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Abstract

Feature selection is a fundamental problem in machine learn-
ing and data mining. The majority of feature selection algo-
rithms are designed for running on a single machine (cen-
tralized setting) and they are less applicable to very large
datasets. Although there are some distributed methods to
tackle this problem, most of them are distributing the data
horizontally which are not suitable for datasets with a large
number of features and few number of instances. Thus, in this
paper, we introduce a novel vertically distributable feature se-
lection method in order to speed up this process and be able
to handle very large datasets in a scalable manner. In gen-
eral, feature selection methods aim at selecting relevant and
non-redundant features (Minimum Redundancy and Maxi-
mum Relevance). It is much harder to consider redundancy
in a vertically distributed setting than a centralized setting
since there is no global access to the whole data. To the best
of our knowledge, this is the first attempt toward solving the
feature selection problem with a vertically distributed filter
method which handles the redundancy with consistently com-
parable results with centralized methods. In this paper, we
formalize the feature selection problem as a diversity maxi-
mization problem by introducing a mutual-information-based
metric distance on the features. We show the effectiveness of
our method by performing an extensive empirical study. In
particular, we show that our distributed method outperforms
state-of-the-art centralized feature selection algorithms on a
variety of datasets. From a theoretical point of view, we have
proved that the used greedy algorithm in our method achieves
an approximation factor of 1/4 for the diversity maximization
problem in a distributed setting with high probability. Fur-
thermore, we improve this to 8/25 expected approximation
using multiplicity in our distribution.

Introduction

Feature selection is the task of choosing a small represen-
tative subset of features from a dataset. It is a crucial pre-
processing step in several data mining and machine learning
applications as it can significantly reduce the learning time
and the error rate (Guyon and Elisseeff 2003). This prob-
lem has received even more attention in the big data era
with ultrahigh-dimensional datasets in different fields such
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as bioinformatics (Greene et al. 2014), neuroscience (Turk-
Browne 2013), finance, and document classification. Al-
though there are various methods that are fast enough to han-
dle several thousands of features, they become less applica-
ble in the presence of millions or billions of features. To deal
with such big datasets, we need more scalable and faster ap-
proaches such as distributed methods. Most of the developed
distributed methods distribute the data by instances among
machines—horizontally distributing—(Zhao et al. 2012;
Peralta et al. 2015) and there are a few recent works tackling
the problem by distributing the feature vectors—vertically
distributing (Moran-Fernandez, Bol6n-Canedo, and Alonso-
Betanzos 2015). Intuitively, horizontal distribution is infea-
sible when the dataset has many features but a few instances,
e.g., bioinformatics datasets. As a matter of fact, it is harder
to deal with the redundancy of the features in a vertically dis-
tributed setting in comparison to horizontally distributed or
centralized settings (Bolén-Canedo, Sanchez-Maroiio, and
Alonso-Betanzos 2015b). In the rest of the paper we use cen-
tralized setting in contrast to distributed setting.

Over the past decade, several information-theoretic meth-
ods have been developed for feature selection. In addition
to having a strong theoretical foundation, these techniques
have shown reasonable performance in practice. They con-
sider two intuitive criteria: minimizing redundancy of the
selected features by reducing mutual information between
them, and maximizing their relevance by increasing mu-
tual information between them and class labels. These cri-
teria are the foundations of a widely used and well-known
feature selection framework called mRMR (Ding and Peng
2005). In this paper, we note that a potential way of consid-
ering these criteria in a distributed setting is through diver-
sity maximization framework. Therefore, our method can be
viewed as a distributed version of mRMR that also guaran-
tees a theoretical bound for its objective function.

In the diversity maximization framework, the goal is to
find a fixed-sized set of points from a metric space which
maximizes a certain diversity function. This diversity func-
tion is defined based on a distance between elements of
the metric space (Abbassi, Mirrokni, and Thakur 2013;
Indyk et al. 2014; Abbasi Zadeh and Ghadiri 2015). As one
of our main contributions toward modeling feature selection
through diversity maximization, we introduce a metric dis-
tance between feature vectors which considers their redun-



dancy and relevance, simultaneously.

Recently, several techniques have been developed to
solve diversity maximization problems in a distributed man-
ner (Indyk et al. 2014; Aghamolaei, Farhadi, and Zarrabi-
Zadeh 2015). However, these algorithms can be improved in
terms of provable approximation factors and also in terms of
the computational complexity of the underlying algorithm.

Our Contributions
Our contributions in this paper are three-fold:

e We introduce a new model for filter-based feature selec-
tion by formalizing it as a diversity maximization prob-
lem defined on a metric distance function among features.
More specifically, the objective function is a linear com-
bination of the sum of pairwise distances of features and
their mutual information with class labels.

e We present an improved constant-factor approximate dis-
tributed algorithm for diversity maximization which is
also faster than the existing algorithms. This algorithm
is a distributed version of the well-studied greedy algo-
rithm for this problem. In order to achieve the approxima-
tion factor of 2—85, which is a great improvement over the
latest existing approximation factor of %, we apply two
algorithmic techniques: 1) By random partitioning of the
features, we obtain an approximately optimal randomized
composable core-set for this problem (defined by (Mir-
rokni and Zadimoghaddam 2015)), and 2) To improve ap-
proximation factor from } to & — ¢, instead of sending
each feature to a single machine, we send it to 1/e ran-
domly chosen machines.

e We perform an extensive empirical study on a variety of
dataset types including biological, texts, and images cov-
ering a broad range of number of features from a few
thousands to millions, and show the effectiveness of our
filter-based distributed algorithm from three perspectives:
1) By simulating a distributed system on a single ma-
chine, we show that our distributed method outperforms
the existing centralized state-of-the-art methods in terms
of classification accuracy, while we also significantly im-
prove the running time. To do so, we compare with vari-
ous feature selection algorithms. 2) We show the advan-
tages of the greedy over the local search method for the
distributed diversity maximization. 3) Finally, we demon-
strate our objective function’s quality by considering all
the fixed-sized combinations of features on small-sized
datasets and show a high correlation between the diver-
sity objective value and the classification accuracy.

Related Work

Diversity Maximization. The diversity maximization prob-
lems generalize the maximum dispersion problem (Hassin,
Rubinstein, and Tamir 1997). This problem has been ex-
plored in the context of diversity maximization for recom-
mender systems, and commerce search. A number of %—
approximation algorithms have been developed for the cen-
tralized version of this problem and its generalizations (Has-
sin, Rubinstein, and Tamir 1997; Abbassi, Mirrokni, and

Thakur 2013; Borodin, Lee, and Ye 2014). More recently,
it has been independently shown by (Bhaskara et al. 2016)
and (Borodin, Lee, and Ye 2014) that under the planted
clique conjecture, improving this %-approximation for the
diversity maximization problem is not possible.
Composable Core-sets. Recently, a new concept has
emerged in distributed computing literature. An o-
approximate composable core-set for an optimization prob-
lem like P is a mapping from a set to a subset of it, so that
the union of the subsets for a collection of sets includes
a solution within « factor of the optimal solution of the
union of the sets. Several diversity maximization problems
in a metric space have been examined using composable
core-sets (Indyk et al. 2014). In that work, a constant-factor
approximation has been given for the distributed diversity
maximization problem examined in this paper, however, the
approximation factor of the algorithm is a large constant
(< 185)- This factor has been improved to 75 in (Aghamo-
laei, Farhadi, and Zarrabi-Zadeh 2015). There is still a large
gap between the % approximation factor and the potential

% approximation guarantee (Birnbaum and Goldman 2009).
Here, we present a much improved approximation algorithm
and tighten this gap. The idea of using random partition-
ing and multiplicity in distributed optimization have been
applied to submodular maximization (Mirrokni and Zadi-
moghaddam 2015). Note that the diversity function is not
submodular, and the proof techniques used for submodular
maximization may not be applied to the diversity maximiza-
tion.

Feature Selection. Feature selection methods are divided
into three general families: filters, wrappers and embedded
methods. Filter methods are independent from the learning
algorithm that will be used on the data. On the contrary,
wrapper methods apply a learning algorithm in order to eval-
uate the feature subsets according to their performance and
embedded methods select the features during the training
process. In general, filter methods are faster than the others
and more capable to prevent overfitting (Guyon and Elisseeff
2003). Mutual-information-based methods are a well-known
family of filter methods. They attempt to find non-redundant
features which are relevant to the class labels (Peng, Long,
and Ding 2005).

There have been a great amount of progression on the
centralized feature selection methods in the last decades, in
which all the data had to be stored and processed on a sin-
gle machine. Although the proposed centralized methods are
quite fast and efficient, in the context of big data, they can-
not perform well and the need for distributed methods are
crucial. The data can be partitioned in two ways among ma-
chines: horizontally and vertically. We refer to distributing
the data by instances as horizontal partitioning and distribut-
ing the data by features as vertical partitioning. Horizontal
partitioning cannot handle datasets with few number of in-
stances and large number of features. Although there were
some attempts for vertically distributed feature selection
methods, most of them do not consider the redundancy of
the features (Bolon-Canedo, Sanchez-Marofio, and Alonso-
Betanzos 2015b). In (Bolén-Canedo, Sanchez-Marofio, and
Alonso-Betanzos 2015a) and (Sharma, Imoto, and Miyano



2012), some wrapper methods were introduced in order to
overcome the redundancy issue by using the classification
accuracy. To the best of our knowledge, prior to our work,
there have been no vertically distributed filter feature selec-
tion method that can deal properly with the redundancy.

Modeling Feature Selection with Diversity
Maximization

Let U be a set of size d of labeled instances accompanied by
a large set of features N with cardinality n, represented in a
d x n matrix. The instances are labeled with a d-dimensional
vector L known as the class label vector. In the feature se-
lection problem, we aim to find a compact subset of features
S that explains the labels with high accuracy. To do so, we
would like to select a diversified subset of features which are
relevant to the vector of class labels. Hence, if we define a
metric distance between features that considers redundancy
and relevance, the feature selection problem will reduce to
the diversity maximization problem.

Definition 1. For two feature vectors like p and q and the
class label vector L, we define the DIST(p, q) as follows:

DIsT(p, q) =

{m(p, @) + (1 -2 CHELEML) g (1)
0 P=gq

where MI is the normalized mutual information and VI
is the normalized variation of information. The first term
of this definition is for avoiding the redundancy. The sec-
ond term is for maximizing the relevance and ) is a regular-
ization factor which determines the importance of each cri-
terion. The normalized mutual information of two discrete
random variables X and Y is defined as follows:

I(X;Y)
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where I(.;.) is the mutual information function, H(.) is the
entropy function and p(., .) is the joint probability. Also, the
normalized variation of information of two discrete random
variables X and Y is defined as follows:

MI(X,Y) =

(XY
VI(X,Y)=1- ﬁ
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where H(.,.) is the joint entropy. To compute the presented
distance for feature vectors with continuous value, we dis-
cretize them. We elaborate more in the experiments section.

To prove that the DIST is metric, i.e., DIST(p,q) +
Dist(q,7) > DIST(p,r), we point that VI is met-
ric (Nguyen, Epps, and Bailey 2010) and the mutual infor-
mation terms will unfold as follows: MI(p, L) +MI(q, L) +
MI(q, L) + MI(r, L) > MI(p, L) + MI(r, L) which holds
because of the non-negativity of MI(., L).

We want to maximize the following objective function (as
the objective of diversity maximization problem) for S C N
and | S| = k.

DIV(S) = % > Dist(p, q) @
pES q€S
= ,\% >N Vilpg) + (1 - A)@ > _Mi(p, L)
pES qES PES

The first term of Equation 4 prevents the selection of re-
dundant features because the VI of two similar features is
near to zero and the second term makes sure that the se-
lected features be relevant to the class labels. At this point
we have modeled the feature selection problem through di-
versity maximization (Equation 4). Hence, in the next sec-
tion we focus on finding a set of & points S with maximum
diversity D1v(.S) in a distributed setting. In our analysis, fea-
ture and point are being used interchangeably.

Algorithm DD1SMI

In this section we describe the theoretical foundations of our
distributed method. Before that, it is worth mentioning that
our metric distance and objective function can be used in a
centralized algorithm similar to mRMR. Considering the re-
sult of (Birnbaum and Goldman 2009), in which it is shown
that the centralized greedy selection of the points in a metric
space using Algorithm 1 achieves a % approximation fac-
tor for diversity maximization problem, our method, in its
centralized setting, guarantees a % approximation factor for
its objective as well, whereas the mRMR method does not
provide such a theoretical guarantee. Hereafter, we propose
the distributed greedy-based algorithm DDISMI, and prove
that it achieves an approximation factor of i — € for a small
sub-constant ¢ = o(1). To get further improvements, we
slightly change the distribution of points among machines,
and achieve an approximation factor of 2% — €.

Algorithm 1: GREEDY
1 Input: Set of points T, k.
Output: Set S C T with |S| < k.

3 S « {an arbitrary pointp € T'};

4 forall 2 < i < kdo

5 p* < arg max,cr\ g qus DisST(p, q);
6

7

[

Add p* to S;
Return S

Algorithm 2 (DDISMI) consists of two main phases. In
phase one, corresponding to lines 3 — 6, we partition all
points randomly into m parts {T;}}* ;, and give set T to
a machine ¢ for each 1 < ¢ < m where m is the number
of machines. Machine £ runs Algorithm 1 (GREEDY) on 7y,
and selects a set Sy of k points. In the second and final phase,
we put all the selected sets together, and run the GREEDY al-
gorithm again on their union to achieve set S C U}* .Sy of k
points. Among this set S, and the m selected sets {S¢}7" ,,
we output the set with the maximum diversity. In practice, it
suffices to output the set S and this extra comparison (lines
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Figure 1: Illustration of the used distributed setting in the
DDisMI algorithm. First, feature vectors are distributed
randomly between m machines (Step 1), then each machine
selects k features using the GREEDY algorithm and sends
them to the master machine (Step 2). k is 1 in this exam-
ple. Finally, the master machine selects k features using the
GREEDY algorithm (Step 3).

8-9 of Algorithm 2) are for getting a better approximation
factor in theory. Figure 1 illustrates the vertical distribution
of data in Algorithm 2 using the randomized composable
core-set setting.

The next two theorems provide theoretical guarantees of
the DD1SMI method. Because of space limitations, we in-
clude full proofs in the supplemental material.

Theorem 1. For any constant 0 < e < %, Algorithm 2 is
a %—approximation algorithm for diversity maximization
problem with a high probability (e.g. probability 1 —e~(<k) )
using m > 6/€ machines.

Proof sketch. Let OPT be the optimum set of k points
with the maximum diversity. Define OPT, to be OPT N T},
the optimum solution points that are sent to machine . We
prove that among the set of selected points in the first phase,
UyL 1Sy, there is a benchmark set A of k points associated
with and close to the k points of OPT, and consequently
with a DIV(A) comparable to DIv(OPT). Since we know
that GREEDY is a centralized %-approximation algorithm
for diversity maximization, in total we will have a constant
approximation guarantee for the DDISMI algorithm. We ex-
pect k/m optimum points in each machine, and with m >
6/€, using concentration bounds we can prove that with a
high probability there are not more than O(ek) items in each
OPT,. We can use the optimum points that are selected by
the machines (OPT N (U}, S;)) as part of the high diversity
benchmark set A. Suppose point p € OPT is sent to machine
¢ and is not selected. Instead, points Sy = {p1,p2, - , Pk}
are selected in this machine. By definition of GREEDY, we
know that Z;;ll DIST(p, p;) < 23;11 DIST(p;, p;). Sum-
ming all these inequalities for 2 < i < k implies that:

e

—1

(k — 9)DIST(p, p;) Z > DisT(pi, p;) = DIV(S;)

1 i=1 j=i+1
(5)

2

On the left hand side, we have (g) distances (by considering
coefficients) from p to points in Sy, and on the right hand
side, there are all the (g) pairwise distances in the set Sy
that is the diversity of set Sy as well. Let T be the maxi-
mum average distance of pairs of points in selected sets. In

DVS) - Ope way to interpret

other words, T is maxi<¢<m

2
the above inequality is that some weighted average of dis-
tances from p to points in Sy is upper bounded by T. By
some algebraic computations, we imply that there should be
at least Q(ek) points in Sy with distance at most (1 + €)1
to p. We can use one of these points to represent p in A. So
every optimum point is either in A or represented by a close
point (distance at most (1 + €)7) in it. By triangle inequal-
ity, we have DIV(A) > D1v(OPT) — 2(1 + e)T(g) Since
the final solution has a diversity at least half of DIV(A)
and at the same time at least (2)7 we have DIV(S) >

max{ Dlv(20PT) _ (2)(1 + 6)7’, (2)7_} > (1— e)Div(OPT). ]

Algorithm 2: DDISMI

1 Input: N, k, number of machines m.
Output: Set S C N with |S| < k.
S <+ 0,
Randomly partition N into {77}y ,;
forall1 < /¢ < mdo

| S¢ < output of GREEDY(T%, k);
S < output of GREEDY(Uy~ 5S¢, k);
if 3¢ : D1v(S,) > D1v(S) then

| S ¢+ argmaxg, DIV(Se);
10 Return S;

[

Do I e 7 )

We are ready to slightly change the algorithm and im-
prove the approximation guarantee from 1 7 to 2, We note
that although the analysis becomes more complex the al-
gorithm remains simple, and highly efficient. With a slight
change in line 4 of Algorithm 2, instead of sending each
point to a random machine, we pick C' random machines
(for a large enough C), and send the point to all of them.
We call C the multiplicity factor since each item is sent to C'
multiple machines, and the rest of the algorithm remains the
same. We prove that the approximation guarantee improves
to 2% — € where ¢ is sub-constant in terms of m, k, and C.

Theorem 2. For every € > 0, Algorithm 2 with multiplicity
C= 1n(1/€) isa <% — €)-approximation algorithm in expec-
tation ( over the random partitioning of points) for diversity
maximization problem.

Empirical Study and Results

We have so far focused on formalizing the feature selection
problem as a diversity maximization problem, and proving
the theoretical foundations of our approach. We now turn to
show that this method performs well in practice.

First, we compare the proposed method with the state-of-
the-art centralized feature selection algorithms and demon-
strate that, although it is a distributed method, it achieves
consistently comparable results to the widely used central-
ized methods and even outperforms some of them. Next, we



Table 1: Comparison of different single-machine methods with GREEDY and DDI1SMI using the SVM classifier.

MIQ JMI mRMR | SpecCMI | QPFS CMI lglggrf reliefF | GREEDY | DDISMI
Colon 781553 | 83.1425 | 798423 | 722441 | 78.0128 | 697454 | 813432 | 71.745.1 | 84432 | 83.1432
Leukemia | 927448 | 887439 | 99.840.8 | 89.543.8 | 82.004.0 | 82.044.0 | 99.740.6 | 98.9+1.1 | 96.0+2.0 | 96.12.3
Lung-discrete | 82.154.2 | 90.9£2.3 | 90.7E1.7 | 84.1£8.7 | 91.452.6 | 83.846.7 | 88.755.5 | 80.8£6.6 | 92.1E1.0 | 915517
Lung 86.842.5 | 90.4E29 | 96.7£0.6 | 95.240.8 | 96.640.7 | 963408 | 89.844.2 | 922+19 | 964+1.0 | 95.9F14
Lymphoma | 79.645.0 | 95.8%1.2 | 96.720.6 | 90.9429 | 95.613.0 | 91.9442 | 88.9%4.7 | 90.6555 | 97.8%1.1 | 97.8L1.1
NCIO 302445 | 7404535 | 744429 | 512454 | 250454 | 522473 | 648446 | 507450 | 83.055.6 | 82.246.3
Promoter | 71.4E103 | 85.6529 | 85.0+43.0 | S1.0F1.7 | 85.942.5 | 77.546.6 | 85.543.4 | 86.7£3.7 | 85.743.3 | 857428
Srbet 827485 | 80.8455 | 99.650.6 | 98.6%1.9 | 99.740.6 | 993108 | 98.7E1.6 | 94245.0 | 992412 | 98.7%1.0
TOX 171 614152 | 574179 | 838458 | 774570 | 72.545.7 | 884+75 | 75.1452 | 79.5+183 | 883435 | 88.8+4.2
Multi-features | 85.549.1 | 83.8£10.5 | 96.042.2 | 95.653.0 | 96.120.8 | 955425 | 95.6=2.2 | 96.7E1.8 | 96.5+0.7 | 96.3+0.8
Optdigits | 81.1222.3 | 96.722.0 | 96.312.2 | 96.312.3 | 95.042.8 | 85.4L15.1 | 96.542.0 | 95.4%4.7 | 96.7£1.7 | 96.6=1.8
USPS 92.653.8 | 90.943.7 | 90.042.6 | 86.942.6 | 92.5+4.1 | 933432 | 88.548.0 | 89.745.1 | 93.842.4 | 93.812.4
PCMAC 703109 | 88.0£1.7 | 885E13 | 87.9E1.4 | 87.8E13 | 892+1.7 | 885423 | 71.5E13 | 89.842.0 | 89.8+1.9
RELATHE | 67.1522 | 79.843.1 | 825428 | 79.943.1 | 79.243.0 | 85.6£3.5 | 76.246.6 | 63.013.5 | 85.044.3 | 84.744.6
Musk2 90.240.1 | 90.4+0.1 | 90.3%0.1 | 903+0.1 | 90.60.2 | 90.5+0.1 | 90.40.1 | 90.4+0.6 | 90.20.1 | 90.3%0.1
WarpARIOP | 834484 | 856162 | 93.0£2.8 | 88.214.8 | 94.9L12.8 | 94.912.2 | 85.1459.6 | 55.0L10.8 | 92.7£4.5 | 93.8£4.0
PixrawlOP | 94.142.6 | 97.2+1.0 | 98.0£0.5 | 90.002.5 | 95.944.1 | 98.5£0.7 | 94.8455 | 659F13.3 | 97.842.6 | 97.9425
WarpPIEIOP | 96.9544 | 973L15 | 964109 | 95.0L1.1 | 96.9L1.1 | 984L13 | 962£1.9 | 949435 | 98.721.0 | 98.810.8
Yale 504165 | 663+59 | 72.243.0 | 63.0673 | 73.855.5 | 72.6%45 | 70.843.3 | 554492 | 71.3+4.7 | 70.845.3
WITIL 19/0/0 47471 117474 177171 12275 117177 147372 157173 21176 -

present an empirical evaluation to show that the distributed
version of our method (DD1sMI) is tens of times faster than
its centralized variant (GREEDY). Note that GREEDY itself
is as fast as state-of-the-art centralized methods due to its ef-
ficient greedy strategy. Then we demonstrate the advantages
of the greedy approach over the existing local search method
for diversity maximization in terms of performance and run-
ning time. After that, we investigate the defined objective
function by studying the effect of A\ value on the results. Fi-
nally, to validate the quality of the objective function, we
show a high correlation between the objective value and the
classification accuracy on two small-sized datasets. Before
elaborating on the empirical results, it should be mentioned
that unlike the GREEDY algorithm which arbitrarily selects
the first feature, in the implementation, we select the one that
has the maximum MI with the class labels vector.

Comparison to the state-of-the-art feature selection
methods. In this section, we compare the quality of vari-
ous centralized feature selection methods with the proposed
distributed (DD1SMI) and centralized (GREEDY) methods.
In order to test the sensitivity of our method to the structure
of the dataset, we have used several datasets from a variety
of domains with various number of features and instances
in addition to the classic datasets in the literature of feature
selection. We have described these datasets in detail in the
supplemental material.

We considered a variety of MI-based filter meth-
ods, namely Mutual Information Quotient (MIQ) (Ding
and Peng 2005), Minimum Redundancy Maximum Rel-
evance (mMRMR) (Ding and Peng 2005), Joint Mu-
tual Information (JMI) (Yang and Moody 1999), Spec-
tral Conditional Mutual Information (SpecCMI) (Nguyen
et al. 2014), Quadratic Programming Feature Selection
(QPFS) (Rodriguez-Lujan et al. 2010), and Conditional Mu-
tual Information (CMI)(Cheng et al. 2008) as baselines as
well as non MI-based methods, fisher score (Duda, Hart, and

Stork 2001) and reliefF (Robnik-éikonja and Kononenko
2003). Note that prior papers have performed extensive stud-
ies (Brown et al. 2012) comparing these methods and we
have chosen methods that achieve the best results in various
domains. To test the quality of the selected features of each
method, we feed them into a classifier method M and com-
pare their classification accuracy. All of the experiments are
performed with both SVM and 3-NN as the classifiers (M).
Note that all of the methods are filter-based and hence are
independent from the selection of M. The LIBSVM pack-
age (Chang and Lin 2011) is the underlying implementation
of the linear SVM with its regularization factor set to 1. We
change |S| from 10 to min{100,n}, where n is the num-
ber of the features in each dataset. Finally, we report the av-
erage cross validation (CV) classification accuracy of each
method on all of the experiments with different values of | S|.
A 10-fold CV is being used for the datasets with more than
100 instances and for the others, we employ the leave-one-
out CV. In order to compute the probabilities used in MIs
and VIs we have discretized the continuous variables using
the Minimum Description Length (MDL) method (Irani and
Fayyad 1993) with 5 bins. The regularization factor of our
algorithm () is set to be 0.8 in all of our experiments. We
elaborate on choosing the A in the experiment about effect
of X value. In order to run DDISMI, we simulate the dis-
tributed setting on a single machine and each (simulated)
machine only has access to its own feature vectors. Each
machine is responsible for processing v/nk features when
we have n features and want to select k of them. Thus we
employ +/n/k machines for the first stage. Then, we merge
the results of all of the machines together and then pro-
cess them again, i.e., we select k features from all of these
k+/n/k = +/nk features. For the sake of reproducibility,
we have provided all the codes in the supplemental mate-
rial. Table 1 compares the SVM classification accuracy of



Table 2: Comparison of different single-machine methods with GREEDY and DD1SMI using the 3-NN classifier.

MIQ IMI mRMR | SpecCMI | QPFS CMI 1;1:(1)1:; reliefF | GREEDY | DDIsMI
Colon 706459 | 868+1.3 | 85.0+1.6 | 6684658 | 82442.0 | 705558 | 86.0£1.7 | 832+15 | 87.543.1 | 87.0£2.5
Leukemia | 883427 | S8.5E1.5 | 987515 | 81.042.9 | 82.4+2.1 | 82.442.1 | 98.4+13 | 97.4%1.1 | 91.7£1.6 | 91.6E18
Lung-discrete | 83.544.0 | 921519 | 913115 | 83.945.1 | 90.8E1.5 | 84.8L24 | 88.6£3.9 | 823449 | 9L.0L1.9 | 90.7E1.7
Lung 84.013.0 | 88.4E4.0 | 97.010.9 | 94.8+1.1 | 969409 | 95.740.8 | 88.7533 | 92.642.2 | 959412 | 95.0+1.6
Lymphoma | 78.545.1 | 95.8£00 | 950L1.0 | 87.6523 | 96.6£1.8 | 91.843.7 | 87.2£3.6 | 93.153.7 | 97.3£1.2 | 97.7:1.4
NCI9 349429 | 76.143.0 | 759429 | 53.4%44 | 373440 | 5954590 | 75.945.7 | 60.144.3 | S1.5£3.9 | 80.155.0
Promoter 673E73 | 783451 | 78.644.0 | 72.8442 | 78.653.9 | 729531 | 71.6543 | 75.743.1 | 76.053.4 | 763142
Srbet 779475 | 70.643.0 | 99.540.7 | 97.942.4 | 99.540.8 | 99.041.0 | 98.8%1.4 | 92.0453 | 973+1.8 | 98.2+1.6
TOX_171 61.04490 | 473485 | 76.043.4 | 70.652.7 | 68.753.3 | 722438 | 66.543.7 | 664462 | 84.155.0 | 83.455.3
Multi-features | 48.9+1.8 | 62.2418.7 | 90.843.3 | 91.01290 | 87.844.7 | 91.842.0 | 89.843.4 | 93.4+1.9 | 89.6152 | 89.146.8
Optdigits | 80.5524.9 | 98.0£1.3 | 97.8%1.6 | 97.7=1.8 | 97.342.5 | 85.8£16.1 | 97.8£1.6 | 96.744.0 | 97.8%1.4 | 97.7E1.5
USPS 94.043.7 | 91.843.1 | 89.642.7 | 86.6£6.4 | 933146 | 94.3+3.7 | 88.8+7.8 | 91.245.0 | 953+2.7 | 95.312.6
PCMAC 553411 | 795€1.0 | 827416 | SI.8E1.1 | 82.041.1 | 827414 | 839419 | 647443 | 87.443.6 | 86.943.6
RELATHE | 59.842.4 | 725445 | 745540 | 70.755.0 | 68.655.6 | 755444 | 69.8454 | 61.9433 | 79.5555 | 79.945.1
Musk2 955409 | 962405 | 955409 | 95.4E0.6 | 96.0£0.9 | 95.9%0.7 | 96.1£0.5 | 95.140.8 | 95.5+0.8 | 95.6+0.8
WarpARIOP | 57.243.9 | 64.654.7 | 78.653.1 | 77.6£4.2 | 87.052.7 | 74.1£3.1 | 80.155.3 | 37.755.2 | 84.414.9 | 85.0£5.4
Pixraw10P | O1.8%3.1 | 93.0£1.3 | 98.10.6 | 86.453.8 | 89.443.3 | 97.6£0.8 | 94.2+4.0 | 69.0£83 | 97.2£1.9 | 97.0£2.6
WarpPIEIOP | 8625105 | 89.944.3 | 951513 | 93.9£1.6 | 95.6£1.1 | 96.951.5 | 954122 | 90.6168 | 963L1.5 | 964L1.4
Yale 479449 | 565148 | 663517 | 547424 | 627547 | 573422 | 65.942.5 | 553444 | 62.355.0 | 61.3+49
WITIL 18/1/0 1471/4 107178 167271 127176 137175 127374 16/172 3/12/4 -

the selected features. For each dataset (row), the results with
higher accuracy and lower standard deviation are indicated
with bold fonts. We examine the significance of the differ-
ence in the performance between two methods by two-tailed
paired t-test at 5% significance level to decide if two feature
selection methods have tied on a dataset. In the last row of
Table 1, the performance of each method is compared with
DDi1sMI in the number of datasets that DDISMI has won,
tied or lost, respectively. From this table it can be inferred
that, although DDI1SMI does not have access to global in-
formation like centralized methods, it outperforms them in
many datasets and in some cases with slightly lower accu-
racy guarantees acceptable results. Also, Table 2 reports the
results of the same experiment using the 3-NN classifier.

DDi1SMI speed-up in comparison with GREEDY. In
this experiment, like before, we choose the number of the
machines to be /n/k in DDISMLI. In order to test its speed-
up in comparison with GREEDY, we employed some higher
dimensional datasets from the order of tens of thousands
to one million features. Since there is not any overhead of
information-sharing between the machines, the speed-up is
almost linear in terms of the number of the used machines.
Our method selects 10 features from a dataset with 1.3 mil-
lion feautres in 10 minutes using 368 machines. This is 164
times faster than running on a single machine which takes
more than 27 hours. The results of this empirical study are
summarized in Table 3.

Greedy vs. local search. In this experiment, we com-
pare the greedy and the local search (Indyk et al. 2014) ap-
proaches for maximizing diversity in a distributed setting,
to show that the greedy method not only achieves a higher
objective value, but also performs better regarding classi-
fication accuracy and running time. The greedy method is
much faster because it is linear in terms of the number of
selected features and unlike the local search method, it does

not need to converge. The results of this experiment for the
NCI9 dataset are illustrated in Figure 2. Another dataset is
also investigated in the supplemental material.

Effect of )\ value. Another important issue that should be
investigated is the relation of the two criteria in the defined
objective function. We run the experiments of this part on
the TOX_171 dataset to observe how changing the \ affects
the classification results. Figure 3 (a) illustrates that the per-
formance of each MI term (A = 0) or VI term (A = 1) in
equation 4, individually, are not comparable with the perfor-
mance of their linear combination. However, finding the op-
timal value of the A is another challenge. Figure 3 (b) shows
that regardless of the number of the selected features, we
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Figure 2: Greedy vs. Local Search on the NCI9 dataset.



Table 3: Speed-up of the DDISMI method in comparison with GREEDY. “d”, “h” and “m” stand for day, hour and minute,

respectively.
name # features (n)  # instances (d)  # classes #fzziii;esd # machines GI:iI;fCDY D]t)i;rslelzvu speed-up

10 68 6.0m 0.2m 29.6

Brain cell 20 48 12.4m 0.6m 223

types (2015) 45771 1772 23 50 30 31.3m 2.3m 13.9

yp 100 21 1h 2.6m 6.2m 10.1

200 15 2h 3.1m 20.9m 5.9

10 100 6.6m 0.lm 47.6

Dorothea (train part) 100,000 800 2 %0 5 2o5m Tim o

(Guyon et al. 2004; Bache and Lichman 2013) ’ 100 3 1h 1 4m 4.2m 14'8
200 22 2h7.1m 11.3m 11.3
10 368 1d 3h 36.4m 10.1m 164.1
Binary news20 20 260 2d 7h 45.1m 28.0m 119.6

(Keerthi and DeCoste 2005; Chang and Lin 2011) 1,355,191 19996 2 15000 i?g 1;3 (l)k51h2(3).6912nm éﬁ ;ggx ;;é
200 82 23d 13h 48.6m  14h 13.6m 39.8

have a global maxima around the optimal A\, which suggests
that it should be obtained from the intrinsic structure of the
dataset. In this experiment, we have tested different A values
(from 0 to 1 with 0.1 steps) and it can be seen that 0.8 is
a proper choice for A. According to this result, we have set
A = 0.8 in all of the experiments but it should be mentioned
that DD1SMI performs much better when the A parameter is
adjusted for each dataset separately, e.g, it achieves 99.9 %
accuracy when the ) is 0.4 on the Leukemia dataset.

<100 <100
. 80 L . 80
g oA e ¢
3 o~ HA 1\"!}\,“‘.,' W\-Wi' 3

Q VA v 3]

g 4 q,f\ v =0 S 40
= 20 —;:?-3 = 20
% oo % oo

20 40 60 80 100
# selected features

(a) ()

Figure 3: Effect of \ value on the classification accuracy
in the TOX_171 dataset. (a) Accuracy of each criterion in-
dividually. (b) Finding optimal value of A while selecting
different number of features (10, 20, 30, 40).

Validating the objective function. One of the major
questions regarding a new objective function is its relation
with the classification accuracy. To test this issue, we se-
lect two small-sized datasets (small in the number of the
features) so that we can evaluate all the possible combina-
tions of the features. In this experiment, we compare the
classification accuracy for all the 3-combinations and 4-
combinations of features against their corresponding objec-
tive value with the A parameter equal to 0.5. In Figure 4,
each small grey dot represents the classification accuracy on
a 4-combination of the features from the Heart (Bache and
Lichman 2013) dataset, which has 13 features. The large
black point is the solution of GREEDY and the line is the
regression line. We observed that the objective value and the

classification accuracy are highly correlated. Also, the solu-
tion of GREEDY has a high objective value as well as a high
classification accuracy. The remaining results of this experi-
ment can be found in the supplementaries.
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= ;eo

= 60 .
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objective function value objective function value

(a) SVM accuracy (b) 3-NN accuracy
Figure 4: Relation of classification accuracy and objective
function value for 4-combinations of the Heart dataset.

We have done our experiments with two main goals in
our mind. The first goal was to show that our distributed
method can be compared with centralized methods. The sec-
ond goal was to show why our method works. In order to
satisfy the second goal, we have shown that both the objec-
tive function and the used greedy algorithm for maximizing
it have a direct impact on the quality of the selected fea-
tures. The impact of the greedy algorithm can directly be
inferred from the results of the Greedy vs. local search ex-
periment, however, the objective function’s effects has been
shown implicitly via comparing it with the state-of-the-art
methods, mainly because there are greedy-based algorithms
such as mRMR in this comparison which were beaten by
our method in various datasets due to their different objec-
tive function (but the same maximization procedure).

Conclusions

In this paper, we presented a new approach for vertically
distributed feature selection based on diversity maximiza-
tion and introduced a new objective function for this purpose
based on a metric distance function. We showed that our



distributed method is consistently comparable to the state-
of-the-art centralized methods and it can handle ultrahigh-
dimensional datasets very fast and efficient. Also, it han-
dles the redundancy of the features very well, which is
harder in a distributed setting and more crucial for ultrahigh-
dimensional datasets. Moreover, we prove that our algorithm
achieves a small constant factor approximation solution. For
future work, achieving a distributed %—approximation algo-
rithm is very appealing. For empirical studies, trying other
metric objective functions to achieve better performance
seems like a promising direction.
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Appendix
Omitted proofs

Proof of Theorem 1 We start by associating each point
p € OPT with some point in the set of selected points
UL, S,. Since there are m machines, and each point is sent
to a random machine 1ndependently, we expect Tn points
in each set OPT,. The size of OPT, is a sum of k ran-
dom variables |OPT,| = > _opr Xp where X, is 1 if
p € OPT, and zero otherwise. Since there are indepen-
dent binary random variables, we can apply concentration
bounds like Upper Tail bound in Theorem 4 of (Goemans
2015) and limit |OPT,| with high probabﬂlty We 1mply that

Pr(|OPT,| > (1 +d)u] < e ~&5 4 where wis ==, and &
is set to me/3 — 1 so we have (1 + 0)u = ek/3. "Since m
is at least 6/¢, we know 0 is at least 1, and consequently
the exponent % is at least (1 4+ 0)/6. We conclude that
Pr[|OPT,| > ¢k/3] < e~ 61 = e~*</18 which con-
verges to zero exponentially as k grows. By taking the union
bound for all values of ¢, we can say with probability at least
1 — e~ (k) that there are at most L points in OPT, for every
1<i<m.

We construct set A C Uy~ Sy of k points that represent
points of OPT as follows. We add each point p € OPT N
(Up2,Sp) to set A (such point p represents itself in A). For
every point p € OPT that is not selected (p ¢ UJ",Sy),
we find a selected point close to it. Suppose p is sent to ma-
chine /, and is not selected. Let Sy = {p1,...,pr} be the
points that machine ¢ selected with the same order (p; is se-
lected first, and py, is selected last). According to our greedy

selection, we have the following inequalities for any point
pE (OPT@ N Tg) \ Sy.

DIST(p,p1) < DIST(p2, p1)
DIST(p7p1) + DIST(p7p2) S DIST(p37p1) + DIST(p?an)

k—1 k—1

Z DiST(p, p;) < Z DIST(pg, pi)
i=1 1=1

6)
Summing above inequalities implies that:

k—1 k—1

Z —4)D1s1(p, p;) SZ

i=1

k
DIST(p;,
Z pz p] @

On the left hand side, we have (’;) distances (by considering
coefficients) from p to points in Sy, and on the right hand
side, there are all the (’;) pairwise distances in set .Sy that is
the diversity of set Sy as well. Let 7 be the maximum average
distance of pairs of points in selected sets. In other words, 7

DW(SZ) . One way to interpret the above in-

is maxi<g<m

equality is that some weighted average of distances from p
to points in Sy is upper bounded by 7. Following, we show
that the distance of p to at least €|.Sy|/3 points in .Sy is upper

bounded by (1 + €)7. Otherwise, there are a > (1 — €¢/3)k
points in S; with distance more than (1 4 €)7 from p. In the
left hand side of Equation 7, at least () of the (g) distances
are greater (1 4 €)7. So we have the following lower bound
on left side of Equation 7:

(;)(HE)T > (@ —6/3)k)((21—6/3)k— D (1467
(£ gl gt

— (’;)Tx(1_e/3)x (1—6/3—%)x (1+e)

> (I;)Tx(l—e/?)) X (1—6/3—6/73)>< (1+¢)

- ()= oy )

where the first inequality holds by the lower bound on a,
and the second to the last inequality holds since € < 0.25.
The rest of the equations are simple algebraic manipula-

tions. Combining the above lower bound on Zf;ll(k —
i)DIST(p, p;) with Equation 7 implies a contradiction. So
there should be at least ek /3 points in S, with distance at
most (1 + €)7 from p. Since there are at most ek /3 points in
OPT, with high probability, we can find one distinct repre-
sentative point p’ € S, for each point p € OPT, \ Sy to add
to A.

We conclude that there exists a set A of k points
among the selected points U}y’ ,S, that represent the
k points of OPT, and the distance of each op-
timum point and its representative in A is upper
bounded by (1 + €)7. Using the triangle inequality,
we know that Div(4) = >, ., ,Dist(p),¢) >
>_pqeopr DIST(p,q) — DIsT(p,p’) — DIsT(q,¢") =
Di1v(OPT) — 2(’2“) (1 + €)7 where p’ and ¢’ are the repre-
sentatives of p and q.

We know that the GREEDY algorithm is a centralized -
approximation for diversity maximization (Birnbaum and
Goldman 2009). In line 7 of Algorithm 2, we find a set .S
with diversity at least half of diversity of A, $DIV(A) >
1(DIv(OPT) — 2(5)(1 + €)7). Since in lines 8 and 9, we
take the maximum diversity of this selected set and all m se-
lected sets {S¢}}” ., the diversity of the final output set will

be at least max{ ()7, 2YOPD _ (1 4 ¢)(¥)r} which is at
least 2{9%0 > 12¢D1v(OPT). 0

Proof of Theorem 2 The proof is similar to the proof of
Theorem 1, and we just focus on the new ideas that help us
improve the approximation guarantee. We still want to show
that there exists a set of k points A C Uy*,.S, with a high
diversity. We focus on machine 1, and look how it filters the
optimum points. We define OPTf to be the set of points that
if they are sent to machine 1 they will be selected. Formally,
OPT? is {z]z € OPT & z € Greedy(T, U {x})} where



Greedy(B) is the result of running Algorithm 1 on set B.
We define OPTY® to be OPT \ OPT?. We note that the two
sets OPTf and OPT{V  form a partitioning of optimum set
OPT, and one can similarly define OPT; and OPT}'® for

any /. Let 7 be the average distance of points in 51, i.e. 7 =
D1v(S1)/ (’2“) . First of all, we show that the distance between
any pair of points p,q € OPT{V Sis upper bounded by 27.
Using Equation 7, we know that Zf:_f (k—19)DIST(p, p;) <
D1v(S;) where p; is the i point selected in S;. We also
have a similar inequality for ¢: Zf:_ll(k —i)DI1sT(q, p;) <
D1v(S,). Summing up these two lower bounds and using
triangle inequality implies that:

<§> DisST(p, q)

k—1
< Z(k - i)DIST(pap’L') + DIST(Qapi)
=1

< 2D1v(Sy)
©))

By definition of 7, we conclude that DIST(p, ¢) is at most
27. Intuitively, this means that the optimum points omit-
ted by each machine are not too far from each other (com-
pared to the solution set of the machine). The next step is
to show that the points that are selected from the viewpoint
of machine 1, OPTls, will be selected with high probabil-
ity. Based on Lemma 3.2 of (Mirrokni and Zadimoghaddam
2015), each point p in OPT is either in OPT‘l9 with prob-
ability at most ln( ) < e or it will be among the selected
points with high probability 1 - % > 1 — e. This holds
mainly because at least one of the C' machines that contain
p will select it if it has a minimum probability (¢) of being
selected in a random one (machine 1) of them. Let oPT”
be the set of selected optimum points OPT N (U}, S¢). De-
fine set B to be the intersection OPT N OPTls. Since the
probability of each point being in OPT“l9 \ B is at most ¢,
the probability that two of optimum points belong to this set
is upper bounded by 2¢. Therefore the expected diversity of
set E[DIv(OPTY® U B)] is at least (1 — 2¢)D1v(OPT). We
use set OPTY % U B as a benchmark to show that there ex-
ists a set A of at most k points among the selected points
with high diversity. Set B is among the selected points, so
we put points of B into A as well. Let k' be |OPTY|. We
select &’ random points from S and put them in A. We show
that these random points are close to the points in OPT{V S
and consequently can represent OPT{V 5 well. Formally, we
show that for any point p € OPT{V S, a random point in Sy
has distance at most 37/2 from p. Since p would not be cho-
sen by machine 1, if it were sent to that machine, we have
that:

k
X =Y (k—1i)Dist(p,p;) < (’;>T = DIv(S)

i=1

We denote the above sum by X to simplify the analysis.

We can upper bound another similar summation denoted by
Y with triangle inequality:

Yy —

-

s
I
—

(i = 1)DIST(p, pi)

1
DIST(p, p;) + DIST(p;, p;)

%

-

=2 j=1
k—1 k i—1

= (k—j)D1st(p,p;) + > > _ +DIST(p;, pi)
j=1 =2 j=1

=X +D1v(5y)

(10)

We also know that X + Y is £ — 1 times the sum of
distances from p to points in Sy, ie. X +Y = (k —
1) Zl 1 DIST(p, p;). We conclude that Z 1 DIST(p, p;) is
atmost (X +Y)/(k—1) < (X+X+DIV(51))/( -1 <
3D1V(S1)/(k —1). Therefore the expected distance of p to a
random point in Sy is upper bounded by 3D1v(Sy)/(k(k —
1)) <37/2.

We are ready to lower bound the expected diversity of A.
For each pair of points p and ¢ in OPT, the probability that
both of them belong to set OPT{VS U B is atleast 1 — 2e¢. If
both of them are in B, the same distance DIST(p, ¢) will be
counted in D1v(A) without any reduction. If both of them
belong to OPTY9, the distance DIST(p, ¢) is at most 27,
and they are replaced with two random points of Sy in set
A. Since the expected distance between two random points
of S7 is equal to 7 (by definition of 7, we have a reduc-
tion (loss) of at most 27 — 7 = 7 in the distance. In the
last case, we can assume that p € B and ¢ € OPT{VS
Point p is present in A, and point ¢ is replaced with a ran-
dom point ¢’ in S7. We proved that the expected distance
DisT(q, q’) is upper bounded by 37/2. Using triangle in-
equality we have DIST(p, ¢') > DIST(p, q) — DIsT(q,q’) >
Di1ST(p, q) — 37/2. We conclude that E[D1v(A)] is at least
(1 — 26)DIv(OPT) — (%)7 — 3K'(k — k')7/2) because
there are (2) pairs of distances between points of OPTS ®,
and we incur a distance reduction of at most 7 for them.
There are also k/(k — k') pairs of distances between points
of OPTls and B with a loss of at most 37/2. The term

(’;/)7'73k’(k7k’)7/2 is maximized at k¥’ = (3k—1)/4, and
its maximum value is ((3k—1)/4)%r. Therefore, E[D1v(A)]
is at least (1 — 2¢)D1v(OPT) — ((3k — 1)/4)*. Since
GREEDY in the second phase provides a set S with at least
half of the value of A, and then we take the set with higher
diversity among S and the m selected sets in lines 8 and

9, we conclude that the expected diversity of the final solu-
tion is at least max{ 4= Ze)DW(OPT) (3k=1)/4)*r ,(5)7}. To
find the approximation guarantee that this lower bound im-
plies, we denote (2)7' by a. Since k > 2, we have ((3k —
1)/4)?7 < Za. So the expected value of the diversity of the
output set is at least max{ (1_25)D'V(20PT)_9“/8 a} which is
atleast (1 — 2¢)DIV(OPT) > (& — €)DIV(OPT). [




Figures and tables of experiments

We have summarized the information of the datasets of our
experiments in Table 4.

Greedy vs. Local search. Here, we compare the solu-
tion of these two methods empirically in the same setting
on the Lymphoma dataset. The results of this experiment
for the NCI9 dataset were illustrated in the main text. Fig-
ure 5 (b) shows that the greedy method outperforms the other
competitor in getting higher values of the objective func-
tion with different number of selected features. As we ex-
pected from previous experiments, this higher value results
in higher classification accuracy (Figure 5 (¢ & d)). In ad-
dition, it can be observed from Figure 5 (a) that the greedy
method is much faster as it does not need to converge, and it
is linear in terms of the the number of features to be selected.

and 4-combinations of features against their correspond-
ing objective value on Diabetes (Chang and Lin 2011) and
Heart (Bache and Lichman 2013) datasets. The Diabetes and
Heart datasets have 8 and 13 features, respectively. In Fig-
ure 6, each small grey dot represents the classification ac-
curacy on a 3-combination of the features from the Heart
dataset. The large black point is the solution of GREEDY and
the line is the regression line. Figure 7 illustrates the result
of the same experiment for the Diabates dataset. It can be
seen in Figures 6 and 7 that the objective value and the clas-
sification accuracy are highly correlated. Also, the solution
of GREEDY which is shown by large black point has a high
objective value as well as a high classification accuracy.
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Figure 5: Greedy vs. Local Search on the Lymphoma Diabetes dataset.

dataset.
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Figure 6: Relation of classification accuracy and objective
function value for 3-combinations of the Heart dataset.

Validating the objective function. In this experiment, we
compare the accuracy of SVM and 3-NN classifiers with
10-fold cross validation (CV) for all the 3-combinations



Table 4: Summary of the datasets. All features accuracy indicates the accuracy of the SVM and 3-NN classifiers on all of the
features.

all features all features
. . . dataset
name # features (n)  # instances (d) #classes accuracy using accuracy using tvpe
SVM (%) 3-NN (%) P
Colon (Ding and Peng 2005) 2000 62 2 80.6 75.8 biological
Leukemia (Ding and Peng 2005) 7129 72 2 97.2 84.7 biological
Lung-discrete (Ding and Peng 2005) 325 73 7 87.7 87.7 biological
Lung (Li et al. 2016) 3312 203 5 87.7 96.6 biological
Lymphoma (Ding and Peng 2005) 4026 96 9 95.8 95.8 biological
NCI9 (Ding and Peng 2005) 9712 60 9 61.7 60.0 biological
Promoter (Bache and Lichman 2013) 57 106 2 84.0 71.7 biological
Srbet (Ding and Peng 2005) 2308 83 4 98.8 97.6 biological
TOX-171 (Li et al. 2016) 5748 171 4 97.1 72.5 biological
Multi-features (Bache and Lichman 2013) 649 2000 10 98.9 95.1 handwritten digits
Optdigits (Bache and Lichman 2013) 64 3823 10 96.9 98.6 handwritten digits
USPS (Chang and Lin 2011) 256 9298 10 94.8 97.2 handwritten text
PCMAC (Li et al. 2016) 3289 1943 2 89.5 77.6 text data
RELATHE (Li et al. 2016) 4322 1427 2 84.8 80.8 text data
Musk?2 (Bache and Lichman 2013) 166 6598 2 96.7 96.7 chemical
WarpARI10P (Li et al. 2016) 2400 130 10 95.4 51.5 face image
Pixraw10P (Li et al. 2016) 10000 100 10 100.0 97.0 face image
WarpPIE10P (Li et al. 2016) 2420 210 10 99.5 96.2 face image

Yale (Li et al. 2016) 1024 165 15 76.4 66.1 face image




