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Mark ov Models

Usepastasstate. Nextoutputdependson previousoutput(s):
ye=flye vyt 201
orderis numler of previousoutputs

Markov madelshavetwo problems:

{ needbig orderto remembpr past\events"
{ output noiseis confoundedvith statenoise

Pr obabilistic  Genera tive Models for Time Series

To getinterestingvaiability neednoise
To getcarelationsacrosgime, needsomesystenstate

T noiseT
sources
internal

Time, States,Outputs: canbe discreteor continuous

Today: discretestate,discretdime
simila to nite stateautomataMoore/Mealymachines

Mainideaof generativenodels:inventa madelfor generating
data,andsetits paameterssoit is aslikelyaspossibleo generate
the datayou actuallyobserved.

Learning Mark ov Models

The ML paameterestimatedor a simpleMarkov modelare easy:

7
PlYs: 5 yT) = PlY1:::Yk) piYtiYt 1.::55Yt k)
t=k+1
XT
logp(fyg) = logp(y1:::yk) + logp(ytjyt 1Yt 20::5 Yt k)
t=k+1

Eachwindav of k + 1 outputsis a trainingcasefor the madel

Examplefor discreteoutputs(symimls) anda 2nd-eder markov
modelwe canusethe multinomiaimadel:
plyt = mjyt 1=ayt 2= D= map
The maximumiikelihad valuedor  are:
_numit ity =myyy 1= ayy 2= b
mab™ " rumft sit:yy 1= ay; 2= b




Hidden Mark ov Models (HMMs)
Add a latent (hidden)vaiablex; to improvethe model.
HMM \ probabilistidunctionof a Markov chain":
1.1st-aderMarkov chaingeneratesiddenstate sequencéath):
PiXxes1 = jixe=1)=Sj  pxy=j)= |
2. A setof output probabiliy distributionsA j () (oneper state)
convertsstatepathinto sequencef observableymiols/vectaos

Pyt = yjxt = j) = Aj(y)

delelelelen

Eventhoughhiddenstateseq.is 1st-aderMarkov, the output
processs not Markov of anyorder
[ex.111112111131112111113]1.

(state transitiondiagram)

HMM Model Equations

00

Hiddenstatesf xtg, outputsf ytg
Joint probabiliy factaizes:

Y . .
p(fxg;fyg) =  p(xgjxt DP(YtiXt)
t=1

& '
= x1 Sxexeer Ax(Yt)
t=1 t=1
NB: Dataare noti.i.d. Everythings coupledacrosdime.

Threeproblems:computingprobabilitief observedequences,
inferencef hiddenstatesequencesganingof paameters.

Links to Other Models

You canthink of an HMM as: (graphicaimodels)
A Markov chainwith stochasticmeasurements.

O—O—O—+—0O
OO0 O

A mixturemodelwith statescoupledacrosdime.

Thefutureis indegndentof the pastgiventhe present.

Hownever,conditioningon all the observationsouplediddenstates.

Pr obability of an Observed Sequence

To evaluatehe probabili)t{ p(fyg), we want:
p(fyg) =  p(fxg;fyg)

fx
p(obseredsequenqge= p( obseredoutputs; statepath)
all paths

Lookshad! ( #paths = # states').
But joint probabiliy factaizes:

X X X Y _ _
p(fyg) = P(xtjXt DP(YtiXt)

X1 X2, XTt=1 X
= p(xop(yuxy)  p(x2xyp(y2ix2)
X1 X2
pXTiXT DPYTIXT)
XT
By movingthe summationsside we cansavea lot of work.




It's as easy as abc...

If you understandhis:
ab+ ac= a(b+ ¢)
thenyou understandhe maintrick of HMMs.

Bugs on a Grid

Naivealgaithm:
1.stat bugin eachstateat t=1 holdingvalue0

2.moveeachbugforward in time by makingcopiesof it and

incrementinghe valueof eachcoyy by the probabiliy of the
transitionandoutputemission
3.goto 2 until all bugshavereachedime T

4.sumup valueson all bugs

states

time

The Sum-Pr oduct Recursion

We want to compute: X
L =p(fyg)= p(fxg;fyg)
fxg
Thereexistsa clevenforward recursion'to computethis hugesum
verye ciently. De ne j(t):
M) =pyiixe=1i)
j(1)= ;(Aj (Y1) now inductionto the rescue...
kt+ D=1 j(OSKoAKYt+1)
]
Notation:x3  fxa;::i:xp0; ¥2  fyaiiiiywg
Thisenablesisto easily(cheaply)omputethe desiredikelihad L
sincewe knov we mustendin iomepossiblestate:
L= k(T)
K

Bugs on a Grid - Trick

Cleverecursion:
addsa stepbetween2 and3 abovewhichsays: at eachnode, replace
all the bugswith a singlebugcaryingthe sumof their values

states

a—— time

Thistrick is calleddynamigrogrammingandcanbe usedvhenever
we havea summationseach, or maximizatiomproblemthat canbe
setup asa gridin this way.

The axesof the grid don't haveto be \time" and\states".




Inference of Hidden States

For ward-Ba ckw ard Algorithm

Whatif we we want to estimatethe hiddenstatesgiven

observations?o stat with, let us estimatea singlehiddenstate:

p(fy gjxt)p(Xt)
p(fyg)
Py §ixe)p(y{,1ixt)p(xt)
p(y])
iy 5 XO)P(Y 4 1i%t)
p(y])
(xt) (xt)
p(y])
where j(t)= p(y}ixi=])
()= plyderixe=1])
(M) = p(xe = 1jy])

p(xijfyg) = (x¢) =

p(xijfyg) = (x¢) =

i(t) givestotal in ow of prob. to node (t; i)
i(t) givestotal out ow of prob.

states
E o

a—— time <«—»D

Bugsagain:we just let the bugsrun forward fromtime O to t and
backverd fromtime T to t.

In fact, we canjust do oneforward passto computeall the (t)
andonebackvard passto computeall the (t) andthencompute
any i(t) wewant. Total costis O(K 2T).

For ward-Ba ckw ard Algorithm

Likelihood fr om For ward-Ba ckw ard Algorithm

We computethesequantitiese ciently usinganothemrecursion.

Usetotal prob. of all pathsgoingthroughstatei at timet to
computethe conditionaprob. of beingin statei at timet:

(0= p(xe = ijy])
= j(t) (=L
wherewe de ned:
() =Py ixe=1])
Thereis alsoa simplerecursiorfor j (t):
X
= Sji ilt+ DA(Yer1)
|
ji(M=1

i(t) givestotal in ow of prob. to node (t; i)
i(t) givestotal out ow of prob.

P
Since . (xt) = 1, we cancomputethe likelihad at anytime

usingthe resultsof the rec)t(usions:
L =p(fyg) = (xt) (xt)
Xt
In the forward calculatiorwe proposedoriginally we did this at the
nal timestept = T: X
L = (x1)
XT
because T = 1
Thisis a good way to checkyour code!




Viterbi Decoding: Max-Pr oduct

Thenumlers j(t) abovegavethe probabiliy distributionoverall
statesat anytime.

By chaosingthe state  (t) with the largestprobabiliy at each
time, we canmale an\b est" state path. Thisis the path with the
maximunexpectednumter of carect states

But it is not the singlepath with the highestikelihad of
generatinghe data. In fact it may be a path of probabiliy zero!

To nd the singlebestpath, we do Viterbidecalingwhichis just

Bellman'sdynamigrogramminglgaithm appliedo this problem.

. , , P
Therecursiontook the samegxceptwith maxinsteadof .

Bugsoncemae: sametrick exceptat eachstepkill all bugsbut
the onewith the highestvalueat the node.

Parameter Estima tion

Completdog likelihand:

W1 T
logp(fxg;fyg) = lof x, Sxixier Axi(YD)D
t=1 t=1
Y i 1%’ 1‘Y [xi;xj+ 1 iT Y k
=tlog (U7 T T Ay
i t=1 ] t=1 k
X & 1x i X X K
= [xy]log j + [Xt; Xt411109S;; + [xt1logAk(y
i t=1 | t=1 k

wherethe indicato [xit] = 1if xy = i andO otherwise

EM maximizegxpectedvalueof logp(f xg; f yg) underp(f xgjf yg)
Sothe statisticswe needfrom the inferencéE-step)are:

p(xtif yg) andp(xt; Xt+1jf y 9).

We sav haw to get singletime maginalsp(xijf yg), but what
about two-frameestimate(Xt; Xt+1jf yg)?

Baum-Welch Training: EM Algorithm

1.Howv to nd the paametersntuition: if onlywe knewthe true
statepaththen ML paameterestimationaould be trivial.

2.But: canestimatestatepath usingthe DP trick.

3.Baum-V¢Ichalgaithm (specialcaseof EM): estimatethe states,
thencomputeparams,thenre-estimatestates,andsoon. ..

4. Thisworks andwe canprovethat it alwaysimpovedikelihad.

5.Honever: nding the ML parameterss NP had, soinitial
conditionsnattera lot andconvergence had to tell.

likelihood

/7

parameter space

Tw o-frame inference

Needthe cross-timestatisticsfor adjacentime steps:
ij = P(Xt =1 Xt+1 = jifyg)
This canbe doneby rewriting:
P(xt; Xt+1Jf y9) = p(Xt; Xt+1; fyg)=p(fy 9)
POt Y DK1Y Xt Y D=L
= POXt;Y DPOXe+ 11X P t+1iXe+ 1) PO 20X+ 1) =L
i(1)Sjj Aj(yte1) j(t+ 1)=L
=

Thisis the exgectednumber of transitiondrom statei to statej
that beginat time t, giventhe observations.

It canbe computedvith the same and recursions.




New Parameters are just
Ratios of Frequency Counts

Symbol HMM Example

Initial statedistribution:expected#times in statei at time 1.
"= i)
Expected#transitionsfrom statei to j whichbeginat timet:
i )= i(OSjAj(ye+1) jt+ 1)=L
sothe estimatedransitionprobabilitiesre:
K1 T K1
S = ij (t) i(t)

t=1 t=1
The output distributionsare the expectednumkber of timeswe
observa paticula symil in a paticula state:

X
A (yo) = X i(t) i ()

tjyt=Yo t=1

Chaactersequence@liscreteoutputs)

Using HMMs for Recognition

Mixture HMM Example

UsemanyHMMsfor recognitiorby:

1.trainingoneHMM for eachclasqrequiredabeledtrainingdata)
2.evaluatingorobabiliy of an unknevn sequencandereachHMM
3. classifyinginknavn sequencedMM with highestikelihad

| |

L1 L2 Lk
Thisrequireghe solutionof two problems:
1.Givenmadel, evaluatgrob. of a sequence.
(We candothis exactly& e ciently.)
2.Givesometrainingsequencesgstimatemadel paameters.

(We can nd the local maximunof paameterspaceneaestour
stating point usingBaum-V¢éIch(EM).)

Geysedata(continuousutputs)

State output functions
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Regularizing HMMs

Two problems:

{ for highdimensionautputs,lots of paametersn eachA (y)
{ with manystates transitionmatrixhasmany elements
First problem:full covaiancematricesn highdimensionsr

discretesymiml modelswith manysymiwmls havelots of paameters.

To estimatetheseaccuratelyequires lot of trainingdata.
Insteadwe oftenuse mixturesof diagonatovaianceGaussians.

For discretedata, usemixturesof baseratesand/a smathing.
We canalsotie paametersacrosstates(shrinlage).

More Advanced Topics

Multiple observatiosequencesanbe dealtwith by averaging
numeratos andaveraginglenominate in the ratiosgivenabove.

Generatiof newsequenceslustroll the dice!

Sampling singlestate sequenc&om the posterio p(f xgjf yg).
Hader...butpossible (canyou think of hav?)

Initialization:mixturesof baseratesor mixturesof Gaussians.
Canalsousea trick of buildinga su x treeto e ciently countall
subsequencep to somedengthandusingthesecountsto initialize.

Null outputs:it is possibléo havestateswhich(sometimesr
always) output nothing. This often malesthe repesentation
spaser(e.g. pro le HMMs).

Thereis alsoa madi ed Baum-Vélchtrainingbasedn the Viterbi
decdle. Like K-meansnsteadof mixturesof Gaussians.

Regularizing  Transition  Matrices

Oneway to regulaize largetransitionmatricess to constrairthem
to be relativelyspase insteadof beingallovedto transitionto any
otherstate,eachstatehasonlya few possiblesuccessatates.

For examplef eachstate hasat mostp possiblenext statesthen
the costof inferencas O(pK T) andthe numter of paameterss
O(pK + K M) whichare both linea in the numter of states.

An extremelye ective way to constrainthe
transitionssto orderthe statesin the HMM
andallov transitiononlyto stateghatcome
laterin the ordering Suchmadelsare knovn
as\linear HMMs", \chain HMMs" or \left-
to-right HMMs". Transitionmatrixis upper- s(t+1) ;

diagonalusuallyonly hasa fewbands).

Be careful:  logsum

Oftenyou caneasilycomputey, = logp(yjx = k; A),
but it will be verynegativesay -1P or smaller. 5
Now, to compute = logp(yjA ) you needto computdog e

Caeful! Do not computethis by doinglog(sum(exp(b)))
You will getunder av andanincarectansver.

Insteaddo this:

{ Adda constantexpnentB to all the valuedy suchthat the
largestvaluecomescloseto the maximumexpnentalloved by
machingrecisionB = MAXEXPONENT-log(K)-mbx(

{ Computdog(sum(exp(b+B)))-B .

Exampleif logp(yjx = 1)= 120andlogp(yjx = 2)= 12Q

whatis logp(y) = log[p(yjx = 1)+ p(yjx = 2)]?
Ansver: log2e 129= 120+ log2.




HMM Pra cticalities

If you justimplementhingsas| havedescribdthem,theywill not
work at all. Why? Rememeér logsum...

Numericakcaling:the probabiliy valueghat the bugscary get
tiny for bigtimesandsocaneasilyunder ov. Gaod rescalindrick:

\t
¢ = plydy! b M=~t) o
t&1

(note: someerrasin ealy editionsof Rabine®& Juang)

Applica tions of HMMs

Speechrecognition.

Languagenadeling.

Infamationretrieval.

Motionvideoanalysis/tracking.
Proteinsequencandgeneticsequencalignmentindanalysis.
Financiatime seriegrediction.

Modelinggranth/di usion of cellsin biologicakbystems.

Comput ational Costs in HMMs

The numter of parametersn the madelwasO(K 2+ K M) for M
outputsymimlsor dimensions.

Recalkhe forward-backwrd algaithm for inferencef state
probabilitiegp(xtjf y g).

The staragecostof this procedurenasO(K T + K 2) for K states
anda sequencef lengthT.

The time complexit was O(K 2T).

states
o

a—— time <——»D

Linear Dynamical Systems (State Space Models)

LDSis a Gauss-M#ov continuoustate process:
Xt+1 = AXt + Wt
observedhroughthe \lens" of a noisylinea emhkedding:
yt = CXt+ w
Noisesv andv are temporally whiteanduncarelated
Exactlythe continuoustateanalogu®f HiddenMarkov Models

e ® Vi
l Y
®
w

forward algaithm, DiscreteKalmanFilter
forward-backwrd , KalmanSmathing
Viterbidecaling, noequivalent




Discrete Sequences in Comput ational Biology

Therehasrecentlybeena greatinterestin applyingorobabilistic
maodelsto analyzingliscretesequencdatain moleculaand
computationabiology

Thereare two majo source®f suchdata:

{ aminoacidsequence®r proteinanalysis

{ base-paisequencdsr geneticanalysis

The sequencese sometimeannotatedy otherlakels,e.g.
speciesmutation/diseasgype, genderrace,etc.

Lotsof interestingapplications:

{ wholegenomeshotgunsequenc&agmentassembly
{ multiplealignmenbf conservedequences

{ splicesite detection

{ inferringphylogenetitrees

Pr ofile (String-Edit) HMMs

i = insert d =delete M =match (state transition diagram)

A\pro le HMM" or \string-edit" HMM is usedfor probabilistically

matchingan observedhput stringto a staredtemplatepattern
with possiblensertionanddeletions.

Threekindsof states:
m;j { useposition] in the templateto matchan observedymiol
ij { insertextrasymiwl(s) observationafter templateposition;
dj { delete(skip)templateposition;

Main Tool: Hidden Mark ov Models

HMMsandrelatedmodels(e.g. pro le HMMs) havebeenthe
maja tool usedin biologicabequencanalysieandalignment.

The basicdynamigrogrammingilgaithmscanbe improvedin
specialcaseso male themmae e cient in time or memaoy.

Seethe excellentbook by Durbin,
Eddy Krogh, Mitchisonfor lots of
practical detailson applicationsand
implementations.

Pr ofle HMMs have Linear Costs

i = insert d=delete m=match (state transition diagram)

numker of states= 3(lengthtemplate)
Onlyinsertandmatchstatescangenerateutput symiols.
Onceyou visitor skipa matchstateyou canneverreturnto it.
At most3 destinatiorstatesfrom anystate,soS;j; veryspase.
Staage/Timecostlinea in #states, not quadratic.

Statevaiablesandobservationso longerin sync.
(e.g.yl:ml; d2; y2:i2; y3:i2; y4:m3; :::)




Pr ofle HMM Example: Hemoglobin

matiab/HMM/dnatstlout. txt Tue Mar 11 22:36:18 2003 2
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HMM Pseudocode

Forward-backwrd includingscalingricks
g(t) = Ajyy)

X
= : q2) 1= X 1 @O= @=0O
M= @ 1)y qb (t) = M ®= O=@t [t=2:T]
(Mm=1
=S ((t+1); gt+ 1= (t+1) t=(T 1):1]
=0
= +S (1) (@t+1r ot+ D))= (t+1) t=21:(T 1)
=(: )

X
logp(y{) = log( (1))

Some HMM Histor y

Markov ('13) andlater Shannor{'48,'51) studiedMarkov chains

Baumet. al (BP'66,BE'67,BS'68,BPSW'70,B'72) developd

muchof the theay of \probabilistidunctionsof Markov chains".

Viterbi('67) (nowv Qualcommyameup with an e cient optimal

decderfor stateinference.

Applicationgo speechwerepioneeredhdegndentlyby:

{ Baler ('75) at CMU (now Dragon)

{ Jelinek'ggroup('75) at IBM (now Hopkins)

{ communicationseseech divisionof IDA (Ferguson74
unpublished)

Dempsterlaird& Rubin('77) recognized generaform of the

Baum-\V¢lchalgaithm andcalledit the EM algaithm.

A landmak open symmsiumin Princeton('80) hostedby IDA
revievedwork till then.

HMM Pseudocode

Baum-\V¢lchpaameterupdates
;=0 $§ =0 ~=0 A=o0
for eachsequencepun forwerd backverd tg(get and , then

§=8S+ A=At (1) = 4+ (t)
X X
Ai(y) = i o A=A+ oy ()

tiye=y t




