead of the destination, a node with a\fresh" path to it is readed. The
above processwe just described is the route discorery phasemertioned in section1.2.

All routing information recordedin nodesin the above fashion (i.e. through the
disseminationof RREQs and RREPS) expire after a certain time period if they remain
unused. Nodeertries arethustemporary. This helpseliminate \stale" paths. The \fresh”
paths we mentioned above are paths de ned by entries that have not yet expired.

AODV handleslink failures by falling badk to route discovery: when a link breaks,
the node where the failure occurred propagatesbad to the sourcea link failure noti -
cation. The sourcethen initiates a new o oding in order to establisha new path to the
destination.

The Dynamic Source-ector Routing protocol (DSR), devisedby Johnsonet al. [25],
is alsoa prominen reactive protocol. Its main di erences from AODV are the following.
First of all, eath node maintains much more information. Instead of one path per des-
tination, many di erent paths are maintained. In that sense DSR has a routing cache
instead of a routing table. Furthermore, ertire paths are stored, as opposedto AODV
whereonly next-hop information is stored. During the route discovery phase,nodesthat
forward RREQ padkets appendtheir iderti cation numbersto the RREQ padket. Hence,
ewvery nodethat receivesa RREQ canupdate its cade on all nodesfrom which the padet
passed,whereasin AODV only next-hop ertries towards the sourceare updated. An-
other di erence is that the destination repliesto all routing requestand not just the
rst. Finally, upon link failure, noti cation padkets are propagatedbackwards towards
the source,however, instead of reinitiating route discovery by default, the sourcecanuse
one of its other caded routes. Note alsothat routes do not expire after sometime and
thus may becomestale sincefailures at inactive routes are not monitored.

As noted by Royer et al. [10, DSR is much more aggressie than AODV, sinceit
generatesand disseminatesmuch more information. Its route discovery phaseincurs a
greateroverheadthan AODV, sinceall RREQsarereplied, and the padetsinvolved have
headersthat increasewith the sizeof the network. On the other hand, DSR can handle
link failures more gracefully, sinceit doesnot resort necessarilyto the route discovery
phaseagain. For a thorough comparisonof the two protocolswe refer the readerto [42]
and [5].
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Another protocol consideredas a bendimark in demand-driven protocolsis the Tem-
porally Ordered Routing Algorithm (TORA), by Park et al. [36]. It is the result of
the merging of a proactive and reactive algorithm [15, 9]. TORA hasa novel approat
on storing and maintaining nodes. Once routes are established,ead node considersits
adjacen edgeseither asincomingor outgoing, with respectto a destination. All edgesn
the network are thus directed. The direction is suc that all edgesand the nodesform a
directed acyclic graph (DAG) rooted at the destination. This imposesa partial ordering
of nodeswith respect to the distancein hops from the destination, and an asseiated
metric amongnodes (a \height", with the destination being the lowest point). Upon a
link failure, if a node usedthat link to read destination, it can resetits height with
respect to its neighbors, thus reversingthe direction of edges.This reversalcan be prop-
agateduntil a new path is established. We refer the readerto [36] for the exact details
of this technique, which the authors call link reversal

TORA hasmany interesting properties not existing in the aforemernioned on-demand
routing protocols. By default, multiple paths are maintained for eat destination. Fur-
thermore, upon link failure the necessarypdatesare localizedand only happento nodes
that areimmediately a ected. TORA alsodoesnot focuson the costof establishedroutes;
nding asmarny routesaspossibleis consideredmnoreimportant than establishing\good"
routes.

Contrary to TORA, both AODV and DSR prefer during the route discovery phase
routesthat have the minimum number of hops. Alternate protocolshave beensuggested
that focuson di erent metrics of the value of routesin ad hoc networks. For example,the
Assciativity BasedRouting (ABR) protocol, by Toh [48], and the Signal Stability-based
Adaptive routing protocol (SSA), by Cube et al. [11], can be seenreactive protocols
where routes generatedduring routing discovery are weighted accordingto a di erent
metric than next-hops. Both protocols are directed towards maintaining routesthat are
more probableto be long-lived.

In ABR, ead node periodically transmits beacon messagedo all its neighbours.
When a node receivessud a messageit increasests assaiativity measureon the source
of the beacon. Neighbours with high assaiativity are probably moving slowly, whereas
nodeswith low ass@iativity are probably moving fast and the link betweenthem is more
likely to be short-lived. Assciativity measuresare setto zerowhena link ceaseso exist.
Upon route discovery, the destination repliesto the routing requestthat has traversed
the path with the highestoverall asseiativity. Hence,amongpaths with equalnumber of
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hopsthe onethat is more\robust”, in the sensdhat its links are more stable, is selected.

SSA adopts a similar approad. Howewer, the quality of a link is indicated by the
intensity of the receptionsignal. Links are thus characterizedas\strong", if the signal of
the adjacert node is strong, and \w eak” otherwise. Routing requestsare only forwarded
over \strong" links, thus eliminating the generation of paths to the destination which
might be weak and therefore short-lived.

2.1.3 Hybrid proto cols

Hybrid protocols,that combine ideasof both proactive and reactive methods, have also
beenproposed. The most commonapproad is to employ proactive routing locally, e.qg.
within a small distance from the source,where maintaining accurate routing tables is
tractable, and reactive routing globally. An exampleis the ZoneRouting Protocol [22] by
Haaset al. which separateghe network into zonesand employs proactive routing within
a zone and reactive routing betweennodesin di erent zones. Note that approximate
information protocols are also hybrid protocols, although in a di erent sensethan the
one described above.

2.2 Position-based routing proto cols

Designingan ad hoc, distributed location servicefor position-basedrouting is a challeng-
ing task, asstatedin sectionl1.2. As we have alreadydiscussedthe nature of approximate
information protocols makesa location serviceunnecessaryall nodesmaintain position
information about all possibledestinations,which may of coursebe inaccurate. Wethere-
fore do not discussthe location servicesproposedin literature in detail. Apart from the
referencedisted below, a survey on seeral proposedlocation servicescan be found in
[33).

In brief, one way the issueof location servicehas beenaddressedn the past is by
storing the position of a node in many locationsand creating multiple, redundart copies,
which are not howewer all kept up-to-date. This idea leadsto the organization of the
location servicein quorums|[21, 46|, a conceptwidely usedin databasesand distributed
information systems. Another approad is the useof a global hash function to idertify
wherelocation information should be stored [17, 44]. A similar approad is alsousedin
the Grid project [32].
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Figure 2.1: Greedy Forwarding. The circle around S designatesits transmissionrange. N is the closest
neighbor to destination D, whereasN is the most forward within radius, N3 is chosenby compass
routing and N4 is the nearestwith forward progress.

The simplestforwarding method usinglocation information is usinga greedystrategy.
In sudh a method, a node forwards a padet to one of its neighbours basedonly on its
current position and the position of the destination and no other information about the
topology of the network. Seweral greedyforwarding strategieshave been proposed. In
the following, we will denotewith S the node that makesthe routing decision,with N
the neighbour of S to which the padet is forwardedand with D the destination. In all of
the following protocols,only neighboursN of S that are closerto the destination D than
S areconsidered.Finn [14] rst suggestedhe simple greedysteme,in which S forwards
the padet towards the neighbour that is closestto the destination, i.e. N is sud that
the distancebetweenN and D is minimized (node N; in gure 2.1). Takagi et al. [47]
suggestedthe most forward within radius scheme. In this scheme, N is sud that the
projection of the segmeh N D on the line that passedfrom S and D is minimized (node
N, in gure 2.1). The compassouting method, by Kranakis et al. [31], alsoemploys the
line betweenthe sourceand the destination: the neighbour N that minimizesthe angle
\ DSN is chosen(node N3z in gure 2.1). All of the above sthemesaim at minimizing the
number of hops necessaryto read the destination. A di erent approad is the nearest
with forward progressscheme,by Hou et al. [23, in which the nearestneighbour that is
closerto the destination than the current node is chosen(node N4 in gure 2.1). Sud
a schemeis useful in a setting where nodes are able to adapt their transmissionrange
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in order to avoid padket collisions. Also, choosing any neighbour that is closerto the
destination arbitrarily [35 is alsousefulwhen onewants to minimize the computational
load and thus alsothe delay of forwarding.

Howewer, greedyforwarding strategiesfail if no neighbour is closerto the destination
than the current node, although a path to the destination exists. Seweral methods have
beenproposedin orderto addresshis issue. Oneexampleis the face-2algorithm, by Bose
et al. [4], which is usedby the Greedy Perimeter StatelessRouting protocol (GPSR),
by Karp et al. [28]. This algorithm guararteespadket delivery, given that a path to the
destination exists and that the nodesremain static (or, any changesto their positions
areinsigni cant) during the time necessaryto route a packet. We refer the readerto the
original papersfor further details.

Forwarding strategiesthat utilize (loose)hierarchical featuresof a protocol have been
proposed. For example,the Terminodes project [2] routing happens proactively if the
destination is within a certain hop distance, otherwise greedy position basedrouting is
used. A similar approad is usedin the Grid project [32).

For more information on position-basedprotocols, we refer the readerto the surveys
on the subject by Mauve et al. [33] and by Stojmenovic [45].

2.3 Appro ximate information proto cols

2.3.1 DREAM

The Distance Routing E ect Algorithm for Mobility (DREAM), proposedby Basagniet
al. [1], is a location basedprotocol that bearssomeinteresting appraximate information
properties. The authors of the original paper [1] descrikeit asa hybrid betweenproactive
and reactive protocolsthat usesposition information. As adknowledgedby the authors
of EASE [19], the basic conceptsof DREAM are very closeto the coreideasof EASE.
Tednically, it is not an appraximate information protocol as de ned by the general
sthemein section1.3.2,sinceits route discosery phaseconsistsonly of a single o oding.
In other words, it doesnot alternate betweenthe information discovery phaseand the
forwarding phaseas approximate information protocols do. Howewer, it does conmbine
proactive and reactive featuresand can otherwisebe described with the terminology we
usedfor approximate information protocolsin general.

Under this terminology, in DREAM ead node i maintains a routing table RT; with
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Figure 2.2: Directed o oding. Node s knows the position of node d at Mgy time ago and its maximum
speedv. Using this information it can compute the above conic region. It the forwards a packet only to
its neighbour n; and not to n», which lies outside the region.

location information about all other nodes,just as LER. The metric of accuracyMj; is
elapsedtime sinceertry RT; wasaccurate,henceRT; (t) = P;(t  M; (1)), whereP; (t)
is the position of node j at time t. Updates happen with the broadcasting of update
padets' cortaining the currert location of the node that generatedthem, which are
transmitted periodically. Howewer, broadcastingis constrained, i.e. it does not cover
the ertire network. A time-to-live (TTL) medanism is employed to implemert this.
\Short-liv ed" update padets, i.e. padets that are sert to nodeswithin a certain small
hop distance from the source,are transmitted frequertly, whereas\long-lived" padkets
that read nodesat a larger distanceare ser lessoften.

As stated above, DREAM di ers from the genericschemeof appraximate information
protocols in the way routing discovery takes place. Instead of alternating forwarding
and o oding phases,DREAM performs a single \directed" o oding. Given that the
maximum speed of the destination is known, ead node can useits metric of accuracy
and its estimation on the position of the destination to compute a disk in which the
destination must be. It then forwardsa RREQ only to its neighboursthat are positioned
in the conicareade ned by it and this disk, asseenin gure 2.2.

Although DREAM is not an appraximate information protocol, it has interesting
featuresvery much related to sud protocols. An important obsenation made by the
authors of [1] is that nodesthat are further away from the destination needto know its
position with lessaccuracy This is due to the fact that the further two nodesare, the
slower is the respective angular speedof the relative rotation of onearoundthe other. This
is referredto by the authors asthe \distance e ect". As far asappraximate information
protocols are concernedthe \distance e ect" demonstratesa nice property betweenthe
distancebetweentwo nodesand the metric of accuracy: althoughit is plausibleto assume

ltheseare called cortrol packets in [1].
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that accuracy decreasewith distance, so does the level of the accuracy necessaryto
establisha route. Furthermore, DREAM s the rst protocol in which a location service
is not necessaryfor the exact samereasonsit is not neededin approximate information
protocols.

23.2 FSR

The Fisheye State Routing protocol (FSR), by Iwata et al. [24] is a modi cation of
the Global State Routing protocol (GSR), by Chen et al. [7], that adds appraximate
information featuresto it. Howewer, like DREAM, it is not formally an approximate
information protocol as de ned in section 1.3.2, since it does not have any reactive
properties at all: it considersroutes valid ewven if they are inaccurate, allowing thus a
margin for padet failure. In approximate information terminology, it consistsonly of a
single forwarding phase-which is exactly the opposite of what happensin DREAM.

In FSR, as in GSR, eat node maintains global topology information: the ertire
graphrepreseting the network is storedin ead node. As in GSR, ead link is asseiated
to a time at which it was accurate. In approximate information notation, ead node i
maintains a routing table RT;, where RT; is an ertire path from i to j. The metric of
accuracyM; is a list of individual accuracies(elapsedtimes)?, one for ead link in the
path RT; . Note that, sinceno o oding takesplace, the metric of accuracyis only used
to distinguish old ertries during updates.

As in GSR, updatesin FSR happen through the dissemination of update padkets.
Howewer, corirary to GSR, ead node sendsinformation to other nodeswith frequency
that varies with respect to their distancesin next hopsfrom it. As seenin gure 2.3,
a node sends(and receiwes) padkets to (from) nodeswith one-hopdistance more often
than to (from) nodeswith two-hop distance, e.t.c. Thus the graph maintained in ead
node is increasinglyinaccurate with respect to the hop distancefrom the node.

As noted above, FSR has only a forwarding phase, which is basically the routing
medanism of GSR: padkets are forwarded according to the shortest paths computed
on the global graph maintained on ead node. The intuition provided by the authors
on why this protocol should work is very much similar to the \distance e ect" claim
madein DREAM. The accuracyof topology information necessaryor successfutouting

2Tednically, instead of elapsedtimes FSR, as GSR and DSDV use incremertal padket sequence
number, which are howewer, as discussedin section 1.3.3, equivalert to elapsedtimes
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@ 1hop

@ 2 hops

O 3hops

Figure 2.3: Decreasingaccuracyin FSR. Nodesthat are closestto the node in the certer receive update
padets more frequertly.

decreasesvith the distance from the destination. The authors relate this phenomenon
to the biological processthat characterizesan eye of a sh (hencethe name): it provides
increaseddetail on its focal point and lessaccuracyaway from it. This comparisonwas
originally conceiwed by Kleinrock et al. [29], who usedit howewer in a di erent cortext.

2.3.3 EASE

The Exponertial Age SEard protocol (EASE), by Grossglauseet al. [19], is essetially

the LER protocol we descritedin section1.3.1. Its only di erence from LER, asdescribed
sofar, is that the o oding halting condition is not the maximal: If the current accuracy
is T, the protocol o odsthe network in orderto locate a destination with accuracybetter
than T=2. This halting condition guararteesthat the accuracydecrease&xponertially

with the number of steps,hencethe name EASE.

In approximate information protocol notation, in EASE ead node i maintains a
routing table RT; cortaining the coordinates of every other node j at sometime in the
past. The metric of accuracyMj; is the elapsedtime sincethe destinationj wasat that
position. In other words, RT; (t) = P;j(t  Mj (1)), whereP;(t) is the position of | at
time t. Updates happen accordingto the last encourer routing sheme(LER), de ned
by the authors in the samepaper, accordingto which node i updatesits routing entry
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RT; ewery time it is adjacern to node . Therefore,M; = M;j; is alsothe elapsedtime
sincethe last encourter of i andj.

As we have already discussedthe above update medanismis interesting becauset
incurs no overhead, while the claim of the authors that \mobilit y helps", as descrited
in section 1.3.3, indicates that the performanceof the protocol is not necessarilyworse
in highly mobile s networks. As we descriked, the faster a node moves,the more carrier
nodesit creates,thus facilitating future route discoveries directed towards it. On the
other hand, the faster a node movesthe faster information on it becomedegraded(in
the senseof being inaccurate) and thus the harderit is to locate. Both thesetwo factors
cortribute to the overall behaviour of the protocol.

The authors provide a more technical argumernt to justify why EASE should behare
well. Their claim is that the cost of every o oding step is comparable, as far as the
overheadincurred is concernedto the costof every forwarding step. In that cortext, the
number of padkets generatedthrough o oding is comparableto the number of padkets
neededto forward a messagdrom one andor point to the next one.

The argumert can be summarizedas follows. The authors assumethat nodes move
accordingto idertically distributed, independent random walks on a grid. They rst
computethe probability that a carrier node will be within an areafrom the anchor point
(referred to as \the hitting probability” of one carrier node) in terms of the current
accuracy. They then computethe expectednumber of carrier nodesgiven that the des-
tination performsa randomwalk in terms of the current accuracy Using the probability
computed above, the expected number of carrier nodesand the assumptionthat carrier
nodespositions are independen, they are able to compute the probability that any car-
rier node will visit the an areaaround the andhor point (the \hitting probability” of any
carrier node). From this quartit y they deducethat the expectedarea o oded around an
andhor point is proportional to logT, whereT is the current accuracy They then show
that this make the areacomparableto the length of the path betweenthe current anchor
point and the next one.

We refer the readerto [19] for more details on the actual argumen. As noted by
the authors, this argumert is not rigorous. There are se\eral points in which it fails.
First of all, while computing the hitting probability of one node and the expectedtotal
number of carrier nodes,they assumethat the destination performsa random walk. On
the other hand, in computing the hitting probability of any carrier node, they assume
that carrier nodes move independerily. Howewer, this is true only if the destinations
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trajectory is given (i.e., if the destination moves deterministically), as noted by the
authors, in which casethe results they calculatedfor the previoustwo quartities should
be much di erent. This problem is better illustrated in chapters 5 and 6 of this thesis.
Second,the dependenceof the expected o oding areaaround an anchor point from the
current accuracyis derived with an intuitiv e argumert. Finally, an implicit assumption
made by the authors, when they compute the expectedarea o oded in all steps,is that
0 oding at ead step is not in uenced by o oding at previous steps, which is also not
true, asdescribed in section4.3.10f this thesis.

Howewer, the paper is quite signi cant, sinceit preserts a rst analysis of EASE
and cortains very important intuition on why EASE should work. The use of random
walks asthe underlying mobility processof the protocol is an approad we follow aswell,
since random walks presern many interesting properties. Howewer, we chooseto work
with Brownian motion instead of a random walk on a grid. This approad is not much
di erent from the one used by the authors, sincethey too also work on the extremal
properties of random walks (they make useof the certral limit theorem). Another aspect
of their approad that we also adopt is that the performanceof the protocol is studied
asymptotically, that is, for large valuesof the parametersinvolved.

2.3.4 FRESH

The FResherEncourter SearcH(FRESH) routing protocol , proposedby Ferriere et al.
[12], is a simpli cation of the EASE protocol. Everything is de ned asin LER except
that nodesdo not store any position information in the RT routing tables; they only
keeptrack of the metric of accuracyM;; , which is, asin EASE, the elapsedtime since
the last encourter of of i and j. Routing thus is performed as follows. When a node s
wishesto senda padket to d it initiates a o oding, looking for a node with an accuracy
better that the ones has(namely Mgy). When sud a node is located, the sameprocess
is initiated at it.

In other words, in FRESH no forwarding takesplace,and the anchor points coincide
with the selectedcarrier nodes. Under approximate information notation, FRESH can
be seenas a protocol in which the information RT; that assistsrouting towards the
destination at a node i is the position of the node itself, i.e. RT; (t) = P;(t) for all j,
whereP;(t) is the position of node i at time t.

The authors of [12] motivate FRESH by noting that, if nodesperform random walks,
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the expected distance betweentwo nodesdecreasess the elapsedtime sincetheir last
encouner decreasesin that senseasthe protocol progressesnd the metric of accuracy
gets closerto zero, so will the expected distance of the current anchor point from the
destination. This behaviour suggeststhat under this model of mobility the protocol
cornvergesto the destination.

This is animmediate implication of the fact that the distancebetweenthe destination
and a node that encourered it sometime ago for the last time is (almost) a random
walk. This is exploredin detail in section5.4in chapter 5 of this thesis. In short, the
expected distance betweentwo nodesis (almost) proportional to the squareroot of the
elapsedtime sincetheir last encourter.

FRESH is very much related to LER. For example, the processthat characterizes
the generationof carrier nodesis identical in both protocols. Combined with the above
obsenation, we beliewe that an analytical description of LER should lead to one for
FRESH aswell.

235 GREP

The GeneralizedRoute Establishmert Protocol (GREP), by Ferriereet al. [13], is an ap-
proximate information protocol that usespiggybadking asits update medanism. Nodes
maintain next-hop routing tables,i.e. RT; is the next hop that i should usein order to

forward a padket to j. When a node receivesa padet it immediately updatesits infor-

mation on the neighbor that forwarded it and the node that initially generatedit (the

source). The metric of accuracyis againtime, although it is implemerted through padet
sequencenumbers. Forwarding a padet is rather straight forward: padkets are passed
to the indicated next hop until a link failure occurs. In that case,a o oding is initiated

until the destination or a node with better information (a later sequencenumber) than

the oneat the link breakis readed.

An interesting property of GREP is that, by default, it performs greedyforwarding
and that sud behaviour corvergesand is loop free, asthe authors prove. In other words,
a next-hop node is guararteed to have an accuracyat least as good asthe curren, i.e.
the sequencenumber it will have will be at least as good. The reasonis, intuitiv ely,
that sincea node is designatedas a next-hop node for a particular destination, a packet
originated from that destination must have alsopassedrom that node. Hence,the next-
hop node hasan accuracygreateror equalto the current one,sincea padet of the same
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accuracy passedthrough it. This is important becauseaccuracyin GREP is improved
not only during o oding but during forwarding as well. That is alsowhy the accuracy
usedat o oding is actually the accuracyat the current anchor point -cortrary to EASE,
for example.

The actual argumert is a little more complicated than the one descriked. In order
for loop freedomto be guararteed, extra caution must be taken so that paths created
during o oding also have the increasingaccuracy property. We refer the readerto the
proof in [13] for further details.

As noted in section 1.3.3 of the introduction, protocols sud as GREP display a
balancing behaviour as far as the total number of padkets is concerned. In a network
with heavy trac, updateswill happen quite often and hencemany carrier nodes will
exist per o oding step. This, on the other hand, will facilitate future routing discovery
and will reducethe overhead,and thus alsothe overall trac. There seemsthus to be
an interesting relation betweenthe load in the network and the overhead: reducing one
should increasethe other and vice versa,perhapsin someway that an invariant exists.

Howewer, sut a behaviour is hard to model. In GREP, it is very hard to quartify and
analyzethe accuracyof a path, becauseof the nature of topology (path) information: a
path either existsor not, and it is hard to create ner distinctions. Howewer, a protocol
identical to GREP asfar asthe update medanismis concernedn which howewer location
information is usedmay be amenableto analysis. Even so,asnoted in section1.4 of the
introduction, describingthe processof carrier node generationis considerablyhard, that
is why we choseto discussabout the LER protocol instead.
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Chapter 3
Technical Preliminaries

In this chapter we introduce certain mathematical conceptsthat will be useful in our
analysis. First of all, we give a brief review of the Landau notation. We will use this
notation to descrike the asymptotic behaviour of functions. Furthermore, in our analysis,
the network will be modeled as a Poisson eld, whereasthe nodeswill move according
to a Brownian motion. We de ne and descrike the basic properties of the above two
mathematical objects.

As we will seein the rest of the thesis, an interesting feature of the protocol will
be the number of carrier nodesthat exist at a given time. This number constitutes an
arrival processand, conditional on the trajectory of the destination, this processis a
non-homogeneou®oissonprocess. Hence,in the following, we shall give a brief review
of arrival processesn generaland Poissonprocessesn particular.

Finally, in the last sectionof this chapter we presen Volterra equationsand methods
to solve them. Volterra equationswill be a usefultool in modeling the behaviour of the
network.

3.1 Landau notation

The following de nitions are from Hardy and Wright [49]. Letf : R*™! Randg:R" !
R*. Then

f = 0(g)

35



36 Chapter 3. Technical Preliminaries

meansthat
T ()]
" g0
wherec is a positive constart. In the special casewhere
- f()
am S
we write
f = o(g):

For example,3t? + 6t = O(t?) whereaslogt = o(t). Intuitiv ely, f = O(g) meansthat g
grows at least as fast as the absolutevalue of f. If f = 0(g), then g grows faster than
the absolute value of f. The symbols O and o, sometimesreferredto as \big-o" and
\little-0", are also called Landau synbols, in honour of Edmund Landau (1877-1938)
who rst introducedthem.

For reasonsof completenessyve presert two more symbols.

f=10(9
denotesthat
. Jf (D)
" o)
wherec is a positive constant, and
f=1009

meansthat both f = O(g) andf = ( g) hold.

3.2 Arriv al pro cesses

Arriv al processeswill be important in establishingthe number of carrier nodesin our
protocol. The following de nitions are taken from Gallager[16].

An arrival processcan be seenas a stochastic processthat describesarrivals in an
initially empty system. The epchs of arrivalsin the systemare usually denotedwith S;,
i 1, whereasthe interarrival intervals, i.e. the time intervals betweentwo consecutie
arrivals, are denotedwith X;, i 0. Eadh arrival processis related to a correspnding
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N (t)

Figure 3.1: An example of an arrival processfS;;S;;:::g and the corresponding courting process
fN(t);t Og.

counting process This process,denoted usually with N(t), t 0, shavs the number
of arrivals in an initially empty systemthat have occurred up to and including time
t. Figure 3.1 cortains an exampleof an arrival processand the correspnding courting
process.

More formally, an arrival processis a set of random variablesf S;; S;; : ::g, the arrival
epochs, sudh that the interarrival intervals,dened asX; = S;and X; = § § ; for
i > 1, are positive random variables, i.e.

PfX;> 0g= 1

P
foralli 1. Notethat S, = ., X;. An arrival processcan be speci ed by providing

n 1
A courting processN (t);t 0 is a family of non-negatiwe integer valued random
variables, one for eat real numbert 0, with the propertiesthat N( ) N(t) for all
t (i.,e., N( ) N(t)isanonnegativerandomyvariable) and N (0) = 0O with probability
1. An arrival processand the correspnding courting processare linked by the equality
of the following two everns

fS, tg=1fN(t) ng (3.1)

A renewalprocessis an arrival processin which the interarrival intervals are indepen-
dert identically distributed (positive) random variables.
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3.3 The Poisson pro cess

The number of carrier nodesin our protocol is related to a specialkind of arrival process,
the non-homogeneou$oissonprocess. We shall provide here the necessaryde nitions
and will prove certain properties of Poissonprocesseshat will be usefulto our analysis.

3.3.1 De nitions

There are se\eral equivalert de nitions of a Poissonprocess. The onesmost related to
our analysisare the following two, which are taken from Gallager[16]:

De nition  3.1. A Poisson processof rate is a counting processfN(t);t  Og that
satis es

PfN(t) = ng= (tn')ne t (3.2)

and hasthe following two properties:

1. For all t;t%suchthatt® t 0, the randomvariable ¥ (t;t9 = N(t9 N(t) follows
the samedistribution asas N (t° t).

The properties mertioned in the above de nition are known as the stationary in-
crement property and the independentincrement property respectively. The probability
distribution in (3.2) is noneother than the Poissondistribution. The following de nition
is equivalert to the one above:

De nition  3.2. A Poissonprocessof rate is a counting processf N (t);t  Og for which
the following hold:

1. fN(t);t Og satis es the stationary and independentincrement properties.
2. The randomvariable 8 (t;t9 = N(t9 N(t) (0 t t9 satises
PfR(t;t+ )=0g=1 +0( )

Pf(R(t;t+ )=1g= + o() (3.3)
PI(R({tt+ ) 29=0of)

wheee o ) is any function f suchthat lim , (f ( )= =
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3.3.2 Non-homogeneous Poisson pro cess

A non-homogeneoud$oisson processcan be thought as a generalization of a Poisson
processin which the arrival rate is a function of time. The following de nition, aswell
asLemma3.1, are from Gallager [16]:

De nition  3.3. A non-homaen®us Poisson processwith arrival rate (t), whee s
right-continuous, is a counting processf N (t);t  Og for which the following hold:

1. fN(t);t Og hasthe independentincrementproperty.
2. The randomvariable N(t; t% = N(t9 N¢(t) forallt O, 0 satis es:

PIN(t;t+ )=0g=1 (t) + o )
PIN(t;t+ )=1g= (t)+ o() (3.4)
PIN(t;t+ ) 2g=o0o)

(3.5)

An interesting lemmathat relatesa non-homogeneou®oissonprocessto the Poisson
distribution is the following:

Lemma 3.1. For anon-homa@en®usPoissonprocessf N (t);t  Og with right-continuous
arrival rate (t) boundel away from zeo, the distribution of N(t;t) = N(t9 N(t)
(t° t) satises

[~(t; 191" exp[ ~(t; 9]

n!

PfN(t;t9) = ng=
h .

I R
whee ~(t; 19 = E N(tt) = [ (u)du.

In this thesis,we will be alsointerestedin a processthat di ers from a non homoge-
neousPoissonprocessin the fact that bulk arrivals may happen at time 0.

De nition  3.4. A stachasticprocessf N (t);t  0gis a non-homa@en®usPoissonprocess
with bulk arrivals at time zew if N(t) N(0) is a non-hom@en®us Poisson process
independentof N (0) and N (0) is a Poissonrandom variable.

This is not a courting processaccordingto the de nition givenin section 3.2, since
the probability that morethan onearrivals happen at time zerois positive. Equivalertly,
this processcan be seenas a non-homogeneou®oissonprocesswith rate

W=EMNQOI] )+ (©);
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where (t) isthe Dirac function and istherate of N(t) N(0), or asanon-homogeneous
Poissonprocesswith expectation (t) = E[N(t)] sudh that (0) is positive.

3.3.3 The distribution of arriv als of Poisson pro cessconditioned

on their number at time T
The following lemma, from [30, p. 76], will be usefulin our analysis.

Lemma 3.2. LetfN(t);t Og be a non-hom@en@us Poissonprocesswith E [N (t)] =
(t). Giventhat N(T) = n, for T 0andn > 0, we havethat

X
N (t) = 1; 0ot T
kisk t
whee s, ...,S, are independentrandom variablesdistributed as
(t)
Pf tg= ——; ot T
Sk g ™’

An immediate consequencef the above lemmais the following corollary.

Corollary 3.1. LetfN(t);t Ogbeanon-homagen®usPoissonprocesswith E[N (t) = (1)].
Giventhat N(T) = n, let X be a randomvariable de ned as

PfX =S jN()=ng= %

whee S is the epch of thei-th arrival, 1 1 n. Then
PfX th(T)=ng=ﬂ; o t T
(T

Note that, for a homogeneou$oissonprocess, X is uniformly distributed over [0; T]
givenN (T) = n. Also, it is easyto provethat the above lemmaand corollary hold evenif
we extend the de nition of Poissonprocesseso the casewherebulk arrivals can happen
at time 0, i.e. when (0) 6 O.

3.4 Poisson eld and Brownian motion

The positions of nodesin our network will be modeledas a Poisson eld and eat node
in the network will move independertly of other nodes accordingto a stochastic pro-
cesscalled Brownian motion. Poisson elds moving accordingto independernt Brownian
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motions have interesting properties. Most importantly, as stated in section 3.4.3, the
nodesof such a network maintain the property of forming a Poisson eld through time.
Furthermore, later in the thesiswe will seehow under sudh a model the distribution of
the number of carrier nodesin the network can be descriked.

3.4.1 Poisson Field

A set = fPy;P,;:::g whereP; are random variablesin R? is called a point processin
R?. The following de nition is from Revesz[41].

De nition  3.5. A point process in R? is called a Poisson eld of density ( > 0) if

a K
Pf (A)= kg= (Jﬁf) exp( JA) (k= 0;12::)
and (Ai1); (Az);:::; (Ay) areindependentrandomvariableswhere (A) is the num-

ber of points of the process in A, A R? is Lelesquemeasurable, jAj is the Lelesque

Notice that
E[ (A)]=Var[ (A)]= JA:

This property indicatesthat  is homogeneousAlthough we do not provide a rigorous
de nition of homogeneiy, what the above serienceintuitiv ely meansis that in a Poisson
eld, ewery (measurable)subsetof the plane hasthe sameexpecteddensity, i.e. the same
expected number of points per unit area.

3.4.2 Brownian motion

In our model, nodeswill move accordingto a stochastic processcalled Brownian motion
or Wiener process The following de nition is from Borodin and Salminen|3].

De nition  3.6. A stachastic processB(t) (t  0) is called a standaid one-dimensional
Brownian motion or a Wiener processinitiated at x on a prokability space ( ;F;P) if

1. B(O) = x a.s,,

2.t 7! B(t) is continuous a.s.,
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3. forall 0=ty< t; < :::< t, theincrements
B(tn) B(th 1);B(th 1) B(th 2);:::;B(ty)  B(to)
are independentand normally distributed with

EB() B(t )I=0  Var[B(t) B(ti )l=t tia1 (i=1::::n)

Brownian motion has the following properties, as stated by Borodin and Salminen
[3]. Assumingthat B is a Brownian motion starting at the origin:

1. Smatial homaeneity: For every x 2 R the processx + B is a Brownian motion
initiated at x.

2. Symmetry: B is a Brownian motion.
3. Saling: For every ¢ > 0 the processf P cB(t=c) : t 0gis a Brownian motion.

4. Time reversibility: For a givent > 0 the processfB(s) : 0 s tgis identically
distributed asfB(t s) B(t):0 s tg.

The spatial homogenely and symmetry properties indicate that a Brownian motion
remainsa Brownian motion even if the origin is translated or the axis is inversed. The
scalingproperty suggestshat if we\speedup” a point that performsa Brownian motion
by a factor c, the resulting processwill be a Brownian motion if we also rescalethe
unit length of the axis on which the point movesby P c. Finally, the time reversibility
property meansthat given the position at time t of a point that has been performing
a Brownian motion in the interval [0;t], its position in the past -with the time moving

\backwards"- is a Brownian motion.

De nition 3.7. A standad two-dimensionalBrownian motion B (t) is a vector f B1(t); B2(t)g
whee Bi(t) (i = 1;2) are one-dimensionalBrownian motions.

Note that the vector B(t9 B(t) wheret® t follows a two-dimensionalomnidirectional
normal distribution with joint density

1 (X2 Ba(t))?+ (x2  By(1))?
2@ o oP 200 1)

fxix, (X1, X2) = (3.6)

In our model, we assumethat nodesmove independertly from ead other according
to two-dimensionalnon-standard Brownian motions with variance proportional to v. In
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other words, nodes' positions are independern two-dimensionalWiener processessimilar
to the onede ned above, having howewer variancesin the interval (t; t9

Var[Bi(t) Bi(t)]=v(t® t) i2f12g: (3.7)

Parameterv is related to how far a node can travel in a given time interval, and can
be usedto quartify the intensity of the mobility processin the network!. From now
on, when we refer to a Brownian motion as\with variancev" we will meanthat it is in
generalnon-standardand its varianceis proportional to v. Non-standard and standard
two-dimensionalBrownian motions are related accordingto the following lemma:

Lemma 3.3. Let B(t) be a two-dimensional Brownian motion with variance v. Then
B (t) = B(t=v) is a standad two-dimensionalBrownian motion.

The above Lemmacanbe easilyprovedfrom de nitions of standardand non-standard
Brownian motions.

For further details about Brownian motion we refer the readerto [3], whereasmore
information about Brownian motion in the cortext of random walks can be found in
[40).

3.4.3 Brownian motion in a Poisson eld

The following theoremfrom Revesz[41] shovshow a Poissoneld interactswith Brownian
motion.

Theorem 1. Let = fPy;P,;:::gbeaPoisson eld ofdensity in R2. LetB,(t),B,(t),:::
(t  0) ke a seguene of independentR? valued Brownian motions keing alsoindependent
from andde ne
Pi(t) = Pi + Bi(t) (i=12::)
and
(t) = FP(1); Po(t);:::0:

Then for any xedt 0 the point process (t) is a Poisson eld of density .

This theoremis important becausat indicatesthat (t) remainsa Poisson eld (and
thus also maintains its homogeneiy) through time. In other words, a stochastic point
process (t) de ned asabove canbetreated asa Poissoneld ofdensity foranyt O.

INote that the standard Brownian motion can be consideredas a non-standard Brownian motion
with variance proportional to one.
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3.5 Volterra equations

The overheadincurred by our protocol will be modeledasthe solution of a linear Volterra
equation of the secondkind. The following introductory remarksfor Volterra equations
aretakenfrom Brunner and van der Howen [6], exceptcorollary 3.2, which we prove since
it will be usefulin our analysis. The bibliography on the subject of integral equations
and Volterra equationsin particular is quite extensive. The above text is a treatise on
numerical solutionsfor Volterra equations. For a more theoretical discussionof Volterra
equationswe refer the readerto Griperberget al. [1§].

Integral equationsare functional equationswherethe unknown function appearsunder
an integral sign. A linear Volterra equation of the secondkind is an integral equation of

the form
Z t
yt) =gt) + K(ts)y(s)ds; t21 (3.8)
0
wherel = [0;+1 ),g:1! RandK :S! R where
S=1f(t;s):t21 20 s tg (3.9)
Functiony : I I R is the unknown function. Function K is called the kernel of the

equation. Vito Volterra (1860-1940)rst shawved that the following theorem holds.

Theorem 2 (Volterra). Let functions g and K of the integral equation (3.8) be contin-
uouson |l R and S respctively. Then this equation hasa unique solutiony : I ! R
given by
Z t
y(t) = o(t) + R(t; s)g(s)ds; t2 | (3.10)

0

whee R : S! R is called the resolventkernel of kernel K . The resolventkernel satis es
the following two identities (called the Fredholm identities)
Z t
R(t;s) = K(t;s) + K(t; )R( ;s)d (3.11)

S

and
Z t
R(t;s) = K(t;s) + R(t; )K( ;s)d (3.12)

S

for all (t;s) 2 S.
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This theoremcanbe extendedto Volterra equationson a domainof the form [ ;+1 )

Corollary 3.2. The Volterra equation of the form

y(t) = g(t) + ’ tK(t; s)y(s)ds; t21 (3.13)
wheel =[] ;+1 ) andgis continuousin | andK is continuousin
S =f(;s):t21 » s tg (3.14)
hasa unique solution given by
y(t) = g(t) + ’ tR(t; s)g(s)ds; t21 (3.15)

wheeR :S ! Ristheresolventkernelof K and satis es the Fredholmidentities (3.11)
and (3.12)in S .

Proof. Let (t) = y(t+ ), t2 1, wherel = [0;+1 ). Then

9(t) = y(t+ )
=g(t+ )+ N K(t+ ;s)y(s)ds by (3.13)
Z t
=gt+ )+ K+ ;s’+ )y(s’+ )ds wheres’= s
Z 0

S+ R (DY
where 0
o) =g(t+ ), t21 (3.16)
and
R(ts)= K(t+ ;s+ ) (3.17)

where(t; s) 2 S. Thus Theorem 2 appliesto Y(t). The resohent kernel R(t; s) of K is
sud that, for (t;s) 2 S

Z,
Rts)= K(ts)+  K(t )R( ;9)d
S Zt
=K@+ ;s+ )+ K@+ ; + )R(:9)d by (3.17)

z.,
K(t+ ;s+ )+ K+ ; 9R(° ;5)d° where °= +

S+
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By setting (t%s%) = (t+ ;s+ ), where(t2s9) 2 S we get
Z
Rt® :s° )=K@*sH+ K@® 9R(°® ;s )d®©
SO
Wedene R(t1%s) = R(t°® ;s ), where(t®s) 2 S . Then we have
Z o
R(t%s9) = K (t%s9 + . K (% 9R(t%s9d

Thusthe resohert kernelR of K issud that R(t%s) = R(t° ;s° )whereR:S ! R
satis es (3.11). Similarly it can be shavn that R satis es (3.12). From Theorem 2 we

have
Z t
9(t) = o)+ R(t 9)9(s)ds t21
0
By replacingy(t) with y(t + ) and §(t) with g(t + ) we get
VA t
y(t+ )=gt+ )+ R(ts)y(s+ )ds
Z.,
=gt+ )+ R(t; s )y(sdds’ wheres’= s+

By settingt®=t+ a,t°2 | we get
Z tO
yt) = gth+ R@® ;s )y(shds
Z tO
=gt)+  R(t%sIy(shds’

wheret®2 | and (t%s92 S . O

Closedsolutionsfor equations(3.11) and (3.12) exist for a variety of kernels. We will
be interestedin a special classof kernelscalled sem@rable or decomposable

Lemma 3.4. If K(t;s) = A(t)B(s), thenits resolventkernelis
YA t
R(t;s) = A(t)B(s) exp A(u)B(u)du : (3.18)

S

Proof. It can be easilyseenthat R satis es (3.11) and (3.12). O



Chapter 4

The Mo del

In this chapter we presert the model we will usein this thesisin order to analyzethe
LER protocol. Before doing so, we de ne LER rigorously, by giving precisede nitions
of the accuracy the routing table ertries and the routing algorithm.

Our model consistsof two parts. The rst is the network model, which describes
how nodesare distributed on the plane and how they move. The secondpart is a model
for the cost, i.e. a performancemeasurethat we will usein order to descrike how the
protocol behaves.

4.1 The LER routing proto col

In this sectionwe de ne LER, the last encourter routing protocol, morerigorously. Nodes
maintain routing tables with the positions of destinations during their last encourters.
This meansthat the metric of accuracyis

Mj (1) = minf cjiPi(t ) Pt )jj ro; Og

where P;(t), P;(t) are the positions of nodesi and j respectively at time t and ry is the
transmissionradius. The information stored in the routing table is the position of the
destination at the last time of encourter, i.e.

RT; (t) = Pt Mj (1)):

We assumethat the speedof the moving nodesis sud that the changeof node positions
during padket routing is negligible. The routing protocolis de ned in gure 4.1. Note that
the protocol is actually resortingto o oding if Mg , Where is somepositive value.

a7
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Route a padet p from s to d
f

=S
while (Mig )
f
forward p to the position RTyqy
let a bethe node readed with this forwarding
o od the network from a until a node n is readed
sud that Mg < Mg
i=n
g

forward p to d usingRTig;

Figure 4.1: De nition of the LER routing protocol.

If Mig < , we assumethat the protocol can read the destination without resorting to

o oding. This simpli es analysis, but is also a plausible assumptionsincewithin some

level of accuracy the destination can be readhed without o oding in real life protocols.
The halting condition is the maximal and the set of carrier nodesis

C=fn2N":Mp < MyQ:

According to the de nition of carrier nodesprovided in section1.3.2the destination also
should be included in the set of carrier nodessinceMyq = 0< Miq. In our analysis
however we shall not considerit as a carrier node. In other words, when we refer to
the set of carrier nodeswe meanall the nodesthat satisfy the o oding halting condition
exceptthe destination. This is merelyfor reasonsof concisenesssincewe will quite often
needto distinguish carrier nodesfrom the actual destination. That said, the fact that
the destination is consideredduring o oding guararties that o oding will halt, sinceat
leastonenode that satis es the halting condition exists (namely, the destination).

Flooding is implemerted by expandingconcetric circles,i.e. the areathat we o od
is a disk certered at the anchor point a and radius

r=minjjPa  Pyjj



4.2. The netw ork model 49

and thereforethe carrier nodethat the protocolchoosessn 2 C[ fdgsudithat jjP, P,jj
is minimized, i.e. n is the carrier node (or the destination) closestto the andor point a.

4.2 The network model

In our model, the network will consistof an in nite, courtable number of nodes. If for
ead nodei, P;(t) 2 R? will denotethe position of i at time t. The set

(t) = fP1(t); P2(t);:::0

of nodesin the network will be a Poisson eld of density spanningover the ertire plane
R2. Each point P;(t) will move independertly accordingto a two-dimensionalBrownian
motion of variancev.

The destination will be a point d not belongingto , which will alsomove according
to a Brownian motion with variancev and independen of ead P;(t) 2 (t). Each node
maintains a routing table in which an ertry about destination d exists.

The parametersdescribingthe network will be the density and v. The distance
unit will be scaledis sud a way so that the transmissionradius around ead node P;
iSrg = 1:p . Equivalertly, the areaof the disk fx : jjx Pi(t)jj rog around every
nodei will be equalto one. Two nodeswill be consideredas neighbouring nodesif their
distanceis lessthan r, i.e. the underlying graph of the network will be a unit graph.

We will assumethat nodeshave beenmoving in the interval (1 ;0]andattimet= 0
a node initiates a route discovery to node d. Note that since nodes have beenmoving
for an in nite amourt of time every node will have encourered d with probability one.
Route discoverieswill be consideredto last for a negligible period of time, sothat nodes
can be consideredstatic while they take place.

Sincethe purposeof a routing protocol is to senda padet from a sourcenode s to
a destination d, it is important that, under the connectivity model that we used (i.e.
the unit graph), a path from s to d exists. However, we will not deal with connectivity
issuesin our analysis. More speci cally, we will assumea path that can be found by our
protocol exists betweens and d. This is justied by the fact that, the probability that
sudh a path existsincreaseswith the density of the network. We will therefore assume
that islarge enoughsothat sud a path existswith high probability.
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4.3 A model for the cost

The goal of this thesisis to measurethe performanceof the aforemertioned appraximate
information protocols. We will quartify this performancewith a costfunction.
Assumethat we try to route a padket from node s to a node d, whereM¢y = t. We
wish to measurethe expected overheadinduced during route discovery by our protocol.
We will assumethat this overheadis attributed solelyto o oding. Furthermore, we will
assumethat the this overheadis proportional to the total areacoveredby the protocol
during o oding. In that sensewe wish to computethe expectedtotal area o oded while
routing from node s to d. While calculating this total area,we might include regionsof
R? more than once,sincemultiple o oding phasesduring route discosery may overlap.

4.3.1 An expression for the expected o oding area

Let (t) = fPy(t);Px(t);:::g be the point processthat forms the network and d be the
destination not belongingto the above processwith Py its position. Assumethat nodes
are orderedaccordingto their accuracieson the position of the destination at time 0, i.e.
if ti = Mig(0),i 1,then

O=tg<t;<try<:::

where ty is the accuracy of the destination itself. We will assumethat accuraciesare
strictly increasing(i.e. no two nodeshave the sameaccuracy). This makesthe de nition

of carrier nodes easierand, as we will see,it is true for our protocol: only nodeswith

accuracyzeromay appear more than oncewith non-zeroprobability. This can be easily
takeninto considerationin the forthcoming analysis.

We wish to nd the expectedtotal areawe needto o od in order to senda padet
from a sourcenode to d. Assumethat the sourcenode is n, with t, . According to
the LER protocol, a o oding will commenceat an anchor point looking for carrier nodes
with accuracybetter than t,. The andor point is in fact Py4( t,), but we will assume
w.l.o.g. that the andhor point is at the origin.

All nodeswith indiceslessthan n will be carrier nodes,accordingto the de nition of
the protocol. The positions of carrier nodeswill be distributed around the anchor point
accordingto someprobability distribution. Let x; denotethe position of carrier nodei,
1 i< n, and Xy denotethe position of the destination. Furthermore let y; = Py( t;)



4.3. A model for the cost 51

be the estimation that carrier nodei hast. We denotewith
F(tosts; iiitn ;X0 X5 2055 Xn 15 Y03 Y13 2055 Yn 1] ta) (4.1)
the joint cumulative density distribution of the accuraciesthe positions and the estima-
tions of all carrier nodes, given that the current andhor point is at the origin and the
current accuracyis tp.
Let A be the one-step o oding area, i.e. the areathat we o od in the rst step of
o oding, t. be the accuracyof the carrier node that we locate with this o oding and y,
be the estimation of the position of the destination that this carrier node cortains. Note
that y. isin fact Py4( tc). Furthermore, accordingto the de nition of the LER protocol,
A is the areathat we needto o od in order to locate the carrier node that is closest

to the origin. Hence,the random variablesA, t. and y. can be de ned in terms of the
random variablest;, x; andy;, 0 i < n, asfollows

A= minjxj?
tc = targ min jX;j
Ye = Yargmin jxij

Therefore, we can compute from the joint distribution of eq. (4.1) the joint cumulative
distribution of A, t. and y. given that the current andhor point is at the origin and the
current accuracyis t,. We denotethis distribution as

F(A; te; e tn): (4.2)

Let Q be the total areawe needto o od from the current andhor point in order to
read the destination. Then obviously

Q=A+Qc

Where A is the one-step o oding areaas de ned above and Q. is the total area o oded
from the secoznzdgndwor point. We therefore have that

E[Qjtn] = AdF(A;teYe th) + E[Qcj Arte Yo tn] :dF (A ter Ve tn) (4.3)

If F(A jty,) isthe marginal distribution of A, the expectedareaof the rst o oding step

can be further simpli ed to
277 Z

AdF(A tgYejtn) =  AdF(A]ty): (4.4)

INote that yo = Xo.
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The quartity E[Q¢ ] A, t¢; Ye; tn] is the expectedtotal areawe will o od from the second
andhor point giventhat the secondandor point is located at y, the accuracyat it is t.
and the rst o oding (initiated at the origin) covered an areaof size A. We will try to
establishhow the valuesof theserandom variablesa ect Q.

Let E[Q] t;] be the expected total area o oded from an andor point located at
the origin with accuracyequalto t.. Becauseof the translation invariance property of
both the Poisson eld and Brownian motion, this is equalto the expectedtotal o oding
areafrom an anchor point located at y.. Furthermore, E[Q j t.] is independert of the
trajectory of the destination in the interval (1 ; t). This is dueto the independence
of Brownian motion of its value at any time within that interval, givenits value at time

te.

We are thus tempted to say that E[Q ] t] = E[Q¢] A; te; Ve tn]. Howewer, this is
not true. To seethis, note that E[Q j t;] can be written in the form of (4.3). The joint
distributions involved can again be expressedn terms of a distribution just like the one
in (4.1), namely

F(to;te; i tm:Xos X, i Xm: Yo Y1, 5555 Ym J te) (4.5)

where m is the largest index sud that t,, < t.. If we translate the origin to vy,
E[Q.] A; tc; Yo tn] is the expected total area from an anchor point at the origin with
accuracyt., giventhat a disk of area A around the point y. cortains no carrier nodes
nor the destination. This a ects E[Q j tc] in two ways.

First of all, sincethis areacortains no carrier nodes,the joint cumulativ e distribution
of 4.5 should be conditioned on the fact that no carrier nodes(or the destination) existin
this area. In other words, Xg, X1,..., Xmn cannotassumevalueswithin the aforemerioned
disk. Given the possible interdependenciesbetweent;, x; and y; for all i, the joint
cumulative distribution can changesigni cantly comparedto the oneusedin E[Q j t].

Another way that 4.5is a ected is dueto the fact that a carrier nodei that cortains
information with accuracyt; did not move independerly of the destinationin the interval
[ ti;0]. As amatter of fact, it movedin sud a way sothat it avoidedthe destination (in
other words, it did not meetit again). Hence,any information on the position of sud a
carrier node at time 0 givessomeinformation on the position of the destination - namely,
that it is not within aradiusrg from that position. In that sensethe information that no
carrier nodesexist within the aforemenioned disk a ects the position of the destination,
i.e. Xo, and thus, through the possibleinterdependenciesof (4.5), the valuesof the rest
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of the variablesaswell.

4.3.2 A function that appro ximates the cost

Evaluating the expectedtotal o oding areathrough equation (4.3) is quite hard. This is
dueto the interdependencybetween o oding at intermediate o oding stepsand o oding
at previoussteps,as presened above. We will thustry to measureperformanceusing a
di erent quartity than the expectedtotal o oding area.

Assumethat we are performing a o oding at an andor point with accuracyT. Let
G(T) be the expectedone-step o oding areaand p(t; T), 0 t < T, be the conditional
probability density of the accuracyt achieved after the rst o oding step, giventhat the
accuracyat the andor point is T. In terms of the cumulativ e distribution in (4.2), G(T)
is de ned by equation 4.4 and p(t; T) is the marginal density of t. giventhat t, = T.
We de ne the function Q(T) that appraximates the cost as a function that satis es the

systemof equations:
Z 1
QM) =G(T)+  Q()p(t; T)dt T (4.6a)

QT)=0 0 T< (4.6b)

Function Q(T) would be equalto the expectedtotal o oding areaif the total o oding area
from an intermediate anchor point were independern of previous o ods. More precisely
accordingto the terminology introducedin the previoussection,Q(T) would be equalto
the expectedtotal o oding areaif the total areaQ. o oded after the anchor point with
accuracyt. given A, y, t, and t. were independen of A, y, t, and equalto the total
o oding areagivent.. In sud a case, 0 oding at any intermediate anchor point, suc as
Pq(tc), will cover the samearea,on average,asa new o oding that wasinitiated at that
point. To seethat in sud circumstancesQ(T) coincideswith the total o oding area,
note that if this is true then the integrant of equation (4.6) becomes

E[Qcj At Yo tn] = E[Q] tc] (4.7)

i.e. the expectedareawe needto o od from the secondandor point dependsonly on
the accuracyof the secondandor point and is independert of the previous o od. Using

(4.7), for F(tcj tn) the marginal distribution of t, we get
Z

EQjta]=E[A]ty]+ E[Q] tc] dF(tc] tn): (4.8)
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Since, by de nition, E[QjT] = Ofor T < , by replacing Q(T) with E[Q | T], G(T)
with E[A j T] and p(t; T)dt with dF(t.j t,) in equation (4.8) we get
Z
QM) =¢G(M+  Qt)p(t; T)dt T

0
QM)=0 0 T<

Theseequationsimply (4.6).

As described in the previous section, since intermediate o oding steps depend on
previous ones, function Q(T) does not coincide with the expected total o oding area.
Howewer, giventhat the actual total o oding areais hard to descrike, we beliewe that the
cost estimated under this assumptionshould be an indicator of the overall behaviour of
the protocol. Evenif the protocol doesnot behave as stated, the results provided should
give someintuition on how the total o oding areashouldlook like and, in a non-rigorous
manner, approximate it.

Equation (4.6) is linear Volterra equation of the secondkind where the unknown
function is Q(T). If functions G(T) and p(t; T) can be computed,the problem of nding
function Q(T) can thus be reducedto solving (4.6). A major part of the thesiswill be
dewted to deriving functions G(T) and p(t; T) and then using them to nd a solution
for equation (4.6). We shall refer to them asthe expected one-step o oding area and the
distribution of the improved accuracy respectively.
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Fundamen tal Prop erties of the LER
Proto col

In this chapter, we will prove a set of fundamertal properties about the carrier nodesin
the LER protocol that we will usein our later analysis.

We will rst investigatehow many carrier nodesexist per o oding step. Intuitiv ely,
this a ects the behaviour of the protocol sincethe more nodeswe have, the lessareawe
needto o od perstepin orderto nd any of them. Furthermore, it is interestingto know
the accuracyof the information maintained in carrier nodes. Intuition heresuggestghat
the more accurate carrier nodes are on predicting the destinations position, the better
the protocol should behave.

Finally, we shall addressthe issue of how carrier nodes are positioned around an
anchor point. Thesespatial distributions are important for two reasons.First, they can
be usedto determine the expected one-step o oding area G(T), i.e. the areathat we
needto o od around the andhor point in orderto nd a carrier node. Second,they can
provide information on whether somecarrier nodesare morelikely to be located through
o oding than others with respect to their accuracy in uencing thus the distribution of
improved accuracyp(t; T).

5.1 Poisson Field crossing a moving disk

In the LER protocol, carrier nodes update their routing tables when they encouner
the destination. Therefore,in orderto nd how many carrier nodesexist, one needsto
investigate how many nodescrossthe unit-area disk around the destination. This is the

55
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subject of this section.

5.1.1 Poisson Field crossing a disk moving according to a de-

terministic  function
Assumethat P;(t), i 2 f1;2;:::9, aretwo-dimensionalindependert Brownian motions of
variancev, andthat the point process (t) = fP4(t);P,(t);:::gisaPoissoneld of density

. Assumethat a point d, not belongingto (t), moves accordingto a deterministic
cortinuousfunction f (t) : [0;+1 )! R?i.e.

Pa(t) = f(t); t O
Let
D:i(t) = fx 2 R?:jjx  f(t)jj rog (5.1)

be a closedunit-area disk certered at P4(t) = f (t). By \unit-area” we meanthat rg is
sud that

Drj= ri=1 (5.2)
Furthermore, let
N¢ (t) = #fi:90 tsudhthat Pi( )2Ds()g (5.3)

be the number of distinct particlesof that ernter the disk around d in the interval [O;t].
Obviously
iDf (0))% 5 o K

PN (0) = kg= 2O fk(l Mg o= e (5.4)

The casewheref (t) = f (0) for all t 0 is the special casein which point d doesnot

move but remains xed. To distinguish this casewe will usethe notation Ag,No(t) and

o(t) for a xed disk, the number of points crossingit and its meanrespectively. Revesz

[41] studied the behaviour of Ny(t) in the casewherethe particles forming the Poisson

eld movedaccordingto standard Brownian motions. We will generalizehis resultsto
any continuousfunction f and to Brownian motions of variancev.

Theorem 3. Let (t) be atwo-dimensionalPoisson eld of density whosepoints move
according to independent Brownian motions with variance v. Let Ns (t) be the numker
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of distinct points of that enter the unit-area disk centered at f (t) in the interval [0; ],
whee f (t) : [0;+1 ) ! R?, asde nedin equation (5.3). Then

PfN; (t) = kg= (flﬁif))ke @ (5.5)

whee ¢(t) = E[N¢(t)], t 0 is a strictly increasing function and :(0) = . Further-
more N (t) satis es the independentincrement property.

Proof. The proof follows roughly the proof of Theorem 1.3 of Revesz[41]. Let z 2 R?
and

pr (z;t) = P90 t for which P;( ) 2 Ds( ) j Pi(0) = zg (5.6)

be the probability that a point starting from z visits D¢ up to time t. Let

B.=B(z; x; V)=fz":zc z} z+ Xz, z z+ yg (5.7)
be a rectangleon z and
(B,) = #fi :P;(0) 2 B,g (5.8)
be the number of points in B, at time zero. Then
Pf (B,) = kg= (jiifj)ke Bzl (5.9)
where |
Bj= x vy: (5.10)
For any z with jjzjj > rg let
N (z;t) = #fi:90 t sud that Pi( ) 2 D¢( );P;(0) 2 B,g (5.11)

be the number of points which started from B, and visited D; in the interval [O;t].
Becauseof the independenceof the movemert of points P;, intersections of di erent
points with the moving disk D; are alsoindependen. Thus,as X ! Oand Y ! O,
we have

PIN (z) = kg oAl e L (@ e et

o j!
j=k
_ i CBap @) R (B Coni k
R TR
. . . k
= el BRED o jmia pan)

k

Fe (5.12)
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where

= jBzpr(z;t) = ps(z;t) x vy (5.13)

Hence,asthe sumof Poissondistributed independern randomvariables,N; (t) is a Poisson

random variable with distribution

k
PfN¢(t) = kg = k—f,e f (5.14)

where
7

= ()= + pr (z; t)dxdy (5.15)

D (0)
and Ds (0) = R? nDs (0).

This proves (5.5). We now needto prove that N hasthe independen incremert
property, i.e. for any given k and for all ty;ty;:::;t with 0 t; < t, < ::: < tx the
random variables N¢ (t1), N¢(t2)  Ng(ty), ..., Nfi(t) N¢(tx 1) are independern. In
proving this, we follow again [41]].

Let P;(0) 2 B,. Then the processP;(t) meetsDs up to time t with probability p; (z;t).
Hencethe points located in B, at time t = 0 and not visiting D¢ up to time t form a

Poisson eld, independentfrom fN¢( ) : O tgl. Let (D (0);t) be the points in
D: (0) that do not meet D; beforet. Then (D;(0);t) is a Poisson eld independert
from fN¢( ) : O tg. Now, Nf(ty) N (te 1) dependsonly on  (D;(0);tx 1)
and is thus independent from fN¢( ) : O tx 19. Therefore N¢ (tx) N (tx 1)

and N¢ (tx 1) areindependert random variables. The generalstatemen can be proved
similarly. 0

Corollary 5.1. ProcessNs (t) is non-hom@en@us Poisson processwith bulk arrivals at
time 0.

The meanvalues ; cannot be described with basic functions. This is true even for
o- Howewer, Rewveszcites the following result from Spitzer regarding the asymptotic
behaviour of  [43

Theorem 4. For a Poisson eld moving according to standad independent Brownian
motions,

t
log?t

o= Zle(d+ o)

gt (5.16)

1Splitting with probability p a Poissonrandom variable with mean createstwo independent Poisson
random variableswith meansp and (1 p) .
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whele d is a constant.
This result can be extendedto non-standard Brownian motions of variancesv.

Corollary 5.2. For a Poisson eld moving according to independent Brownian motions
with variancesyv,

2 vt
logvt

o(t) = "+ o) (5.17)

whele d is a constant.

5.1.2 Poisson Field crossing a disk performing a Brownian mo-
tion

In section5.1.1 we described how points forming a Poisson eld and performing inde-
pendert Brownian motions crossa closed unit-area disk which moves accordingto a
deterministic function. We will now seehow theseresults are a ected if the movemern
of the disk is also stochastic. In particular, we will investigatethe casewherethe certer
of the disk also performsa Brownian motion.

Assumethat Pi(t), i 2 f1,;2;::: g, aretwo-dimensionaindependern Brownian motions
of variancev, and that the point process (t) = fP(t);Py(t);:::g is a Poisson eld of
density . Assumethat a point d, not belongingto (t), movesaccordingto a a two-
dimensionalBrownian motion B (t) with variancev, i.e.

Pq(t) = B(t);t O

It is easyto derive the following lemma from the de nitions of a Brownian motion and
a Poisson eld.

Lemma 5.1. Let Bi(t) = P;(t) Pq(t), i 2 f1;2;:::0, be the vector distance of point
Pi(t) from point Py(t). Then

1. Pi(t), i 2 f1;2;:::9, are Brownian motions with variance 2v and
2. The point process”(t) = fPy(t); Py(t);:::g is a Poisson eld of density .
Let

De(t) = fx 2 R%:jjx B(t)jj rog (5.18)
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whererg is sud that (5.2) holds be a closedunit-area disk certered at Pq4(t) = B(t) and
Ng(t) = #fi:90 tsudhthat Pi( )2Dg( ) g (5.19)

be the number of distinct particlesof that erter the disk aroundd in the interval [0; t].

By xing the origin on Py(t), Dg becomesDy, i.e. a xed unit-area disk certered at
the origin, and by Lemma5.1 P;(t) are Brownian motions and that form a Poisson eld.
DoesLemma 5.1 imply that we can use Theorem 3 for Ny(t) to descrike Ng(t)? The
ansver is no, becauseP; (t) are not independent

However, P;(t) are independert conditional on Pg4(t). As a matter of fact, conditional
on Py(t) = f(t), t 0, Ng(t) is noneother than N¢ (t). Theorem 3 implies that Ng (t),
as an averageof Poissondistributed variables N¢ (t) over all possiblef paths the des-
tination may follow, is not Poissondistributed and Ng(t) = Ng(t) Ng(0) is not a
non-homogeneou®oissonprocess. Howewer, the expected number of particles crossing
the moving disk can still be computed.

Prop osition 5.1.
s(t) = E[Ng ()] = of2t) (5.20)

wher ((t) is the expected numler of points that crossa xed unit-area disk in the time
interval [0;t].

Proof. Let i(t) be oneif point i hascrossedDg up to time t and zerootherwise. Then

X
Ng(t) = i(t)
i
thus
" #
X
E[Ne(t)] = E i(t)
i
= ELi)]
Xi
= Pf90 t:Pi()2Dg()g
Xi
=  Pf90 t:P( )2 Do )g
For ead i, the probability Pf9 0 t : Pi( ) 2 Dg( )g is the probability that

i will crossthe moving disk Dg up to time t. This is equal to the probability that
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Iﬁi = P; P4 will crossa unit-area disk xed at the origin. By Lemma 5.1, if initial
Brownian motions had variancesv, P, will be (not independen) Brownian motions with
variances2v. Howewer, eat oneof theseprobabilities is the sameasthe probability that
P, would crossa disk at the origin if = were independer. Thereforetheir sumis equal
to the expected number of distinct particles crossinga unit-area disk at xed the origin
while moving independently with variance proportional to 2v. O

This proposition meansthat although the number of distinct particles crossinga
moving disk Dg is distributed di erently than the number of particles crossinga unit-
areadisk Do xed at the origin while moving independertly with twicethe variance,their
expectedvaluesare the same.

5.1.3 Comparing a moving and a static destination

As we have alreadystated, Ng (t) is the averageof randomvariablesN; (t) over all possible
f paths the destination may follow. Hence, g(t) is alsothe averageof (t) over all
possiblef paths the destination may follow. Since o(t) is a strictly increasingfunction
and o(2t) > o(t), Proposition 5.1 implies that there exist paths f the destination may
follow sud that ¢ (t) o(t). We claim that somethingstronger holds.

Prop osition 5.2. For everycontinuous function f : [0;+1 )! R2? andeveryt 0
£ o(t): (5.21)

This proposition indicates that a particle that moves will meet more patrticles, on
average,than a particle that doesnot. If its movemern is a Brownian motion, we already
know this is true: Proposition 5.1 suggestghat it meetsasmany particles asa stationary
would meet in double the time. The interesting point of Proposition 5.2 is that if it
moves accordingto any deterministic two-dimensionalfunction f (t), it will still meet
more particles!

Proving this requiresan elaborate technique, the presenation of which is beyond the
scope of this thesis. Howewer, we will shov how this problem can be reducedto onethat
is intuitiv ely more simple to address,and shall provide a proof of this by Quastel[39] in
the appendix.

Let f(t) 2 R%, t 0, be a two-dimensionalvector and Dy (t) be a closedunit-area
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disk around f (t) asde ned in (5.1). Furthermore, let

[
Ar(t) =] Dr ()]

0 t

= jfx 2 R?:x 2 Ds( ) for some0 tgj

be the Lebesquemeasure-the area- of the region covered by the moving disk Ds in the
interval [0;t]. If B is a two-dimensionalBrownian motion, the above region of R? is
called a two-dimensionalWiener sausage For an exact de nition of a Wiener sausage
and basic properties we refer the readerto [41], pp. 210-212. The expected area of a
Wiener sausages closelyrelated to the mean ;, asthe following proposition implies.

Prop osition 5.3. Letf (t),t O be atwo-dimensionalvector and B a two-dimensional
Brownian motion. Let (t) = E[N¢(t)]. Thenforallt O

t(t)= E[AB (1)]

whee s the density of the Poisson eld and Ag ¢ (t) is the area of the Wiener sausage
of a Brownian motion with drift .

Proof. W.l.o.g. we assumethat f (0) is the zero vector, i.e. f starts at the origin.
Equation (5.15) in the proof of Theorem 3 givesus
ZZ
t(= + _ p(zt)dxdy
zz "0
= i pr (z; t)dxdy

R

where
pr (z;t) = P90 t for which P;( ) 2 Ds( ) j Pi(0) = zg

is the probability that a point starting from z visits D; up to time t. Let B(t),t 0 be
a two-dimensionalBrownian motion starting at the origin. Then p; can be written as

pr(z;t) = PfO0O tiji(z+B(C)) £ rog
Pf90 tjiBC) fC) ( 2i rog
Pf9 0 t: z2Dg ()9
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which is the probability a unit-area disk whosecerter performsa Brownian motion with
drift f will passfrom the point z in the interval [0;t]. Hence ; becomes

7
i(t) = Pf90 t: z2 Dg f( )gdxdy
zZ%
= Pf90 t:z2 Dg ¢( )gdxdy
zz ®
= E[ s r(z:t)] dxdy
Yz
= E s f(z;t)dxdy
R2
= E[As ()]

where g ¢(z;t) isoneif Dg ; crosseg within the time interval [0; t] and zerootherwise.
Ol

Hence, proving Proposition 5.2 is equivalert to proving that for every cortinuous
functionf :[0;+1)! R?andeweryt O

E[As+: ()] E[Ag(1)]

i.e. the expectedareacoveredby a unit-area disk performing a Brownian motion is less
than or equalto the expected area covered by a unit-area disk performing a Brownian
motion with any (continuous) drift. This is a more illuminating perspective on the
problem, becauseit relatesit to only one Brownian motion rather than the in nitely
many that wereinvolved in the original problem. The proof of this in a one-dimensional
setting is rather straightforward, howewer for two or more dimensionsit becomesguite
involved. We presert a proof by Quastel[39 in the appendix.

5.1.4 Stochastic domination

A randomvariable X whoserangeis A stochastically dominatesanother random variable
Y, whoserangeis alsoA, if

PfX >ag PfY > ag (5.22)

for all a2 A. An immediate consequencef (5.22)isthat E[X] E[Y]. We will prove
a seriesof lemmasabout stochastic domination that will assistour analysis.
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Lemma 5.2. Let X4, X, be two Poissondistributed randomvariableswith E[X ] =
andE[X;,]= L. If 4 2, then X ; stochastially dominatesX ;.

Proof. It su ces to prove that for X Poissondistributed with expectation

XK i
PfX >kg=1 e — (5.23)
i=0

is an increasingfunction in terms of O for all integersk 0. Indeed

%

d d
d—PfX>kg—d— i=0e T
)Q( | i1
e + e e
- i! (i 1)
k
- e F
which is non-negatiwe for all Oandfor all k O. O
Lemma 5.3. Let
Ng(t) = #fi:90 t suchthat P;( )2 Dg( ) g (5.24)

be the numker of distinct particles of that enter the disk around a node that performs
a Brownian motion in the interval [0;t], as de ned in section 5.1.2. Furthermore, let

No(t) = #fi :90 t suchthat P;( ) 2 Do( ) ¢ (5.25)

ke the numler of distinct particles of that enter a xed disk in the interval [0;t], as
de ned in section 5.1.1. Then Ng(t) stochastially dominatesNg(t) for allt 0.

Proof. Conditioned on a path f the destination may take, Ng is none other than Ng.
Then, by Proposition 5.2 and Lemma 5.2, we get that N; stochastically dominatesNy.
Furthermore, Ng can be seenas an averageof N over all paths the destination may
take. Hence,

PfNg > ag= E[PfN¢ > ajfq]
E[PfNo> ajfd]

PfNo > ag
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5.2 The accuracy of carrier nodes

The analysisin section5.1 provides someinsight in how many carrier nodesexist. How-
ewver, it is not clear how the accuracyof the information maintained in these nodesis
distributed. We shall addressthis issueby introducing the conceptsof rst entry and
last exit epochs.

5.2.1 First entry epochs vs. last exit epochs

As an arrival process,Ng (t) modelsthe rst eniry epochs into Dg within the interval
[0; t] of points of the Poisson eld. To make this more precise,we give a more elaborate
de nition of the arrival process.

First of all, we assumethat particles P; perform Brownian motions of variancev in
the time interval (1 ;+1 ). Note that at any time t 2 R the point process (t) =
fP1(t); P2(t);:::g forms a Poisson eld. We de ne the rst ertry epoch of point i into
Dg aftertime t as

tren(Dg:i;t) = minf :  tAP( )2 Ds( ) (5.26)

Lemma 5.4. The rst entry epoch t;¢,(Dg;i;t) of a point i in Dg is a wel-de ned
random variable.

Proof. It is easyto seethat f : t~ Pi( ) 2 Dg( )gis non-emply a.s., sinceewery
point will erter the disk evertually with probability one[3]. Furthermore, sinceall its
elemens are lower-bounded by t an in m um exists. In order for t;,(Dg;i; t) to be a
random variable, we needto shawv that a minimum exists a.s. Let t® t denote the
inm um of the above set. In order for the minimum to exist, t® must belongin the
above set, i.e. P;j(t9 2 Dg(t9. Supposethat P;(t% 2 Dg(t9. SinceP;(t), B(t) are
Brownian motions, their di erence P{t) = P;(t) B(t) is cortinuous. Thus, for every
> 0 there existsa > 0 sud that jPY{t°+ x) PYt9j < for every 0 < x <
Note that P;(t) 2 Dg(t) is equivalert to P{t) 2 Do, where Dy a closedunit-area disk
xed at the origin. SinceDy is a closedset, its complememn Dy is an open set. By our
hypothesis, P{t% 2 D,. Therefore there existsan °> 0 suc that P{t9 + ¥ 2 Do
forall 0 < jPAtY yj < ° By setting = ¢ we get that there exists sud that
jPAt°+ x)j 2 Do. Hence,a lower bound of the setf : t~ Pi( ) 2 Dg( )g grater
than t° a cortradiction. O
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Note that the rst entry epoch of a point that is alreadyin Dg at t ist. We de ne
the following process

Nfen(Dg;T;t) = #fi i tien(Dg;i; T) tg t T (5.27)

This processis courting the number of rst ertry epochsin the interval [T;t]. Interest-
ingly enough,Nen(Dg; 0;t) is noneother than Ng.

Lemma 5.5.
Nten(Dg; 0;t) = Ng(t)

as.forallt O.

Proof. For every point i that is courted by Ng(t) there existsa 2 [0;t] sud that
Pi( )2 Dg( ). Thusf :0 t" Pi( )2 Dg( )gis non-empty and the minimum
of f 0" Pi( ) 2 Dg( )g (which exists by Lemma 5.4) will be lessor equal
to t. Thereforei is also courted by N¢en(Dg;0;t). Similarly, if a point is courted by
Nten(Dg;0;t) the setf 0" Pi( ) 2 Dog is non-empty and at least one elemen in
it (its minimum) is lessor equalto t, soi will alsobe courted by N. O

Note again that

O,

PfNten(Dg; T;0) = kg = K

(5.28)

i.e. bulk arrivals happen at time 0. Howeer, at subsequet epochs only single arrivals
may happen, i.e. the probability that two points erter the disk simultaneously at epoch
t>0isO.

Apart from the rst erntry epochs it is interesting to know the last exit epochs from
disk Dg. We de ne the last exit epoch of point i from Dg prior to time t as

tiex(Dg;i; t) = maxf t"Pi()2De( )u (5.29)

One can show just asin Lemma 5.4 that last exit epochs constitute well-de ned
random variables. According to the above de nition the last exit epoch of a point that
is still in Dg at time t is t. Similarly to (5.27) we de ne the following process

Niex(Dg;t; T) = #fi i tiex(Do;i; T) tg t T: (5.30)

This processis courting the number of last exit epochsin the interval [t; T]. For a xed
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Figure 5.1: First ertry and last exit processes.

T, Niex(Dg; T t; T) canbe seenasa courting process.Note that, asin (5.28)
ey = e O
PfNiex(Dg;T;T) = kg= e (5.31)
sincethe points whoselast exit epoch is T are exactly the onesthat are in disk Dg at
that time. This is not the only similarity that Nex haswith N¢e,, asit can be seenby
the following lemma.

Lemma 5.6. For any xed T, Niex(Dg; T t;T) (t 0)is distributed as N¢en(Dg ; O; t).

Proof. Assumethat at time T all points start moving \backwards" following the trajec-
tories that they followed in the interval (1 ;T]. At time T, asat any other time, the
point process (T) wasa Poisson eld. As points move badkwards they are performing
independert Brownian motions by the time reversibility property (seepage4?2). Finally,
the last exit epochs of the original processbecomethe rst entry epochs in the badk-
ward one, sincethe last time a point exited the disk becomesthe rst time it erters it
now. Thus, in this badkward model courting the last exit epochs of the forward model
is probabilistically equivalert to courting the rst ertry epochsin Dg of points forming
a Poisson eld moving accordingto independert Brownian motions. This howewer is
descrited by the processN¢en(Dg; 0;t). O

The abovetheoremimpliesthat N¢¢n(Dg; O; T) is distributed exactly asNe(Dg; 0; T).
As a matter of fact somethingstronger holds.

Lemma 5.7.

Nten(Dg;0; T) = Niex(Dg; 0, T) a.s.
Proof. For every point i that wascourted in N¢ ¢, the setf : 0 TrPi( )2 Dg( )g
is non-emptly. Therefore,the maximum of f : T"Pj( )2 Dg( )gwill begreater

than O and i is alsocourted by Niex. The opposite direction is proved similarly. O
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5.2.2 Accuracy as a last exit epoch

In the LER protocol the accuracyof a carrier node n regardingthe position of destination
d is by de nition

Mna(t) = minf :jjiPa(t ) Pa(t  )jj  ro; Og:

Therefore M4 (t) is none other than the last exit epoch of n from the unit-area disk
around Py. This meansthat, at time T, the number of carrier nodeswith accuracyless
or equalto t is noneother than N (Dg; T t; T). Therefore,Lemma5.6 can be used
to descrile how the accuraciesof carrier nodesare distributed.

5.3 The spatial distribution of carrier nodes

The spatial distribution of carrier nodesand the destination is important in determining
both the expectedone-step o oding areaand the density of the improved accuracy The
one-step o oding area obviously relates to this distribution sinceit is de ned by the
closestcarrier node to the andhor point. The density of the improved accuracyis also
in uenced, for example by whether nodesthat met the destination earlier rather than
later are more or lesslikely to be located through o oding. Unfortunately, the joint
spatial distribution of carrier nodesand the destination is hard to descrike. To illustrate
this, in this sectionwe brie y discusshow marginal distributions relate to the rst and
last exit epochs and how the movemerts of carrier nodesand the destination with respect
to time intervals de ned by theseepochs depend on eadt other.

We are ultimately interested in the positions of carrier nodes and the destination
relatively to the andhor point. Let Py(t), t 2 [ T;0] be the trajectory of the destination
and P4( T) be the current anchor point. A carrier node is then a node that met the
destinationin the interval ( T;0]. Let N be the number of carrier nodesthe destination
meetsin the interval ( T;0],and P;(t), t2 [ T;0],1 i N, denotethe trajectories
of carrier nodes.

Let S,1 i N, bethe rst enry epochs of carrier nodesin the unit-area disk
around the destination. As we have already discussedN is can be seenas a courting
processdescriled in section5.2.1(namely N¢en) and S; asthe arrival epochs asseiated
with it. The distanceat time 0 of a carrier node i from the andor point can be written
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Pa( T) ,/ ’

Figure 5.2: A the positions of carrier nodesrelative to the anchor point.

as the sum of three random vectors as follows.
Pi(T) Pg( T)=Pyg(S) Pa( T)+ Xi+ Pi(0) Pi(S) (5.32)

The random vector P4(S;)) Pg( T) is the distance of the destination from the an-
chor point at the time the encourer occurred. Vector X, which is necessarilyequal to
Pi(S)) Pq4(Si), indicatesthe distance betweenthe destination and the carrier node at
the encouner epoch, and thus jjX;jj is upper-boundedby 1:IO . Finally, P;(0) Pi(S)
is the distance betweenthe carrier node at time O and the point at which it met the
destination.

VectorsPy(Sj)) Pg( T), 1 i N, arenormally distributed and independert of
vectorsP;(0) P;(S;). Of course,they are not independert of eat other. On the other
hand, P;(0) Pi(S),1 i N, arenormally distributed andindepender of eat other.
Furthermore, for ead i, P;(0) P;(S;) independen of P4(T) Py(S;i): carrier nodesmove
independerily of the destination after they meetit.

The picture changesif we apply the above to last exit epochs. Let S 1 i N, be
the last exit epochs of carrier nodesin the unit-area disk around the destination. These
form, aswe discussedn section5.2.1,a di erent arrival processthan the onede ned by
rst ertry epochs, which follows howeer, albeit reversedin time, the samedistribution.

Similarly to 5.32,the distanceof a carrier node from the andor point can be written
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as
Pi(T) Pa( T)=Py(S) Po( T)+X;+P(©0) Pi(S) (5.33)

The trajectories of carrier nodesin the intervals [S;; T] are not independen of the tra-
jectory of the destination in this interval. In fact, they are conditioned on avoiding the
unit-area disk around it. Becauseof this property, describingthe distributions of the
aforemenioned three vectorsis harder than whenreferringto rst entry epochs.

5.4 A function that should upp er-bound the cost

The function we wish to computeis Q(T), T 0, descriked by the Volterra equation
presened in (4.6). It is an appraximation of the total expectedtotal areathe protocol
0 ods in order to route a padket from an andhor point with accuracyT.

A guestionthat thus arisesis what value of the costwould indicate that the protocol
behares\well", at least with respect to other protocols. The minimum requiremert
one might have from an appraximate information protocol is that the overheadis less
than the onethat occurswhile o oding without taking any appraximate information into
accour. This is noneother than the costof o oding from the sourceand looking for the
destination itself. This is the approad taken by reactive routing protocols like AODV
[38]; justifying the proactive featuresof the LER protocol (mainly, maintaining a routing
table) requiresthat they outperform sud an approad. Hence,it is interesting to see
what is the expected o oding costfor nding the destination itself in our model.

Assumethat nodesn and d move accordingto two-dimensionalBrownian motionsin
the interval [ T;0] with variancesv and that at time T they had an encourter. Let
A= jiP,(0) Pq4(0)jj%. Then, similarly to (5.32), the distancebetweenn and d can be
written as

Pn(0) Pa(0) = (Pn(0) Pn( T)) (Pa(0) Pa( T))+X (5.34)

where X = P,(T) Pg( T) is their distanceat time T. As in the previous section,
X 1=

VectorsP,(0) P,( T)andPg4(0) Pg( T) indicate the distancestraversedby n and
d respectively in the interval [ T;0]. If T is not a last exit epoch, and the trajectories
of n and d are independen, P,(t) P,( T) and Pg(t) Pgq( T), fort 2 [ T;0], are
independert Brownian motions with variancesv on ead axis. Hence,their di erence is



5.4. A function that should upper-bound the cost 71

trajectory of destination d
————— trajectory of node s

Ps(0)

Pa(0)

Figure 5.3: The distance betweenthe destination d and a sourcen. Node n met d for the last time at
T time ago.

alsoa Brownian motion with doublethe varianceon ead axis. Equivalertly, P, (t) Pgq(t),
t 2 [ T,;0]canbe seenasa two-dimensionalBrownian motion with variance?2v starting
at X. The expectation of A can be written as

E[AlI= E ji(Pa(0) Pa( T)) (Pg(0) Pg( T))+ Xjj?
Eh(JJ(Pn(O) Po( T))  (Ps(0) Pa( T)ii + iiXii)*

|
E ji(Pa0) Pa( T)) (Pal0) Po( TY)jj+ 1= 2

Similarly

E[A]= E jj(Pa(0) Pa( T)) (Pa(0) Py( T))+ Xijj*
Eh(ii(Pn(O) Po( T))  (Pa(0) Pa( TIi 1iXiD*

|
E jj(Pn(0) Pn( T)) (Pg(0) Pg( T)ij 1P -2

Thesetwo boundsindicate that, for large valuesof T, if the trajectoriesof n and d are
independen,

E[A]= (E  ji(Pa(0) Pn( T)) (Pg(0) Pa( T)ii*):

This quartity is equalto 4 vT: it is an immediate consequenceof the fact that the
distance of the two points is a Brownian motion with variance 2v. This indicates that

2SeeLemma 6.1 in section 6.1.1 for the computation of the variance of a two dimensional Brownian
motion.
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the expected areathe sourcenode needsto o od, given that it met the destination T
time ago, is proportional to T.

Howeer, in our setting, the trajectory of a sourcenode, given that its accuracyon
the destination's position is T, is not independen from the trajectory of the destination.
In fact, as we stated in the previous section, the node performs a Brownian motion
conditioned on not ertering the unit-area disk around the destination in the interval
( T;0]. Equivalertly, P,(t) Pgq(t), t 2 [ T;0], can be seenas a two-dimensional
Brownian motion with variance?2v, starting at the boundary of the unit-area disk around
the origin and then conditioned on not entering this disk againin ( T;0].

This indicates that the expected area a sourcenode hasto ood in order to nd
the destination is di erent than 4 vT. Howeer, sincethe distance betweenit and the
destination is a Brownian motion conditioned on not visiting the unit-area disk xed at
the origin, one can expect that this motion \wanderso " further than an unconditional
Brownian motion. This meansthat the expectedareain this setting should be greater
than 4 vT.

Proving that this intuitiv e obsenation is true requires mathematical notions whose
presenation is beyond the scope of this thesis. We thus restrict ourselesto the afore-
mertioned analysis,which, although non-rigorous,givesa good senseof how the expected
cost grows if the sourcedoesnot useany approximate information -namely; it is worse
than linear in terms of the accuracyT. An immediate implication is that any sub-linear
cost function for LER would indicate that the protocol outperforms a reactive protocol
under our model.



Chapter 6
A Simplied Analysis

In this chapter, we will work under the following simpli ed versionof our original model.
We assumethat the positions of carrier nodesfollow independen, identical, omnidirec-
tional, two-dimensionalnormal distributions certered around the current anchor point
with variance vT on ead axis, where T is the accuracyat the current anchor point.
Furthermore, if N (t) is the number of carrier nodeswith accuracylessthan or equalto t,
thenfN(t);t 0Ogis a non-homogeneou®oissonprocesswith bulk arrivals at time zero
and E[N (t)] = o(2t). Function o(t) is the expectednumber of nodesencourtered by a
static destination within a time interval of length t and is descriked by equation (5.17)
in Corollary 5.2.

We will denotewith G¢(T) and ps(t; T) the expected one-step o oding areaand the
density of the improved accuracyunder this model respectively. Similarly to (4.6), the
function Qs(T) that approximates the cost under this model will be a function that

satis es the equations
Z 1
Qs(T) = Gs(T) + Qs(t)ps(t; T)dt T (6.1a)

Qs(T)=0 0 T< (6.1b)

Notice that this model refersonly to one o oding step of the protocol, namely the
rst. In other words, we do not investigate how under sudh a model the distributions
of the above quartities (number of carrier nodes, their positions on the plane e.t.c.)
will be in uenced after the rst step takesplace. The reasonis that we have restricted
oursehesto appraximating the o oding costwith Q(T), which by de nition relatesonly
to quantities measuredat the rst step. In that sensethis model is a simpli ed model

73
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that yields G¢(T) and ps(t; T) for one step and, indirectly, a Qs(T). It is not a model
that describesthe medanicsof a particular network.

That said, this model di ers from the rst stepof our original onenamelyin the follow-
ing three aspects: First, the accuraciesof carrier nodesin LER form a non-homogeneous
Poissonprocess.Second,the positions of carrier nodesand the destination are indepen-
dently distributed aroundthe anchor point. Third, thesedistributions are assumedo be
normal. Theseassumptionsdo not hold in our original model, asarguedin the previous
chapter. This fact, aswe will seein chapter 7, makesG(T) and p(t; T) much harder to
descrike. On the other hand, the simpli ed model is also similar to the original model
in somerespect. The expected number of carrier nodesis in both models descriked by

0(2T). Furthermore, although the number of carrier nodesis not a Poissonrandom
variable in the original model, it dominatesa variable that is: becauseof this, a Poisson
distribution will arisein chapter 7 in computing an upper bound for G(T). Also, in
Lemma 7.1 of chapter 7 we will seethat this upper bound is a summation, a term of
which is noneother than the averageone-step o oding areafor n independer, normally
distributed carrier nodes.

The last two propertiesindicate that the analysisin this chapter canbe seenasal\ rst
approad” in dealing with the LER protocol, i.e. as an introduction of the techniques
employed in chapter 7. Furthermore, since LER is hard to analyze under our original
model and p(t; T) is not computed within this thesis, this chapter provides insight on
how model attributes in uence the performanceof the protocol and, more speci cally,
how they in uence p(t; T). Finally, the solution of the Volterra equation obtained will
indicate many intuitiv e properties of the protocol, aswe will seein section6.4. Knowing
how to interpret sudh a solution and how to recognizesud properties in it will assist
in understanding a future solution of the Volterra equation under our original model.
All of the above suggestthat the analysisperformedin this chapter, albeit simpli ed, is
interesting at the presen stageof our researt.

Wewill rst presen seeral preliminary lemmasthat will aid usin deriving G¢(T) and
ps(t; T). We will then show certain properties that can be proved about Qs(T) without
actually solving the Volterra equationin (6.1). Finally we will usethe Volterra equation
to produce an asymptotic upper bound for Qs(T).
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6.1 Preliminary lemmas

In our simpli ed model, the positions of carrier nodesand the destination are identically,
normally and independerily distributed aroundthe current andhor point. It isinteresting
thus to seewhat is the expected one-step o oding area for a given number of nodes
under sud circumstances.This is preserted in the following section. A rather intuitiv e
result of this analysisis that if nodesare i.i.d. they are also equally likely to be found
through o oding. Furthermore, sinceunder our simpli ed model the accuraciesof nodes
constitute a Poissonprocess,we will also investigate the distribution of the accuracy
achieved if chosenwith equalprobability from a set of accuracieggeneratedby a Poisson
process.

6.1.1 Indep endent Gaussian distributions in R?

In this sectionwe will presen a seriesof lemmasthat describe the expected minimum
areade ned by points independerly distributed accordingto Gaussiandistributions on
the plane. The behaviour of this quartit y is of someinterest sincethe positions of carrier
nodesin our simpli ed model follow normal distributions around ead anchor point. In
that cortext, the minimum area, as de ned in following lemmas,is none other than the
o oding areaaround an anchor point whenthe positionsof carrier nodesare independent.

Lemma 6.1. Let(X;Y) 2 R? be atwo-dimensionalrandomvariablewhich followsa two-
dimensional omnidirectional normal distribution of variance 2 on each axis centered at
the origin. Dene A= (X?+ Y?). Then

E[A]=2 2 (6.2)

Proof. For R the radial part of (X;Y), we have that R? = X2+ Y2, Hence

ER?> =E X%+ Y?
=E X2 +E Y?
=2 2
andE[A]=2 2. O
Lemma 6.2. Let (X;;VY;) 2 R, 1 i n, be n independent, omnidirectional, two-

dimensional, normal randomvariableswith zeo mean and variance 2 on each axis. Let
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A= (X?2+Y?,1 i n,andA = minA;. Then
1
E[A]= 2 P~ (6.3)
i 72

Proof. The density distribution of (X;Y) is
fxy(xy) = 5 e K2 64)
Sincedxdy = rdrd , in polar coordinates we get
fr (7 ) = %e r2=2 2, (6.5)
From the joint polar density in (6.5) we get that

fr(r) = e "2 (6.6)

is the marginal density of the radius of a two-dimensional,omnidirectional normal random

variable. The probability that the areaA; is greaterthan r?is
Z 1 2 2 1 2
PfA > rig= —e :fd = e’ =e?’; (6.7)
r i r

Thus, the probability that the areaA that is greaterthan r? is
Y Y 2
PfA > r’g= e ?i

i i

2 (P
:eT(iiZ)

PfA> r?g

sinceA; are independen. Therefore, the probability that the area A is greaterthan a
value a is

P 2

PfA>ag=e z i (6.8)

and its expectedvalue is
Z 1
1
E[A] = PfA> agda= 2 P—: (6.9)
0 i 2

[J

Equation (6.8) suggestghat the point closestto the origin is idertically distributed

asa point which is normally distributed around the origin with variance 2 = 1 on
i 7z

eat axis. In particular, if ; = for all i, this reducesto a distribution with 2 =

ne



6.1. Preliminar y lemmas 77

Lemma 6.3. Let (X;;Y)) 2 R?, 1 i n, be n independent omnidirectional, two-
dimensional, normal randomvariableswith zelo mean and variance 2 on each axis. Let
A= (X2+Y?,1 i n,andl = argminA;. Then
1
, z
Pfl =ig= P+ (6.10)
I
Proof. Note that the evert fl = ig, 1 i nisthe evert that A; = min; A;. We have

Pfl =ijA = rg= $fAj > r?% 8] 6ig

= PfA; > r%g by the independenceassumption
j6i
Y 2
= el by eq. (6.7)
i6i
2 P P
—e 2z jsij
We therefore get
z 1
Pfl = ig= Pfl;jA; = r2gfg (r)dr
ZOl r 2 r2 P 2
= _zez_ize Z jsi j dr
o
Z 1 rl ﬁp . )
= —26‘ z iiodr
0 i
%
= %
i 2
J
]
From the above lemma, we have that if ; = for all i, all points are equally likely
to de ne the minimum area. Hencethe following corollary holds
Corollary 6.1. Let (X;;Y;) 2 R, 1 i n, be n independent omnidirectional, two-
dimensional,identically distributed normal randomvariableswith zero mean and variance
2oneachaxis. LetAj = (X2+Y?2,1 i n,andl = argminA;. Then
. 1
Pfl =ig= ﬁ: (6.11)

It is interesting to seewhat the expected areais if the number of points is Poisson
distributed. Of course,in order for the minimum areato make senseat least one point
must exist. Note that, in our model, at leastonepoint doesexist, namelythe destination.
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Lemma 6.4. Let (Xi;Y;)2 R?,1 i N+ 1, beN + 1independentomnidirectional,
two-dimensional,normal randomvariableswith zeio mean and variance 2 on each axis,
whee N is a Poissondistributed random variable with mean . Let A; = (X2 + Y,?),
1 i N+ landA = minA;. Then

E[A]= 2 i

1 e ) (6.12)

Proof. Giventhat N = n, by Lemma 6.2 the conditional expected minimum areais

2 2
E[AjN =n]= :
[A] =73
Therefore,the expectedareais
b3 2 n
eaj= 2¢O

~n+1 nl!

n=0

2 2e )4- ( )n+1
- o n+ 1l

2 2
= 1 e)

6.1.2 Equally likely carrier nodes forming a Poisson pro cess

In this sectionwe will seehow a Poissonprocesscanbe usedwith equally probablecarrier
nodesin de ning the conditional probability p(t; T).

Let TN(t);t Og, be the courting processof the number of carrier nodes with
accuracyin the interval [0;t], and let E[N(t)] = (t) fort 0. Notethat S;, i 1,
the epoch of the i-th arrival of this courting process,is the elapsedtime sincethe last
encourter of a node with the destination, i.e. S; is the ertry regarding the destination
at this node's routing table. W.l.o.g. we assumethat the node that correspndsto the
epoch §j is nodei.

We assumethat N (t);t Og is a non-homogeneougloisssonprocesswith bulk
arrivals at time zero. This meansthat many nodesmay know wherethe destination is at
time 0 and their the number N (0) is distributed accordingto a Poissondistribution with
expectedvalue (0). Furthermore, I\Th(t) :iN(t) N (0) is a non-homogeneou$oisson
processindependert of N(0) with E N(t) = (t) (0) (where (t) = E[N(t)] and

(0) = E[N(0)] > 0).
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We assumehat we commencea o oding at time 0 from the position of the destination
at T time ago,i.e. at P4( T). Furthermore, we assumethat all existing carrier nodes
and the destination are equally likely to be found. Therefore,if N(T) = n, the probability
that the i-th carrier node will be found is ﬁ Let X be the time estimate that we will
get with this choice,i.e. the time S; in the pastthat the nodei had accurateinformation
about the destination, if we located carrier nodei, and zeroif we located the destination.

We can formally descrite X as

PfX = S jN(T) = ng= i n (6.13)

n+1
whereS;, i 1, is the epoch of the i-th arrival and S, 0, correspnding to the evert

of nding the destination itself.

Lemma 6.5.
PfX =0g= (T)

whee
©, M ©1e®
(T (T (m

Proof. Giventhat N(T) = n, we have that the probability that X = 0 is equalto the

(T) =

probability that the destination waslocatedor that a carrier node that hasaccuracyzero

waslocated. The probability that the destination waslocatedis ﬁ sinceall nodesand

the destination are equally likely.

The probability that a carrier node is chosenis . We thus needto compute the

n
n+1
probability that, given that a carrier node was chosen,it was one with accuracy zero.
Howewer, giventhat a carrier node is chosen,ead of them is equally likely to be located
with probability % Howewer, f N (t);t  Og is a non-homogeneou®oissonprocesswith
bulk arrivals at time zero, whoseexpectedvalueis (0). Hence,by Corollary 3.1, if we
choseone of them with equal probability the probability that it will be lessthan or equal
to zerowill be equalto (0)= (T). Hencewe get that

1 L (0)
n+1 n+1 (T)

1, 1 (0
n+1 n+1 (T)

@, , © 1
(T) (T) n+1

PfX =0)JN(T)=ng
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Thus PfX = 0Og can be computed as the expectation over all n, sincen is Poisson
distributed with average (T). This computation is similar to the one performedin the
proof of Lemma 6.4 and givesus the lemma. O

Lemma 6.6.

® ©

(6.14)

forO<t T.

Proof. If X 6 0, the carrier node we locatedis oneof the nodesthat are counted in N'(T),
whereN(t) = N(t) N(0). Furthermore, N(T) 1, sinceat leastonesuc carrier node
exists (the onewe located). We are therefore contemplating the probability

PIX tjN(T) 1g

where X is the epoch we get if we chooseamongthe epochsin (0; T] with equal proba-
bility, i.e.
PfX =S )N(T)=ng= %; 1 i n (6.15)
Howewer, fN'(t);t  Og is a non-homogeneougoissonprocesswith expectation (t)
(0). Hence,by Corollary 3.1 we get that
W _©.

PfX tjN(T)=ng= W,

t T (6.16)

We therefore have that
P,ﬁzlpfx tj N(T) = ngPfN(T) = ng
PIN(T) 1g
() (0 o,y PEN(T) = ng
(M (©) PIN(T) 1g
_ ® (9
(M O

PfX tjN(T) 1g=

O]

Lemma 6.7. The prolability density function of X giventhat the current estimation for
the destinationis T is

oy qt)
p(t; T) = W(l (T))
whee o
(T) = 0) N (Ty () 1 e
(T) (T) (T)

for t T, >0.
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Proof. From Lemmas6.5,6.6we get

® O
(M) (0

forO t T,thusp(t; T) is de ned asthe derivative @@Pfx tg which existsfor all t

PfX tg= @ T+ (7

boundedaway from zero. O

6.2 An upper bound for Qg(T) for a given set of in-
dependent carrier nodes

We can usea simple argumert to get a moderate upper bound on function Qs(T) in our
simpli ed model for a given set of carrier nodes. This upper bound does not depend
on the number of carrier nodes existing or the values of their accuracies;as sud, this
result doesnot involve the Poissondistribution of the accuraciesn the simpli ed model
at all. Hence,the only point where this proof will dier from our original model is in
that carrier nodes positions will be assumedto be independerly, normally distributed
around the andhor point.

We briey recapitulate the main assumptionsof our simplied model that we use
in order to prove the results that follow about Qs(t). At ead step, carrier nodes and
the destination are distributed on the plane accordingto independert, omnidirectional,
two-dimensionalGaussiandistributions certered around the current anchor point with
variancevT on eadt axis, whereT is the accuracyat the andhor point. Furthermore, by
de nition, function Q¢(T) satis es the set of equations(6.1).

Assumethat nodeshave given accuracies;, i 2 f1;2;:::g andty, = 0 is the accuracy
of the destination itself. According to our simplied model (but our original model as
well), many nodesmay have zeroaccuraciesput all other nodeshave distinct accuracies
with probability one. Hence,we can order nodessothat t; > t; if i > j > s, for some
values 0,andt;=0foralli s. By Lemmaé.2,the expectedone-step o oding area

from a point wherethe accuracyis t, thus
2 2t
Gs(ty) = %

where 2?(t) = vt is an increasingfunction. The only property of this variance that we
shall usein our current analysisis that it is increasing,with Proposition 6.1 being the
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only exception. We will thus referto it as 2(t) to emphasizethat the following results
do not hold only for vt.

By Lemma6.3, all carrier nodesand the destination are equally likely to be located
through o oding, thus the density of the improved accuracyfrom a point with accuracy
th, wheren > s, is
1
n

ps(t = ti;t,) = 0O i n 1L

Hence,equation (6.1) becomes

2 ty) , X Q).
n n '

Qs(tn) = th (6.17a)

i=0

Qs(ta) = 0;  o.w. (6.17b)

Lemma 6.8. Function Qg, asde ned in (6.17), is an increasing function, i.e. for every
t > tj we haveQS(ti) Qs(tj).

Proof. Considerthe casewherei = j + 1. If t; < the lemmais trivially true. Assume
that t; . Then, by (6.17a) Qs(tj+1) Qs(tj) becomes

2 Z(tj+1)+)d Qs(ti)

j+1 j+1 Qs(tj)

i=0

which is equivalent to

2 2(t1+1) + X Qs(ti) + Qs(tj)

j+1 L 1t1l jtl Q:(4)
or

2 2t.g) X' Q) j

Tje1 a1 W

which by (6.17a)is

. _ [
2 ) XPQ) 2 ), KT Q)

N R T N R

which holdsi  2(tj.1) 2(t;). This is true since 2(t) is an increasingfunction. The
generalcaseis proved by induction. O

We will now showv that, by adding a new carrier node, function Qs can only be
improved.
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Lemma 6.9. Let p be a new carrier node with accuracy t, suchthat t, ; < t, < t, for
somen 1. Let QJ(t) be the function that approximatesthe cost if we consider this
carrier node when o oding and Qs(t) the one if we do not considerit. Then, QJ(t;)
Qs(t;) for all i 2 N.

Proof. If t, < this is trivially true. Assumethus that t, . Notice that
Qt) = Qs(t)); forallo i n 1 (6.18)

since, by the de nition of the functions Qs, Q?, they depend only on carrier nodeswith
accuracybetter than t; and are thus not in uenced by the existenceof carrier node p.
At the andhor point with accuracyt,, Qs(t,) is descriked by (6.17a) On the other hand,

QY(tn) is

2 *tn) , X" QUt) , QUty)

0 -
Qs(tn) = n+1 . n+l n+1
€19 2 %(ta) | X1 Qq(t) | QUty)
= T +i:0 n+1+n+1 (6.19)
where
2 2ty X' QY)
Q(s)(tp) = n = - Sn
2 X1 4
(GéS) 2 (tp) + QS(tI) (620)
n _ n
i=0
Therefore,Q2(t,)  Qs(tn) becomes
2 2(tn)  XTQut) , Q) 2 2Ata) , X Qut)
n+ 1 . n+1 n+1 n . n
i=0 i=0
which is equivalert to
|
X o 1 QYty)
2 . - s\'p
2 (ty) + . Qs(ti) onE1 ]
or
L !
2 X . 0

n o n n+1 n+1
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and by eq. (6.20) can be written as

2 2(tn)  XTQut) 2 2t X Qut)
n n

n . n .
=0 i=0

which is true i 2(t,) %(tp). This holds again by the monotonicity of 2(t). Note
that inequality (6.21) implies that

Qs(tn)  QXtp) (6.22)

We prove the remaining casesy induction. We know that Q(t,)  Qs(t,). Assumethat
Qti) Qs(t) foralln i k 1forsomek > n. Wewill provethat QJ(tx)  Qs(tx).
This is equivalent to

2 2t , X Q) , Q) , XTQUL) 2 At), X Q).
k+ 1 o k+1l k+1 _k+1 k k

i=0 i=0

SinceQY(tj)) Qs(tj)foralln i k 1by theinduction hypothesisand Q2(t;) = Qs(t;)
foralO i n 1,it suces that
2 2t , XTQut) , Q) , X)) 2 At , X Q)
k+1 _k+1 k+1 = k+1 k - k
1=n | i=0 i=0
X 1

1 Q(t,)
, 2 )+ i:O Qs(ti) k(k+ 1) k+p1

, Qs(t) Q)

which is true sinceQs(tk)  Qs(tn) by the monotonicity of Qs and Qs(tn)  QY(t,) by
(6.22). O

Lemma6.9, as we have already stated, shows that by consideringan existing carrier
node, the LER protocol can only improve its performancewith respect to function Qs
under our simpli ed model. This hasan important immediate implication.

Prop osition 6.1. The function Q(T) is upper-boundel by 2 vT.

Proof. The quartity mentioned by the proposition is the expected areathat the LER
protocol hasto o od in our simpli ed modelin orderto nd the destination itself in one
step. By Lemma6.9, including any carrier node, which is what the LER protocol does,
can only decreasdunction Qs, hencethe upper bound. O
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This proposition is important because (2vT) is a lower bound for the expectedarea
we would o od in orderto nd the destination itself in any protocol that doesnot use
appraximate information, e.g. AODV [3§], asdescrited in section5.4. There is another
signi cant consequencef Lemma6.9.

Prop osition 6.2. The maximal halting condition for o oding is alsothe optimal for the
LER protocol, with respect to function Q.

Proof. Any halting condition other than the maximal will discard somecarrier nodes.
By Lemma 6.9, function Qs under the simpli ed model will be greater than the one if
those carrier nodeswheretaken into consideration. O

This proposition suggestghat a modi cation of the LER protocolin which the halting
condition requires carrier nodes having an accuracybetter than T, whereO 1
and T the accuracyat the current andor point, will have optimal performancefor =1
under our simpli ed model.

6.3 An asymptotic upper bound for Qg(T) as the so-

lution of a Volterra equation

The resultsprovedin the previoussectiondid not useany information on the distribution
of the accuraciesof carrier nodesin our simplied model. In this sectionwe will show
that by using sud information we can improve the upper bound of Proposition 6.1 for
function Qs(T). This upper bound is asymptotic sinceit cortains a term (the o(1) term)
whosebehaviour we are able to descrile only asymptotically.

Prop osition 6.3. Function Qs(T) that approximatesthe cost of the LER protocol under
the simpli ed maodel is upper-boundeal by

1 %{Iog2 2vT + (c+ o(1) logT (6.23)

wheee c is independentof T and .

Proof. In our simpli ed model, N (t), the number of carrier nodeswith accuracylessthan
t, for somet 0, is sud that

PfN(t) = kg = ( E(t'))ke © (6.24)
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whereE[N(t)] = (t) = o(2t) and o(t) is described by Corollary 5.2. Furthermore
N (t) satis esthe independern incremert property. In addition to the above, the positions
of carrier nodes are independerly, normally distributed around the andior point with
variancevT on ead axis, whereT is the current accuracyat the andhor point. Hence,
Lemma 6.4 implies that the expectedone-step o oding areafor the LER protocol in the
simpli ed model will be

2 vT
(T)

Furthermore, Lemma 6.3 implies that carrier nodes are equally likely to be found.

Gs(T) = 1 e My (6.25)

This can be conmbined with Lemma 6.7 to give that the conditional probability for the
improved accuracyin the simpli ed model is

1)
(M) (0

where is sud that O (T) 1. Function Qs(T) satis es the linear Volterra equation

ps(t; T) = @a m (6.26)

of the rst kind in the system
Z 1
Qs(T) = G5(T) + Qs(t)ps(t; T)dt T (6.27a)

Qs(T)=0 0 T< (6.27b)

where G4(T) and ps(t; T) are descriked by (6.25) and (6.26) respectively. The kernel
ps(t; T) of this Volterra equationis separable soby corollary 3.2and Lemma3.4 we have
that
Z Z
Qs(T) = Gs(T) +  ps(t; T) exp ps(u;u)du  Gs(t)dt:

t

We have that
Z Z
tT pu(U; U)du = ZtT %a (u)du
T
. ﬁdu since (u) 1
T o,
¢ W (0
(T)y (0)

=0
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Therefore

Z
30)
QS(T) GS(T) + WGs(t)dt

Z
2T | T Q) 2 vt dt
(T (9 ) (1)

+

2 vT qt) .

2 vT 2 vt T T 2v
= + A |

Z(T) 0) (t) (0) (t) (0)
T
2V 2V
= 7 dt+ ="
(t) (0) () (©

From Corollary 5.2 we have that

2 2vt 2vt
d 1
log 2vt + (d+od) log? 2vt

()= o2t) =

Where d is a constart independent of t, vand . Since (0) = , the above also holds
for (t) (0) (  getsabsorbedin o(1)). We therefore have,

Z
T 2 v 2 v

1
O A o) e 22 4 (de o) 2

log 2vt log? 2vt log 2v log? 2v
Z+ log 2vt log 2vt N
, 2t log2vt + (d°+ o(1))
_ 1 " Tlogavt d+ o1) dt+c
. 2t log2vt + (d°+ o(1))
_ 1 “Tlogavt " T log2vt d’+ o(1)
2 2t _log2vt + (d°+ o(1))
T log2vt (d°+ o(1))
i 2t log2vt + (d°+ o(1))
T log2vt (d°+ o(1))
2t log2vt + (d°+ o(1))

| =

¢ whered’= d=2

dt+ c

1 1
= Zlog?vT ZlogZZV dt+ ¢

4

dt+

1
== Zlog’vT
4 g

wherec®independert of T, . Note that
R

T log 2vt d% o(1) log 2vT d% o(1)
. 2t log 2vt+( d% o(1 . 2T  log 2vT +( d% o(1
lim o9 2vt( d o)) d=2=lim g2 o) g

T logT T T

0
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Hence
Qi(T) = %IogZZVT (d=2+ o(1)) logT + °
11 2 00
= - Zlog 2T + (c+ 0(1)) logT (6.28)

wherec®is independert of T and . Notice that this impliesalsothat Qs(T) = O(log?T).
]

6.4 Discussion on the results under the simplied

mo del

As we have already mentioned, the results that we acquired under our simpli ed model
can give us little insight on the behaviour of the protocol under the original model.
Keeping this in mind, we shall attempt an interpretation of Proposition 6.3. Bound
(6.23) is of the form

1 cLlog? T + (co(v) + o(1)) log T (6.29)

wherec; is 1=4 and ¢; is a function of v only (it is independen of both and T).

The rst conclusionone can read from (6.29) is that function Qg(T) is in both cases
O(log?(T)). This upper bound, as sublinear, indicates that the protocol scaleswell for
large valuesof T (seesection5.4).

Furthermore, if above bound is tight, it suggestsan interesting balancing behaviour
in terms of andv. The actual measureof performancethat we are interestedin is the
overhead,i.e. the expectednumber of packets exchangedduring o oding. Assumingthat
this is proportional to the number of nodesthat participated in o oding?, giventhat the
network forms a Poisson eld, the number of nodesthat were o oded shouldbe times
the area o oded. This is not exactly true, sincethis holdsonly if this areais independen
of the Poisson eld. For example,it obviously doesnot hold if the areais the area of
the disk around the origin with a radius de ned by the point of the eld closestto the
origin. Howeer, if we acceptthis as a heuristic approximation of the number of nodes
and Qs(T) asan appraximation of the area o oded, the number of nodesthat participate

1A node should be consideredmany times in this calculation if it participates in multiple o oding
phases.
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in oodingis Q <(T) on average. Equation (6.23) suggestdghus that the upper bound of
Q <(T) isindependert of . This meansthat, if it is tight, the behaviour of the protocol
under the simpli ed model is not a ected at all by the density of the network?. A non-
rigorousargumert for this behaviour would be that althoughin a densenetwork o oding
the sameareais more costly than in a sparsenetwork, a densenetwork will include more
carrier nodes,thus facilitating the o oding.

On the other hand, (6.29) alsosuggestsa nice behaviour in termsof v. The asymptotic
behaviour of the bound for two di erent valuesofv is the sameunderthe simpli ed model,
sincev doesnot a ect the dominart term of (6.29). Sincev is usedto model the mobility
in the network, (6.29) implies that, if the bound is tight, the protocol also scaleswell
as far as mobility is concerned. The intuition behind this would be that, although fast
speed makes a destination harder to locate, it also cortributes to the creation of more
carrier nodes. In that sense(6.29) strengthensthe claim made by the authors of EASE
[19 that \mobilit y helps".

An important obsenation on the method followed is that the probability that the
destination or a carrier node adjacen to it wasfound at any o oding stepwascompletely
ignored. This information was encapsulatedin the probability (T), which was taken
in fact to be zeroin the derivation of Proposition 6.3. This meansthat, even under the
assumptionsmade, the behaviour of the protocol in the simpli ed modelis in fact better
than the onederived; note that what we computedwasfunction Qg(T) if the destination
was not readed in any intermediate o oding step, but o oding stopped becausean
accuracybetter than wasreaded.

2As long asthe network is denseenoughsothat it is connected,as we have assumedin section 4.2



90

Chapter

6. A Simplified Anal ysis



Chapter 7

Towards an Analysis of the LER
Proto col

In chapter 6 we demonstratedhow the LER protocol can be analyzed under a model
which is simplied comparedto the one we originally proposedin chapter 4. In this
simpli ed model, the positions of carrier nodesaround an andor point were assumedo
be independent and normal and their number was assumedto be Poissondistributed.
The resultsthat we found had very intuitiv e interpretations, which, if true in our original
model, would be very usefulin understandinghow the protocol works.

As noted before, our original model and the simplied one di er on the properties
mertioned above: First, in our original model, the accuraciesof carrier nodesin LER do
not form a non-homogeneouPRoissonprocesswith bulk arrivals at time zero. Secondthe
positions of carrier nodesand the destination are not independerily distributed around
the andhor point, nor are they normal.

Aswewill seethe above facts makethe computation of the expectedone-step o oding
areaG(T) and the distribution of the improved accuracyp(t; T) much more complicated.
It turns out howeer, that the techniqueswe usedin the previoussectioncan be extended
to provide an asymptotic upper bound for G(T). The upper bound we shall obtain di ers
from the expected one-step 0 oding area Gs(T) we derived under the simpli ed model;
it is still howewer sublinear,and thus canstill yield an interesting upper bound for Q(T).

On the other hand, we were not able to descrike p(t; T) within the time limitations
of this thesis. Although we leave the exact distribution as future researt, we discuss
how the lack of independencein uences it comparedto the distribution ps(t; T) of our
simpli ed model.

91
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7.1 An asymptotic upper bound for G(T)

In this section we will provide an asymptotic upper bound for the expected one-step
o oding area G(T) in the LER protocol. There are two reasonswhy computing G(T)
exactly is di cult.  First, the joint distribution of the positions of carrier nodesaround
an anchor point are not easyto descrike, as discussedn section5.3. Second,although
the expected number of carrier nodes can be descriked by Proposition 5.1, the exact
distribution of the number of carrier nodesis not known.

We will addresstheseproblemsby using the following two techniques. We will over-
comeour inability to expressthe exact distribution of the number of carrier nodes by
exploiting the fact that this number stochastically dominatesa Poissonrandom variable,
which was proved in section5.1.4. This is an immediate consequencef Proposition 5.2,
which statesthat more nodesare met, on average,by a moving destination than by one
that is xed.

The absenceof independenceamong the positions of carrier nodes is resoled as
follows. The expectedone-step o oding areais lessthan the expectedone-step o oding
areaif only a subsetof the existing carrier nodesis consideredwhile o oding. We will
construct a subsetfor which the contribution of the independert and dependen part
of the movemeris of carrier nodesto the expected one-step o oding areacan be upper-
bounded.

Though we so far have investigated the behaviour of our protocol in the interval
[ T;0], to simplify notation, in this sectionwe will look at the interval [O; T]. Further-
more, we will denotethe trajectory of the destination in this time interval with Pg(t),
t 2 [0; T], instead of P4(t), and with

D(t) = fx 2 R?:jjx  Po(t)jj 1=> g (7.1)

the unit-area disk around it. W.l.o.g. we will assumethat Py(0) is the origin. The
Poisson eld that comprisesthe rest of the nodesin the network is

At time T, a o od is initiated at Py(0). The setof carrier nodesat this time is none
other than

Cr=fP2 :9t2(0;T]s.t. P(t) 2 D(t)g: (7.2)
Hence,the expectedone-step o oding areaG(T) in our protocol is

- . .. ..2
GT)=E _ min jiP(Dj (7.3)

09
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i.e. it is the expectedareaat time T we needto o od from the origin in orderto nd
the closestnodein Ct [ fPqg.

The expectedone-step o oding areaG(T) is upper-boundedby the areawe needto
o od if we look only for a subsetof the aforemenioned nodes. Hence,for 2 (0;T], if
we de ne

C =fP2 :9t2(0; ]s.t P(t) 2 D(t)g (7.4)
thenC  C; and G(T) is upper-boundedby

- . e ..2 .
G(T)=E Pzén[lfnpOg JP(Mjic (7.5)

SetC cortains all the carrier nodesthat met the destination in the interval (0; T]. Let
N = jCj be the sizeof this set. Then N is none other than

N = N¢en(D;0; ) (7.6)

where N¢ ¢, is the courting processintroducedin section5.2.1,i.e. it is the number of
nodesthat entered the unit-area disk around the destination for the rst time after O

prior to
We denotewith P;(t), fort 2 [0;T]and1l i N the trajectoriesof thesepoints in
C . Furthermore,let ;,1 i N, be

i=minft:t 0" Pi(t) 2 D(t)g (7.7)

i.e. jisthe rst enry epoch of the i-th point, in the terminology of section5.2.1. We

alsode ne = . Wethen have that
i (7.8)
forall 0 i N. Underthis notation, (7.5) can be cornveniertly rewritten as
G (T)=E min jiPi(Mj? - (7.9)

The positions of the carrier nodesand the destination at time T can be written as
P(T)=Po( i)+ Xi+P(T) Pi(i); O i N (7.10)

where X is obviously P;( i) Po( i). This isillustrated in gure 7.1. By the de nition
of ; in (7.7) we have that

o p_
iXip 1= (7.11)
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trajectory of destination
----- trajectory of carrier node i
Pi(T)

Pi(T) Pi( i)

Po(0)

Po( i)  Po(0)

Po(T)

Figure 7.1: The encourter of nodei with the destination at epoch ;.

forO i N. Especially for the destination, we have that X, is trivially a zerovector.
Note that P;( ;+t),t O, areindependent Brownian motions.

We will now prove an upper bound for G (T).

Lemma 7.1. For 2 (0;T], let G (T) be the expected one-step o oding area if we
consider only the carrier nodesthat met the destination in the interval (0; ], as de ned
alove. Then,

S

2 vT 2 vT
+
N+ 1 2EN+1

G(T) E (2pﬁ+ 1) + (2pﬁ+ 1)? (7.12)

whetee the expectations alove are taken over N .
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Proof. By (7.9) and (7.10) we get that
G (T)=E min jjP(T)j’
= E Orr?ianjPo( )+ X+ Pi(T)  Pi( 0)ii?
£ T, PGB+ X3+ IR PO

2
= B min GiPo( i + X + iPI(T) Pi( i)

E Jmax Po( i)Jj + Jnax IXij) + Jmin IP(m) P )i
- . ) ..2 .. 2 . e ) ) . ..2
= E Jmax iPo( DI~ + Jnax X+ on iP(m) P i+
Zomiaﬁ IPo( )i Jnax X)) + 20”}61;& iPo( )i Jmn IP(™) R D+
2 max jiXijj min jjPi(T)  Pi( i
The expectation of the sum can be written as the sum of the expectations. The rst
term of the sum can be upper-boundedas follows
.. . ..2 e ..2
E- maxjiPo( )ii* E maxjjPo(t)ij
2E max jiB(t)jj> whereB is a 1-dimensionalBrownian motion

8E jijB( )jj> by the re ection principle
= 8v

By (7.11), maxo i n jjXijj 1=" ~ and max, i njjXijji2 1= . The third term
. .e ) ) . ..2
E- min jiPi(T)  Pi( i

is the expectedminimum of N + 1 Brownian motions, independen from ead other and

from N, wherethe i-th, 0 i N, spansover the interval of [ ;; T]. It canthus be
written as
E min jiP(T) Pi()i* =E E min jiPi(T) Pi( Ji*iN; oiiits

=E [h(v(T  o);wT  2);::5w(T W)



96 Chapter 7. Towards an Anal ysis of the LER Pr otocol

is the variance of the minimum of N + 1 independen, omnidirectional, two-dimensional
Gaussianrandom variableswith zeromeansand variancesx; in ead axis. The expecta-
tion aboveisover N and 4,..., n ( o is not random). Note that

h(v(T  o);w(T 1) v(T  n)) h(vT;vT i vT) = 2vT(N + 1)

Hencewe get

2T
N+1

E Orri]inN jiP(T) Pi( Dji*? E

Note that the expectation in the above upper bound is over all possiblevaluesof N, since
2vT=(N + 1) doesnot dependonany ;,1 i N.

Sinceall variablesinvolved are positive, we can usethe fact that E[Y] P E[Y?] for
positive random variablesto compute the rest of the terms. We immediately have that

E maxiiPo( )i 2
0Oi N

and

E min jjRPi(T) Pi( )i E
0Oi N

Sincemax X; areupper-boundedby a constart, the termsthat cortain it canbe computed
without concernsover the expectation of the product being equal to the product of
expectations. The term

E Zomiaﬁ JiPo( )il on?inN IPi(T)  Pi( )i

is the expectation of the product of independent random variables: Brownian motions
Pi,1 i N areindependen of the trajectory of the destination, and the trajectory Pq
of the destination after o = is independen of the trajectory of the destination prior
to . Hencewe get the upper bound in (7.12). O
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The expectation appearingin Lemma7.1is the expectedarea o oded if P;(T) were
independen, normal random variables. From the previous chapter, we know this can be
conmbined with a Poissondistribution of N. Howewer, the distribution of N is not easy
to descrile, as we saw in section5.1.2. We can howewer use the concept of stochastic
domination to derive a bound in terms of .

Lemma 7.2. The randomvariable 1=(N + 1) is dominated by 1=(N, + 1), where Ny is
the numker of nodesin  that meet a static destination in the interval [0; ].

Proof. By (7.6), N = N( ) is noneother than N¢¢n(D;0; ), which is none other than
Ng( ) asde ned in section5.1.2. HenceN ( ) dominatesNg = Ng( ), by lemma5.3. 1t is
easyto seefrom the de nition of stochastic domination that if a real random variable X ;
stochastically dominatesa real randomvariable X , andf is a strictly decreasindgunction,
then f (X ;) stochastically dominatesf (X ;). Sincel=(X + 1) is strictly decreasingthe
lemmafollows. O

This givesus the following lemma.

Lemma 7.3. For 2 (0;T], let G (T) be the expected one-step o oding area if we
consider only the carrier nodesthat met the destination in the interval (0; ], as de ned

alove. Then,

S

2 VT 2 vT
+ 2
o ) o( )

wher (t) is descriled by Corollary 5.2.

G (T) (2pﬁ+ 1) + (2pﬁ+ 1)? (7.13)

Proof. By Lemma7.2, we have that

2T 2T
E

N+ 1 No+ 1
_>4 2 VvTe °o( )"
n=On+1 n!
2 vT

(I e °) asinlLemmab.4
0

2 vl

0

sincel e ° 1

where o = o ) is descriked by (5.17) in Corollary 5.2. The above result, conbined
with Lemma7.1 givesus the lemma. O
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The time epoch can be chosento be a function of T. For a given (T), sud that
0 (T) T, the boundin Lemma7.3canbe written in terms of T only. For example,
if growslinearly in termsof T, Lemma7.3yields a linear upper boundfor G (T). Note
that this bound is alsoa bound for G(T). By chosing properly, we obtain the bound
in the following theorem.

Theorem 5. The expected one-step o oding area G(T) is suchthat
s
vT
G(T) 8 ——logvT(1+ o(1)) (7.14)

Proof. The expected one-step o oding area G(T) is upper boundedby G (T). On the
other hand, inequality (7.13) can be written as

S I 5

2VT+2p—2v+1

G (T)

Let
1 7T
= (T)= 2 —VlogvT. (7.15)

By Corollary 5.2 we have that

2 vt

o(t) = logvt

+ (d+ 0(1))Iog\;/72tvt : (7.16)

Thus

2 Vvl 2 VT
ol (M) gty + (d+ AW gy
2 VT 1

2 v (T)
oy L+ (d+ o) gy

T log(v (T)) N 1
(T) 1+ (d+ o(1) gor s
T log(v (T))
(T)

2+ o(1)) since Tllgn (M =+1
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By substituting the value of (T) we get

q__
oNT T log X‘l‘ L logvT

(1+ o(1))

o( (T)) - %UI L\,'OQVT

T(Iog(vIO T) + O(loglogvT))

(1+0(1))

1 T
7 —vlogvT

1
T logvT 1+ O(loglogvT)

(1+ o(1))

9

1 T
Zs - logvT

S

Similarly, we have that
S

log(v' T)

2 T logvT(1+ o)1 + o(1))

2 v logvT (1 + o(1))

1 T
v (T) = 2 LIogvT:

Hence,we have that

0 s

oM &2 Mg’ v am+

S
p_4

1,

S

1 T
2 ZZ LIogvT+ 1&

o<

I

= P2 VMiogvt® Tvom+ 1+ 1

S
p

= 22 LTIogvT(1+ o(1)) + 1

s !
4
= 1 TioguT( + o))
S

8 YT logvT(1+ o(1))?

s
8 YT logvT(1+ o(1)

>

2
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A questionthat naturally arisesis whethera dierent than the one chosenin the
above theorem -namely the one in (7.15) would yield a better bound for G(T). It is
easyto seethat, for a xed T, the optimal is the onethat minimizesthe quartity on
the right hand side of (7.13) in terms of . This minimization givesthe optimal as
a function of T. Howewer, minimizing the expressionin (7.13) in terms of directly is
quite hard. The reasonisthat ¢ is not explicitly descrilked;we only know its asymptotic
behaviour. Computing thus the optimal value for remainsan open problem.

Howewer, the choiceof (7.15) is not arbitrary. Sincewe know how (t) beharesfor
large values of t, we can make an educatedguesson a (T) that will yield a \good"

asymptotic upper bound. More speci cally, we have that
S [

ZVT)+2p2v +1

G (T)

0

By Corollary 5.2, for large valuesof , we can approximate o( ) with 2 v =logv .
Sincethe term squaredis positive, to minimize the upper bound for large valuesof we
needto minimize a quartity which is appraximately

S

2T P
viy= 2T, 5%

logv

= T |OgV + ZpW
We have that
P_—r p___
dav() _ T (1 logv ) N 2V
d 2" logv 2 v

1=2

P
Epl_ 32" logv +p2v

sincel logv is approximately equalto logv for large valuesof . By setting this
equalto O we get that the optimal value of is appraximately
s
T logv :
> v o9V

. . . P - :
Thus the optimal  should be asymptoticaly proportional to =~ T multiplied by various
constarts and a sublinearfunction. Hence,we can substitute logv with logv' T in the

above equation and get
S

1 7T
— —logvT
4 \Y} g
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which is the value we usedin Theorem5.

7.2 The conditional distribution p(t; T)

Although the expectedone-step o oding areaG(T) wasupper-boundedin the cortext of
our model, the conditional distribution of the improved accuracyp(t; T) remainselusive
at the current stageof our researt. Estimating this distribution is important because,
evenif G(T) remainsto someextent the same,the shape of p(t; T) canin uence greatly
the results that were obtained in chapter 6. In this section,we will presen two factors
that a ect the shape of p(t; T). More speci cally, we will seethat the dependenceof the
positions of carrier nodeshas a signi cant impact on the conditional distribution. This
impact is not reversedby the fact that more nodes, on average,cortain good estimates.

First, the shape of the distribution p(t; T) is in uenced by the likelihood of carrier
nodesbeing locatedwhen o oding. As we have seen,if the positions of carrier nodesare
normally, independertly distributed around the andor point, they are equally likely to
be found. In our protocol however, this doesnot hold. To investigatethe in uence of the
lack of independenceof (t; T), we conductedthe following experimert. We assumedhat
the destination performsa Brownian motion, starting at the origin, in the interval [O; T].
While it moves, n carrier nodes are generatedat equally spacedtime intervals within
[0; T]. Starting at the current position of the destination, eat node \brancheso " from
the trajectory of the destination and performsfor the remainingtime a Brownian motion
independen of the trajectoriesof other carrier nodesand the destination.

More formally, at time i L, 1 i n, the i-th node is placedat the destination's
current position. It then movesaccordingto a Brownian motion for the interval i %; T],
independerily from the destination and the rest of the carrier nodes. We simulated this
experimert and we recordedthe frequencywith which eat node appearedcloserto the
origin than all othersand thus would be chosenupon a o oding. This frequency in terms
of the time that the chosennode branched o from the trajectory of the destination, is
showvn in gure 7.2for n = 10 and n = 100respectively. As we can see,nodesthat met
the destination earlier are more likely to be located.

This obsenation can be intuitiv ely understood by the fact that for two nodesi and
] with i < j, giventhat i is not within a disk of radius r around the destination, the
destination's and thus alsoj 's likelihood of alsonot beingin the disk is a ected. Similar
information on the position of j doesnot in uence i the sameway. It is more intuitiv e
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Figure 7.2: Carrier nodes branching at equally spacedintervals. The frequenciesof n = 10 (5 10°
repetitions) and n = 100(5 1C° repetitions) carrier nodesare shown.

in fact that i's probability will be lessin uenced than |'s, respectively.

This is a negative result, in the sensethat it shows that the distribution we assumed
in our analysisin chapter 6 is too optimistic. The above experiment indicatesthat the
distribution in the original model is skewed toward worsevalues(closerto T rather than
0) comparedto the simpli ed one.

Note that the above experimert doesnot model the casewhereencouner epochs are
the last exits epochs, which is what we needin order to descrike the probability p(t; T).
If they werelast exit epochs, the carrier nodes'movemerts after the encourter shouldnot
be consideredto be independert of the movemert of the destination. In fact, aswe have
already stated, they should be moving in sud a way that they avoid the destination.
Also, we ignoredthe fact that carrier nodespositionsdo not coincidewith the oneof the
destination upon encourers; they merely are within the unit-area disk around it.

We know howewer that accuraciesare not equally spacedin our model. As a matter
of fact, the expectednumber of carrier nodeswith accuracyt is descriked by the last exit
epochs processand by Proposition 5.1 we know that more nodeswith accuracycloserto
0 exist than nodeswith accuracycloserto T. This cournteracts the e ect noticed in our
simulation, in the sensethat more nodeswill branch o \later" rather than \sooner". It
is interesting thusto know whetherthis will tilt the density function and make accuracies
closerto 0 more probablethan the onescloserto T.

Unfortunately, this is not the case.Werepeatedthe experimert with the distancesbe-
tweenbranchingsscaledaccordingto a function that hasalimit behaviour of4 vt=log(2vt),
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05

Figure 7.3: Carrier nodesbranching at weighted intervals. The frequenciesof n = 10(5 10° repetitions)
andn = 100(5 10° repetitions) carrier nodesare shovn. In both casesy and weretakento be 1 and
T wasequalto 10°.

asthe expectedvalue of the number of carrier nodesin our protocol. Unfortunately, the
resulting frequencydistribution showed that nodesthat branched o earlier were more
likely to be located. The reasonis that t=log(t) is, for largevaluesoft, almostlinear. Be-
causeof this behaviour, although the intervals betweennodesthat branchedo early are
greaterthan the intervals betweennodesthat branchedo later, they arestill comparable
and cannot diminish the e ect of interdependenceon the probability distribution.

In conclusion,these experimerts indicate that the interdependencebetween carrier
nodes must be taken into considerationin any attempt to nd an upper bound for the
behaviour of the LER protocol through a Volterra equation.
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Chapter 8
Conclusions

The goal of this thesiswasto provide a rigorous analysisof the LER protocol. To that
purpose,we preseried a model of the network under which many attributes of LER can
be described, asshown in chapter 5. We alsopreserted a costfunction that quarti es the
behaviour of the protocol. Approximating this cost function was reducedto obtaining
the expected one-step o oding area G(T) and the probability density of the improved
accuracyp(t; T). In chapter 7, we provided an asymptotic upper bound for the rst of
these two functions, which, along with p(t; T), can be usedto derive an upper bound
for the function Q(T) that appraximates the cost. We were however unableto provide a
concretedescription of p(t; T) under our model.

Our work remains thus incomplete; it indicates howewer that LER is amenableto
analysis. As descriked in chapter 6, our model can yield results that are subject to very
intuitiv e interpretations. This encouragesis to cortinue in our goalto analyzethe LER
protocol in its ertirety.

Weintend to addresshe issueof the density p(t; T) in future researt. The techniques
we have demonstratedin this thesismay proveto be usefulin our attempts. Furthermore,
although the upper bound of G(T) we computedis promising, assublinear, whetherit is
tight or not is still an open question. It is interesting thus to seeif a bound lower than
this can be obtained.

As stated in the introduction, LER standsout amongother routing sdhemesthat can
be characterizedas appraoximate information protocols becauseof the independenceof
the routing medanismfrom network tra c. It would be interestingto extend our model
in order to descrike the in uence of the trac load aswell, allowing us thus to analyze
more elaborate protocols. As we have discussedappraximate information protocolsshov
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an interesting balancing behaviour with respect to network trac. We beliewe that this
property could be veri ed analytically and hope that our model could be usedtowards

that direction.
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App endix A
Pro of of Prop osition 5.2

The following proof by Quastel [39 shows that the expected area covered by a Wiener
sausagavith adrift is largerthan the expectedareacoveredby a Wiener sausageavithout
a drift.

Forf :[0;1]! R?let

(f)=E[fx:952[0;1]s.t. B(s) f(s) xj rogj]:

We wish to show that
(f) (0

Let 7

R
n(f)=E 1 eN o (iB(s) f(s) xj ro)ds dx
R2

where (x) = 1if x istrue and (x) = 0 o.w. Then

Jim-n ()= (f):

Henceit su ces to shaw that
n(f) (f):

Let V=N (jxj ro) and

h & i
I'N(t; X) —E e o V(B(s) f(s) x)ds .

Letuy =1 ry. Notethat
Z

n() = un(Ly)dy:
R2
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114 Appendix A. Proof of Proposition 5.2

By the Feynman-Kacformula ry (t; x) satis es ry(0;x) = 1 and

1

@y = > v [rvlrn:

Then uy (t; x) satis es uy (0;x) = 0 and

@Quy =

NI -

Un [ f(t)V]UN + [ f(t)V]:

We can write the solution as
Z.Z
un(ty) = [t VIe)R(six; ty)dxds
0 R

where
R
p(six; ty) = Exfe slrwVIEtrs wdu

So 7 1Z .
1
n(F) = [ 1(9VI(X)Ex[e slrwVIBt+rs u)dilgygs:
0

Let be the uniform distribution on the unit-area disk certered at the origin. We have
Zi n i

R
n(f)=N E eN o (B(u) [f(u) T(s)]j ro)du ds
2y h e i
N E e N s (B roduyg = n (0)
0

which concludesthe proof.



