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Pr obabilistic  Classifica tion: Bayes Classifiers 2

Generativenadel: p(x;y) = p(y)p(xjy).
p(y) are calledclassriors
p(xjy) are calledclass-condition&aturedistributions

For the prior we usea Berp,oullior multinomial:
ply=kj )= gwith =1 ¢>0.
What classi catiorrule shouldwe use?Pick the clasghat best
modelsthe data, ie argmay p(xjy)? No! This behaveserybadly
if the classpriors are slkewed. MAP is best:
argmay; p(yjx) = argmay p(x;y) = argmay logp(xjy)+ logp(y)
How sheuldwe t madel pgametersMaximumjoint likelihad.
= plogp(x"y") = ,logp(x"jy") + logp(y")
1) Sat datainto batchesuy clasdabel.
2) Estimatep(y) by countingsizeof batchegplusregulaization).
3) Estimatep(xjy) sepaatelywithin eachbatchusingML
onthe class-conditionahodel (alsowith regulaization).

Review: Classifica tion 1

Givenexamplesf a discreteclasdabel y andsomefeaturesx.
Goal:computey for newx.
Lastclass:computea discriminant (yjx) andthentake maxy.

This class:probabilisticclassi ers.Two appoaches:

Generativemadel p(x;y) = p(y)p(Xjy);
thenuseBayes'ruleto inferconditionap(yjx).

Discriminativemaodel posterio p(yjx) directly

Generativappoachis relatedto joint densiy estimatiorwhile
discriminativappoachis closerto regression

Three Key Regulariza tion Ideas 3

To avoidover tting, we canput priors on the paametersof the
classandclass-condition&aturedistributions.

We canalsotie somepaametergogethersothat fewer of them
are estimatedusingmare data.

Finally we canmale factaizationor indegndencassumptions
about the distributionsIn paticula, for the class-conditional
distributionsve canassumehe featuresare fully degendent patly
dependentor indegendent(!).
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Class Priors and Mul tinomial Smoothing 4

Let'ssay youweretryingto estimatethe biasof a coin. You ip it
K times;whatis your estimateof the probabiliy z of heads?

Oneansver: maximumlikelihad. z = # h=K.

Whatif you ip it 2 timesandyou get both heads”o you think
that z = 1? Wouldyou be in nitely surpisedto seea tail?

ML is almostalways a badidea. We needto incaporate a prior

beliefto modulatethe resultsof smallnumkersof trials.

. . . . _ #h+
We do this with a techniquecalledsmmthing z = 15—

are the numkler of \pseudo-countsyou usefor your prior.
The samesituationoccurswhenestimatingclasspriors from data:
#cC+
)= ————
PO=R7c

A verycommorsettingis = 1 whichis calledLaplacésSmathing

Regularized Gaussians 6

Ideal: assumall the covaiancesare the same(tie paameters).
Thisis exactlyFisher'dinea discriminantainalysis.
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Idea2: usea Wishat prior onthe covaiancematrix. (Smaothing!)
This\fattens up" the posterios by makingthe MAP estimateghe
samplecovaiancegplusa bit of the identity matrix.

Idea3: Make indegndencassumption® getdiagonabr
identity-multiplecovaiances(i.e. spaseinversecovaiances.)
More onthisin a fewminutes...

Gaussian Class-Conditional Distributions 5

If all the input featuresc; are continuousa popula choices a
Gaussiaclass-conditionahodel.
. 1= 1

pxiy=ki )=j2 | Fexp Jx 0 fx W
Fitting: usethe follaving simplebut usefulfact.
The maximumiikelihad t of a Gaussiato somedatais the
Gaussiawhosemeanis equalto the datameanandwhose
covaianceis equalto the samplecovaiance.

[Try to provethis asan exercisen understandindikelihood, algeba, and calculusall at once!]

Oneverynicefeatureof this madelis that the maximunlikelihad
paameterganbe foundin closed-fon, sowe don't haveto worry
about numericabptimization)ocal minima,seach, etc.

Seemsasy And works surpisinglywell.
But we cando evenbetter with somesimpleregulaization...

Gaussian Bayes Classifier 7

Maximumlikelihad estimategor paameters:

priors | : useobservedrequenciesf classegplussmathing)
means . useclassmeans

covaiance : usedatafromsingleclassor pooleddata (x" yn)
to estimatg(full/diagonal)covaiances

Computehe posterio via Bayes'rule. For equalcovaiances:
BP0y = k; Jp(y = ki )

= kjx; )= - . —
Py = kix: ) i POy =J; Iy =jj )

_ o g % 7 1y=2+1log kg
jexd 7 7 1j=2+1log jg
e kX 5

= .Pi?xz exrf ng:Z
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where = [ 1 (7 1 +log ) (lasttermis bias)




Linear Geometr y 8

Takingthe ratio of anytwo posterios (the \o dds") shavsthat the
contoursof equalpairwisgorobabiliy are linea surfaces the
featurespacdf the covaiancesf all classesre equal:
ply = kix; ) _
ply = jix; )
The pairwisediscriminatiortontoursp(yy) = p(y;) are orthogonal
to the di erencesof the meangsn featurespacevhen = |I.

For general (shaedb/w all classesbhe sames truein the
transfomedfeaturespacas = 1

X.
The priors do not changehe geometrythey only shift the
operatingpoint on the logit by the log-aldslog( = ;).

Summay: for equalclass-covancesye obtaina linea classi er

If we usedi erent covaiancedor eachclassywe havea quadratic
classi erwith conicsectiondecisiorsurfaces.

exp (k)X

Discrimina tive Models 10

Observationif p(yjx) are linea
functionsof x (or monotone 7
transfoms), decisiorsurfacesvill be | -
piecewisénea.

Idea: paametrizep(yjx) directly
forgetp(x;y) andBayes'rule.
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AdvantagesWe don't needto modelthe densiy of the features
p(x) whichoftentakeslots of paameterandseemsedundant
sincemanydensitiegivethe samdinea classi er.

Disadvantagedie cannotdetectoutliers,compae madelsusing
likelihamds or generatenewlabelleddata.

What shouldour objectivefunctionbe? We'll try to useonethat is
closerto the onewe care about at testtime (ie erra rate).

Exponential Famil y Class-Conditionals 9

BayesClassi ethasthe sameform whenevethe class-conditional
densitiesre anyexmpnentiafamilydensiy:

p(xjy = k; k) = h(X()(exrf k;x )«'?( k)EIJ(_ )
— Liv- pPXJy = K k)PLY = K]
Py =16 )= P 6y =1 Py = 11 )
_exif 7x a( g
Jexd 7xal )0
e kX
- eF

X
; J
Je

where | = [ k; a( k)] andwe haveaugmenteda with a
constanttommnentalways equalto 1 (biasterm).

Resultingclassi eris linea in the su cient statistics.

Logistic/Softmax Regression 11

Model: y is a multinomiarandomvaiablewhoseposterio is the
\softmax" of linea functionsof the featurevectao x.
. e kX
p(y = kjx; )= |=E——
i€’
Fitting: now vvexoptimizethe conditionalog—lilelil)gcod:

“(;D)= "= Kllogp(y = kix"; )=y logpg
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e _X eaial
@; )?k @, @ @
n
=7 Ty pxn
wk Pk

— n Ny, N .
=7 0P X




Softmax/Logit 12
The squashindunctionis knovn asthe softmaxor logit
ek 1
- =
@ Pgr 0= g
It isinvertible(up to a constant):
zx=log x+tc = logg=1 0)
Derivatives easy:
@ dg
_ = . ; ~ = 1
@ ki ) g =91 9

Ar tificial Neural Netw orks 14

Histaicallymotivatedby relationgo biology but for our purposes,
ANNSsare just nonlineaclassi catiormachine®sf the form:

. e k() N
Pl = Kix; ) = p—— o hj = (b x)
el
i
whereh; = (bj>x) are knovn asthe hiddenunit activationsyy

are the outputunitsandx; are the input units.

The nonlineascala function is calledan activationfunction
We usuallyuseinvertibleanddi erentiableactivationfunctions.

If the activationfunctionis linea, the wholenetvork reducesto a
linea netvork: equivalento logisticregression.
[ Onlyif thereare at leastasmanyhiddensasinputsandoutputs.]

It is oftena good ideato add\skip weights"directlyconnecting
inputsto outputsto take cae of this linea commnentdirectly

More on Logistic Regression 13

HadestPart: pickingthe featurevecto x (seenextslide!).

Amazindact: the conditionalikelihad is convex in the
paameters (assumingegulaization). Still no localminima!
But the optimalpaametersannotbe computedn closedorm.

Honever the gradientis easyto computesoeasyto optimize.
Slowv: gradientdescent|lS. Fast: BFGS,Newton-RaphsoiRLS.

Regulezation?Gaussiaprior on (weightdec®): add 2to
the costfunction,whichsubtract®2 fromeachgradient.

Logisticregressionouldreallybe called\softmaxlinea regression”.

Logodds(logit) betweenanytwo classess linea in paameters.

Considewhat hapgensif thereare two featureswith identical
classi catiorpatternsin our trainingdata. LogisticRegressiocan
onlyseethe sumof the carespndingweights.

Luckily weightdec will solvethis. Moral: alwaysregulaize!

Common Activ ation Functions 15

Two commoractivationfunctions:sigmoidand hypertolic tangent

expz) exp( z)
1+ exp( 2) exqz) + exp( z)

+1 tanh(z)

sigmoid(zF tanh(z)=

sigmoid(z) +1

0

For smallweights thesefunctionswill be operatingnea zeroand
their behaviouwill be almostlinea.

Thus,for smallweights,the netivork behavegssentialljinealy.

But for largerweights,we are e ectivelyleaningthe input feature
functionsfor a non-lineaversiorof logisticregression.

In generalve want a saturatingactivationfunction(why?).




Geometr y of ANNSs 16

ANNscanbe thoughtof asgeneralizetinea madels,wherethe
basisfunctions(hiddenunits) are sigmoidalcli s".

Thecli directionis determinedby the input-to-hiddemeights,
andthecli s are combinedy the hidden-to-outputveights.

We includebiasunits of courseandthesesetwherethecli is
positionedelativeto the origin.
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Discrete Bayesian Classifier 18

If the inputsare discretgcategoical), what shouldve do?
The simplestlass-conditionahodelis a joint multinomiaktable):
p(x1= a;x2=byiitjy=c) = ..
Thisis conceptuallgarect, but there'sa big practicalproblem.
Fitting: ML paamsgre observedounts:
¢ _  nlyn=cliy1=allxa= 0[]k
ab::: ™ ' n[Yn = (]
Considethe 16x16digitsat 256gray levels.

How manyentriesin the table?Howv manywill be zero?
What happgensat testtime? Doh!

We obviouslyneedsomeregulaization.

Smathingwill not helpmuchhere.Unlessve know about the
relationshipbetweeninputsbefaehand shaing paameterss hard
also(whatto shae?). But whatabout indegndence?

Neural Netw orks for Classifica tion 17

Neuralnetswith onehiddenlayer trainedfor classi catiorere doing
nonlinealogisticregression:

p(y = kjx) = softmax[; (Bx)]
where andB arethe rst andsecondayer weightsand () isa
squashingunction(e.g. tanh) that operatescommnentvise.
softmax’ ) () Oy
q
s OO g)@
B
000000000 x

Gradienbf conditionalikelihad still easilycomputableysingthe
e cient backpopagatioralgaithm whichwe'll seelater.

But: We losethe convexit property { local minimaproblems.

Naive (ldiot's) Bayes Classifier 19

Assumptionconditionean clas\s(attributesare indendent.
p(xjy) = p(xijy)
i
Soundsrazyright? Right! But it works.

Algaithm: sat datacasesnto binsaccadingto yp.
Computemaginalprobabilitieg(y = ¢) usingfrequencies.

For eachclassestimatedistributionof it variable:p(xjy = c).
At testtime, computeargmax p(cjx) using
c(x) = argmax p(cjx) = argmax [logp(xjc) 3, logp(c)]
= argmax [logp(c) +  logp(xijc)]




Discrete (Mul tinomial) Naive Bayes 20
Discretdeatures;, assumethdegndentgiventhe clasdabel y.

i = 11y = K) = ik,

Gaussian Naive Bayes 22

Thisis just a GaussiaBayesClassi erwith a sepaate but diagonal
covaiancematrix for eachclass.

p(xjy = k; ) = i[jxli(:j] Equivalento tting a 1D Gaussiato eachinput for eachclass.
i NB: Decisiorsurfacesre quadraticsnot linea...
Classi catiorrule: v Evenbetteridea:
‘ Q i Qj '['XL:j ] Blendbetweenfull, diagonakndidentity covaainces.
— Live ) = ij
Py = KX )= P00 )
aa i jiq
e kX
T e g X O
q X, Xe Xom
k= lod 13t gkt jjkiiilog gl
X =[X1=1;x1= 2,10 =] ;000 1] @
Fitting Discrete Naive Bayes 21 Noisy-OR Classifier 23

ML paametersre class-q[pnditionaieq uencyounts:

nlg" = J1y" = K]

ij K = ' n[yn — k]
How dowe know? \yrite dowvnthe Iike*ihcnd:
“(;D)= logp(y"j )+  logp(xi"jy"; )

n ni
andoptimizeit by settingits derivativeo zero
(caeful! lecng namalizatiorwith Lagrangeﬂultipliers):

(;D)= xi" = j1y" = k]log jjk + k(L ik
g ik ik
@ _ x"=il"=K
@jj k ij k g
@ o) = b=k ),
@ijk ik ij k

n

Many probabilistianadelscanbe obtainedasnoisyversion®f
formulasfrom propositionallogic.

Noisy-OReachinput x; activatesoutpugy w/someproé)abiliy.
_ - <X =
ply = 0jx; ) = i = exp, Xilog i,
i T '
Letting ; = log ; we getyet anothelinea classi er:

py=1x; )=1 e X




Joint vs. Conditional Models 24

Manyof the methaswe haveseersofar havelinea or piecewise
linea decisiorsurfacesn somespacex®
LDA, perceptronGaussiaBayes,NaiveBayes,Noisy-ORKNN,...

But the criteriausedto nd this hyperplands di erent:
KNN/perceptroroptimizetrainingsetclassi catiorerra.
Gauss/NaivBayesare joint madels;optimizep(x;y) = p(x)p(yjx).
LogisticRegression/Nldre conditional:optimizep(yjx) directly

Veryimportant point: in generathereis a largedi erencebetween
the architectureusedfor classi catiorandthe objectivefunction
usedto optimizethe paameterf the architecture.

Seereading...

Futher points... 26

Lastclass:non-paametric(e.g. K-neaest-neighbur).
Thoseclassi ergeturna singleguesdor y withouta distribution.

This class:probabilistigenerativenadelsp(x; y) (e.g. Gaussian
class-conditiondNaiveBayes)& discriminativéconditional)
madelsp(yjx) (e.g. logisticregressiorANNs,noisy-OR).
(Plusmanymae we didn't talk about , e.g. probit regression,
complements log-log,generalizetinea madels,...)

Advancedopic: kernelmachineclassi ers.(e.g. kernelvoted
perceptronsupmrt vectos machinesaussiaprocesses).

Advancedopic: combiningnultipleweakclassi eranto a single
strongemoneusingboosting,baggingstacking...

ReadingsHastieet. al, Ch4;Duda&Hat, Ch3,4.10

Classifica tion via Regression? 25

We couldforgetthat y wasa discretgcategoical) randomvaiable
andjust attemptto model p(yjx) usingregression.

Idea:doregressioto anindicato matrix
(in binay casep(y = 1jx) is alsothe conditionakxpectation)

For two classeghisis equivalentto LDA. For 3 or mae, disaster...

Verybadidea! Noisemadels(e.g. Gaussianior regressioare
totally inappopriate,and ts are oversensitivi® outliers.
Furthermoe, givesunreasonablaredictions< 0 and> 1.




