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Summarz

It is shown that any recognition
problem solved by a polynomial time-
bounded nondeterministic Turing
machine can be "reduced" to the pro-
blem of determining whether a given
propositional formula is a tautology.
Here ''reduced" means, roughly speak-
ing, that the first problem can be
solved deterministically in polyno-
mial time provided an oracle is
available for solving the second.
From this notion of reducible,
polynomial degrees of difficulty are
defined, and 1t i1s shown that the
problem of determining tautologyhood
has the same polynomial degree as the
problem of determining whether the
first of two given graphs is iso-
morphic to a subgraph of the second.
Other examples are discussed. A
method of measuring the complexity of
proof procedures for the predicate
calculus is introduced and discussed.

Throughout this paper, a set of
strings means a set of strings on
some fixed, large, finite alphabet I.
This alphabet is large enough to in-
clude symbols for all sets described
here. All Turing machines are deter-
ministic recognition devices, unless
the contrary 1s explicitly stated.

1. Tautologies and Polynomial Re-
Reducibility.

Let us fix a formalism for
the propositional calculus in
which formulas are written as
strings on X. Since we will re-
quire infinitely many proposition
symbols (atoms), each such symbol
will consist of a member of =
followed by a number in binary
notation to distinguish that
symbol. Thus.a formula of length
n can only have about n/logn
distinct function and predicate
symbols. The logical connectives
are & (and), v (or), and 7 (not).

The set of tautologies
(denoted by { tautologies}) is a
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certain recursive set of stringé on
this alphabet, and we are interested
in the problem of finding a good
lower bound on its possible recog-
nition times. We provide no such
lower bound here, but theorem 1 will
give evidence that { tautologies} 1is

a difficult set to recognize, since
many apparently difficult problems
can be reduced to determining tau-
tologyhood. By reduced we mean,
roughly speaking, that if tauto-
logyhood could be decided instantly
(by an "oracle') then these problems
could be decided in polynomial time.
In order to make this notion precise,
we introduce query machines, which
are like Turing machines with oracles
in [1].

A query machine 1s a multitape
Turing machine with a distinguished
tape called the query tape, and
three distinguished states called
the query state, yes state, and no
state, respectively. 1If M is a
query machine and T 1is a set of
strings, then a T-computation of M
is a computation of M 1n which
initially M is in the initial
state and has an input string w on
its input tape, and each time M
assumes the query state there is a
string u on the query tape, and
the next state M assumes 1is the
vyes state if ueT and the no state
if uéT. We think of an "oracle',
which knows T, placing M 1in the
yes state or no state.

Definition

A set S of strings is P-redu-
cible (P for polynomial) to a set
T of strings iff there is some
query machine M and a polynomial
Q(n) such that for each input string
w, the T-computation of M with in-
put w halts within Q(|w|) steps
(lw] is the length of w), and ends
in an accepting state iff) weS,

It is not hard to see that
P-reducibility is a transitive re-
lation. Thus the relation E on






