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Abstract
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1. Introduction

The study of symmetry in mechanical systems has a very long history, going back to
the foundations of classical mechanics. Typical questions include: how can we exploit
the symmetry to simplify the problem? To what degree can we separate rotational from
vibrational motion? What are the simplest or generic dynamical behaviors of a symmetrical
system? The simplest non-equilibrium solution of a symmetrical system is arelative
equilibrium, which is a solution that moves only in a symmetry direction; an example is
the steady spinning of a rigid body around one of its principal axes. Like equilibria in
general, these solutions can be used as organizing centres for understanding more complex
dynamics.

In recent decades, symmetry has received particular attention in the field of geometric
mechanics. Some key achievements are: the theory of symplectic reduction (see for exam-
ple [1,2,19,33,26]); the Marle–Guillemin–Sternberg normal form (the Hamiltonian slice
theorem) [12,6]; and the energy-momentum method [27,13,10,22]. These and many related
results have given a firm geometrical foundation to the study of symmetry of Hamiltonian
systems on symplectic manifolds. Many important mechanical systems have phase space
which are (co-)tangent bundles, with (co-)tangent lifted symmetries. The geometrical the-
ory of symmetry specific to (co-)tangent bundles has also seen many recent advances (see
for example [11,15,13,16,5,32,29]). However, our understanding of lifted symmetries with
non-trivial isotropy is far from complete.

The present paper considers Lagrangian and Hamiltonian systems on (co-)tangent
bundles, with lifted symmetries and configuration-space isotropy. We present a practical
geometrical framework for studying such systems using degenerate parametrisations of
neighbourhoods of phase space points with configuration-space isotropy. The parametrisa-
tions are defined in Sections 2 and 3; they are tubes (defined below) around zero points in
the (co-)tangent fibres. We find a Legendre transform in the new coordinates (Section 4),
which allows us to study relative equilibria of Lagrangian systems in a Hamiltonian
context. Finally, we study simple mechanical systems (Section 6), giving a set of necessary
and sufficient conditions for the existence of a relative equilibrium, expressed in terms
of an augmented-amended potential which generalises both the augmented potential and
amended potential familiar from systems with free symmetries (see [13]).

For the motivation of this paper we are indebted to a series of molecular physicists
and chemists, going back at least to Watson [34]. Our results in Sections 2–4 provide a
theoretical foundation for techniques they have used in particular examples. Our geometrical
formulation of these techniques builds on the presentation in [9].

We begin by summarising relevant basic facts about Lie group symmetries, including
Palais’ slice theorem (see [1,3,7,4,14,26]). The starting point of our approach will be to apply
the slice theorem in a configuration spaceQ. We will then use the resulting parametrisation
to study the phase spacesTQ andT ∗Q.

1.1. Basic definitions and notation

Let G be a Lie group, with Lie algebrag, and consider a smooth left action ofG on
a finite-dimensional manifoldM, written (g, q) �→ g · q. For everyξ ∈ g andz ∈ M, the
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infinitesimal action of ξ on z is

ξ · z = d

dt
exp(tξ) · z

∣∣∣∣
t=0

.

The isotropy subgroup of z ∈ M is Gz := {g ∈ G|g · z = z}. An action isfree if all of the
isotropy subgroupsGz are trivial.

An action isproper if the map(g, z) �→ (z, g · z) is proper (i.e. the preimage of every
compact set is compact). Note that this is always the case ifG is compact. A key elementary
property of proper actions is that all isotropy subgroups are compact. IfG acts properly
and freely onM, thenM/G has a unique smooth structure such thatπG : M → M/G is
a submersion (in fact,πG is a principal bundle). One useful consequence is that for every
z ∈ M, we have kerTzπG = Tz(G · z) = g · z.

Given aG actionΦ : G × Q → Q, the groupG has atangent lift action onTQ, given
by g · v = TΦg(v), and acotangent lift action onT ∗Q, given byg · α = (TΦg−1)∗α. In
this context, the spaceQ called theconfiguration space or base space. The tangent or
cotangent lift of a proper (resp. free) action is proper (resp. free). For anyq ∈ Q, the isotropy
groupGq is called theconfiguration space isotropy of any pointv ∈ TqQ or z ∈ T ∗

q Q. The
cotangent bundleT ∗Q has a canonical symplectic form, given in given local coordinates
by ω = dqi ∧ dpi. Every cotangent-lifted action onT ∗Q is symplectic with respect to
this symplectic form and has an Ad∗-equivariant momentum map given by〈J(αq), ξ〉 =
〈αq, ξ · q〉.

1.2. Palais’ slice theorem

LetK be a Lie subgroup ofG, andS is a manifold on whichK acts. Consider the following
two left actions onG × S:

K acts bytwisting : k · (g, s) = (gk−1, k · s)

G acts by leftmultiplication : γ · (g, s) = (γg, s).
(1)

It is easy to show that these actions are free and proper and commute. Thetwisted product
G ×K S is the quotient ofG × S by the twist action ofK. It is a smooth manifold; in fact
G ×K S → G/K is the vector bundle associated to theK action onS. The left multiplication
action ofG commutes with the twist action and drops to a smoothG action onG ×K S,
given byγ · [g, s]K = [γg, s]K.

Now consider aG action on a manifoldM, and a pointz ∈ M, and letK = Gz be the
isotropy subgroup ofz. A tube for theG action atz is aG-equivariant diffeomorphism from
some twisted productG ×K S to an open neighbourhood ofG · z in M, that maps [e, 0]K
to z. The spaceS may be embedded inG ×K S as{[e, s]K : s ∈ S}; the image of the latter
by the tube is called aslice.

The slice theorem of Palais [28] states that tubes always exist for smooth proper actions
of a Lie groupG on manifoldM. One version of the theorem is as follows. Givenz ∈ M,
with isotropy groupK = Gz, there always exists aG-invariant Riemannian metric on
a neighbourhood ofz. Let N be the orthogonal complementg · z. Then there exists a
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K-invariant neighbourhoodS of 0 in N such that the map

τ : G ×K S −→ M

[g, s]K �−→ g · expz s

(where expz is the Riemannian exponential) is a tube for theG action atz. TheK-invariant
complementN to g · z is sometimes called alinear slice to theG action atz. The twisted
productG ×K N may be identified with the normal bundle to the orbitG · z. If the G
action is linear, then we can replace “expz s” with “( z + s)” in the above statement, andS
may be chosen to be any neighbourhood of 0 such thatτ is injective.

1.3. Configuration space slices

Consider a LagrangianL : TQ → R, invariant under a proper tangent-lifted action of a
Lie groupG. Let q0 ∈ Q andK = Gq0.

We can apply Palais’s slice theorem aroundq0, giving a tube

τ : G ×K S −→ Q

[g, s]K �−→ g · expq0
s

(2)

If Q is an open subset of a vector space, withG acting linearly, as, for example, in gravi-
tational and molecularN-body problems, thenS can be identified with a neighbourhood of
the origin in a linear subspace ofQ itself, and the tube defined byτ([g, s]K) = g · (q0 + s).
In any case, pulling backτ by the projectionπK : G × S → G ×K S gives a mapτ ◦ πK :
G × S → Q which we regard as degenerate “parametrisation” ofQ in a neighbourhood of
q, defining the “slice coordinates” (g, s). This parametrisation is semi-global in the sense
that it is global in the group direction and local in the slice direction. The tangent and
cotangent lifts ofπK ◦ τ give parametrisationsT (G × S) → TQ andT ∗(G × S) → T ∗Q.
In this paper we will describe mechanical systems onTQ andT ∗Q, with configurations
in the neighbourhood of the group orbitG · q0, by pulling them back toT (G × S) and
T ∗(G × S). We now describe the actions ofG andK on these spaces.

Let g andk be the Lie algebras ofG andK. Throughout the paper we identifyTG with
G × g andT ∗G with G × g∗ using the trivialisations given by:

TG
∼=−→ G × g and T ∗G

∼=−→ G × g∗

TLgζ �−→ (g, ζ) T ∗Lg−1µ �−→ (g, µ)

whereLg is left multiplication byg. Similarly, we make the identifications

T (G × S) ∼= TG × TS ∼= G × g× TS

T ∗(G × S) ∼= T ∗G × T ∗S ∼= G × g∗ × T ∗S
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Note thatTS andT ∗S are trivial, asS is a subset of a vector space. We write elements
of TS as (s, ṡ) and elements ofT ∗S as (s, σ). The left multiplication action ofG and twist
action ofK onG × S lift to free, proper, commuting actions onT (G × S) andT ∗(G × S).
In the above trivialisations, the lifted actions are:

tangent lifted twist :k · (g, ζ, s, ṡ) = (gk−1, Adkζ, k · s, k · ṡ)

cotangent lifted twist :k · (g, µ, s, σ) = (gk−1, Ad∗
k−1µ, k · s, k · σ)

tangent lifted left multiplication :γ · (g, ζ, s, ṡ) = (γg, ζ, s, ṡ)

cotangent lifted left multiplication :γ · (g, µ, s, σ) = (γg, µ, s, σ).

The corresponding infinitesimal actions ofξ ∈ k andη ∈ g are:

tangent lifted twist :ξ · (g, ζ, s, ṡ) = (−ξ, adξζ, ξ · s, ξ · ṡ)

cotangent lifted twist :ξ · (g, µ, s, σ) = (−ξ, −Ad∗
ξµ, ξ · s, ξ · σ)

tangent lifted left multiplication :η · (g, ζ, s, ṡ) = (Adg−1η, 0, 0, 0)

cotangent lifted left multiplication :η · (g, µ, s, σ) = (Adg−1η, 0, 0, 0).

The cotangent-lifted actions have the following momentum maps, with respect to the
canonical symplectic form onT ∗(G × S):

twist : JK(g, µ, s, σ) = −µ|k + JS(s, σ) = −µ|k + s♦ σ ∈ k∗

left multiplication :JG(g, µ, s, σ) = Ad∗
g−1µ ∈ g∗,

wheres♦ σ is defined by〈s♦ σ, ξ〉 = 〈σ, ξ · s〉 for all ξ ∈ k and is the momentum map
JS : T ∗S → k∗ for the action ofK on T ∗S. The momentum mapJK is equivariant with
respect to the twist action ofK and invariant under the left multiplication action ofG, while
JG is equivariant with respect to the action ofG and invariant under the twist action.

For simplicity of notation, we will sometimes identifyQ with G ×K S and q0 with
[e, 0]K.

2. The Lagrangian side

The goal of this section is to describe the tangent bundleT (G ×K S) and any Lagrangian
system on it, using a parametrisation byG × k⊥ × TS ⊂ T (G × S).

Fix a K-invariant complement ofk in g, which we denotek⊥ (such a complement
can always be found by averaging overK, sinceK is compact). Consider the projection
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πK : G × S → G ×K S. Its tangent map is aK-invariantG-equivariant surjection. If we
describe points inT (G ×K S) asTπK(g, ζ, s, ṡ), then we have two kinds of degeneracy in our
coordinates: first, (g, s) is not uniquely determined byπK (g, s); second, given a choice of
(g, s), the tangent vector (ζ, ṡ) ∈ T(g,s)(G × S) is not uniquely determined becauseT(g,s)πK

has a kernel,

kerT(g,s)πK = k · (g, s) = {(−ξ, ξ · s)|ξ ∈ k}.

Note thatk⊥ × S is complementary to kerT(g,s)πK for every (g, s). Therefore we can elimi-
nate the second kind of degeneracy in our coordinates by restrictingTπK toG × k⊥ × TS ⊂
T (G × S). Our new parametrisation ofT (G ×K S) is

TπK : G × k⊥ × TS −→ T (G ×K S).

Note that for any (g, s) ∈ G × S, the mapT(g,s)πK is an isomorphism fromk⊥ × TsS to
T[g,s]K (G ×K S). ComposingπK with the tubeτ from Eq. (2) gives a map (g, s) �→ g ·
expq0

s. Differentiating this gives

T (τ ◦ πK) : G × k⊥ × TS −→ TQ

(g, ζ, s, ṡ) �−→ g · (ζ · expq0
s + Ts expq0

(ṡ))
(3)

This formalises the observation thatTqQ ∼= g · q ⊕ S near the point at which the sliceS is
defined.

SinceG × k⊥ × TS andTπK areK-invariant, the mapTπK descends to the quotient by
K,

TπK : (G × k⊥ × TS)/K −→ T (G ×K S).

It is easily checked that this map is aG-equivariant diffeomorphism.
TheK action onG × k⊥ × TS is exactly the twist action onG × (k⊥ × TS) given by the

adjoint action onK onk⊥ and the tangent-lifted action ofK onTS. ThusTπK may be written

TπK : G ×K (k⊥ × TS) −→ T (G ×K S)

[e, 0, 0]K �−→ 0 ∈ [e, 0]K

and we see thatTπK is actually a tube forT (G ×K S) around 0∈ [e, 0]K.
Now let L : T (G ×K S) → R be a smooth Lagrangian. We defineL̃ : T (G × S) → R

by L̃ = L ◦ TπK andL̄ : G × k⊥ × TS → R as the restriction of̃L toG × k⊥ × TS. Using
Hamilton’s principle one can prove:

Proposition 1. If L is a regular Lagrangian on T (G ×K S) then the Euler–Lagrange equa-
tions for L̄ have solutions. Furthermore, a curve c̄ : [a, b] → G × k⊥ × TS is a solution
for the Euler–Lagrange equations for L̄ if and only if c̄ projects to a curve on T (G ×K S)
which is a solution for the Euler–Lagrange equations for L.
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3. The Hamiltonian side

In this section we describe a parametrisation ofT ∗(G ×K S) by G × k◦ × T ∗S that is
dual to the parametrisation ofT (G ×K S) byG × k⊥ × TS described in the previous section.
Herek◦ is the annihilator ofk in g. Note that our choice of splittingg = k⊕ k⊥ induces a
dual splittingg = (k⊥)◦ ⊕ k◦ ∼= k∗ ⊕ (k⊥)∗.

Recall thatJK is the momentum map for the cotangent-lifted twist action ofK onT ∗(G ×
S). By regular cotangent bundle reduction, the symplectic reduced space at zeroJ−1

K (0)/K
is symplectomorphic toT ∗((G × S)/K) = T ∗(G ×K S); this is a special case of results
due to Satzer and Marsden (see [1]). The isomorphismρ̄ : J−1

K (0)/K → T ∗(G ×K S) is
the quotient byK of the map

ρ : J−1
K (0) → T ∗(G ×K S), 〈ρ(p), TπK(v)〉 = 〈p, v〉. (4)

(This mapρ is a sort of “push-forward” byπK, thoughπK is not injective.) LetH : T ∗(G ×K

S) → R be a Hamiltonian, and definẽH : J−1
K (0) → R by H̃ = H ◦ ρ. The cotangent

bundle reduction theorem implies that, given anyK-invariant extensionHext of H̃ , the
Hamiltonian vector fieldXHext projects down to the original Hamiltonian vector fieldXH ,
in the sense thatTρ(XHext(z)) = XH (ρ(z)) for everyz ∈ J−1

K (0). BothXHext andXH are
defined with respect to the canonical symplectic forms on the relevant cotangent bundles.
Finally, it is easy to check thatρ andρ̄ areG-equivariant.

The level setJ−1
K (0) is conveniently parametrised as follows,

ϕ : G × k◦ × T ∗S → J−1
K (0) ⊂ G × g∗ × T ∗S

(g, ν, s, σ) �→ (g, ν + s♦ σ, s, σ).

The formulaJK(g, µ, s, σ) = −µ|k + s♦ σ shows thatϕ is well-defined and surjective. Its
inverse isϕ(g, µ, s, σ) = (g, µ|k⊥ , s, σ). It is clear thatϕ isG- andK- equivariant. We define
H̄ = H̃ ◦ ϕ = H ◦ ρ ◦ ϕ.

Sinceϕ is G- andK-equivariant, it descends to aG-equivariant map

ϕ̄ : (G × k◦ × T ∗S)/K → J−1
K (0)/K.

TheK action onG × k⊥ × T ∗S is the same as the twist action onG × (k⊥ × T ∗S) given by
the adjoint action onK on k◦ and the cotangent-lifted action ofK on TS. Thus the domain
of ϕ̄ may be written asG ×K (k◦ × T ∗S). In summary, writing�K for the projection
T ∗(G × S) → T ∗(G × S)/K, we have

The composition̄ρ ◦ ϕ̄ is a special case of the symplectic tube given by the cotangent bundle
slice theorem [32], which is a constructive version of the Hamiltonian slice theorem, also
known as the Marle–Guillemin–Sternberg normal form (see [12,6]). The tube is based at the
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point 0∈ T ∗
q0

(G ×K S), whereq0 = [e, 0]k = πK(e, 0),meaning that̄ρ ◦ ϕ̄([e, 0, 0, 0]K) =
q0.

4. Legendre transforms

In the previous two sections we have found twisted parametrisations ofTQ andT ∗Q
respecting a given symmetry. Given an original symmetric Lagrangian onTQ or symmetric
Hamiltonian onT ∗Q, we have defined “lifted Lagrangians” and “lifted Hamiltonians”
using the new parametrisations. In the present section we consider the situation when the
original Hamitonian is obtained from the original Lagrangian as the Legendre transform of
the energy. We obtain Legendre transforms of the lifted Lagrangians, and show that lifted
Hamiltonians are related to the lifted Lagrangians in the natural way.

Recall that, for any smooth functionL : TQ → R, the Legendre transform ofL is the
mapFL : TQ → T ∗Q defined by

FL(q, v) = ∂L

∂v
(q, v) ∀q ∈ Q, v ∈ TqQ

The LagrangianL is said to beregular if the derivative ofFL has maximal rank everywhere,
and to behyperregular if FL is a diffeomorphism betweenTQ andT ∗Q. Theenergy func-
tion associated toL is E : TQ → R given byE(v) = FL(v) · v − L(v). If L is G-invariant
thenFL is G-equivariant andE is G-invariant. In classical theory, given a hyperregular
Lagrangian, the HamiltonianH of a mechanical system is obtained asH := E ◦ FL−1.

Let L : T (G ×K S) → R be aG-invariant Lagrangian. In Section 2 we defined two
related “lifted” Lagrangians:̃L : T (G × S) → R given byL̃ = L ◦ TπK; andL̄ defined as
the restriction of̃L to G × k⊥ × TS. The Legendre transform ofFL̃ has codomainT ∗(G ×
S), though we will see shortly that it is not surjective. Identifying

(
k⊥
)∗

with k◦, the Legendre
transform ofFL̄ has codomainG × k◦ × T ∗S; we will see that itis surjective. The following
diagram summarises our main definitions so far; all of the upwards arrows are inclusions.

(5)

Proposition 2. Let L be a Lagrangian on T (G ×K S), and let L̃ and L̄ be defined as above.
Then

(1) 〈FL̃(v), w〉 = 〈FL(TπK(v)), TπK(w)〉 for all v, w ∈ T (G × S).
(2) The image of FL̃ is contained in J−1

K (0) and ρ ◦ FL̃ = FL ◦ TπK.
(3) For every v ∈ T (G × S), the corank of TvFL̃ is at least dimK, with equality if and only

if L is regular at TπK(v).
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(4) ϕ ◦ FL̄ equals the restriction of FL̃ to G × k⊥ × TS.
(5) If L is hyperregular then FL̄ is a diffeomorphism.

Proof.

(1) For every (g, s) ∈ G × S and everyv, w ∈ T(g,s)(G × S),

〈FL̃(v), w〉 =
〈

∂(L ◦ TπK)

∂v
(v), w

〉
=
〈

∂L

∂v
(TπK(v)) ◦ TTπK(v), w

〉
.

By linearity ofTπK on fibres, this equals〈(∂L/∂v)(TπK(v)), TπK(w)〉.
(2) By the first claim,〈FL̃(v), ξ · (g, s)〉 = 0 for all v ∈ T(g,s)(G × S) and allξ ∈ k, which

impliesJK(FL̃(v)) = 0. By definition ofρ,

〈ρ ◦ FL̃(v), TπK(w)〉 = 〈FL̃, w〉 = 〈FL(TπK(v)), TπK(w)〉,

for all v, w ∈ T (G × S), which shows thatρ ◦ FL̃ = FL ◦ TπK.
(3) Letv ∈ T (G × S). It follows directly from Claim 2 that the corank ofTvFL̃ is at least the

codimension ofJ−1
K (0), which equals the dimension ofK. The corankequals dimK

if and only if TvFL̃ is onto TFL̃(v)J
−1
K (0), which is equivalent toTv(ρ ◦ FL̃) being

surjective. In light of Claim 2, this is equivalent to the surjectivity ofTv(FL ◦ TπK).
SinceπK is a submersion, this is equivalent toTv(FL) being surjective, i.e.L being
regular atv.

(4) SinceL̄ is the restriction of̃L toG × k⊥ × TS, it follows that〈FL̄(v), w〉 = 〈FL̃(v), w〉
for anyv, w ∈ G × k× TS. ThusFL̄(v) is the restriction ofFL̃(v) to G × k⊥ × TS. In
coordinates, ifFL̃(v) = (g, µ, s, σ), thenFL̄(v) = (g, µ|k⊥ , s, σ) = ϕ−1(FL̃(v)).

(5) If L is hyperregular, then Claims 2 and 3 imply that thatFL̃ is a surjective submersion
onto J−1

K (0). SupposeFL̃(v1) = FL̃(v2). From Claim 1 and the surjectivity ofTπK,
it follows thatFL(TπK(v1)) = FL(TπK(v2)). Hyperregularity ofL then implies that
TπK(v1) = TπK(v2). Sincev1 andv2 must be in the same tangent fibreT(g,s)(G × S),
this is equivalent tov2 − v1 ∈ kerT(g,s)πK = k · (g, s). If v1 andv2 are both inG ×
k⊥ × TS, this implies thatv1 = v2. Hence the restriction ofFL̃ to G × k⊥ × TS is
a bijective submersion, and hence a diffeomorphism, ontoJ−1

K (0). From Claim 4, it
follows thatFL̄ is a diffeomorphismG × k◦ × T ∗S. �

Proposition 3. Let L be a hyperregular Lagrangian on T (G ×K S), with energy function
E, and let H = E ◦ (FL)−1. Let L̃ and L̄ be defined as above, with corresponding energy
functions Ẽ and Ē. Let H̃ and H̄ be as defined in Section 3, i.e.̃H = H ◦ ρ and H̄ = H̃ ◦ ϕ.
Then:

(1) Ẽ = E ◦ TπK

(2) Ē = Ẽ|G×k⊥×TS

(3) H̃ ◦ FL̃ = Ẽ

(4) H̄ = Ē ◦ (FL̄)−1
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Proof.

(1) For everyv ∈ T (G × S), using Claim 1 of Proposition 2, we have

Ẽ(v) = 〈FL̃(v), v〉 − L̃(v) = 〈FL(TπK(v)), (TπK(v))〉 − L(TπK(v))

= E(TπK(v)).

(2) For everyv ∈ G × k⊥ × TS, we haveĒ(v) = 〈FL̄(v), v〉 − L̄(v). Using the definition
of L̄ as the restriction of̃L and Claim 3 of Proposition 2, it follows that̄E(v) =
〈ϕ−1 ◦ FL̃(v), v〉 − L̃(v). Nowϕ−1(g, µ, s, σ) = (g, µ|k⊥ , s, σ), andv ∈ G × k⊥ × TS,
so〈ϕ−1 ◦ FL̃(v), v〉 = 〈FL̃(v), v〉. It follows thatĒ(v) = Ẽ(v).

(3) From Claim 2 of Proposition 2, (FL)−1 ◦ ρ ◦ FL̃ = TπK. Hence

H̃ ◦ FL̃ = H ◦ ρ ◦ FL̃ = E ◦ (FL)−1 ◦ ρ ◦ FL̃ = E ◦ TπK = Ẽ

(by Claim 1).
(4) Using Claims 2 and 3 of the present proposition, we haveĒ ◦ (FL̄)−1 = Ẽ ◦ (FL̄)−1 =

H̃ ◦ FL̃ ◦ (FL̄)−1. By Claim 3 of Proposition 2, this equals̃H ◦ ϕ, which equalsH̄ by
definition. �

We have thus found “the link” between our lifted Lagrangians and Hamiltonians. We
will next study the lifted Hamiltonian system, with emphasis on relative equilibria, and then
use our lifted Legendre transformFL̄ to study the relative equilibria of simple mechanical
systems.

5. Hamilton’s equations and relative equilibria

In this section we outline a calculation of Hamilton’s equations in the twisted parametri-
sation ofT ∗Q given in Section 3. The result will be a special case of thebundle equations
or reconstruction equations (see Remark 4). We then apply these to give conditions for the
existence of relative equilibria.

Recall that, given anyK-invariant extensionHext of the function H̃ := H ◦ ρ, the
restriction of the Hamiltonian vector fieldXHext to J−1

K (0) projects down to the orignal
Hamiltonian vector fieldXH on T ∗Q. We now choose a particular extensionHext. Recall
the diffeomorphismϕ : G × k◦ × T ∗S → J−1

K (0), ϕ(g, µ⊥, s, σ) = (g, µ⊥ + s♦ σ, s, σ)
(Proposition 4.3). Its inverse map is simplyϕ−1(g, µ, s, σ) = (g, µ|k⊥ , s, σ). DefineHext

to be the pull-back ofH̄ by the projectionP∗
K : G × g× S × S∗ → G × k◦ × S × S∗

given byP∗
K(g, µ, s, σ) = (g, µ|k⊥ , s, σ); equivalently

Hext(g, µ, s, σ) = H̄(g, µ|k⊥ , s, σ) .

SinceP∗
K andϕ areG- andK-invariant, so isHext. It is well-known that Hamilton’s equa-

tions onT ∗(G × S), with respect to the canonical symplectic form and the left trivialisation
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T ∗(G × S) ∼= G × g∗ × S × S∗, take the following form (see for example [14]),


ζ = ∂Hext

∂µ

µ̇ = ad∗
ζµ

ṡ = ∂Hext

∂σ

σ̇ = −∂Hext

∂s

(6)

It is clear from the definition ofHext that Hext may be replaced bȳH in the third and
fourth equations. Splittingζ into k andk⊥ components andµ into k∗ andk◦ components, we
find that the first equation above splits intoζk = ∂Hext/∂µk = 0 andζ⊥ = ∂Hext/∂µ⊥ =
∂H̄/∂µ⊥.

SinceHext isK-invariant, Noether’s theorem implies thatJ−1
K (0) is an invariant manifold

for the flow ofXHext. It is thus valid to compute the pull backϕ∗XHext on G × k◦ × T ∗S
by applying the change of variableµ = µ⊥ + s♦ σ. We introduce the notationad

∗
ζµ :=

(ad∗
ζµ)|k⊥ , incorporating a projection ontok◦. Theµ⊥ equation of the pull-backed vector

field is

µ̇⊥ = ad
∗
∂H̄/∂µ⊥ (µ⊥ + s♦ σ).

Observe that since∂H̄/∂µ⊥ ∈ k⊥ ands♦ σ ∈ k∗ we have, for everyξ ∈ k,

〈ad∗
∂H̄/∂µ⊥ (s♦ σ), ξ〉 = −

〈
ad∗

ξ (s♦ σ),
∂H̄

∂µ⊥

〉
= 0.

Thusad
∗
∂H̄/∂µ⊥ (s♦ σ) = ad∗

∂H̄/∂µ⊥ (s♦ σ). Hence the vector fieldϕ∗XHext onG × k◦ × T ∗S
is: 



ζk = 0

ζ⊥ = ∂H̄

∂µ⊥
µ̇⊥ = ad

∗
∂H̄/∂µ⊥µ⊥ + ad∗

∂H̄/∂µ⊥s♦ σ

ṡ = ∂H̄

∂σ

σ̇ = −∂H̄

∂s

(7)

Remark 4. The above equations are actually a special case of thebundle equations (re-
construction equations) for Hamiltonian systems [20,25,31], based at the phase space point
0 ∈ T ∗

q0
Q. We have derived them directly here rather than apply the general theory.
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Remark 5. The above equations donot describe the restriction of the vector fieldXHext to
G × k◦ × S × S∗. Instead, they describe the restriction ofXHext to J−1

K (0), described in the
coordinates (g, µ⊥, s, σ) defined byϕ.

Recall the surjective submersionρ : J−1
K (0) → T ∗(G ×K S) from cotangent bundle re-

duction (see Eq. (4)). Recall that a pointρ(z) ∈ T ∗(G ×K S) is a relative equilibrium
if and only if XH (ρ(z)) = η · ρ(z) for someη ∈ g. We say that such a relative equilib-
rium hasvelocity η, even thoughη is not well-defined in the presence of isotropy. Since
ρ̄ : J−1

K (0)/K → T ∗(G ×K S) is a diffeomorphism, it follows that kerTzρ = k · z. Soρ(z)
is a relative equilibrium with velocityη if and only if

XHext(z) = ηG · z + ξK · z (8)

for someξ ∈ k, where we have used superscripts to distinguish theG andK actions. Sinceϕ
isG- andK-equivariant, we can pull back this condition toG × k◦ × T ∗S as follows:ρ(ϕ(z))
is a relative equilibrium if and only ifϕ∗XHext(z) = ηG · z + ξK · z. Using the formulae in
Eq. (7) for the vector fieldXHext and using Lemma 2.1 for the expressions of the infinitesimal
actionsηG · z andξK · z, we obtain



Pk(Adg−1η) − ξ = 0

Pk⊥ (Adg−1η) = ∂H̄

∂µ⊥
−ad∗

ξµ⊥ = ad
∗
∂H̄/∂µ⊥µ⊥ + ad∗

∂H̄/∂µ⊥s♦ σ

ξ · s = ∂H̄

∂σ

ξ · σ = −∂H̄

∂s

(9)

Remark 6. The last three equation of (9) are the relative equilibria conditions on the reduced
spaceJ−1

K (0)/G, whereas the first two equations lift the dynamics back to the unreduced
spaceJ−1

K (0) ⊂ G × g∗ × T ∗S. Note that the reduced space is a mixed Poisson-cotangent
bundle space with coupled dynamics. The reduced space is subject to a residual symmetry
given by the isotropy groupK action on the sliceS. In particular this implies that in the
reduced space the relative equilibria are not points, but dynamical orbits, relative equilibria
themselves with respect to theK action on the slice.

6. Simple mechanical systems

In this section we consider the special case of asimple mechanical system, which is one
in which the LagrangianL : TQ → R has the form

L(q, vq) = 1
2K(vq, vq) − V (q) (10)

for someG-invariant Riemannian metricK on TQ, called thekinetic energy, and some
G-invariant potentialV : Q → R. We compute the Lagrangian̄L and HamiltonianH̄ for
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such systems and usēH together with the results of the previous section to give conditions
for the existence of relative equilibria of simple mechanical systems.

Let q0 ∈ Q have isotropy groupK = Gq0. Let N = (g · q0)⊥ be the orthogonal com-
plement to the tangent to the group orbit throughq0, with respect to the given metric. By
applying Palais’ slice theorem as in Section 1, we obtain, for some neighborhoodS of 0
in N, aG-equivariant diffeomorphismτ : G ×K S → Q. Note thatTsS ∼= N for anys ∈ S.
Recall from Eq. (3) the parametrisation

T (τ ◦ πK) : G × k⊥ × TS −→ TQ

(g, ζ, s, ṡ) �−→ g · (ζ · expq0
s + Ts expq0

ṡ)
(11)

and recall that for any (g, s) ∈ G × S, the mapT(g,s)(τ ◦ πK) is an isomorphism fromk⊥ × N

to Tτ[g,s]KQ. We will write the metric tensor in these coordinates. Since the metric isG-
invariant,K(τ[g, s]K) depends only ons. For anys, we see thatK(s) is a symmetric bilinear
form onk⊥ × N, which we represent as a matrix. This matrix can be written in block form,
with respect to the splittingTτ[g,s]KQ ∼= k⊥ ⊕ N, as follows:

K(s) =
(
Ir(s) C(s)

C
T (s) m(s)

)

The blockIr is called thereduced locked inertia tensor. It is related to the usual locked
inertia tensorI by

I(g · expq0
s)(ξ, η) = Ir(s)(Adg−1ξ, Adg−1η)

for any ξ, η ∈ k⊥. The blockm(s) is called thereduced mass. The terminology comes
from the fact that the kinetic energy matrix is often the mass matrix. Note thatIr(s) and
m(s) are invertible. The blockC(s) is called theCoriolis tensor. It couples the system,
and is related to the usual Coriolis forces. Our choice of coordinates enforcesC(0) = 0,
sinceT(e,0)(τ ◦ πK) mapsk⊥ × {0} to k⊥ · q0 = k · q0 and{0} × N to T0 expq0

(N) = N =
(k · q0)⊥. This will mean that the mechanical system in slice coordinates is decoupled
atq0.

The potentialV can be written in slice coordinates asV (s), since it isG-invariant. Thus
the Lagrangian̄L : G × k⊥ × TS → R defined in Section 2 takes the form

L̄(g, ζ⊥, s, ṡ) = L(T (τ ◦ πK)(g, ζ⊥, s, ṡ)) = 1

2
( ζ⊥ ṡ )K(s)

(
ζ⊥
ṡ

)
− V (s).

It follows that

FL̄(g,s)(ζ⊥, ṡ) = K(s)

(
ζ⊥
ṡ

)
=
(
Ir(s) C(s)

C
T (s) m(s)

)(
ζ⊥
ṡ

)
. (12)
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The inverse of this Legendre transform can be written as follows, using the new matrices
A := I−1

r C andM := m − CT
I
−1
r C,

(FL̄(g,s))
−1(µ⊥, σ) = K(s)−1

(
µ⊥
σ

)
=
(
I
−1
r + AM−1

A
T −AM−1

−M−1
A

T
M

−1

)(
µ⊥
σ

)

(13)

whereI−1
r ,A, andM are all functions ofs.

We now compute the Hamiltonian̄H : G × (k⊥)∗ × T ∗S → R. Recall the formulāH =
Ē ◦ (FL̄)−1 from Proposition 3. For a simple mechanicalL, the energy function is̄E(v) =
〈FL̄(v), v〉 − L(v) = (1/2)vT

Kv + V, so, just as in the free case, we have

H̄(p) = 1
2pT
K

−1p + V.

Using Eq. (13), we find

H̄ = 1
2µT

⊥I−1
r µ⊥ + 1

2(σ − AT µ⊥)TM−1(σ − AT µ⊥) + V. (14)

Note that

(
∂H̄

∂µ⊥
,
∂H̄

∂σ

)
= K(s)−1

(
µ⊥
σ

)
= (FL̄(g,s))

−1(µ⊥, σ)

We will now compute the relative equilibrium conditions from Eq. (9) in the case of
simple mechanical systems. The partial derivatives ofH̄ are as follows:

∂H̄

∂µ⊥
= I−1

r µ⊥ − AM−1(σ − AT µ⊥)

∂H̄

∂σ
=M−1(σ − AT µ⊥)

∂H̄

∂s
= d

ds

(
1
2µT

⊥I−1
r µ⊥

)
− µT

⊥
dA

ds
M

−1(σ − AT µ)

+1

2
(σ − AT µ⊥)T

dM−1

ds
(σ − AT µ⊥) + dV

ds

Note that the last of the relative equilibrium conditions in Eq. (9) isξ · σ = −∂H̄/∂s. We
now show that this equation can be expressed in terms of the following function, which
is a generalisation of both the amended and augmended potentials familiar from the free
case.

Definition 7. The augmented-amended potential is the function

Vµ⊥,ξ(s) = 1
2[µ⊥ − C(ξ · s)]T I−1

r [µ⊥ − C(ξ · s)] − 1
2(ξ · s)T m(ξ · s) + V. (15)
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Lemma 8. If we assume that ξ · s =M−1(σ − AT µ⊥) (this is one of the relative equi-
librium conditions in Eq. (9)) then the equation ξ · σ = −∂H̄/∂s is equivalent to dVµ⊥,ξ/

ds = 0.

Proof. Recalling the definitionsA := I−1
r C andM := m − CT

I
−1
r C, we have

Vµ⊥,ξ = 1
2µT

⊥I−1
r µ⊥ − µT

⊥A(ξ · s) − 1
2(ξ · s)TM(ξ · s) + V.

Hence

dVµ⊥,ξ

ds
= d

ds

(
1

2
µT

⊥I
−1
r µ⊥

)
− µT

⊥
dA

ds
(ξ · s)

− 1

2
(ξ · s)T

dM

ds
(ξ · s) − (µT

⊥A+ (ξ · s)TM)
d

ds
(ξ · s) + dV

ds
.

Assumingξ · s =M−1(σ − AT µ⊥), it follows that

dVµ⊥,ξ

ds
= d

ds

(
1

2
µT

⊥I
−1
r µ⊥

)
− µT

⊥
dA

ds
M

−1(σ − AT µ⊥)

− 1

2
(σ − AT µ⊥)TM−1 dM

ds
M

−1(σ − AT µ⊥) − σT d

ds
(ξ · s) + dV

ds
.

Note that differentiating the identityMM−1 = I gives

M
−1 dM

ds
M

−1 = −dM−1

ds
.

Also, from the definition of the inverse dual action onS∗ we have

σT d

ds
(ξ · s) = d

ds
σT (ξ · s) = − d

ds
(ξ · σ)T s = ξ · σ.

Hence

dVµ⊥,ξ

ds
= d

ds

(
1

2
µT

⊥I
−1
r µ⊥

)
− µT

⊥
dA

ds
M

−1(σ − AT µ⊥)

+ 1

2
(σ − AT µ⊥)T

dM−1

ds
(σ − AT µ⊥) + ξ · σ + dV

ds
= ∂H̄

∂s
+ ξ · σ. �
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Our calculations in this section imply that the general relative equilibrium conditions in
Eq. (9) take the following form for simple mechanical systems,



Pk(Adg−1η) − ξ = 0

Pk⊥ (Adg−1η) = ∂H̄

∂µ⊥
= I−1

r µ⊥ − AM−1(σ − AT µ⊥)

−ad∗
ξµ⊥ = ad

∗
∂H̄/∂µ⊥µ⊥ + ad∗

∂H̄/∂µ⊥s♦ σ

ξ · s = ∂H̄

∂σ
=M−1(σ − AT µ⊥)

dVµ⊥,ξ

ds
= 0.

(16)

Remark 9. Note that the second and fourth equations may be jointly expressed as

(Pk⊥ (Adg−1η), ξ · s) = (FL̄)−1(µ⊥, σ)

In summary, we have the following,

Proposition 10. Let (g, µ⊥, s, σ) ∈ G × k◦ × T ∗S and z = ρ ◦ ϕ(g, µ⊥, s, σ). Then z is a
relative equilibrium of XH with velocity η ∈ g if and only there exists a ξ ∈ k such that the
following conditions are satisfied,

(1) µ⊥, ξ and s are such that s is a critical point of Vµ⊥,ξ and

−ad∗
ξµ⊥ = ad

∗
I
−1
r µ⊥−A(ξ·s)µ⊥ + ad∗

I
−1
r µ⊥−A(ξ·s)(s♦ [M(ξ · s) + AT µ⊥])

(2) σ =M (ξ · s) + AT µ⊥
(3) η = Adg(ξ + I−1

r µ⊥ − AM−1(σ − AT µ⊥)).

7. Comments

We have outlined a framework for studying mechanical systems determined by a sym-
metric Lagrangian onTQ or a symmetric Hamiltonian onT ∗Q, at configurations near a
given one,q0, with nontrivial isotropy. We have found tubes around “(q0, 0)”, meaning
0 ∈ Tq0Q or 0 ∈ T ∗

q0
Q, which we consider as twisted parametrisations forTQ andT ∗Q.

These parametrisations are semi-local in the configuration space but global in the fibre direc-
tion. This means that we can study all local dynamics near a given configuration point using
one parametrisation. In particular, we can study all relative equilibria with configurations
nearq0. This is particularly valuable given the incomplete development of slice theorems
and reduction theory for lifted actions. Indeed, constructive slice coordinates based at a
general relative equilibrium (q0, p0) are not yet available, but we can study these relative
equilibria using our slice coordinates based at (q0, 0); it is not necessary for (q0, 0) to be an
equilibrium or relative equilibrium.
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We have defined a Legendre transform using our twisted parametrisations ofTQ and
T ∗Q. This is valuable because in many mechanical systems are most naturally described
with a Lagrangian, whereas relative equilibria are most naturally described in a Hamiltonian
setting. Beginning with a given Lagrangian onTQ we are able to state necessary and
sufficient conditions for the existence of relative equilibria, using slice coordinates onT ∗Q.
Slice coordinates have the advantage that a single coordinate system covers configurations
of different isotropy types. In the case of simple mechanical systems, we have stated the
relative equilibria conditions in terms of anaugmented-amended potential which generalises
both the amended and the augmented potentials familiar from the case of free actions.
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