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Par tiall 'y Unobser ved (Missing) Variables

o If vaiablesare occasionallynobservetheyare missing data.
e.g. unde niedinputs,missingclasdabels,erroneousarget values

e In this case we canstill madelthe joint distribution but we de ne
a newcostfunctionin whichwe sum out or marginalize the missing
valuesat trainingor testtime:

(0:D) = Y logp(xSy%le)+ > logp(x™|6)

complete missing
= ) logp(xSy9e)+ > log > p(x™y|6)
complete missing y

[Recalthat p(z) = > _qp(z,q).]

Unobser ved Variables

Latent Variables

¢ Certainvaiables in ourmodelsmay be unobserved,
eithersomeof the time or always,
eitherat trainingtime or at testtime.
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Graphicallywe will useshadingo indicateobservation.

e Whatto dowhena vaiablez is always unobserved?
Dependsonwheret appeasin ourmadel. If we neverconditionon
it whencomputinghe probabiliy of the variablesse do observe,
thenwe canjust forgetabout it andintegrateit out.
e.g.giveny,x t themadelp(z,y|x) = p(z]y)p(y |x,w)p(w).

(In otherwordsif it is aleafnode.)

e But if z is conditionedn, we needto madelit:

e.g.giveny,x t themadelp(y|x) = >, p(y|X,z)p(z)
z




Where Do Latent Variables Come Fr om?

e Latentvaiablesmay appea naturally fromthe structureof the
problem becausesomethingvasn'tmeasuredyecausef faulty
sensrs, occlusionprivacy etc.

¢ But also,we may want to intentionally introducelatentvaiableso
maodel complexdeendenciebetweenvaiableswvithoutlookingat
the dependenciebetweenthemdirectly
This canactuallysimplifythe model (e.g. mixtures).
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Why is Learning Harder?

e In fully observedd settingsthe probabiliy madelis a product
thusthe loglikelihand is a sumwheretermsdecouple.
(At leastfor directedmadels.)

((0; D) = log p(X, z|0)
= log p(z|0z) + log p(x|z, Ox)

¢ With latentvaiablesthe probabiliy alreadycontainsa sum,sothe
log likelihabd hasall paametersoupledogethervialog > °():

((6:D) =log > _p(x,z|6)
= log Y _ p(z|62)p(X|Z, bx)

(Justaswith the patition functionin undirectednodels.)

Clustering vs. Classifica tion
Latent Factor Models vs. Regression

Learning with Latent Variables

¢ You canthink of clusteringasthe problemof classi cation
with missingclasdakbels.
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¢ You canthink of facta madels(suchasfacta analysisPCA, ICA,
etc.) aslinea or nonlinearegressiowith missingnputs.

e Likelihad ¢(6; D) = log >, p(z|6z)p(X|z, 6x) couplepaameters:
z

z
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¢ \We cantreat this asa blackbox probabiliy functionandjusttry to
optimizethe likelihad asa functionof # (e.g. gradientdescent).
Honever,sometimesakingadvantagef the latentvaiable
structurecanmale paameterestimatioreasier.

e Gaod news:samn we will seethe EM algorithm whichallovsusto
treat leaningwith latent variablesusingfully observedools.

¢ Basictrick: guesghe valuesyou don't knaw.
Basicmath: useconvexit to lower boundthe likelihand.




Mixture Models

e Mostbasiclatent variablemadelwith a singlediscretenade z.

¢ Allowsdi erent submadels(experts)to contributeto the
(conditional)densiy madelin di erent pats of the space.

¢ Divideandconqueidea: usesimplepats to buildcomplexnadels.

(e.g. multimalal densitiesor piecewise-lineegegressions).
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Clustering Example: Gaussian Mixture Models

e Considea mixtureof K Gaussiasommnents:
p(x|0) = Zak/\/ X s X)

Oék/\f(xlum Yk)
ZJ a] (X’MIOEK)

= log > N (X" g, Se)
n k

pz = k|x,0) =

i

e Densiy madel: p(z|0) is a familiaity signal.
Clusteringp(z|x, 0) is the assignmentule, —¢(#) is the cost.

Mixture Densities

Regression Example: Mixtures of Exper ts

¢ Exactlylike a classi catiormadel but the classis unobservednd
sowe sumit out. Whatvve getis a perfectlyvaliddensiy:

p(x|0) = sz-k\@z) (X|z =k, b0)

= Z akpk (X |0k)
k

wherethe \mixing proportions" addto one: )" ayx = 1.

e We canuseBayes'ruleto computethe posterio probabiliy of the
mixturecompmnentgivensomedata:

akpk (X[ 0k)
> ajpj (x16))
thesequantitiesare calledresponsibilities.

plz = k[x,0) =

¢ Alsocalledconditionamixtures.Exactlylike a class-conditional
maodel but the classs unobservedndsowe sumit out again:

(Y|x,0) = sz_k|x 02)p(y|z = k, X, bk)

= Zak X[0z2)pk (Y X, Ok)
k

whered ), ax(X) =1 Vx.
e Harder: mustlean «(x) (unleschose: inde@ndentof x).
¢ We canstill useBayes'ruleto computethe posterio probabiliy of

the mixturecompnentgivensomedata:

ag (X)pk (Y X, k)
> o (X)pj (v [x, 0;)

this functionis oftencalledthe gating function.

plz =k[x,y,0) =




Example: Mixture of Linear Regression Exper ts

e Eachexpert generatedataaccadingto a linea functionof the
input plusadditiveGaussianoise:

p(ylx,0) Zak N(ylBx, of)

e The\gate" functioncanbe a softmaxclassi catiormachine:

e kX
ak(X) =p(z = klx) = S

Zjejx

e Rememer: we are not madelingthe densiy of the inputsx.
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Parameter Constraints

e If we want to usegenerabptimizationge.g. conjugategradient)to
lean latentvaiablemaodels,we oftenhaveto male surepaameters
resgect certainconstraints(e.g. >, ax = 1, X pos.de nite).

e A good trick is to repaiameterizeéhesequantitiesn termsof
unconstrainedalues.For mixingproportions, usethe softmax:

exp(gk)
> explqj)
e For covaiancematricespusethe Choleskylecompsition:
»iloa74
D I &
whereA is upper diagonatvith positlivediagonals
Aji = exp(rj) >0 Ajj =ajj  (j>1) Aj =0 (j <19

g =

Gradient Learning with Mixtures

¢ We canlean mixturedensitiesisinggradientdescenbn the
likelihaod asusual.The gradientsre quiteinteresting:

((6) = log p(x|6) = log > _ cyepic(X|byc)

k
o 1 Ipk (X |0k)
20~ p(x|0) ;O‘ 0
1 0 log p (X6
= Z@k—pk(xl9k)$
o P (X6 ) Ok Iy
p(x]0) 90, =2 K"K 90,

¢ In otherwords, the gradients the responsibility weighted sum of
the individualog likelihad gradients.

Logsum

¢ Oftenyou caneasilycomputeh, = log p(X|z = k, Ox),
but it will be verynegativesay -106 or smaller.

e Now, to compute/ = log p(x|#) you needto computedog » ebx.
(e.g. for calculatingesmnsibilitiesat testtime or for leaning)

e Caeful! Do not computethis by doinglog(sum(exp(b)))
You will getunder av andanincarectansver.

e Insteaddo this:

{ Adda constantexmnentB to all the valuedy suchthat the
largestvaluecomescloseto the maxiumunexpnentalloved by
machingrecisionB = MAXEXPONENT-log(K)-mbx(

{ Computdog(sum(exp(b+B)))-B .

e Exampleif log p(z|z = 1) = —120 andlog p(z|z = 2) = —120,

whatis log p(z) = log [p(z|z = 1) + p(z|z = 2)]?

Ansver: log[2e 129 = —120 + log 2.




