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cut-free Gentzen systems and extension-free resolution-based
systems, are interrelated, and probably ha#élsimiiar bounds
on proof lengths.

5.3. FREGE SYSTEM $iMﬁLAffOﬂ§'n5f.ﬁsﬁf

In this section various simulations bBetween Frege ~ .
) - : ‘ e TOWRMREG gRer - 9T
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Systems are established, The most'importaﬁf‘féguits are in

subsection 5.3.1., where it is'shown'that éﬁjjﬁﬁﬁsfrégeléystems

can simulate each other. Subsectiog S;S;Zy?iﬁir§§ﬁqés the idea

of extended Frege systems, .and shows ﬁowztﬁe}’§1¢dlate ordinary
Frege systems and each other.  The final:éﬁbsééiiahvdf this

' . T S WRCYRIT
section is 5.3.3., where it is shown.thgt strege_systems

simulate extended Frege systems and each other.

5:3:1. Frege Systems without the Substitution Rule

A

‘Recall from subsection 4.2.1.1thét_aﬁFfég$ system is

1 Implicationally complete system.'2m<x,éa>,mwhére K is an
T D RSLEL o0 ‘

adequate set of connectives and ® is a finite'Set.of,sound‘

Tules of inference in the connectives K. T

The proof that any two Frege systems simulate each
Other wi1j Proceed in a series of easy'stages;'?Paiagraph 5.3.1.1.
Introdyces the notion of "direct translétion”, and discusses

S0Me of the useful pr0pertigs“of.direct'translations}

Paragraph 5.3.1.2. Proves in a series-of‘stageé that if there



5.3.1.3. Finally in paragraph 5.3.1.4. it is shown that two

arbitrary Frege systems simulatg each other,

5.3.1.1. Direct Translation

In order to compare Frege'systems thgt Gpéréte on
formulas with different sets of connéctives, é'way must be
found to relate formulas with differenp conﬁéﬁtivps. At least
three such methods are employed in this fheéis,‘the first eof

which is called direct translation.

Let «; and Ky be sets of cbnnectives, and for iél,z

let Ki be the set of formulas in the-COnnectives

; % ' et ado.d *Z
Kiz{*i""’*i }.  For lsJSki, ;et Ai=*i(p1’f"’pn)’ where n=n ?,

The formulas {Ai[lsjski} are called the primitive formulas of

Bl""’B

Ki+ I t:K1+K; and ¢ = 127" "n is a substitution in k;, then
i qps---5q, ) .

_tB .k (B)
ql...qn

t(a)

is a substitution in k2. The function

TRy K, is called a dipeer translation from Ky to k3 if there

®Xists a polynomiail p(n) such that for alg formulas BeX; and

for a131 substitutions ¢ in «,,
1) t(B)~B,

2) 2t(B)<p(28), and
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3 t(Bo)=t(B)t(c), provided that ¢ does not change
the."distinguished" atom po. (The use of p, will
become clear later.} |

As an example, the first translations between {w;v} and {.,>}
in paragraph 5.1.1.1. (not the ones that were onto) are examples

of direct translations,

Property 3 places several restrictions on a direct

translation ¢. The first of these is that for any atom p,

t(p)=p. This is true because p=p§) $0 that by property 3,

()=t (pE)=¢ () EL, which can only hold if either #(p)=p or

p 2
p does not occur in t(p). Property 1 insures that this second

alternative cannot eccur. The second consequence of property 3
is that ¢ is completely determined by {£(4{)|1<isk,}. That jis,

if t(A?)mt'(A{) for 1s<j<k,, then for every BeXy, t(B)=t’(B).
This fact is easily proved from property 3 by induction on the
number of occurrences of connectives in B. Properties 2 and 3

+{

also imply that for 1sjs<k, and for Isisn p, occurs at most

i ‘ J
once in t(49). To see that this is 50, let g = gi, and let
) ‘ : i

n times

B = (---(A{o)...)c. Then $£8B = (n+1)£A?—h£pi, since A{ contains

n times

e —

One OCcurrence of p;- By property 3, t(B)=(...(t(A{)U')...)U’,'

£ af)

w . ) S
here o p, . If p; occurs » times in t(4Y), ‘then p;
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occurs ¥l times in t(B), so that £t(B)arn+1. But by

property 2, zt(B)Sp(RB)Sp((n+1)2Aq—n£piJSp((n+1)-c), where

c=24{. This gives r"Lep ((n+1)+0), which must be true for fixed
p, r, and ¢, and for arbitrarily lérge . This can only be

true if pg<l,

This last conseQﬁence of property 3 has two further
consequences. The first is that if p is any atom in B, theh
the number of occurrences of p iﬁ t(B) is no greater than the
number of occurrences of p in g, ~This is proven by induction

on the number of occurrences of connectives in B. The second

is that if ¢ = 1$?§k11f(4{)' then‘for aﬁy'formuia BeKl,'
2t (B)<e+2B. This is also proven by induction oh‘the

substructure of g, Therefore, proﬁerty.z in the definition
of direct translation ¢ould be strengthened without any loss

of generality to: 2') there is 4 constant e such that ¥Bek,,

2t(B)<er1B.

The composition of two direct tfanslations is a direct
translation. That is, if ¢, is a direct translation from «,
o «2, and £z is a direct tranisation fFrom k, to Kg; then £,
defined by £5(B8) = t2(tyv(B)) is a direct transiation from ,
'O k3. This is true because t3(B)=tz(t1(B))”t1(B)7B:
Ye3(B)=2t, (¢, (B))sca+2t: (B)ses+c,+28, and

t3(B“)*t2(t1fBU))=tz(t1(B)ﬁl(UJJ*EZ(tl(Bj)tzfti(ﬂ))*t;(B)f;(U)—
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There are several other properties of direct translations
that will be used later. ' First is the obvious fact that if # S
is a direct translation from k; to K2, and if K1'ck,;, then the

restriction of ¢ to formulas in Ki'-is a direct translation

from ;' to «,. Also, if ¢, is a direct translation from «,

to k3 and ¢, is a direct translation from x, to K3, then ¢,

to ks, Consequently, if there is a direct tramslation from

Ki to ka, then there are direct translations both ways between

K1UKz and k,.

Direct tfanslations are very useful whgh_they éxist,
but there is not always a direct translation from any one given
set of connectives to any other. ‘For example, there is 1o
direct translation from {.,v,z} to {-,v}. The following
development ¢stablishes one set of circumsténces that guarantee

the existence of a direct translation.

If x is any adequate set of connéctives (with no
restriction on the arities of the connectives), then there
exists a direct translation from Koﬂff,F,w,V,c,3,§,|,¢,¢,+}
t0 x. A careful and complete proof of this fact is rather
tedious, sgo only a sketch will be given here. Since « is
adequate, there are a tautology 7 and an unsatisfiable formula
Fthat can pe expressed in terms of the connecfives K.
FUl‘thermore, T and F can be chosen so that the only atom in
them jg the "distinguished" atom Pe. These will serve as the
drect translations of T and F Tespectively, and will also be

u .
¢d when needed to give constant truth values.




A truth function (or a connective)} f is called monotone

if ti<1, implies Flr1)<f(1;), where T<T, F<F, F=<T, and 7,<t,

if and only if Vi t1(d)<st, () (11(75) is the jth component of
the n-tuple of truth values t,). It is easy to show that the
composition of monotone‘functions is monotone, and that there
exist truth functions that are not monotone. Then, since «x
is adequaté, K must contain a non-monotone connective. From
this connective and the formulas T and ¥, a direct translation
for -p can be constructed,

A truth function {or a connective) f is called even if
J can be represented by a formula in the connectives {T,p,,z,#},
and it is odd if it is not even. It is easy to show by induction
on the representing formula that the number of T entries in the
truth table for an even function is even. Note that the eight
odd binary connectives are all in k,. Again, it can be shown
that the composition of even functions is even, and that there
are truth functions that are not even, so that k must contain
an odd comnective *. It can then be shown that = élong with
T and F can be used to give a direct translation of one of the
eight odd binary connectives. Since each of the'eight odd )
binary connectives can be represented in terms of each of the
Others plus -, direct translations for the other seven odd
binary connectives Can also be obtained.

Although the existence of direct translations from «,
to any adequate set of connectives k is interesting for its
°WD sake, there are several Important consequences of this fact
#S well. The first of these is that if ¢ is a direct translation
from Ki to k; and if Ko 1is adequate, then there is a direct

translation.t’ from x; to x, such that VBeX:, Vp. occurrin in
, Yo g

T S e A

e bt et o et wapts,

s

et g e
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B (except Pe), the number of occurrences of P, in t7(B) equals

the number of 0ccurrences of P in B, and 2¢'(B)22B. 1If K1

contains some connective x that does not depend on all of its

arguments, thenp t(*(pl,...,p o)) may nbt-contain all of
. n o : .
{piseei,p «}+ The translation Puts back those dropped atoms

without changing the truth function Tepresented. This is done

by using translations of formulas in Ko} For example, if

*
n

t(*(pl,...,p «)) contains a11 of the atoms of {pl,..},p }
n

except p;, then t’(*(pl,...,p «J) could be the direct trans;ation‘
n

of (t(*(pl,...,p *JJ&(PiVTJ)- In this way it ¢an be insured
n ) .

The final property 6f direct transiations i# that if
Ka is adequate, and ¢ is g direct translation from K; to K2,
then there is a direct translation #* from «; to K2 that is
One-to-one. The trick here is to use translations of formulas
in ky to attach 2 unique "tag" to the translation of each
Primitive formula of K1, SO0 that the translation may be uniquely

Teéversed, Suppose Tl"“’Tk1 are distinct tautologies in the
COnnectives Ky built up using the distinguished atom py. Then
for each *Tek;, let ' (x7(7)) be the direct translation (from

“eUk,y to K2) of (t(*?(ﬁ))&Ti). Since these "tags" are
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of B, and By, that if €' (B1)=t"(B,) then Bl=Bz; -Note that this
construction does not conflict with the previous one, so that
if x, is adequate and + is a direct translation from x; to «,,
it may be assumed without loss of generality that there is a
constant ¢ such that all of the following hoid:

1}y ¢(B)~5B

2) B<2t(B)se~1B A

3) t(Bc)=t(B)t(c), provi&ed o does not substitute for

Pae, and ' '

4) B'zp = t(B')=t(B).

5.3.1.2. Frege Systems and Direct Trénslations

In order for one’ Frege $ystem.to simulate another, a

from the previous paragraph to ‘the translation of inferences.
The example in paragraph 5.1.1.1. showed how- this can be done
in one particular example, and this paragraph shows how it is

done in general.

The method used here is a bit differeﬁt from the method
that was used to show simulations between Mendelson’é and
Shoenfield's systems. This method applies to any pair of Frege
Systems F1=<K1,ﬂal> and F2=<K2,ﬂaz> for which there_are direct
translationsg £, from k; to k, and t2 from x, to k,. To show
that g, simulates r,, tautologies in k, must be translated into
“v (via ¢,), and derivations in system F; must be translated
into derivations in system F, {via spme“fanCtidn R} in such a
"ay that for any tautology 4 in the connectives K2,

dnd fop any derivation D of t2(4) in system Fr, k(D,4) is a




s
derivation of 4 in system Fi. Thékderivatioﬁ h(D,A) is
constructed in two ﬁarts. The flrst is a. translatlon of
derivation D that glves a derlvatlon of t;(tz(A)), and the
second is a der;vatlon of 4 from tl(t?(é))f. The cgnstructlon
of the first part is described in lemma 5.3.1.2.a., and the
second part is in.iemmas‘5{3.1,2;b,«d,:iTﬁéééfleﬁmas:grQ tied
together in theorem 5.3.1.2.e., thé'maiﬁ rééult df-this
paragraph. 7 ) : ‘ . ‘yﬁmwhj“‘un -

LEMMA 5.3.1.2.a. - ER

£UE

If I;=<K1;ﬂel> is an inference system, F2=<K2,0%2> is

a Prege syétem and t is a direct traﬁslation‘from kjito K3z,
then there are constants aj and az‘such that whenever

Th;,4 via D, there is a derlvatlon D',such that'*éj‘
D t(r) F“ t(A) via pr,

2) Q;D' <a1’2 D’ and _
.-3) D! < ajz- (gp+gr) d(p) 5_“"_-ﬂ_i ; SEEN
Proof _ ‘
Let R, = {R1=Al+31;...,ﬁk k+Bk} Sinéé tﬁe rules
of ﬂ%; are Sound,'A£F=B.;‘and 51nce t(B)~B t(A )k=t(B ), for
lsi<k. Then, since F, is 1mp11catlonally complete, there are

derivatipns D% such that t(Ai)F'F't(Bi) via'D?, for 1=isk,

s

a; =  max £D ‘and ‘@, = _Max o%p%

Let - max
a; 2 D l<i<k ' 1<4 Sk

1<isk
Also, 1let as be a constant such that zt(B)<a5 LB, The‘required

derlvatlon D’ is constructed from D by replac1ng each formula

¢in p by a derivation D c» Where t(A )P— t(a] via Dé, and AC




-132-

is the set of formulas fronm which ¢ is inferred in p. in

particular, suppose that ¢ is inferred from A® by substitution

i

z
UC, and Dy=D Ct(cc)

o in rule Ri Then, AC=A£ e and G=B£

c ¢ ¢

is a derivation of t(Bi )t(00)=t(Bi cc)=t(03 from-
C c .
C — C_ c i ' - ‘  w -
t(Ai Jt(o )nt(Ai o )=t(A"). If D'.1s constructed in this way,

' . ' 8y . % g - r . L '
then t(?)}-pzt(A) via D', Also, 2°p CeD 2 DC’ and p CeD_zDC'

Z .
But £8DC=£5D Csal, so that Qsﬂ'sczpalmal-lsb} Since of need
€ i
not specify a substitution for any atom not in Ai O{Bi 1,
c c

A Z.
C+2aD 4

¢ *Lt(cc) <

. |
20" < 24%2c.  Then, 2, = 20 “4(%) < pp

a3+aq-a5'[2AC+RC) < %i-(£AG+EC), where %ﬁ = aztayras. This

i r - X z Qo | c +y = 42, z c c
gives gp CepﬁDc SCED 7=+ (LA +2c)‘ 7= CEDUTk 2C, where %k

is one greater than the number of formulas in D of which ¢ is

an immediate ancestor. Then, since kcsd(D)+1,

D7 < %2, X . = a2, . & -
S T cepur@(P)+1) ac 7 d@)+1). o a0

. ‘ ‘ :
zé'(d(ﬂ)+1)-(gp+zr) < ay+d(D)- (2D+2T). M5.3.1.2.a.
As was pointed out in the example of paragraph 5.1.1.1,,

A Tesult 1ike lemma 5.3.1.2.a. is not enough to insure that

YStem Fy can simulate systém I,, because ¢ need not be onto,
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In that example, it was possible to make ¢ onto, but in general
this may not be possible. The following three lémmas give an
alternative way of solving this problem. The method used is

to "undo" the translation # by méaﬁs of another translation

and further inferences in system F,. These further inferences
are described in lemmas 5.3.1.2.b. and 5.3.1.2.c., and theif,
use in conjunction with a translation from k, to K; is described
in lemma 5.3.1.2.4d.

LEMMA 5.3.1.2.b.

If x is adequate and ¢’ is a direct translation from
k to k, then there are an inférence system I<K,J€§ and constants
by and b, such that for every formula 4 in the connectives «x
there are derivations D, and D, such that:

1) 4 F, t'(4) via Dy,

2) t'(4) b, 4 via Dy, and for i=1,2,
3) gspi < by-2%4,

4) &, < by-2%4-24, and

5) d(Di)=l.
Proof

Since k is adequate, there is a formula £(p,q) in the
tonnectives « such that E(p,q) ~ (p3q). Let b:=2E(p,q)

bkxiag(p,q), and let bs be the constant such that 2z'(4)sbs-24.

qu each connective xex, let A*=*(p1,...,p L, (e.g. AV=(p1Vp2),

T =(P13p,), 47=ap,y, ete.), and let B*=t'(4*). (K will contain

the ryjeg

wifigmy
R A R T et oo fmpprghct

S L L R e

rviitucy
TRy

b

A a2 S S i i i

£
S e ) s A

g
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1) +8(p,p),
2) {E(p,q) ’-P}”’CZ’:
3) {E(p,q),q}+p, and
4) for each connective x:
: qliovq *

. ek %k 1
{E(pl,ql)!"'!E(pn*lqn*)}_}g(ﬁ ’B‘ pl___p *)'

Since £ represents equivalence and t'(4)~4, these rules are

clearly sound, so that I=<x,ﬂ@> is an inference system, For

any formula 4 in the connectives K, let p? be a derivation of
B(4,£7(4)) in the system I, defined inductively as follows:
1) if 4 is an atom p, then.DA is @(p,p), by rule 1, and 2) if

B

4 Bi n*
ve.D E(A,t'(A)), the last

4 is *(Bl,...,B +J» then p* is p
n

formula of which follows according to rule 4%* under the
By...B ft'(Bl)...t’(Br*)

substitution ¢ = —.. % : L Note that
plcuop @ qlobcq " !
.on o n

ESDA=£aﬁ+ch, d(DA)=1, and for each formula B=§(C,t'(c)) € DA,

LB s ﬁﬁ(p,q}+zaﬁcp,q)-(£c+£tf(c')) € bs+by (24+b504) < byga,

where p, = by+by (1+bhs). Let k be the maximum arity of any
“Onnective in k, so that 2%sk2%4. This implies that
2%pd e s 4 .

<(k+1)e%a, Finally, let p, be p t'(4) (which follows by

fule 2) and 1et p, pe p%4 (which follows by rule 3). Then,
A o £7(4) pia Dy, '(4) b+ 4 via Dy, and for i=1,2,

8
PP = 14D ¢ 1a(ke1) 2% < b122°4, where by=k+2,
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RDi < RSDi-(length of longest formula in Di) < bl-ch-bs-iA ‘

= b2:2%4+34, where ba=by+bg, and d(p,)=1. ¥5.3.1.2.b.

LEMMA 5.3.1.2.c.

If F:<K,J%> is a Frege system, and ¢’ is a direct
translation from K to «, then there are constants ¢, and as

such that for every formula 4 in the Connectives x there are

derivations Dy’ and D2' such that:
3

1) 4 b~ t7(4) viq b,
2) £'(4) }—F 4 via D', and for ¢=1,2
3) 2392' < e;+2%4, and

4) 8D, < ¢,49% 44,
Proof

Since «x is adequate, lemma 5.3.1.2.b, applies, so let
Iy b1, by, 4, D1, and D, be as stated in that lemma. By
lemma 5.3.1.2.a., with L1=I, Py=F, and ¢ the identity function,

there are derivations D1’ and p,' such that:

1) 4 b5 ¢'(4) via py7,

2) t'(4) }—F 4 via Dy', and for i=1,2,
3) QsDi’Sal°23Di$a1'b1°£cAScl'ﬁcA, where ei1=ay+*b;, and

'
4) QDi

A

az« (2D .+

{kﬁ if =1
2

Rt (4) if g=2[)°d(2)

A

aZQZQQ‘DT:lql

in

Zeaseb,+9%4 .94

s cz-ch-ﬁA, where @2=2sq,+bh,, W5.3.1.2.¢.
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LEMMA 5.3.1.2.d,

If I=<K1,&%1> is an inference system, F=<K2,¢lz> is
a Frege system, t; is a direct translation from k; to k,, and
t2 is a direct translation from k; to x,, thenm there are

constants e1 and e, such that whenever £,(I) Fy talde) wid D

there is a derivation D" such that:

1) T b, Ao via D¥

2) 150" < ey« (2%D+2°T+2%4,), and

3) AD" < e+ [(RD+RT) +d(D)+85T«2T+2%4 0+ 24,].
Proof

Let e; be a constant such that itg(A)sengA.‘ Then,
by lemma 5.3.1.2.a., there is a derivation D', where

1) #1(#2(1) bp #1(62040)) via D7,

2) 2fpr g al'ksﬂ, and ‘ | é
3) p! s'azo(£D+ztz(r))-d(D) £ azress (LD+AT)d (D). i

Let T={A1,...,Ak}. Then, since t;0%, is a direct translation

from 2 to k2, by lemma 5.3.1.2.c. there are derivations i

DO’Dl,---,Dk SUCh that 1

1) t:(tz(ﬂol% p Ao via Dy,

2) 4, g t1(32(4,)) vie D, (1sisk),

3) 28Di < cl'chi (0si<k), and

e
4) RDi £ ea*l Ai'RAi.
Then. ;3 " ' o "
3 1f D Dl"'DkD Dy, T %wF A via D.% Also,

8 I .
R T L o7 TR TRY 0 FOY L PO L LS I
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where e =e,+a,, and
Lpr < 82‘20A1‘2A1+. . .*‘Cz‘ﬁcAk‘Q.Ak"”'az‘ea"(-Q.D"‘,QI‘)'de)“'Gg‘zcéo'lAn

< 22+ [(2D+2T) +d (D) +2°T - 2T+2%44°24,], where es=cy+as-e,.
- ﬂs‘.sllozod'

The groundwork has now been laid so that the main
result of this section can be proved.

THEOREM 5.3.1.2.e,

If F1=<K1,ﬂal> and F2=<K2,§az> are Ffege s&étems, t
is a direct translation from Ky to k2, and £, is a direct
translation from x, to K1, then 7, pwéimulafes Fy. Furthermore,
if Fy; is polynomial-bounded by a polynoﬁial of dégreé r, then
F, is polynomial-bounded by a polynomial of degree no more |

than 2r.

Proof
Let g=t,, and let k(D,4)=D" if '1»—F1 t2(4) via D,

(where D” is the derivation described by lemma 5.3.1.2.4.),

and if it is not true that FuFl t2(4) via D, then let A(D,4)=0.
By lemma 5.3.1.2.d. (with T empty), }*F2 4 via hA(D,A), and

Lh(D,4) s e v (LD+24)2, Also, Fa(R(D,A))=4 whenever F, (D}=t,(4).
Thus, system P, simulates r,. Also, note that geﬂ{;h, and a
tlose look at the proof of lemmas 5.3.1.2.a-d. shows that

hefzﬁ also. Therefore F, p-simulates F;. H5.3.1.2.e,

Theorem 5.3.1.2.e. leads immediately to the following

COrollary.
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COROLLARY 5.3.1.2.f.

Let ¢ be any class of adequate sets of connectives such
that there exist direct translations between any fwo sets in (.
Then, any two Frege systems with connective sets from.C can |
p-simulate each other.

Examples of such classes ¢ are:
1) all adéquaté subsets of K§={T,F,w,v,c,:,&,l,#,¢,+},
2) all adequate suBsets of kou{=,#} that contain either
E or #, and
3) all adequate subsets of kpuk that include x as a

subset (where k is any set of connectives).

5.3.1.3, Indirect Translation

' Direct-translations between certain pairs of adequate
sets of connectives do not exist. For example, there is no
direct translation from {-,v,=} to {w,y}. In particular, there
is no formula in the connectives {-,v} that both is equivalent
to (p=q) and contains only one occurrence of each of p and gq.
Therefore,_the requirements for direct translations are too
strict, and one of them must.be dropped. The first two |
Tequirements are essential, and dropping the third requires
giving up a great deal of convenience in working with these

translations.

Let ki1 and k, be sets of cdnnectives, and let X; and X,
be the torresponding sets of formulas. A function t:K1»Ky is
Ccalled an indirect tranglation from Ky to kg if there is a

Polynomial p(n) such that for all formulas BeK,,

TR

1

sty -

s ppm e

Sk

o5t
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1) ¢(B)~B, and
2) Lt(B)sp(1B).
Note: For the indirect translations conszdered in this thesis,

the condltlon tefﬁz is also satlsfled

All direct translatlons are also 1nd1rect translatlons,_
and it was Spira who first showed’ the existence of an' indirect
translation between sets of connectlves where nq direct
translation is pdssible [Spira 1971]. Sﬁira’s méﬁhod may be
extended to show the existence of indirect translatioﬁs from
any set of connectives to any adequate set of connectlves.

But since direct translatlons exist from Ko to any adequate
set of connectives, the 1nd1rect translatlons of 1nterest are

those translations from other sets of connect1ves to ro.

Let « be an arbitrary set of cdnnectivés; 1et K be the
set of all formulas in the connécti?es k,'agd iet_k,be_the
maximum arity of connectives in «x. Thus, X is a,$ét of trees
whose maximum branching degree is k. A particular indirect
translatlon from k to x;={T,F,,v,&} w111 be descrlbed here

and used throughout this and the folloW1ng paragraph

Let 4 be any formula in X. If no atams occur in 4 ot
if 4 contains one atom occurrence, then let t(A) be either
Ts F, p, or "p, whichever is equivalent to A If 4 contains

7>l occurrences of atoms, then let ¢ be the subformula of 4
that Contains nearest to fn occurrences of atoms. (Ties are
Fesolved according to some arbitrary set of rules such as:

1f 4 has a subformula of size %ﬂ+m and another of size %n—x,
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choose the one of size %n+x} and if 4 has several subformulas
of size g, choose the leftmost.) The number of occurrences

of atoms in ¢ must be between EgT and %&;. This is true

of atoms, then since the degree of the root of D is at most k,

one of the subtrees of D must contaln more than ng eccurrences

atom p such that AmBg. Then, not counting p, the number of
occurrences of atoms in B is also between Egi-and er. Note

that A~((BI&C)V(BE& +C)}), and let t(A) ((t(BIJ&t(C))V(t(BEJ&ﬂt(C)).

It is clear from ‘this- constructlon that t(A) To

show that there is a Polynomial p such that Lt(A)<p(£A),
Fn)=max{g® t(B)|2%Bsn}. Clearly, F{1})=1, and f is nondecrea31ng

For n>1, it is certainly true that f(n)<4f(E¢TJ; which leads
——r _
. L Lo Py . A .
to. the solution f(n)sn sn"". This last inequality holds

because of the following lemma.

LEMMA 5.3.1.3,a,
—_—2-0.1.3.a,

For integers k22, (k+1)k223k.




~141-
Proof
- By the binomial theoren,

k .
(er1)* = 1 (Kya?

=0

]

‘ k-
k. k r k k-1 ky,1
*+ Grprkl v s c )k
‘LWG
k-2 :

1-%% + 2. kk Loy 2Tyt
’L
=0

[}
N
&3
+
H

("'\
\..J
?t‘

Y
[ .
a

&

- ®5.3.1.3.a,

1 o
From this it can be concluded that E%ilz ZF, so that
k+1 2 ' .
10ggwﬁm ?’ which implies that —%iT 5 2k. -For k=2, this

togeTE
gives an uppef bound-on F(n) of n*, Pratt [Pratt 19741 has
shown by a more careful analysis that f(n) is in fact

o(nZOgalﬂ)’ or about O(nz‘ogs), which nearly equals

Khrapchenko s lower bound of n? [Khrapchenko 1971] _Pratt's

dnalysis is specific to the case k= 2, but a similar analysis

for k>2 would probably yield upper bounds nearer to »*,

Finally, since zt(B) is bounded by some constant tlmes

82 t(B)+%B, the bound (admittedly very loose) zt(B)sc (QBJZk*l

is obtained,
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5.3.1.4; Frege.Systeﬁs and Indirect ffaﬁslations
Let ng{T,F,q,v,c,m,&,!,¢,¢,+}, x1={7,p,w,V,&}, let

k be an arbitrary adequate set of connectives, and let R=kuKy.
Let % be the maximum arity of connectives in R, Bf corollary
5.3.1.2.f. al1 Frege systems in the connectives R and « can
p-simulate each other. Thus, in order to show that any two.
Frege systems can ﬁ-simulate each- other, it is sufficient to
show a Frege system with fhe tonnectives k;, and another system

with the connectives g that p-simulate each other,

Let P=<x,f> be a Frege system, aﬁd let ?2<£,ﬁ@>‘56
the Frege system obtained from F by the a&dition of sufficient
new rules to make # implicationally complete, See, for example,
the proof of lemma 5.3.1.2,p. Let ¢ be the indirect translation
from R to k;, as described in paragraph 5.3.1.3. A Frege system
F1=<K1,f%1> can be obtained from Sheoenfield's sfstém for {.,v}
with the addition of rules for {1,r,&} as in the proof of
lemma 5.3.1.2.b. Also, let Fo=<xo,0eo> be an arbitrary Frege
System in connectives «,. Finally, let E(p,q)_and I(r;s) be
formulas in the connectives k, suchvthé; E{?,é)NE?Eq) and
?(r,s)~(rmej. For exampile, E(p,q) could'be'((PSq)v(ﬂp&aq)),, |
and f(r,s) could be (-rvs). The notation defined here will

be used throughout paragraph 5.3.1.4.

Lemmas‘5.3‘1.4.aid. will show how ?.ﬁ-simulates Fy.

There are an inference system I=<23Gb> and constants
1 and g, such that for every formula 4 in the connectives R,

there are derivations Iy and D, such that:
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1) 4 }“I t(A) vig Dl;

2) t(4) b=, 4 via D, and for i=1,2, - .
3) 2%, < a;-(24)%%,

4) £D£ < az-(lAJSk+l,

5) ;) = 1,

Proot
Letfé contain the following rules:
1) » 2(p,p),
2) B(1,9),2(q,7) » B(p,n),
3) Blp,q) + B(ap,nq),

4) B(p,q)yp » q,

5) 2(p,q),q + p, |

6) 2(p,4),2(p,») + 2(q,r),

> 1e.Rlq,q)),

8) > 2(p,2(1,p)),

9) » 2(+p,2(F,p)),

10) 2(p,2(q,7)),2(q,s) 2(p,8(s,7)), |

1) 2(,2(¢,2)),2(+p,8(s,7)) » B(r, ((g4p) v (s4p))),

and for each connective xeR, R, contains the rules:

12) for each lsisn*; and for each 3&{7,#}1-1 and

5é{T,F}n"z,

B ,p,,3),t (¢ (F,p,,3))), and

13) j(p’gcqlvrl))s-":f(psﬁ(q &7 *)) -+ j(PsE(*(a)s*(;)))'
' ) n n :

All °f these rules are sound, so that I is in fact an inference

Systenm,
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Derivations D; and D, both areibuilt from a derivation

D, where |-, B(4,¢(4)) via p. . In fact, each is only one step

longer than p, b, using rule 4, and p, using rule 5. Derivation

D is constructed recursively on the number of occurrences of

atoms in 4.

If 4 contains no atoms or one occurrence of an atom,
then rules 1, 2, 3, and“12 can be used to derive @(A t(é)) in
a number of steps bounded by twice the number of occurrences

of connectives in 4 plus one,

If 4 contains more than one occurrence of an atom and
t(4) is ((t(BT)&t(C))v(t(BE)&ﬂt(C)), assume 1nduct1ve1y that
Do, D+, and D are derivations of E(Clt(C)), E(BI t(B )), and
E(BE t(BE)), respectively. 'If there Wére derivationg D++‘of
E(p,ﬁ(B%,B)) and D77 of f(qp,E(Bg,B)), then D+4§sﬂouid be a
derivation of E(C,E(Bg,d)), and‘D“"g would be a derivation of
3(aC,E(Bg,A)):' Applying rules 6 and 3 to each of these formulas
p_lus E(c,t(c’)), gives i‘(t(c),ﬁ(%,a)) and ?(t(¢) ,E'(Bg,a)) in
3 steps. Two applications of rule 10 givé f(t(c),@(t{Bga,A))
and ¢

at(C),@(t(ng,A)), and one application of rule 11 yields

Q(As({t(BIJ&t(C))V(t(BE)&ﬂt(U))))“ﬁtA t{A}), a#-desifed The

total numper of steps in this derivation is six plus the number
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of steps in D°D°D+D"D++§D"_§. ‘Derivations 2°, p*, and p~ are
derived inductively, and derivations D++ and D™ are
canstructed, using rules 7, 8, 9, and 13, by induction on the
~number of occurrences of connectives in B, the total number
of steps being bounded by some constant ¢ times that number

of connectives,

Let f£(») bq\an upper bound on the number of steps in

the derivation p over all formulas 4 of length no greater than

‘w. Then f(1)=1, and for n»1, Fln)s6+4. f(~mia+z-c-n, Using

1

Iemma 5. 3.1.3.a. it can be shown that f(n)<2-c- Sk. Flnally,

note that each formula in 2 has 1ength bounded by some constant

4 times zt(A), so that g D<2-c-(£A}3k, and 4D%2-cd- (24)5k+1
Each formula in the entire derivation is. used only once, so

4(2)=1. . ms.3.a.4.a.

Lemma 5.3.1.4.a3, leads immediatély to the following
ITemma. |
LEMMA 5.3.1.4.b.

There is a Frege system ?=<2,ﬂz> and there are constants

by and b, such that whenever (4) E-Flft(A) via Dy there is a

derivation D, such thﬁt: (Néte - A is any set of formulas in K.

l)A[‘—NA via Da, ‘ o

2) 2°p2 s b1+ (2014 (08) 3 *4 (24)3%) | ana

3) D, < bz-(2D1+(2A)5k+1¥(zg)5k+1)t




Proof

Let Rr—' ﬁlu R , Where &'é/ ‘is the se“‘tl of rules from
lemma 5.3.1.4.a. If.A={BI,...,Bm}, then Ey lemma 5L3.1,4.a.,
there are derivations'Dl,...,Dm‘such.that_for 1si<m

‘13l35 k. t(8%) via D,
ry
2)_ZSD£ ¢ are 5y

b]
3) D% < g,-(28%)5%*T,

,» and

Also, there is a derivation D°% such that

t(A) ’l'"h' a4 via Do M Q.SDD < a* (.Q’A)Sk’ and Q.DB < qye (2‘4)57(“"1‘
Since Dy is already a deriﬁation in the system.? the desired

derivation D, is just D!...D D1D°, and the lemma follows,

with bi=a: and bi=a,. | - _,51.1. . B5.3.1.4.b.

LEMMA 5.3,1.4.c. . ST o _—
System F of lemma 5.3.1.4.b. p-simulates system F,.

-

Proof
Let  g(4)=t(4), and let h(D;A) =D,, 1f 5 t(A) via Dy,

where D, is the derivation whose exmstence is guaranteed by

lemma 5.3.1.4.b. (where A is empty); and if it is not true

that F~p, t(4) via Dy, then let A(D;,4)=0. By lemma 5.3.1.4.b.,

Lh(Dy,4) < bg(£D1+(2A)5k+1) (£D1,2A), and F(h(D;,A))“A
vhenever Fl(bi)mg(Aj. Also 2g(A)<c'(£A)2k+1, and g,hsfz?

Therefore F p—simuiatgs Fy. L ‘®5.3.1.4.c.

Since p-simulation is transitive, lemma 5.3.1.4.c. and

theoren 5.3.1.2.e. can be combined to give the following.




ST

LEMMA 5.3.1.4.d.

Every Frege system F p—siﬁulatés Fy and F,.

. That is, the adequate sets. of connectives of arity no
greater than two which do not inClude'E or E form a "core"-

and any Frege system whose connectives are one af these "core"

sets can be p- 31mu1ated by any other Frege system. “What remains

to be shown is that these “core” systems can p 51mulate the

e gy B '.
it RAP T S .;an VRV R L

others.

The proof that Fy p- 51mulates F w111 be 51m113r to’ the

development in paragraph 5 3 1 2., but 51nce there may be no

-”“‘i g‘

direct translation from 2 to Kl, some new arguménts w111 Be N

needed. In partlcular the analog of lemma 5 Sti;z a.rw111

have to work when t 15 an 1ndlrect translatlon rather than

a dlrect one. . The analog for 1nd1rect translatlon.

and will be bullt uP bY a serles of‘stagés.aff?%'

LEMMA 5.3.1.4.e.

There is an 1nference system.I~<rr;0ﬂ > and there are
constants e, and e, such that for ‘any fOrmula A in the T&g

connectives R and for any subformula E qf“A_and formula G

(with one occurrence of q) such that'Gg%A, there is a

.....

derivation p suéh that

D bp Bew), (e eDes @) (2 (6B a-2(5))) Jipigis,

2) %0 < eq-(2a)*, S e rengundagg
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3) 4D s ep-(2a)0%*1 14
4) d(p)=1.
Proof

The idea of the proof is to recurszvely build a
derxvatlon I of E(t&ﬁ) ((t(GI)&t(E))V(t(GEJ&1t(E)))) Clearly,
if A contains no more than a certaln smail flnlte number ng. of

occurrences of atoms, then 1f I contalns a rule for each of

the finjite number of p0551b1e cases, the required derivation

can consist of a single step,

‘Let ‘the number of occurrences of atoms in 4 be n>no,

and let ¢ be that subformula of 4 such that A=§§-and

t(AJ*(Ct(BI)&t(C))fo(ﬁﬁ)&wth))) If C=& and. a-Bi then the

required derlvatlon is the single- step 1nstance of the rule
E(p,p) Otherw1se there areé three p0551ble cases.

1) £ is a subtree (subformula) of 0, or

2) ¢ is a subtree of E, or

3) ¢ and E are disjoint subtrees of 4.
In case 1}, ¢ can be written as E;?; and ¢ can be written as

Bgl-. Pictorially, this is

Let p1, D%, and D® be the following three derivations (derived

reCursively):
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-, ﬁ(t(cj.(ctc51§3&t(E))v(t(alg)&wt(z)))) via 01,
by ?(t(G%Q,((t(Bg)&t(Hfg))v(t(ngéwﬁcaxgj)J)'via D?, and

s E(t(Gg),((t(Bg)&t(ng))VCt(BgJ&ﬁtfﬁigJ))) via D,
The desired conclusion of the derivétion D is inferred from
these three equivalences by an instante of the sound iﬁference
rule:g,: , .
__~§(f,((v&u)vgw&wu))),@(s,((p&u)v(q&,vj)}fact,((p&m)v(qgﬁwJ)))
N Q(((p&r)V(q&wr)J,((3£u)V(t&ﬁu)));l_

Cases 2 and 3 pictorially arer

Case 2 is similar to case‘l, and gives rise;to three recursively

derived derivations, from which the concluéion-cf D can be

inferred by an instance of rule R,: | : _
@(u,((w&rJV(y&wr))),@(p,(s&m)vft&*m))),?(q,((a&y)V(t&vy)))
+_§[((p&r)v(q&1r)),((s&u)v(t&1u))). |

Case 3 gives rise fo four recrusively derived derivations;

from which the concluéion of D can be derived by an iﬁstance

°f rule g,.

E(p,((v&u)v(é&ﬂuJ)),E(q,((x&u)v(y&wu))J,ﬁ(s,((vgr}v(#&wr)));

@(ts((W&r)V(y£1r))) > @(((p&r)v(q&wr)),(fs&u)v(tﬁwu)));_
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S
Therefore, the inference system I must contdin rules
Ry, Ry, and R,, rules for each of the cases when n<ng, and the
rules *3(p,p). Each formula in D is bounded in length by

some constant c+2¢(4), and d(D) =1, by this constfuction.

To show a polynomial upper bound on the number of steps

of D, it is mecessary to con51der two levels of recursion at
. {‘ ‘
once. "Let f(n)=maﬁ{2 AR Asn and D is.constructed by this

method}.  Then, f is nondecre351ng, and if no=1, then f(1)=1.
For nz2 it is necessary to con51der a second level of recur51on.

This involves an ana1y515 of a total of nine cases, one of

which w111 be analyzed here as an example.

If case 1 holds, then 2 Dl(f(ﬁ“f s because the number

of occurrences of atoms in ¢ must be between E_T and E?T’ by

virtue of t&e fact that ¢ is. the 1nd1rect translatlcn.' The
number of occurrences of atoms in Gg ahd‘Gg, howeier, may be

as large as m-1, so a Seconé level of recursion must be
considered for fhem. Since the formulas involved in derivations
D? and D® are the same except for the interchanges‘ef some T's
and F'S, they ﬁill have the same length. “Consider D%, and

assume that case 1'again holds, so that
t(6§)=((t(3’§d&t(0'))#(t(B'E)&ath'))),'where Elg is a subtree

of ¢, Pictorially, this is.




Recursively, this calls for three derivations D21, D22, and
Dza, where

oy cct(azIIJ&t(Hln))vctfallﬁj&«tczrll))) via p21,
-, @(twl) ((t(B’I)&t(Hx11))"(?5(3’1:-)&'1#(3111))) via D2, ang
- E(tcng,((t(B' )at(alIEJ)v(t(B*EchHuEJ)) via ﬂ”

But now let nt be the number of occurrences of atoms in Gg
Then, since c' is chosen by the t function, the number of
OCcurrences of atoms in ot 1s between ﬁﬁr and F"T" and 51nce

n'<n, this is less than %%%. Slmzlarly the number of

OCcurrences of atoms inp BI and BE is between ?_T and %?I,'so

that the number of steps in each of D21 Dzz,'aﬁd D23 is no

greater than f(?“T) This implies that

2% < 1+f(z_T)+2(l+3f(z~¥)) = 3+7f(E_T)’ for thlS one case 1.1.

The analysis for the other eight cases is 51m11ar, the worst

Case being case 3. 3 which gives

2D < 1+2f(ﬁ)+2(1+41"f7§-_:7_?[2-)) = 3+1‘0f‘(77§ﬁ’_~)-
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Therefore, any function g¢ satisfying

g(1)21, and
9(n) 2 34200 (Ern)  (na2)

gives an upper bound for f{n). One ‘such function is‘g(n)=n4k,

14k

since =121, and for nx2,

I

3+1°'(E§T“J4k [“§F+10,(E§I)4k3_n4k
3

IA

[§1+10'((E%T)kj ]-n4k”

A

3510 D412 Gemma 5.3.1.3.a.)

IA

[%—g}nM

4%

= n .

Therefore, zsps(zA)4k, so that p < e 2t(4)-2%p < c-(£4)6k+1.
. B5.3,1.4.e.
LEMMA 5.3.1.4.f. |

Lemma 5.3,1,4.e, still holds, even if the inference
system I is replaced by Frege system P, .-
This is an immédiate consequence of iemma 5.3.1.2,a.,

where the direct translation from k, to K1 is the identity_

function, 85.3.1.4.f.

Lemmas 5.3.1.4.e. and 5.351.4.f. form the cruéial link
In the simulation of system by system F,. Now the simulation
Ray proceeqd by analogy with the proof of lemmg 5.3.1.2.a.,
With indirect translation here playing the réle ‘that direct -

translation played there,
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LEMMA 5.3.1.4.4.

There are constants g1 and g, such that whenever

r Pwﬁ 4 via D there is a derlvatlon D' such that:

1) t(P) F— t(4) via Dr,

2) %p7 < -1-(zr+ap)4k+1-d(p), and
g :

3) 20" s goe (ar+a0) O%*2, 4y

Proof

The proof proceeds analogously to lemma §, 3. 1.2.a.

For each formula 3 in D, derivation p’ has the formula t(B).

For each inference rule &, eﬁL where R.<k, *B., let 0% be a

derivation in system F; such that t(A.) k— Py t(B ) via D%,

Now Suppose that B is inferred from R in D by substltutlon o
in rule R, Then, B=Bic’ A= Aic, and gach formula in‘A either
is a hypothesis of p OTr appears in D before B Let DBEDZt(G),

so that #(a, )t(d] = t(Bi)t(U)_via p%.. Unlike the case in

lemma 5.3.1.2.a., insertion of p% in place of 2 is not

sufficient to make D' the desired derlvatlon. This is because
¢ is an indirect (rather than gz direct) translatlon, S0 that

t(B. ;)t{0) is not necessarlly the same formula as t(B o) In
fact, whgt must be done is that t(BiU)_must be'derived from

E(B,)¢(0), and for each ¢. seby, t(c )t(0) must be derived from
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This is where lemmas 5.3.1.4.e. and S.3.l.4;f. come
in. . Remember that since § has only a finite number of finite

rules of inference, Bi {and each GJEAi) is one of a finite

number of formulas for which these derivations must he
constructed. Only the substitution o is allowed to vary

arbitrarily. To derive t(Bio} from t(Bi]t(c), a derivation
of ﬁ(ﬁ(BiU),ﬁ(Ei)t(G]) is constructed by recursion on the
number of occurrences of atoms in Bi‘ Consider first the case

where Bi contains no Occurrences of atoms. In this case

BiU=Bi and t(Bi)t(o)=t(Bi)*t(BiU), 30 that the desired derivation

is just an instance of the standard derivation of the tautology

E,p).

Suppose that B, contains at least one occurrence of

the atom p, » is a new atom, and ¢ substitutes ¢ for p. 'Then,

there is a formula Ei with omne occurrence of r such that |

r?

B.=B_E  and Biozﬁicgu By lemma 5.301.4.f., let D° be 4
derivation of E(t(Bio),((tcﬁiogj&t(c))V(t(§ic§)&1t(c)))).

Since Bi% and Big contain one less eccurrence of atoms than

8., assume as inductive hypothesis that there exist derivations

+

D" and p~ of a(t(ﬁi%o),tcﬁig)t(c)) and_E(t(ﬁigd),ﬁcﬁigat(c)),
TESpectively. From these three equivalences‘(noting that

gic% = Ei%g), @(t(gig),((t(ﬁig)t(o)&t(c))v(t(ﬁig)t(c)&wt(CJ))J

can be derived in a fixed number of steps., (In effect, equals
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have been substituted for equals.) But this Iast_equivalence

is the same as @(t(aiu),((t(ﬁig)&p)v(t(ﬁig)&qu)t(c)).

Applying lemma 5.3.1.4.7, again, let D" pe g derivation of

) E D E B ), so that prigey 1y

derivation of ﬁ(t(Bi)t(U),((t(ﬁi%J&p)v(t(§i§)&up))t(c)). These

last two equivalences lead to a derivation of @(t(Bio),t(Bi)t(c))

in a constant number of Steps,

the total number of steps

in this entire derivation is bounded by some cénstant d times

the number of ste s in 2°. By lemma 5.3.1.4.f,, this uantity
. P y q

is bounded above by'd'el°(23£634k-

Putting this derivation together with similar derivations

for CjU for each CJEAi’ and with DB,-gives a derivation D, of

S(B)=t(3£0) from t(4,0)=¢(4), such that thére are constants

(independent of ) g1 and g, such that 25p < 1+ (28+28)%% ang
g g B <9

LDB s 92'(£A+23)6k+1. Putting together these derivations Dy

E
:
i

S S

o RN

BIRANT,




for each formula gz in D gives the derivation p' such that

2" s gre(ar+e0)*** 150y ang
D' < goe (2742) OK* 2, 4 )y B5.3.1.4. 4.

Lemmas 5.3.1.4.g. and 5.3.1.4.a. can be combined to

give the following.

LEMMA 5.3.1.4.%.

Frege system 7, p-simulates 7.
Proo

Since Kk,sR, 4 is the identity function., The function
7 is built using the comstructions in lemmas 5.3.1.4.g. ang

5.3.1.4,a., If Fw? 4 via D, then h{(D,A) is D'Dp, where D' is the

derivation (in system F1) of t(4) ctonstructed by lemma 5.3.1,4.g.
and D, is the derivation of 4 from £(4) constructed by lemma ' f
5.3.1.4.a, It is a routine matter to verify that.g,ke&%ﬁ and

that 7y (A(D,4))=2 whenever P(D)=g(4). | " ®5.3.1.4.h.

Combining this result with lemma 5.3,1.4,4. and the

transitivity of P-simulation, the main theorem of this section
1s immediate,

THEOREM 5.3.1.4.1,

Any two Frege systenms p-simulate each other.







