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Overview

Dear Students,

1. We will examine
����������	
	
�
�

, � ����������� , and ���
� ������� which you will

find of use on A5.

2. We will look at a data structure example.

3. We will answer general questions about A5.

Sheila
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1 ���������
	�	
��� , ������������� and �������������
Acknowledgements to Patrick Blackburn, Johan Bos and Kristina Striegnitz

for the material in this section.

There may be many solutions to a query. For example, suppose we are

working with the database

��� �
	�� �"! �$# � � �&% �'� �$#�	
� �
���)(+*��� �
	�� � ��� �,#�	
� �
��� % � �$# �
	���� �-(�*��� �
	�� � � �$# �
	���� � % 	
�/.0#�� (+*��� �
	�� � 	
�/.1#��&%2#�� ���)(+*
� ��� � � ��� �435%76 (982: ��� �
	�� �43;%76 (+*
� ��� � � ��� �435%76 (982: ��� �
	�� �43;%=< ( %� ��� � � ��� �>< %76 (+*

Then if we pose the query

� ��� � � ��� �"!��$# � � � %23 (+*
there are four solutions (namely

3@? �'� �$#�	
� �
��� %A30? � �$#�� 	���� � %B30?�	
�/.0#��&%C3@?,#�� �
� ).

However Prolog generates these solutions one by one. Sometimes we

would like to have all the solutions to a query, and we would like them

handed to us in a neat, usable, form. Prolog has three built-in predicates

that do this:
����������	
	+% � �������;% and �
��� ��� . Basically these predicates collect

all the solutions to a query and put them in a list, but there are important

differences between them, as we shall see.
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1.1 ���������
	
	���

� � ��� . � #��

����������	
	 ��� ���
� � � %����
��	�%���� � � (�*
� #����,. � ��� � 	�� � � ��� � � ��� ��	
	 � � � � ���
� � ��� � ���
� � � � � � � � � � � � ��� � � � ���
��	�������	 *�
� ��� ��� � �
� � � � � � � ! � 	!� �#"��$# ��� � 	 � % ���%$ � � ��� � � ��� � � �&� . � #�� � ��� ��� # � �
� � ��8� �'" � ! � � 	�� � � � � � � � ��� ����� ��	
	 � � � � � � � ��� � ��� � ��� � � ���(� ��� � � � $ � � ��� � � � � � ���(������	 *
) � # �+* � ��� �-, � ! � 	 �5*/. . ��� � ��� $ ��* # � $ � #10 �����%$ � � � � � � � � �2" � ��� � � � � ��� � � � � � � � %$ � � � � � � ����� �/# ! � � �
� � � � � . � ��� �
	�� ����� � � � � � ����� � � �
� � ��� � ��� � � ��� (+* � � � � � �&$ �� � ��� � � ��� . � #��

����������	
	 �435% � ��� � � ��� �"!��$# � � � %43 ( %>< (+*
$ � �$# � � � 0 ����� � �/# � 	�� � � < � � � � � ��� ����� ��	
	 � � � "���	'. ��� ��� 3 � � � � � � � � � ���� ��� � � ��� �"!��$# � � � %23 (+*/3 #��
	
����$ �
	
	 # ��� � � ���

3 ?541617�8:9< ?<; ��� �,#�	
� �
��� % � �$# �
	���� � % 	
�/.0#�� %2#�� �
�-=
> . � � ���
� � � ��� ��� � * � � �?" � � � ��� ��"��$#���� � 	 � % � � ! �1� � . � � � � � � ��� � �@"��$# ��� � 	 �
� � � � � � �������
��	 *BA �/# �-, �/! � 	 � %C$ � ! � � � � � � � � � � � � � � $ � $���� � � � � . �
	�� � � � $� # � � � � � ��� � # ��!�D��$# � � ����E � � � � � � � #$. � � ��	!� ��� � ��� � � ������� ��� ���@D��$# � � � *BF�� � �'.�	��
��� � � � � $ � � � � � ��� . � #�� 8

����������	
	 � �@#���!�D��,# � � ���=3 ( % � ��� � � ���;�"! �,# � � � %43 ( %>< (+*
� � � � � � %G$ � �$# � � � 0 � ��� ���/# � 	�� � � < � � � � ����� ����� ��	
	 � � � "���	'. ��� ��� � # ��!�D��$# � � ���43 (
� � � � � � � � � ��� � � � ���
��	 � ��� � � ��� �"! �$# � � �&%23 (+*C3 # �
	
���%$ �
	 	 # ��� � � ���

3 ?5416�HIE2H< ?<; � #��'!�D��$# � � ��� ��� �$#�	
� � ���)( % �@# ��!�D �,# � � �&� � �,# �
	�� � �)( %� #��'!�D��$# � � ��� 	
� .0#�� ( % � #���!�D �,# � � ���4#�� ���)(J=
K �2$5%G$ � � � � � ��� � � � % � �&$ � � � 0 � � � ��� 	
	
�2$ � ��� � . � #�� L
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����������	
	 �435% � ��� � � ��� �"!��$#��;%23 ( %=< (�*
� � � # � �$# � ��� � �
	 . � �
� � � ���/# � � � ���
��	 � ��� � � ��� �"!��$#��;%23 ( ��� � � � 0����2$ 	 � �
� � � � ���;*. � ����������	
	 # ��� .0#�� � ��� � ! � � � 	�� � � *
K � ��� � � � � � � � � �'# � � � $ � �$#
�$. ! � � ��� ��� ��� ������	
	 � � � � � ��	 	!� � �?" � � � � 	 � � � � ( � � �"��$#���� � 	 � ��� � ��! ! � � * F � � � . � � ��� ����������	
	+% $ � ���/# ! ��	
	!�5$���� � � �#0����!$�$ � � �
� �
	'. � �
� � �#3 # �
	
��� ������� � ���/# � � # � � ���("��$#���� � 	 ��� ��� � � � ���
��	+% �����&$ � ��� 	
	 3 #��
	
���$ � � �'� "��,#���� � 	 ��� �������
��	#$ � �$# � ��� ��� # ��� ��� � � � � � � . ��	�������� � � � ! � � � � � � � ���'# � ��$#
�$. ! � � � ��� ����������	
	 *
6 �'. ! � � � � � � � �'.
� ��� # � � � . � � �
� � � % � �2$ � " � #;%C$ � � # � ����������	
	 ��� ��� . ��� �$.�	�$ �/#10
��	 � � �'.�� � � � � ���'# � � � $ � �$#
�$.,! � � ��� ��� � * � � � �$# � �����&"��,#���� � 	 ����* A �/# �-, �/! � 	 � % � ����'. �$# � ��� � ��� ��� # ��� ��� � ���%$ � � �1, � � � 	?� � � � � ��� � � ������� � ���@D��,# � � �&% � . � � � 	!� � �
� �2$ ! ���:� � ��� � � ������� ��� D��$# � � � � � � %C��� . � ��� . �
� � � � ��� 	
	2$ ����� � . � #�� � � ������� �'. � 8

L : ����������	
	 �265% � ��� � � ��� �"! �,# � � �&%43 ( %=< ( % 	 � ��� � � �><&% K (+*
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1.2
� �������+� 


� � � ����������	
	
��� � # � ��� � � ��� � � . ��� �$. 	+% � . � ��� � � # � ��� � # ��� � � � ��� � � � � #�� � � � #� #$.�� �;*GA �/# �-, � ! � 	 � % � . ��� � ��� $ � � � ��� � � ��� . � #��
����������	
	 ��� � �
	��;% � ��� � � ��� � D�� � � � #5%�� � ��	�� ( %�� � � � (�*

F�� � ��� � � � # ��� � � � ���
� � �
	�� ?54�H�9-7:6D�� � � � # ?�4�H�9��IE
��� � � ?<; ��� �$# 	
� �
��� % � �$#�� 	���� � % 	
�/.0#�� %4#�� �
� % � �,# �
	�� � � % 	
�/.0#��;%2#�� ��� % 	
�/.0#��;%2#�� ��� %2#�� ���-=

K �2$5% � � � � � � � �/#@# � � � % � . � � ��! ��� � ! ��� � � $ �'.�	�� ��� . ��� �$.�	 � �&$ � � ��� � ��� � �,#�� ���	�� � � ���/# � � �'� ��� � � � ��� � � � # � � � ��� � � ��� � ��� � �
� � � ���@D�� � � � # *
� � � � � � $ � � � � �
� ��� 	 ����� . � ��� *
	 �&$ � � � ��� � � �&� . � #��

� �
����� ��� � ��	��;% � ��� � � ���;� D�� � � � #;%�� � �
	�� ( %���� � � (+*
$ � � ��� � � � # ��� � � � ���

� � �
	�� ?5416�6
�:HD�� � � � # ? � �$# �
	���� ���� � � ?<; 	
�/.0#��&%2#�� �
�-=
�
� � �
	�� ?5416�6
�:HD�� � � � # ? ��� �,#�	
� �
������ � � ?<; � �$#�� 	���� � % 	
�/.0#�� %2#�� ���1=��
� � �
	�� ?5416�6
�:HD�� � � � # ? 	
�/.1#��
��� � � ?<;"#�� ���1=��
� � �
	�� ?5416�6
�:HD�� � � � # ? ! �$# � � ���� � � ?<; ��� �$# 	
� �
��� % � �$#�� 	���� � % 	
�/.0#�� %4#�� �
�1=��
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���

� � � � � � % � �
� ��� � � ! �/# � ����� � �@#������ � � � � ��� ����������	
	+% � � ���'" ��� . � � � � � ��� �/# � . � � � �
� � �-,�� #�� � � � � � �������/#$! � � �
� ��$ � $���� � ��� � ! �/# � � � #$. � � .1# � �5$��-� * D�� # � �2" � #;%
� �
����� � ��� ��	 � � ��� � � � � � ! �%� � � � � � ��������	 	+% $ � � � � � � � � 	 � ��� � � � � � ����	 � � � � ���� � �
� � � , * 	 �&$ � � � �
� � � �&� . � #��

� �
����� ��� � ��	��;% D�� � � � # � � ��� � � ��� ��D�� � � � #;%�� � ��	�� ( %�� � � � (&*
� � � � � �-� ��8 ���'" � ! � � 	�� � � ��� ��	 	 � � � "���	'. ��� ��� � � �
	�� � . ��� � � � �� ��� � � ��� � D � � � � #5%�� � �
	�� ( % ����� � . � � � � # ��� .�	 � � � � 	�� � � % � . � ��� � * � $ �/# #��
� � �'. � � � � � #�� � ����� � ��� � �$#�� ��� 	�� � � ��� # � � ��� "���	'. � ���@D�� � � � # *C. � � � � ����� � � � �
� . � #������ � 	�� ��8

� � �
	�� ?5416�8�6��
D�� � � � # ?�416�8�617��� � � ?<; ��� �$# 	
� �
��� % � �$#�� 	���� � % 	
�/.0#�� %4#�� �
� % � �,# �
	�� � � % 	
�/.0#��;%2#�� ��� % 	
�/.0#��;%2#�� ��� %2#�� ���-=

K � ��� � � � � � � � � � � �1, � � � 	?� � � � # ��� � � � ��� � � � � ����������	
	@$ �'. 	�� � �?" � ���'" � � . �&*.�� �
	 	+% � � � � � � � � � � � 0 ����� ��� � . � #��%���'.5$���� � � � ! �?0 � � ����� � � ��� ��� � � �@( � � * �
� � ! � 	 � # � � . ��� ����������	
	+% ��� � � . ��� � � � ����� . ��� � * � � �?" � � � � � � � � # �1, � 	�� � � � 	!�5$@# � ������2$�� � � � � � ����� � �
� � � . � ����� � *
A .0# � � � #;% � � � # � � � � � � � ! � �/# � ��� � ��� �
� � # � � � � ����� $ � � � ����������	
	 ����� � �
�����;% ����� � � � �� � � � � � � �
����� �����
	 � � � � � � ���
��	 � � � � * � � � � � � ��� � � ��� � ��� ��� � � ��� �$#
�$. ! � � � � ���� � � � � � � ��� � � �=# � ! � ! ��� #;% � � � � � ��������	 	 # ��� .0#
� � � � � � ! � � � 	�� � � ��� � . �'� � � � ���-(+*
. � � � ��� . � #�� � �
� ��� �43;% � ��� � � ��� �"! �,#��;%23 ( %>< ( ��� � 	�� � ��� *
��� � ��������	 # � ! �$#10 * ��� � � � � � # �
������� � � �&� . � #��

� �
����� ��� � ��	��;% � ��� � � ���;� D�� � � � #;%�� � �
	�� ( %���� � � (+*
� � $ � � �-$ � � �2" � % � � � � � � � � �'.0# � �
	'. � �
� � ��* > . � % � � � � �
��� ��� % 3 #��
	
��� � � � � #�� �����
� � � ! � � � � � � � �;* F �'. 	��
� * � � � ��� � � � � � �&$ � � �'.�	�� � � 	
	 � � � � � � ! ��	
	 � � � � � � �	�� � � L
�
���;% ��� � �'.0# ��� % $ � � ��� * � � � � � ! � 	 ��� � $��1� � � � � . ��� ����������	
	 * � � ��� . � #��
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����������	
	 ��� � � � % � �
����� � � � �
	��5% � ��� � � ���;��D�� � � � #;%�� � �
	
� ( %�� � � � ( %=< (+*
� �
	
	 � � ��� ��	
	 ��� � �
����� * � # ��� � � � ����� � � � � � � � 	�� � � 8

��� � � ?5418���9��
� � �
	�� ?5418���9�6D�� � � � # ?�418
���IE< ?<;�; 	
� .0#��&%2# � ���-= %�; � �$#�� 	���� � % 	��/.0#�� %2#�� �
�-= %�;7#�� ���-= %; ��� �$#�	 � �
��� % � �$#��
	���� � % 	��/.0#��&%=#�� ����=�=

�
��� � � � #%$��-� � � ��� � � � � $ � � � � ������� 8
� �
����� ����� � � %�� � ��	�� � D�� � � � # � � �
����� ��� � ��	��;% � ��� � � ���;� D�� � � � #;%�� � �
	
� ( %�� � � � ( %=< (+*
��� � � ?54���H-7�8
� � �
	�� ?54���H ���D�� � � � # ?�4���H�� �< ?<;�; 	
� .0#��&%2# � ���-= %�; � �$#�� 	���� � % 	��/.0#�� %2#�� �
�-= %�;7#�� ���-= %; ��� �$#�	 � �
��� % � �$#��
	���� � % 	��/.0#��&%=#�� ����=�=

K �2$5% � � � � ! �1� � � � � � � � � � �/# � ��� � � �����%���'. � �
� � � � ��� " � #�� ��� ��� � % � . � � � ��� ���
� � �2$ � � � ��	 �1, � � �
	�� � � ����� � �2$ � # ���
� � # � � � � � � ����� � # � ��� � � ������*
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1.3 ���������+� 

� � � ����� ������� � # � � � � � ��� � � � � � � � ��	
	?� � � � � � ! � � � � �
�����5% � . � $ � � � � � �. ��� �,.�	 ��� �
� � # � � � �58 � � � 	�� � ��� � � � � � � ����� � �$# � �/# � � # � � ����� � � � � ����� ���# � �$. ������� � � ��� � � � � � � � % � � ��� � ��� ! � ��� � �$# � ��� � � � 	�� � � � � 	!� � � � �)(+*
A �/# �-, � ! � 	 � % � . ��� � ��� $ � � �?" � � � � ��� 	
	
�2$ � ��� ��� � � � � ���

�
� � � � �$# #��5% E � (+*�
� � � � #�� � ��% E 7 (+*�
� � �=#�� � % E � (+*�
� � � � � # ! ��� � � % E � (+*�
� � � �$.,! � 	 � ���/# � % H � (+*�
� � � � �
� #�� �;% � � (�*
K �2$ � . ��� � ��� $ � $���� � � 	�� � � ��� � " � #���� � � $ � � ��� �
� � � � # � � �/#
� � � ��� � � � ��� � � � � ���5*
F�� � ��� ��� � � � � $ � � � � � ��� . � #�� 8

����������	
	 �435% �
� � �=3;%76 ( %��/. � (+*
3 ?541817�7��6 ?541817�7:8�/. � ? ; � �$# #��;% � #�� � ��%2#�� � % � � # ! ��� � � % �,.,! � 	 � ��� # � % � �
� #���� =

> . � ! �-� � � $ � $ �'. 	�� 	��'0 � � � � 	�� � � � � ��� �/#
� � # � � *BF�� � ��� � ��� � � " � � � � � $ � � � � � ����
	
	 �2$ ����� � . � #�� 8
����� ��� �43;%76 � �
� � �=3;%76 ( %��/. � (+*

� K � ��� � � � � % � . � � 	��'0 � $ � � � � �
�����5%G$ � � �-" � � � ��� 	
	 �
��� ��� ��� � � � � � � � #�� ���
��� � �,#�� ��� 	�� � ��� ���/# � � ��� "���	'. � ��� 65% ����� �
����� �5$ � ��� � � � � $ � � � � � � � � � ! � �
	 * (
� � � ��� . � #��5��� � 	�� ��8

3 ?5418�6 E�E6 ?5418�6 E ��/. � ? ; �@#�� � �+% �$.,! � 	 � ���/# � % � �
� # � �;% � �,# #��5% � � #$! �
� � � %2#���� =
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K � ��� � � � � � � � 	�� � � � � ��	 � � � � ��� � � ��	
	!� �/# � � # � � *
K �2$ � . ��� � ��� $ � �$# � ��� ��� # ��� ��� � � � � � 	
	 � � � ����� � ��� �
� � � # ��	 	 � � � �
� ��� $ � � ���
�$# � # � � � #
� � � ��� � � � ��� � � � � ���;* ��� � � .0# ��� % $ � � ��� ��� � � � � $ � � � � � � ��� 	
	
�2$ � ���
� . � #�� 8

����������	
	 �26 % �
� � �=3;%76 ( %��/. � (+*
6 ?5418�817:63 ?5418�8�� E
�/. � ? ; E � % E 7;% E � % E �;% H �&% ��� =

> . � � � � � �'. � � . � � � #�� � � � # ! ���
� � * 	 � � � .
���/#
� � # � � ����� � � � � ����� � # � � ��� � � �
� � �&*> � . � ����� ����� ���%$ � � ��� � � � � � ! � �������/#$! � � �
� � ��� � � � � � # � �/# ! 8
����� ��� �265%23 � �
� � �=3;%76 ( %��/. � (+*
6 ?5418�918 E3 ?5418�918 ��/. � ? ; E � % E 7;% � �&% H � =

> ��� $ �
� � � � � ! % � � ����� � � # � � � # � ��� � � ����� ��� � � # . � � 	
� � ��� ��	 �-, � � �
	�� � � *CA �/#! ���:� � .0# � � ����� % ��	
	#$ � � �
� � � � � ��������	 	 * > . � � �&$ � � � � � ! �/# � % � �
� ��� �����

����� ��� �$# � � � � # � $���� � ����� � � � � 	 � . � �'. � *
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2 Prolog Data Structures – Binary Search Tree

We can represent a binary tree of integers as:

� # �
� ��� � � � %/� � � � %�� � � � � (
where

� � � � and
� � � � � are also binary trees such that all elements in

� � � �
are less than the

���
� � and all elements in
� � � � � are greater than or equal

to
� �
� � . If a tree is

� .�	 	
, it means that the tree is empty. E.g, :

� # �
� � E � �&% � # �
� � � � % � .�	
	+% � .�	 	 ( % � # �
� � 6��&% � . 	
	+% � .�	
	 (@(+*
� # �
� � E �&% � # � � ��H&% � # � � ��7;% � .�	 	+% � # �
� � �&% � .�	
	+% � . 	
	 ( ( % � # �
� � 8 % � . 	
	+% � .�	
	 ( ( %

� # �
� � E �&% � .�	 	+% �@.�	
	 ( (�*
Write a predicate that traverses a binary tree, generating a sorted list of

its contents. I.e., define � #��?" � # ��� ��� � # � � % :�. �/# ��� ����� � � ( where
� # �
� is a

binary tree and . � # ��� ��� � � � is the sorted list of members of the tree. E.g.,

L : � #��?" � # ��� � � # �
� � E � �&% � # �
� � � �&% � .�	
	+% � . 	
	 ( % � # �
� � 6��&% � . 	
	+% � .�	
	 (@( %23 (+*
3 ?<; � �&% E � � %C6 � = �K �
L : � #��?" � # ��� � � # �
� � E �&% � # � � ��H&% � # �
� ��7;% � . 	
	+% � # �
� � �&% � .�	
	+% � . 	
	 ( ( % � # �
� � 8 % � . 	
	+% �.�	
	 (@( % � # � � � E �&% � .�	
	+% � .�	 	 ( ( %B3 (�*
3 ?<; 7;% �&%/H&% 8;% E �&% E � =��K �
Solution

� #��?" � # ��� � � .�	
	+% ; = (+*
� #��?" � # ��� � � # �
� ��� �
� � % � � � � %�� � � � � ( % . �/# ��� ����� � � (984:

� #��?" � # �
� ��� � � � % . �/# ��� ����� � � � � � � ( %
� #��?" � # �
� ��� � � � � % . �/# ��� ����� � � � � � � � ( %� ��� � ��� � . �/# ��� ����� � � � � � � %;�� � � �	� . �/# ��� ����� � � � � � � ��= %

. �/# ��� ����� � � (+*
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