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Abstract. The increasing popularity of all-optical networks has led to
extensive research on the routing and wavelength assignment problem,
also termed as the Routing and Path Coloring problem (RPC). Here we
present a polynomial time algorithm that solves RPC exactly in gener-
alized tree networks of bounded degree. This new topology is of practical
interest since it models tree-like backbone networks connecting bounded-
size LANs of any form. Tree-like backbone structure is very common in
practice and bounded size LANs is a reasonable assumption, since LANs
are by nature networks unable to sustain a large number of hosts.

Keywords: routing and path coloring, wavelength assignment, WDM
networks, optical networking.

1 Introduction

All-Optical Networks. Optical fiber technology evolves rapidly and will even-
tually lead to networks consisting solely of optical connections. In such networks,
which are called all-optical, signal multiplexing is achieved through the WDM
(wavelength division multiplexing) technique; a different wavelength is assigned to
each signal, thus enablingmultiple signals to be transmitted through the samefiber.

The bottleneck in current optical connections lies in the conversion of electri-
cal signals to optical ones and vice versa. Consequently, it appears that all-optical
networks should minimize such conversions. To that purpose, messages that are
routed through the network should be processed as little as possible. One way to
achieve this is to maintain the same wavelength throughout the network for each
signal transmitted from one host to another. In other words, when two (possibly
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non-adjacent) hosts communicate with each other through a connection, optical
signals realizing this connection use only one wavelength.

The Routing and Path Coloring Problem. All-optical networks can be
modeled as graphs and connection requests between two hosts can be represented
by pairs of nodes. In the case of full-duplex communication the requests, hence
also the pairs of nodes, are actually unordered. Such requests are routed into
actual connections through appropriate paths connecting the two nodes. Each of
these connections uses the same wavelength for all transmissions, so wavelength
assignment can be modeled as coloring of the corresponding path. The fact that
two signals can be multiplexed in a fiber only if different wavelengths are assigned
to them imposes restrictions on possible colorings of the path set. If we assume
that adjacent hosts are connected through a single fiber link, a coloring shall
be feasible only if overlapping paths (i.e. sharing at least one edge) are assigned
different colors.

The Routing and Path Coloring problem (RPC) is stated as follows: Given
a graph G and a set of connection requests R (unordered pairs of nodes), find a
routing of R, i.e. a set of corresponding paths P , and a feasible coloring of paths
in P using the least possible number of colors. Note that the minimum number
of colors among all possible routings and colorings is sought. It also makes sense
to consider the problem where the routing is pre-determined and only an optimal
coloring is sought; this is known as the Path Coloring problem (PC): Given a
graph G and a set of paths P , find a feasible coloring of paths in P using the
least possible number of colors.

We are interested in simple paths only, since any routing and coloring that
uses non-simple paths can be transformed to one with only simple paths and at
most the same cost (number of colors needed). Hence, in acyclic topologies there
is a unique possible routing and RPC coincides with PC. Note also that paths
are not necessarily distinct, i.e. two paths may pass through identical edges and
nodes. This captures the possibility of more than one connections between two
nodes, all using the same fiber links.

Related Work. Both RPC and PC have been studied for a variety of topologies,
such as chains, rings, trees, trees of rings, grids, to name only a few.

As mentioned above, the two problems coincide in acyclic topologies and can
be solved exactly within polynomial time in chains [31] and in bounded degree
trees [26,10]. Furthermore, PC in stars is equivalent to edge coloring [14] in
general multigraphs and thus is NP-hard [16] and approximable within a factor
of 4

3 [15,25]. The same approximation factor can be achieved in unbounded degree
trees [26,10].

PC in rings, also known as the Circular-Arc Coloring problem, was proved to
be NP hard by Garey et al. [13]; Shih and Hsu [33] presented an approximation
algorithm with ratio 5

3 and Karapetian [17] developed a 3
2 -approximation algo-

rithm. A randomized algorithm that achieves a 1.37 asymptotic approximation
factor with high probability, in instances where the optimum solution is large,
was given by V. Kumar [20]. Results combining the above with approximation
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algorithms for PC in trees yield approximation results for trees of rings [26,24,8].
RPC in rings is also NP-hard [10,4]; simple algorithms with approximation ra-
tio 2 were presented by Raghavan and Upfal [32] (undirected problem) and by
Mihail et al. [24] (directed problem); A randomized algorithm for RPC in rings
with asymptotic approximation ratio 1.38 was given by V. Kumar [19] and was
later improved by Cheng [5].

PC in undirected trees can be approximated within a ratio of 1.1 (asymp-
totically). This is due to the fact that PC in undirected trees is equivalent to
edge coloring of multigraphs via approximation preserving reductions [14]; hence
the 1.1-approximation algorithm of Nishizeki and Kashiwagi [25] for edge col-
oring of multigraphs yields an algorithm for PC in undirected trees with the
same approximation ratio. In directed trees, the best known algorithm is a 5/3-
approximation (using at most 5L/3 colors) due to Erlebach et al. [11].

S. R. Kumar et al. [18] proved that PC in trees can be solved exactly in
polynomial time provided that the degree of the tree is bounded. They did
this by showing that RPC in constant size graphs (with unbounded number of
requests) is in P; to this end, they employed an integer programming technique.
On the other hand, Nomikos [26] proved that PC is non-approximable in meshes
(unless P=NP), and thus in arbitrary graphs as well. Extensive work has been
done for PC and RPC in (unbounded) directed tree topologies [24,11,18,10].

A related problem is the Maximum Routing and Path Coloring Prob-
lem (MaxRPC), where the goal is to route and color as many requests as
possible using only the available colors; the variation where the routing is
pre-determined is called Maximum Path Coloring Problem (MaxPC).
MaxPC in chains, also known as the “k-coloring of intervals” problem, can
be solved exactly [3]. Nomikos, Pagourtzis and Zachos [29] have proposed a
3/2-approximation algorithm for MaxRPC in undirected rings and a 11/7-
approximation algorithm for the directed case; they have also given a 3/2-
approximation algorithm for MaxPC in rings, both for the undirected and the
directed case [30]. For trees, a 1.58 approximation for the undirected case was
presented by Wan and Liu [34], while for the directed case a 2.22-approximation
is due to Erlebach and Jansen [9].

Variants of PC and RPC, where multiple fibers are allowed, have been ex-
tensively studied in recent years [28,35,22,23,27,12]; in these papers, constant
ratio approximation algorithms are presented for various basic topologies such
as chains, rings, stars and trees. In [1,2] they give lower and upper bounds on
the approximability of multiple-fiber problems for general topologies. Other re-
lated work includes traffic grooming; in this approach one can combine low speed
traffic components onto high speed channels in order to minimize network cost.
Traffic grooming in path, star and tree networks is NP-complete [7]; the same
holds for ring networks [6].

Generalized Trees. A generalized tree G is constructed from a set S of con-
nected graphs (LANs) and a tree T as follows: Every node v of T is replaced by
a LAN V from S. Every edge (u, v) of T is replaced by an edge (u′, v′), where u′

is any node of LAN U and v′ is any node of LAN V (U replaces u and V replaces
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Fig. 1. A finite set of graphs (LANs)
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Fig. 2. A generalized tree with LANs from the set shown in Figure 1

v). We call (u′, v′) a bridge. An example of a set of LANs and a generalized tree
are shown in figures 1 and 2 respectively.

We define the degree of a generalized tree to be the degree of the underlying
tree T . We shall focus on generalized trees with the following two properties:

1. The degree of the generalized tree is bounded by a fixed constant D.
2. The size (number of nodes) of the LANs is bounded by a fixed constant B.

Definition 1. We call graphs with the above properties g-trees of degree ≤ D
and LAN size ≤ B, or simply g-trees.

The path coloring problem (PC) in generalized trees is NP-hard, since a tree
is a special case of a generalized tree, and PC for trees is known to be NP-
hard [14]. In contrast, we will show that PC in g-trees can be solved exactly
in polynomial time. This is quite surprising, considering that PC and RPC are
NP-hard in very simple topologies (e.g. in rings and in unbounded degree trees)
end even non-approximable in simple topologies like meshes.
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The g-tree topology is of particular practical interest because it captures a
wide class of existing networks: tree-like backbone structure and bounded size
LANs are reasonable assumptions, since LANs are by nature networks unable
to sustain a large number of hosts; besides, the degree of the underlying tree is
often small, therefore it makes sense to consider it bounded.

2 A Polynomial-Time Algorithm

Theorem 1. For any D, B > 0 there exists a polynomial-time algorithm that
solves PC for any given g-tree of degree ≤ D and LAN size ≤ B.

We will show the above theorem by presenting such an algorithm. The algo-
rithm has two ingredients: a recursive coloring technique and a subroutine for
coloring g-stars (g-trees where the underlying graph is a star).

2.1 Recursive Coloring

Let (G, P ) be an instance of PC in g-trees, that is G is a g-tree and P is a set
of paths on G. In the following we adapt ideas from [32] to show how to color
paths in P recursively.

If G contains more than one LAN, it also has a bridge e, i.e. an edge of the
underlying tree T , joining two LANs. We break G into two g-trees G1 and G2

as shown in Figure 3. From the set of paths P two sets of paths P1 and P2 are
constructed:

P1 = {q | q = p ∩ G1, p ∈ P}
P2 = {q | q = p ∩ G2, p ∈ P}

That is, every path that passes through edge e is split into two subpaths, whereas
paths not passing through e are contained either in P1 or in P2. Such a split is
shown in Figure 4.

This partitioning gives two new instances of PC in g-trees, namely (G1, P1)
and (G2, P2). Given colorings of these two instances we can produce a common
coloring of the initial instance (G, P ) using a number of max(c1, c2) colors, where
ci is the number of colors used for instance (Gi, Pi). Paths in P1, P2 that were
created by splitting a path in P must be assigned the same color. This can be
easily done in polynomial time by a color permutation. Such a permutation is
feasible because all paths that pass through edge e overlap and thus all belong to
different color classes in each of the colorings of (G1, P1) and (G2, P2). Obviously,
the number of colors used is max(c1, c2). Moreover, if the colorings (G1, P1) and
(G2, P2) are optimal, so is the coloring of (G, P ), otherwise an optimal coloring
would induce a coloring on one of the instances with fewer colors, a contradiction.

All paths in G can be colored recursively by repeated application of the above
splitting technique. In order to fully define the recursion scheme, we need to be
able to color the paths at the basis of the recursion, i.e. for only one LAN, with
at most D additional edges (rays). We call such a graph a g-star.

In the following we show that a g-star can be colored optimally in polynomial
time.
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Fig. 3. Dividing a g-tree G (i) into G1 and G2 (ii) over bridge e
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Fig. 4. Dividing a path p on G (i) into a path on G1 and a path on G2 (ii) over
bridge e

2.2 Coloring a g-Star

Consider a g-star H consisting of a LAN V of size at most B with at most D
rays. (Note: the total number of nodes is at most B + D.) We show that there
exists an algorithm that colors a set of paths P in H in time polynomial in the
size of P .

Two paths are called distinct if they differ in at least one edge. Since the size
of H is bounded by B + D (a constant), the number of (simple) distinct paths
between any two nodes of H is also bounded by a constant c. A rather rough
estimation for this constant is c = (D + 1)2(B + 1)!/2 which can be shown as
follows: each path on H can be seen as a permutation of the nodes of LAN V
— possibly together with a starting (ending) node outside V attached to the
first (resp. last) node of the permutation; there are (B + 1)! such permutations
(we add a dummy “finishing” node in order to take into account paths that
contain fewer than B nodes in V as well), and each permutation, together with
its possible endpoints outside V , corresponds to at most (D + 1)2 paths (again
using a dummy node to capture cases where paths start or end inside V ); since
paths are undirected they are encountered twice; dividing by two we obtain
our estimation. Let Q be the set of all distinct paths in H . We denote with
Q1, Q2, . . . , Ql all the non-empty subsets of Q that contain edge-disjoint paths
(i.e. paths that do not have common edges). Obviously, l ≤ 2c and thus l is also a
constant, independent of the size of the given input. Note that, actually, constant
l is usually much smaller because most subsets of Q contain paths which are not
edge-disjoint.

Consider an instance (H, P ) of PC. A coloring of paths in P is merely a
partitioning of P into subsets of edge-disjoint paths (color classes); therefore,
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each color class corresponds to a subset Qi. As we have already pointed out,
P may contain more than one “copies” of a path, i.e. two or more non-distinct
paths. Two copies of the same path belong to different color classes in any
coloring of P ; hence it may happen that two color classes are described by the
same subset Qi. In such a case, it does not make any difference to the cardinality
of the solution (i.e. the number of colors used), which copy of a path is used in
which color class; an interchange between two copies in a feasible solution yields
yet another feasible solution of the same cardinality. Therefore, a coloring of P
can be described in general as a multiset of Qi sets.

Assume that ki is the multiplicity of Qi in a solution. Note that ki is bounded
by pi, where pi is the minimum multiplicity of a path in P among paths contained
in Qi. Let p = max1≤i≤l pi; clearly, p is bounded by the maximum multiplicity
of any path in P . An optimal solution can be found by exhaustive search: out
of all possible values of k1, k2, . . . , kl, where 0 ≤ ki ≤ pi, we choose as feasible
solutions the corresponding multisets that constitute a partitioning of P . Out of
these, the optimal solution is the one with the least cardinality, i.e. the one that
minimizes the quantity

∑
ki.

Checking whether a multiset is a partitioning of P can be done in O(|P |)
steps, and the number of all possible multisets is O((p + 1)l). Thus, for any g-
star H , PC can be solved in time O(|P |pl) (also O(|P |l+1), where l is a constant
depending only on B and D and not on the size of the input.

Note that an alternative approach would be to use [18]’s idea of formulating
the problem as an integer program and solving it using Lenstra’s algorithm
[21]. However, this does not seem to improve the time complexity, since it also
involves explicit generation of all path matchings (sets of edge-disjoint paths)
before solving the IP.

2.3 Complexity of the g-tree Algorithm

The number of g-stars in a g-tree G = (V, E) is at most |V | and at least |V |/B,
therefore it is Θ(|V |), and the number of paths in each g-star is at most |P |.
Hence, the complexity of coloring the g-stars is O(|V ||P |l+1). Color permuta-
tions (recoloring) can be done in O(|V ||P |) time in total [26]. Thus, there exists
an algorithm that solves PC for g-trees of degree ≤ D and LAN size ≤ B in
O(|V ||P |l+1), where l is a constant depending only on D and B.

3 Routing and Path Coloring

We next explain how to extend the above algorithm to an algorithm for the
Routing and Path Coloring problem (RPC) on g-trees. An instance of RPC con-
sists of a g-tree G and a set R of connection requests, i.e. pairs of nodes. A
feasible solution is a routing of the connection requests into a set of paths P ,
and a coloring of this set so that overlapping paths are not assigned the same
color. The goal is to minimize the number of colors used.

We now show how to adapt the algorithm for PC in g-trees so as to obtain a
polynomial-time algorithm that solves RPC in g-trees exactly. We break G into
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G1 and G2 as before (with bridge e) and introduce a request-splitting technique
as follows: a request between a node in G1 and a node in G2 is split into two
requests, each one containing a node from the original pair and an endpoint of
bridge e. Since bridge e = (v1, v2) is contained in any path connecting a node
w1 of G1 with a node w2 of G2, any routing of a request (w1, w2) can be seen
as a routing of a request from w1 to bridge v2 and a routing of a request from
bridge v1 to w2 (see Figure 5). After color assignment, the two solutions can be
combined using the permutation technique as before; optimality of the partial
solutions guarantees the optimality of the combined solution.
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Fig. 5. Dividing a request on G (i) into a request on G1 and a request on G2 (ii) over
bridge e

The basis of the recursion is practically the same as before: each multiset of
Qi sets is a feasible solution if it defines a set of paths P which implements a
routing of requests in R. The optimal solution will be again a feasible solution
of minimum cardinality. Therefore, the following is true:

Theorem 2. For any D, B > 0 there exists a polynomial-time algorithm that
solves RPC for any given g-tree of degree ≤ D and LAN size ≤ B.

4 Algorithm Improvement

The performance of the above algorithm can be improved substantially by re-
ducing l, i.e. the number of Qi sets. To this end it suffices to observe that only
maximal sets of edge-disjoint paths are necessary: for any two sets Qi, Qj of
edge-disjoint paths with Qi ⊂ Qj , Qj can replace Qi in any solution that con-
tains Qi, without affecting the cost of the solution. In the modified algorithm, a
multiset of Qi sets is a feasible solution if it defines a superset of P rather than
P itself. This modification will ensure that the algorithm yields an optimal so-
lution. This follows from two properties: First, for any multiset of Qi sets which
is a minimum cardinality partition of P (i.e. is an optimal solution) there exists
a multiset with the same cardinality that includes only maximal Qi sets and
defines a superset of P . Second, from every multiset of maximal Qi sets which
defines a superset of P one can construct a partition of P with cardinality at
most the same.

The above technique may render the algorithm practicable enough, since the
number of maximal Qi sets can be relatively small compared to the total number
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of Qi sets. More specifically, for each maximal Qi, all non-empty subsets of Qi

are present in the initial collection; all these subsets are now represented by Qi

alone.

5 Conclusions

We have studied PC in g-trees and proved that it can be solved exactly by a
polynomial time algorithm. This result is of practical interest, considering the
wide variety of networks that can be modeled by g-trees. We also showed how to
extend this result to RPC in g-trees, that is, for the case in which the topology
is not acyclic and thus routing is not trivial.

An interesting question remains, namely whether there exist similar or more
generic topologies than g-trees for which PC and RPC are solvable in polynomial
time. Our technique does not seem to apply immediately to the case where
requests and paths are directed; however, similar topologies may exist for which
a polynomial solution can be obtained for the directed case as well.

Future research may also address such questions in variations of PC such
as considering weighted graphs, multi-fiber networks, as well as maximization
problems and traffic grooming.

Future research may also address such questions for PC/RPC variants. For
example, it would be interesting to consider PC and RPC in weighted graphs or
in multifiber networks, as well as to study maximization versions of the problem
and traffic grooming.
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