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What is the ME

T h e Mo d el  Ev o l u t io n C a l c u l u s ( M E )
≈

F irst -O rd er D P L L
+  D P L L ’s simp l if ic a t io n ru l es
+  U niv ersa l  v a ria b l es 

T h e c a l c u l u s is a  d irec t  l if t ing o f  t h e w h o l e  
D P L L t o  t h e f irst -o rd er l ev el .
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O v er v iew
• T h e D P L L  met h o d  a s a  seq u ent -st y l e c a l c u l u s

• T h e M o d el  E v o l u t io n c a l c u l u s a s a  l if t ing  o f  t h e 
D P L L  c a l c u l u s

• P ro p ert ies o f  t h e M E  c a l c u l u s

• I mp l ement a t io n
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T he D P L L  C al c u l u s

Context
(asserted literals)

{ } { }literals clausesΛ = Φ =

Λ � Φ
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DPLL Calculus (cont.)

• I f  w e  w a n t  t o  p r o v e  t h a t  Φ i s  (u n ) s a t i s f i a b l e ,  w e  
s t a r t  w i t h  t h e  s e q u e n t  ∅ � ΦΦΦΦ

• B y  t h e  s u c c e s s i v e  a p p l i c a t i o n  o f  i n f e r e n c e  r u l e s  
w e  t r y  t o  o b t a i n  e i t h e r  t h a t  

ΛΛΛΛ � ∅ (Φ i s  S A T  a n d  Λ i s  a  m o d e l )
o r

ΛΛΛΛ � � (Φ i s  U N S A T )
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The DPLL Calculus
{ } { }
literal empty clause clause
literals clauses

L C
Λ = Φ =

�

The Split rule:

if

Λ�Φ,L∨C
Λ,L�Φ,L∨C Λ,L�Φ,L∨C

{

C �= �,
L �∈ Λ, L �∈ Λ
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The DPLL Calculus
{ } { }
literal empty clause clause
literals clauses

L C
Λ = Φ =

�

(close) Λ�Φ,L � ∨...∨L �

Λ�� if L1, . . . , Ln ∈ Λ

(subsume) Λ�Φ,L∨C
Λ�Φ if L ∈ Λ

(resolve) Λ�Φ,L∨C
Λ�Φ,C if L ∈ Λ
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The DPLL Calculus (cont.)
{ } { }
literal empty clause clause
literals clauses

L C
Λ = Φ =

�

The Assert rule:

Λ�Φ,L
Λ,L�Φ,L if

{L �∈ Λ,
L �∈ Λ
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The DPLL Calculus: K ey  I n si g ht

Λ can be seen as a finite representation 
of a H erbrand interpretation:

{ |  is positive}I L LΛ = ∈ Λ

I f  IΛ d oes not satisfy  Φ,
“repair” it by  ad d ing  l iteral s to Λ

Λ � Φ
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Some Notation

�

||| |
 and 

iff
there is no '  s.t. 

I
I

I
ϕ

ϕ
ϕ

Λ
Λ

Λ

=
=

Λ ⊇ Λ = ¬

� �

� � | ||

�

�I p q I p q
¬¬ = ¬ ∨ ¬ = ¬ ∨ ¬and

Examples:
permanently satisfies

� �

	 
 | ||
�

�I p q I p q= ¬ ∨ ¬ = ¬ ∨ ¬but  not
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An alternative Split Rule

|
( * )

I L C
L
L

Λ = ∨= Λ Λ

1)  not  

2)   not contradictory with 

3)   not contradictory with 

(split) Λ�L∨C,Φ
Λ,L�L∨C,Φ Λ,L�L∨C,Φ if (*)
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The DPLL Calculus Revisited:
A  M o del E vo lutio n  V iew

(resolve) Λ�Φ,L∨C
Λ�Φ,C if IΛ||= L
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Lif tin g  DPLL to  F ir st O r der  Lo g ic
Main questions:

• H o w  t o  r e p r e s e n t  H e r b r a n d m o d e l s .  ( w e  
already know that)

• H ow to c hec k  |=
• H ow to c hec k  ||=
• H ow to rep ai r an i nterp retati on
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First-o rd e r C o n te x ts
S ets  Λ of  p aram etri c li terals  L(u,v,..) and

u ni v ers al   li terals L(x,y,… )

• p aram eters  ( u,v, … ) and v ari ab les  ( x,y,… ) 
b oth s tand f or g rou nd term s

• ( rou g hly) a p aram etri c  li teral L i n Λ
denotes  all of  i ts  g rou nd i ns tanc es ,                  
u nles s ¬L’∈Λ f or s om e i ns tanc e L’ of  L

• a u ni v ers al li teral denotes  all of  i ts  
g rou nd i ns tanc es , u nc ondi ti onally
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ =  {  p (u,v) }

p(u,v)

� Λ �� � ��� �� 	 
� 
�  ��� � ��� � � 
 � � � ����� � �
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {p(u,v), ¬p(u,u)}  

p(u,v)

¬¬¬¬p(u,u)

• Λ �� � ��� �� � 
� 
�  �� � ��� � � 
 � � � ���� � � 
	 � 

 � � � 


��� � � � � � 
 � � � � � �� � �

� Λ 
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {p(u,v), ¬p(u,u), p(f (u),f (u))}  

p(u,v)

p(f (u),f (u))

¬¬¬¬p(u,u)
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {¬p(f (u),v), p(u,g (v))}  

¬¬¬¬p(f (u),v) p(u,g (v))

p(f (u),g (v))

O K
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {¬p(f (u),v), p(u,g (v)), p(b ,g (v)) }  

¬¬¬¬p(f (u),v) p(u,g (v))

p(b ,g (v))

O K
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {¬p(u,v), p(u,v)}  

¬¬¬¬p(u,v)p(u,v)
N o t  O K !

C o n t r a d i c t o r y
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {p(u,v), ¬p(x ,x )}  

p(u,v)

¬¬¬¬p(x ,x )

Λ �� � ��� �� � 
� 
�  ��� � � � � � 
 � �

¬ � ��� � � �

� �� 	 
� ��   � ���� � � �� �� �� 
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First-o rd e r C o n te x ts:  E x a m p l e s
Λ = {p(u,v), ¬p(x ,x ), p(f (u),f (u)}  

p(u,v)

¬¬¬¬p(x ,x )

p(f (u),f (u))

Not OK!
C on tr a d i c tor y
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I n itia l  C o n te x t
Λ = {¬v}  

¬v

� ��� � �� � �� � � � ��  
� ��  �� �	� � � �� � � � � 

� 
� �� � �� 
  � � � � � 
 �� � �� � 
  �� 
  � � {¬v}  
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C o n te x ts a n d  I n te rp re ta tio n s
L e t Λ b e  a  n on -c on tr a d i c tor y  c on te x t w i th  
p a r a m e tr i c  l i te r a l s  a n d  u n i v e r s a l  l i te r a l s

Λ d e n ote s  a  H e r b r a n d i n te r p r e ta ti on :

 is ground and positive,
 is produc ed b y  

L
I L

LΛ

 
=  Λ 
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Checking  |=

�

�

� �

| ...
, ...,

{ , } , ..., { , }

�

�

� �

I L L
K K

K L K L

σ

σ

Λ = ∨ ∨
Λ

If not  then
ther e a r e fr es h v a r i a nts   of l i ter a l s  i n 
a nd  a  s u b s ti tu ti on  
s u c h tha t 
 i s  a  s i m u l ta neou s  m g u  of 

�

...

Let  be a non-contradictory context
Let  be a ( p aram eter-f ree)  cl au s e�L L

Λ
∨ ∨

� σ

� � �� 	 	 
 � � � � ��� � � � � � � ��� � ��� �� ��� �  �! " #� ! $! %�& #� Λ)
If K ' produces L 'σ, σ is productiveIf Pars(K (σ) �⊆ Pars, then

L (σ is part of the remainder of C
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Context Unifiers: an example

Let Λ = {¬v, p(v � , u � ),¬p(x � , g(x �)), q(v � , g(v �))}
C = r(x) ∨ ¬p(x, y)

The substitution σ = {v → r(v �), x → v � , y → u �}
is a context unifier of C against Λ
The remainder is r(v �) ∨ ¬p(v � , u � )

� �� � �	� 
 � � � �  � � � ��� � � � ��� � ��� � ��� � ���� �� � ! " " " � �� � "!� � � � # �

�� $ � � % � �  �� & � $ � �	� �('  �� � � �)  � � * " � '  �� �,+ - � �� � ) � �/. � # � 0

$ �� � � � � � # �� )  � � * " � �
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Checking  ||= (not sure about this!)

�

�

� �

|| ( ... )
, ...,

{ , } , ..., { , }
( )

�

�

� �

�

I L L
K K

K L K L
i P a r s K P a r s

σ

σ
σ

Λ = ¬ ∨ ∨
Λ

⊆

iff there are fresh variants  of literals in 
and  a su b stitu tion  
su c h that 
  1 .   is a sim u ltaneou s m g u  of 
  2 .  for eac h ,  

�

...

Let  be a non-contradictory context
Let  be a ( p aram eter-f ree)  cl au s e�L L

Λ
∨ ∨

The remainder is empty!
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The Model Evolution Calculus:
S em antical V iew

� �� �� ��� �	�
 
 �  � �� ��� � � �	�
 �� �� � � �� � �	 �  � �� �	  � �

(assert) Λ�Φ,C∨L
Λ,L�Φ,C∨L if (**)

(assert) Λ�Φ,L
Λ,L�Φ,L if (*)

�� �� �  "!# ! $&% '( )* + !, +�- * $ . !# / ) 01 2 $ +  '* ! 34 +65 # ! 3 ' $* 7 !# '* 7

8 / $ % * ) + ( )* +# ' 7 $( + )# 5 2 $ +  9 '* 7

* ) :<; 9 $&% %>= += :? 8 /
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The Model Evolution Calculus:
S em antical V iew

(subsume) Λ,K�Φ,L∨C
Λ,K�Φ if K ≥ L
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The Model Evolution Calculus:
S em antical V iew

(resolve) Λ�Φ,L∨C
Λ�Φ,C if (**)

(resolve) Λ,K�Φ,L∨C
Λ,K�Φ,C if K ≥ L

� � �� � ��� �� �
	 �� � ��� � � �� � �� � �  � � � � � ��� � � �� � � �� �� �� !� �

" �# � � �� � $ % $ �
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The Model Evolution Calculus:
S em antical V iew

( )

(* )

C L

L
L
L

σ
σ
σ
σ
σ

 ∨ Λ=  Λ Λ sko

1)   is a context unifier of  against 

2)   is admissible

3)   is not mixed 

4)   not contr. with 

5)  ( )  not contr. with 

No Longer

(split) �� ��� ��� �

�� �
	 � � � �� � �� � � 	 �� ��� � � � � � � if (*)
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Main Results: Soundness and 
C om p leteness

�ΦA clause set  is unsatisfiable

iff

it has a refutation.
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Mak ing  ME  E f f ic ient

• Literal selection strategies
Model Elimination: 
can exploit don’t care nondeterminism
for remainer literal to split on

• Learning (lemma generation)
not trivial – future work

• Intelligent backtracking (backjumping)

Well-known DPLL improvements:
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Backjumping

��
�

� � � �
�

� � �
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� �S SL

Backjumping

L not used to close
lef t sub tr ee

��
�

� � � �
�

� � �
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Implementation

• D a r w i n i s a n i m p lem enta ti on of  th e M E .
• I t i s w r i tten i n O ca m l � ,  a  v a r i a nt of  M L .
• T h e a lg or i th m  ex p lor es der i v a ti on tr ees usi ng  
i ter a ti v e deep eni ng  on term depth.

• L et’ s see a  dem o!
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I np ut f i le
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A refutation
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S um m ary  
• Full lifting of DPLL achieved
• Pr op er ties  of DPLL p r es er ved

– sound and complete
– pr oof  conv er g ent
– si mpli f i cati on r ules
– no C ommi t r ule as i n F D P L L


