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Unobser ved Variables

• CertainvariablesQ in our modelsmay be unobserved,
eithersomeof the time or always,
eitherat trainingtime or at test time.
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Graphically, we will useshadingto indicateobservation.

Par tiall y Unobser ved (Missing) Variables

• If variablesare occasionallyunobservedtheyare missing data.
e.g. unde�niedinputs,missingclasslabels,erroneoustarget values

• In this case,we canstill model the joint distribution,but we de�ne
a newcostfunctionin whichwe sum out or marginalize the missing
valuesat trainingor test time:

`(θ;D) =
∑

complete

log p(xc, yc|θ) +
∑

missing

log p(xm|θ)

=
∑

complete

log p(xc, yc|θ) +
∑

missing

log
∑

y
p(xm, y |θ)

[Recallthat p(x) =
∑

qp(x, q).]

La tent Variables

• What to do whena variablez is always unobserved?
Dependsonwhereit appears in ourmodel. If we neverconditionon
it whencomputingthe probability of the variableswe do observe,
thenwe canjust forgetabout it andintegrateit out.
e.g. giveny , x �t the modelp(z, y |x) = p(z|y )p(y |x , w)p(w).
(In otherwordsif it is a leafnode.)

• But if z is conditionedon,we needto model it:
e.g. giveny , x �t the modelp(y |x) =

∑
z p(y |x , z)p(z)
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Where Do Latent Variables Come Fr om?

• Latentvariablesmay appear naturally, fromthe structureof the
problem,becausesomethingwasn'tmeasured,becauseof faulty
sensors, occlusion,privacy, etc.

• But also,we may want to intentionally introducelatentvariablesto
modelcomplexdependenciesbetweenvariableswithout lookingat
the dependenciesbetweenthemdirectly.
Thiscanactuallysimplifythe model(e.g. mixtures).
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Clustering vs. Classifica tion
Latent Factor Models vs. Regression

• You canthink of clusteringasthe problemof classi�cation
with missingclasslabels.
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• You canthink of factor models(suchasfactor analysis,PCA,ICA,
etc.) aslinear or nonlinear regressionwith missinginputs.

Why is Learning Harder?

• In fully observediid settings,the probability model is a product
thusthe log likelihood is a sumwheretermsdecouple.
(At leastfor directedmodels.)

`(θ;D) = log p(x , z|θ)

= log p(z|θz) + log p(x |z, θx)

• With latentvariables,the probability alreadycontainsa sum,sothe
log likelihood hasall parameterscoupledtogethervia log

∑
():

`(θ;D) = log
∑

z
p(x , z|θ)

= log
∑

z
p(z|θz)p(x |z, θx)

(Justaswith the partition functionin undirectedmodels.)

Learning with Latent Variables

• Likelihood `(θ;D) = log
∑

z p(z|θz)p(x |z, θx) couplesparameters:
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• We cantreat this asa blackbox probability functionandjust try to
optimizethe likelihood asa functionof θ (e.g. gradientdescent).
However,sometimestakingadvantageof the latentvariable
structurecanmake parameterestimationeasier.

• Good news:soon we will seethe EM algorithm whichallowsusto
treat learningwith latentvariablesusingfully observedtools.

• Basictrick: guessthe valuesyou don't know.
Basicmath: useconvexity to lower boundthe likelihood.



Mixture Models

• Mostbasiclatentvariablemodelwith a singlediscretenodez.

• Allowsdi�erent submodels(experts) to contributeto the
(conditional)density model in di�erent parts of the space.

• Divideandconqueridea:usesimpleparts to buildcomplexmodels.
(e.g. multimodaldensities,or piecewise-linear regressions).
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Mixture Densities

• Exactlylike a classi�cationmodelbut the classis unobservedand
sowe sumit out. Whatwe get is a perfectlyvaliddensity:

p(x |θ) =

K∑

k=1

p(z = k|θz)p(x |z = k, θk)

=
∑

k

αkpk(x |θk)

wherethe \mixing proportions" addto one:
∑

k αk = 1.

• We canuseBayes'ruleto computethe posterior probability of the
mixturecomponentgivensomedata:

p(z = k|x , θ) =
αkpk(x |θk)∑
j αj pj (x |θj )

thesequantitiesare calledresponsibilities.

Clustering Example: Gaussian Mixture Models

• Considera mixtureof K Gaussiancomponents:

p(x |θ) =
∑

k

αkN (x |µk, Σk)

p(z = k|x , θ) =
αkN (x |µk, Σk)∑
j αj N (x |µk, Σk)

`(θ;D) =
∑

n
log

∑

k

αkN (xn|µk, Σk)
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• Density model: p(x|θ) is a familiarity signal.
Clustering:p(z|x , θ) is the assignmentrule,−`(θ) is the cost.

Regression Example: Mixtures of Exper ts

• Alsocalledconditionalmixtures.Exactlylike a class-conditional
modelbut the classis unobservedandsowe sumit out again:

p(y |x , θ) =

K∑

k=1

p(z = k|x , θz)p(y |z = k, x , θk)

=
∑

k

αk(x |θz)pk(y |x , θk)

where
∑

k αk(x) = 1 ∀x.

• Harder: mustlearn α(x) (unlesschosez independentof x).

• We canstill useBayes'ruleto computethe posterior probability of
the mixturecomponentgivensomedata:

p(z = k|x , y , θ) =
αk(x)pk(y |x , θk)∑
j αj (x)pj (y |x , θj )

this functionis oftencalledthe gating function.



Example: Mixture of Linear Regression Exper ts

• Eachexpert generatesdataaccordingto a linear functionof the
input plusadditiveGaussiannoise:

p(y|x , θ) =
∑

k

αk(x)N (y|β>
k x , σ2

k)

• The \gate" functioncanbe a softmaxclassi�cationmachine:

αk(x) = p(z = k|x) =
e� >

k x

∑
j e

� >
j x

• Remember: we are not modelingthe density of the inputsx.
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Gradient Learning with Mixtures

• We canlearn mixturedensitiesusinggradientdescenton the
likelihood asusual.Thegradientsare quiteinteresting:

`(θ) = log p(x |θ) = log
∑

k

αkpk(x |θk)

∂`

∂θ
=

1

p(x |θ)

∑

k

αk
∂pk(x |θk)

∂θ

=
∑

k

αk
1

p(x |θ)
pk(x |θk)

∂ log pk(x |θk)

∂θ

=
∑

k

αk
pk(x |θk)

p(x |θ)

∂`k
∂θk

=
∑

k

αkrk
∂`k
∂θk

• In otherwords,the gradientis the responsibility weighted sum of
the individuallog likelihood gradients.

Parameter Constraints

• If we want to usegeneraloptimizations(e.g. conjugategradient)to
learn latentvariablemodels,we oftenhaveto make sureparameters
respect certainconstraints.(e.g.

∑
k αk = 1, Σk pos.de�nite).

• A good trick is to reparameterizethesequantitiesin termsof
unconstrainedvalues.For mixingproportions,usethe softmax:

αk =
exp(qk)∑
j exp(qj )

• For covariancematrices,usethe Choleskydecomposition:

Σ� 1 = A> A

|Σ|� 1=2 =
∏

i

Aii

whereA is upper diagonalwith positivediagonal:

Aii = exp(ri ) > 0 Aij = aij (j > i) Aij = 0 (j < i)

Logsum

• Oftenyou caneasilycomputebk = log p(x |z = k, θk),
but it will be verynegative,say -106 or smaller.

• Now, to computè = log p(x |θ) you needto computelog
∑

k ebk.
(e.g. for calculatingresponsibilitiesat test time or for learning)

• Careful! Do not computethis by doinglog(sum(exp(b))) .
You will get under
ow andan incorrectanswer.

• Insteaddo this:

{ Adda constantexponentB to all the valuesbk suchthat the
largestvaluecomescloseto the maxiumumexponentallowedby
machineprecision:B = MAXEXPONENT-log(K)-max(b) .

{ Computelog(sum(exp(b+B)))-B .

• Example:if log p(x|z = 1) = −120 andlog p(x|z = 2) = −120,
what is log p(x) = log [p(x|z = 1) + p(x|z = 2)]?
Answer: log[2e� 120] = −120 + log 2.


