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Certainvaiablesy in our madelsmay be unobserved
eitherat trainingtime or at testtime or both.

If the are occasionallynobservethey are missinglata
e.g. unde niedinputs,missingclasdabels,erroneousargetvalues

In this case we de ne a newcostfunctionin whichwe integrate
out the missinc%aluesat trainingor test)é[ime:

(:D)= logp(x% ¥ ) + logp(x™j )
co;z]plete m)jgsing X
= logp(x“y ) + log  p(x™;yj )
complete missing y

Variableswvhichare always unobserveere callediatent variablesor
sometimetiddenvaiables

Recall: Missing Outputs

Rememer that you canthink of unsugrvisedeaningas
sugervisedeaningin whichall the outputsare missing

{ Clustering== classi catiorwith missindabels.
{ Dimensionalitreductior== regressiowith missingargets.

Densiy estimations actuallyverygenerahndencompassdise
two problemsaboveanda wholelot mae.

Today, let's focuson the ideaof missingunobservedyaiables...

Latent Variables 3

What shouldwve do whena vaiablez is always unobserved?
Dependsonwheret appeasin ourmadel. If we neverconditionon
it whencomputinghe probabiliy of the variablesve do observe,
thenwe canjust forgetabout it andintegrateit out.
e.g.giveny;x t themadelp(z;yjx) = p(zjy)p(yjx;w)p(w).
But if z is conditionedn, we needto rp,odel it:

e.g.giveny;x t themadelp(yjx) = ,p(yjX;z)p(z)
Latentvaiablesmay appea naturally fromthe structureof the
problem.But also,we may want to intentionallyintroducelatent
vaiableso model complexdeendenciebetweenvaiableswithout
lookingat the dependenciebetweenthemdirectly

This canactuallysimplifythe madel, andthe mostcommon
examplef thisis in mixturemaodeling




Mixture Models 4

Mixturemadelsare the mostbasicpossibldatent vaiiablemadel,
havingonlya singlediscretdatent vaiablez.

Idea:allov di erent submadels(experts)to contributeto the
(conditional)densiy madelin di erent pats of the space.

Divideandconquerusesimplepats to buildcomplexmadels.
(e.g. multimalal densitiesor piecewise-lineeegressions).

Why is Learning Harder with Hidden Variables? 6

In fully observedettingsthe probabiliy modelis a product,
thusthe log Iikelihc>t<)d is a sumwheretermsdecouple.

(;D)= logp(yn; Xnj )
w . X -
= logp(Xnj x) + logp(ynjXn; y)
n n
With latentvaiablesthe probabiliy alreadycontainsa sum,sothe
log likelihad hasall par)%metegzcoupledogether:

(;D)=log p(xn;zj)
&= 106" piai e
= log  p(zj 2)p(xnjz; x)
n z
GiD
| |
Mixture  Densities 5 Learning with Latent Variables 7

Exactlylike a class-conditionahodel but the classs unobserved
andsowe sumit out. Whatwe getis a perfectlyvaliddensiy:
. % . .
p(xj )= p(z=kj 2)p(xjz = k; k)
kel
= kPk(X] &)
k P
wherethe \mixing proportions™” addto one: |, = 1.

We canuseBayes'ruleto computethe posterio probabiliy of the
mixturecommnentgivensomedata:

p KPK(X] )
iiRi(xig)

thesequantitiesare calledresnsibilities

You'veseerthemmanytimesbefae; now you know their names!

re(x) = p(z = kjx; )=

P
Likelihad "( ) = log ,p(zj z)p(Xjz; x) couplepaameters:

We cantreat this asa blackbox probabiliy functionandjust try to
optimizethe likelihad asa functionof .
We did this manytimesbefae by takinggradients.

Honever,sometimesakingadvantag®f the latentvaiable
structurecanmale paameterestimatioreasier.

Gaod news:today we will seethe EM algaithm whichallovsusto
treat leaningwith latent variablesusingfully observedools.

Basictrick: guesghe values/ou don't know.
Basicmath: useconvexit to lower boundthe likelihand.




Learning with Mixtures 8

We canlean mixturedensitiesisinggradientdescenon the
likelihaod asusual. The gradientsar;? quiteinteresting:

() = logp(xj ) = log kPk(X] k)

k
1 X @ (Xj k)

@._
@ px), < @
_X 1 @ogp(Xj k)
= ) KD(x] )pk(XJ k) @
X ki@ X @k
ki) @ e

In otherwords, the gradients the respnsibiliy weightedsumof
the individualog likelihaxd gradients(cf. MOESs)

Clustering Example: Gaussian Mixture Models 10

Considea mixtureof K G%ssianommnents:

p(Xj ) = kN (Xj ki K
K
b(z = kix: )= P kN (Xj ki k)
Ty iINGKT k)
(;D)= log  kNKX"j K k)
n k

€

Densiy madel: p(xj ) is a familiaity signal.
Clusteringp(zjx; ) isthe assignmentule, “( ) isthecost.

Conditional Mixtures: MOEs Reuvisited 9

Mixturesof Expertsare alsocalledconditionamixtures.
Exactlylike a class-conditionalassi catiormadel, exceptthe class
IS unobservedndsowe sumit out:

X
plyix; )= p(z=Kix; 2)plyiz=kiX; k)
k=1
= k(XJ 2)Pk(YiX; &)
P k

where | k(x)=1 8x.

Hader: mustlean (x) (unleschosez inde@ndentof x).

The (x) are exactlywhatwe calledthe gatingfunction

We canstill useBayes'ruleto computethe posterio probabiliy of

the mixturecommnentgivensomedata:

p kOOPK(YIX; k)

i 0P yix; )

p(z = kjx;y; ) =

Mixure of Gaussians Learning 11

We canlean mixturesof GaussiangsinggradientdescentFor
examplethe gradientf the meeg?s:

“()=logp(xj )=log  kPk(Xj k)

k
@ = X krk@ = X krk@()gpk(xj k)
@@ » @ | @

@—k: Kk X k)

k

Gradient®f covaiancematricesare harder: requirederivative®f
log determinantsndquadratidorms.

Must ensureghat mixingproportions | are positiveandsumto
unity andthat covaiancematricesare positivede nite.




Parameter Constraints 12

If we want to usegenerabptimizationge.g. conjugategradient)to
lean latentvaiablemaodels,we ofgen haveto male surepaameters
resgct certainconstraints(e.g. |, k=1  pos.de nite).

A good trick is to repaiameterizehesequantitiesn termsof
unconstrainedalues.For mixingproportions, usethe softmax:

_ &P
j exp@)
For covaiancematricesusethe Choleskylecompsition:
1= ¢>A
.. 1=2 _ .
J | = Ajj
i
whereA is upper diagonalvith positivediagonal:
Aj =exdri)>0  Aj=gq (>i) Aj=0(<i

Expect ation-Maximiza tion (EM) Algorithm 14

Iterativealgaithm with two linked steps:

E-step: Il invaluesof 2 usingp(zjx; Y).

M-step : updatepaametersusing *1  argmax'( ;x;2Y).
E-stepinvolvesnferencewhichwe needto do at runtimeanyvay.
M-stepis no harderthanin fully observedase.

We will provethat this procedurenonotonicallymproves
(or leavest unchanged)Thusit alwaysconvergew a local
optimumof the likelihad (asanyoptimizershould).

Note: EM is an optimizationstrategyfor objectivefunctionsthat
canbe intergetedaslikelihadsin the presencef missinglata.

EM is not a costfunctionsuchas\maximum-likelihad".
EM is not a model suchas\mixture-of-Gaussians".

Recap: Learning with Latent Variables 13

With latentvaiablesthe probabiliy containsa sum,sothe log
likelihapd hasall pa&meters:ouplectog(ether:
(;D)=log p(x;zj )=1log p(zj 2)p(Xjz; x)
§ Zop R
(we canalsoconsidecontinuoug andreplace with )

If the latentvaiablesnvereobservedhaametersmoulddecouple
againandleaningwouldbe easy:

(;D) = logp(x;zj ) = logp(zj z) + logp(xjz; x)
Oneidea:ignae this fact, compute@=@, anddo leaningwith a
smat optimizedike conjugategradient.

Anotheridea: whatif we useour currentpaametergo guesshe
valuesof the latentvaiablesandthendo fully-observetkaning?
This back-and-fieh trick might male optimizatioreasier.

Complete & Incomplete Log Likelihoods 15

Observedaiablesx, latentvaiablesz, paameters :
"ol 5%;2) = logp(x;zj )
is the completdog likelihad.

Usuallyoptimizing ¢( ) givenboth z andx is straightfoward.
(e.g. classconditionalGaussiartting, linea regression)

With z unobservedye needthe log of axmafginalprobabiliy:
“(ix)=logp(xj ) =log  p(x;zj )
4
whichis the incompletdog likelihad.




Expected Complete Log Likelihood

16

For anydistributiong(z) de ne expectedcompletdog likelihad:

X
a(zjx) logp(x; zj )

z

gl X)) = he( ;X52)ig

Amazingact: () () + H(g) becaus®f concavit of log

“(3x) = logR(xj )
=log p(x;zj)
X -
- log q(ZjX)pg((z’s)) / /
X ° o
a(zix) log" 2L

Wherethe inequaly is calledJegsen‘tnequaliy.
(It is onlytrue for distributions: q(z) = 1; g(z) > 0.)

M-step: maximization of expected ¢ 18

Notethat the freeenergybreaksinto two terms:

p(x;zj )
a(zjx)

a(zjx) logp(x; zj )
z V4

= "o( ;x) + H(g) = averagenergy+ entrofy
(this is wherets namecomedrom)
The rst termis the expectedcompletdog likelihad (energy)and
the seconderm, whichdoesnot degendon , is the entroyy.
Thus,in the M-step,maximizingvith resgectto  for xed g we
onlyneedto considethe rst term:
t+l = argmax ¢( ;x) = argmax a(zjx) logp(x;zj )

z

F(ag ) q(zjx) log

XZ

q(zjx) loga(zjx)

Lower Bounds and Free Ener gy

17

For xed datax, de nea functionalcalledthe freeenergy

X . i
, p(X;zj ) .
F(q; zjx)lo -
(G ) ] 0(zjx) log e ()
The EM algaithm is coordinate-ascerdan F :
E-step: q*l = argmay F(q Y
M-step : =1 = argmax F(q*l; 9

Fae)

QU

E-step: inferring latent posterior 19

Claim:the optimimsettingof q in the E-stepis:

d*t = p(zix; 1)
Thisis the posterio distributionoverthe latent vaiablesgiventhe
dataandthe paameters Oftenwe needthis at test time anyvay

(e.g. to perfam classi cation).
Proof (easy):this settingsaturateshe bound™( ;x) F(q; )

X Lo t
T N A oty P zZ) )
F(p(zjx; ), )—XZ p(zjx; )Iogip(zjx; )

= p@zix; Ylogpxj Y

logp(xj °)  ,p(zjx; °)

(ix) 1

Canalsoshav this resultusingvaiationalcalculuor the fact that
() F(g )= KLgjp(zjx; )]




EM Constr ucts Sequential Convex Lower Bounds 20 Example: Mixtures of Gaussians 22
Considethe likelihad functionandthe functionF (qt*1; ). Recall:a gixtureof K- Gaussians:
, likelihood PXJ ) = pr kNEXJ & k)n_
(;D)= plog x kN ki«
: Leaningwith EM algaithm:
E step: Pkn = N (<"} i }) t ot
3 . p
qt('::]l - p(2: kJXn; t) - p K tknt
: > P jo] pkn
G q 0‘:[(+1Xn
M step: (= PR
P nﬂ({] t+1 t+1
41 nGn X" T T
k v t+1
X n %n
thl 1 gt
M n
Be careful:  logsum 21 EM for MOG 23
Oftenyou caneasilycomputeh, = logp(xjz = k; ), - L=1 s L=4 s
but it will be verynegativesay -1 or smaller. Q h -" . ﬁ 6’?
Now, to compute” = logp(xj ) you heedto computdog kekk PRI O / | % )
Caeful! Do not computethis by doinglog(sum(exp(b))) s Sn
You will getunder ov andanincarectansver. @ © @ ©
Insteaddo this: e L. Los TR i1
{ Adda constantexmnentB to all the valuedy suchthat the ’@ . R4} DA Y
largestvaluecomescloseto the maxiumunexpnentalloved by T T .
machingrrecisionB = MAXEXPONENT-log(K)-mbx( ryAa {9 ﬁ @
{ Computdog(sum(exp(b+B)))-B . T

Exampleif logp(xjz = 1)= 420andlogp(xjz = 2)= 42Q
whatis logp(x) = log[p(xjz = 1)+ p(xjz = 2)]?
Ansver: log2e 429= 420+ log2.

(f) @) (h) @




Deriv ation of M-step 24

Expectedcompletdog likelihad "o ;D):

Recap: EM Algorithm 26

A way of maximizindikelihad functionfor latentvaiablemodels.

X X 1, . 1 1n e 1 _ FindsML paametersvhenthe original(hard) problemcanbe
%n log k(X kK ) k(X k) 5002 brokenup into two (easy)pieces:
nok o 1.Estimatesomeémissing"or \unobservedtatafrom observed
For xed g we canoptimizethe paameters: dataandcurrentparameters.
@ - 1X Gen (X" o) 2.Usingthis \complete"data, nd the maximumiikelihad
@ X "o _ paameterestimates.
i
@q - }X & ;X" t+l)(xn t+l)> Alternatebetween lling in the latentvaiablesusingour bestguess
@ 12 n K k (posterio) andupdatingthe paamtersbasedn this guess:
@q _ 1% (= M) E-step: o™ = p(zjx; ') p
@« , G%n - M-step : "1 = argmax ,q(zjx)logp(x;zj )
@ogiA In the M-stepwe optimizea lower boundon the likelihad.
Fact @% l= A> and@_AX = xx> In the E-stepwe closethe gap, makingbound=lilelihad.
Compare: K-Means 25 A Report Card for EM 27
The EM algaithm for mixturesof Gaussianis just like a soft Somegood thingsabout EM:

versiorof the K-meansalgaithm with xed priors andcovaiance.
Insteadof \hard assignmentin the E-step we do \soft
assignmentbasedn the softmaxof the squaed distancerom
eachpoint to eachcluster.

Eachcentreis thenmovedo the weightedmeanof the data, with
weightsgivenby softassignmentdn K-meansthe weightsare O or
1.

1
E step: i =5x" 7 D)

i1 - o )
t
qt(+1xn
M Step . It(+l = —F%
n “kn

= plen=kix"; 1)

{ noleaningrate paameter

{ veryfastfor low dimensions

{ eachiterationguaanteedo improvelikelihad
{ adaptsunusedinitsrapidly

Somebadthingsabout EM:

{ cangetstuckin local minima

{ both stepsrequireconsideringll explanationsf the datawhich
is an expnentialamountof work in the dimensiorof

EM s typicallyusedwith mixturemadels,for examplenixturesof
Gaussiana mixturesof exgerts. The\missing"dataare the labels
shavingwhichsub-mdel generateedachdatamint.
Verycommon:alsousedto train HMMs, Boltzmanmmachines.,.




Par tiall y Hidden Data 28

Of coursewe canlean whenthereare missinghidden)vaiables
on somecasesandnot on others.

In this caseth§ costfunctionwas: X X

(:D)= logp(x %y ) + log  logp(x™;yij )
complete missing y
Now you canthink of thisin a newway: in the E-stepwe estimate
the hiddenvaiableson the incompletease®nly

The M-stepoptimizeghe log likelihad onthe completedataplus
the expectedlikelihad on the incompletalatausingthe E-step.

Variants 29

SpaseEM:

Do not recomputexactlythe posterio probabiliy on eachdata
point underall models,becausét is almostzero.
Insteadkeepan\active list" whichyou updateeveryoncein a
while.

Generalizefincomplete EM: It mightbe had to nd the ML
paametersn the M-step,evengiventhe completediata. We can
still male progressy doingan M-stepthat improvesthe likelihad
a bit (e.g. gradientstep).




