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Feature Spaces 2

The extendedepesentatioris calleda featurespace

An algaithm that is linea in the featurespacamay be highly
nonlineain the originalspacdf the featureontainnonlinea
mapping®f the raw data.

Thus,we canthink of having\promoted"our datax into a
higher-dimensionfgaturespacez usinga nonlineamapping (x)
andthenrunningour originalalgaithm in that newspace.

input spact feature spac

Algorithms  Based on Vector Data 1

Recallour namalappoachto manyclassi cationyegressiorand
unsugrvisedeaningproblems:

Emkedthe input to the probleminto a vecta spacge.g. R™) and
thendo somegeometricor linea algelpbaic operations.

We canoftenmale our algaithmsmae ponerful by embkeddingthe
datainto a richer(larger) spacewhichincludessome xed, possibly
nonlineafunctionsof the originalmeasurements.

For exampleif we measureq; Xo2; X3 for eachdatamint, we might
usethe repesentatiorz = [1; xl;_xz;X3;x%x§;x%;x1x2;XZX3] ina
regressionr classi catiomrmachine.

We'veseerthis trick befae: addinga biasterm, quadratic
regressiorhasisfunctionsgeneralizetinea models.

Thistrick haspotentialadvantageémare power) andpotential
disadvantaggsnare computationpotentialfor over tting).

How Should We Use the Feature Space 3

Thefeaturepointz = (x) careswndingto aninput point X is
calledthe imageof x; the input point x, if any carespndingto a
givenfeaturevecta z is calledthe pre-imageof z.

The naiveway to usea featurespaces to explicitlycomputethe
imageof everytrainingpoint andtestingpoint, andrun our
algaithm completelyn featurespace.

Two potentialproblems:

1.Problem:the featurespacamay be ultra-highdimensionadr
evenin nite dimensionakodirect(explicit)calculationsn
featurespacemay not be practicalor evenpossible.

2.We may sometimesvant to \bring back"an ansver from feature
spaceo input spaceandthat involvesnding pre-imagesvhich
is hard andnot always possible.

We couldrestrictourselve \manageablefeaturespaceshut...




The Kernel Trick 4

It turnsout that for somespecialfeaturespaceg = (x), it is
possibléo computethe innerproduct z; z, betweenimagesof two
input pointsx1; X2 verye ciently. Thisis true whenthe
commnentsof  are the eigenfunctionsf a specialclassof
positivede nite functionscalledMercerKernelsin whichcase:

K(xux2 = 2122= (x1)” (x2)

The keyideaof kernelmachiness to reducean algaithm to one
whichdependsonly on dot productsbetweendatavectos andthen
to replacehe dot product evaluationgn featurespacewith kernel
functionevaluationé the input space.

This\kerneltrick" allovsusto run algaithmsin (veryhigh
dimensionalfeaturespacesvithout evergoingthere,providedthat
all we do are dot productsandthat we onlyrepesentfeaturespace
pointsthat are linea combinationsf knovn input spacemages.

Pr oper ties of Kernels 6

Kernelsare symmetridn theirargumentsK (X 1; X2) = K (X2; X1).

Theyare positivevaluedfor anyinputs:K (x1;x2) 0.

The Cauchy-Schantz inequaly still holds:

K2(x1;%x2) K (X x1)K (X2, X2).

Technicallyto usea functionasa kernel,it mustsatisfy

\Mercer'sconditions'for a positive-de niteoperata.

Theintuitionis easyto getfor nite spaces.

1.Discretizex spaceasdenselyasyouwant into bucletsx;.

2.Betnveeneachtwo cellsx;; X, computethe kernelfunction,and
write thesevaluesasa (symmetricmatrixMjj = K (xj; xj).

3.1f the matrixis positivede nite, the kernelis OK.

When the Kernel Trick Works 5

Thekerneltrick allovsusto e ciently computedot productsin
veryhighdimensionapacesisingthe kernelfunction,but it
doesn'thelpusdo addition,subtractionputerproducts,etc.

Not a big loss,sincemanyinterestingeaturespacesre veryhigh
or in nite dimensionakowe couldn'tevenwrite dovn the results
of suchoperationsanyvay.

Becausef this, in generalgverythingve regesentn the
high-dimension&aturespacenustbe expessablasa linea
combinatiorof the imagef trainingdata points

Actuallythis turnsout to be ne for manyproblemse.g. the
optimalweightsin a perceptrorclassi errunin kernelspacesre
guaanteedo be repesentableThisis true of manyother
algaithms,e.g. supmrt vects machines(Thereis mae theay
about this under(surpisesurpise)the \Representer'heaoem".
[originallyby Kimeldof andWahabayepovedby Schellopfet al]).

Examples of Kernels 7

Linea: K (x1;X2) = X71X2 ( xX)=x)
Ane: K(xg;xp) = x7Qx2 (Q symmetrigos.def
Gaussiank (x1;X2) = exp[ :5kx1  x2k]
PolynomialK (x1;x2) = (1+ x3x2)K
SigmoidK (xq; x2) = tanh(axjx2+ b)
Closureules:

(watchscaling!)

{ The sumof anytwo kernelds a kernel.

{ The product of anytwo kernelds a kernel.
{ A kernelplusa constants a kernel.

{ A scalatimesa kernelis a kernel.




Geometr y of Feature Space 8

Dot product betweentwo points= K (Xj; xj) > 0, andsoall points
lie in a singleorthant in featurespace.

Lengthof a point in featurespace:
kzik2: K (Xj; Xj)
(sofor Gaussiakernelsgverybdy lieson surfaceof unit sphere)
Distancebetweentwo pointsin featurespace:
kzp  zok®= K(xg;x) + K(xzx)) 2K (x3;X2)
Distancebetweena point andthg(meanof all other)?:
1
kzy Zk? = K (Xk; Xk) + N? K(Xj;xj) 2 | K (Xk; Xi)
] |
Zeromeancalculationgn featuresgace:

\Kernelizing" an Algorithm 10

The art of designin@g kernelmachines to take a standad
algoithm andmassagé sothat all referencew the originaldata
vectos x appea onlyin dot products< Xj; Xj >.

Oftenyou cando this andobtainan exactlyequivalenalgaithm to
the oneyou stated with.
Sometimegou needto male smallmadi cations.

Thus,a kernelmachinecontaingwo modules:the algaithm and
the kernelfunction. Chasingthe kernelfunctionis a hard problem
whichwe won't discussoday.

\Kernelizing"an algaithm canactuallybe pretty easy
How about a fewexamples...

ExampleK-NN Classi cation:

1 X X . L .
<z 7z 2>= K(XiX )+N—2 K (X X*) K (X X;) K (x| Computdhedlstgncdaetweentwo pointsin featurespace:
K K K kz1 zok“= K(X1;X) + K(X2;X2) 2K (X1;X2)

Gram Matrix 9 Example: K-Means Clustering 11

The\Gram Matrix" isthe N by N symmetrignatrixof all pairwise
kernelevaluationsGj; = K (x; Xj).

If you successfullk ernelize'an algaithm, thenyour algaithm will
onlyneedo consult/computentriesof the Grammatrixasit runs,
becausét dependsonlyon dot productsbetweenthe data points.

An equivalenthaacterizatior(dueto Saitoh)of Mercer's
conditionss that a validkernelgeneratesymmetrigositive
de nite Grammatricedor any nite sampleof raw dataf x;g.

Distancebetweentwo pointsin featurespace:
kzy  zok®= K (xgix) + K(x2ix2) 2K (X1;X2)
Repesent:lustercentresasIine)zgt combinationsf datapoints:
Ck = ik Zi
i
Distancebetweena newg(oint anda clustercentre;? featurespace:

kz cxk?= K (x;x) + ik jkK(XisXj) 2 ik K (X; Xi)

Trueor false?
In regula K-Meangrunningdirectlyin the input space)the cluster
centresare always linea combinationsf the datapoints?

Is KernelK-Meansa good ideaor a dumbidea?




Example: Per ceptr on Classifica tion 12

The regula perceptronhyperplaneclassi er)was:
f (x) = sigqw”x + b
To kernelizeywe mustrepesenthe weightsaslinea combinations
of the input vecto images(rep)r(esentethecrem sg/sthisis OK):
w= " (iyi)z
|
The originalcanbe rewrittenin t)?rmsof dot products:
f(2) = sigl ( i¥i)Z” zi]

Example: Ridge Regression 14

phink of the ridgeregressionostfunction:
Vi W)+ kwk?
minimizinghis is equivalento minimizing:

i 2+ kwk?  subjecto j=(yj W’X;).
Let'gjntroduceLagrangemuItipliersto enfocethe constraints:
min© 2+ kwkP+ (i (i W)
Settingpatial dgrivatives;o zerogives:

w = (1=2)+ i X and i= =2

Pluggingoackintaghe originalcostgives;
aandhacnjpnemanelosigvey

min- Vi j 4 ij IJXiXJ 4 [

In matrix form:

miny~ 4i >G le >
CompletelKernelized!

Kernel Per ceptr on 13

The updaterule for the weightvecta in the perceptrorcanalsobe
rewrittenin termsof dot productsonly

Oldrule:if yjw>xj+ b Othenw _ w + y;X;.
Recallour newregesentationw = ( Vj)zi

Equiyalennewupdaterule:
if i i jiji>Zj+b Othen i+ 1

Example: PCA 15

Not convincedet? Let'sdo PCAusingonlydot products!
Standad PCA (assumealatais zeromean):

1 X
C:W: XiX;
i
v = Cv

All eigenvects with nonzeraeigenvaluesiustlie in the spanof
the data,andthuscanbe written aslinea combinationsf the
data (think about why..): X

vV = i Xj
i
Now we canrewritethe eigenvectocondition:

inXi>Xj




Example: PCA 16

Eigenvectocondition:

X 1 X N
iXj = W in Xj Xj

[ j
Take the dot product with x|, onleft andright:
X 1 X
> —

iXKXi = N
i j
The aboveis true for all k, sowrite it asa vecto equationn

NG =G?
N =G

Result:Form G, nd its eigenvects , andusetheseto construct
linea combinationsf originaldata pointswhichare the
eigenvects of the originalcovaiancematrix.

(Caeful! Zeromeanandnamalizatiorof eigenvects.)

> >
X XjXj Xj

The Desire for Sparsity 18

In kernelmachinesthe principaltrick is to convertthe probleminto
a dualform, whichusuallyinvolvesepesentingverythingn the
featurespaceass: linea combinatiorof imagef the training
points:  z=; i (Xj)

Thenwe do all our calculationsvith the dualvaiables ; andwe
neverhaveto \touch" featurespacedirectly

For verylargedatasetsit is desirabléo havemanyof the
coe cients  be exactlyzero(spasity) to reducecomputational
load,esgeciallyat testtime.

As a sepaatetrick, di erent fromthe kerneltrick, we canlook for
waysto male thingsspase.

Thesetricks are oftenconfusedbecaus¢he mostfamouskernel
machingthe SVM) usedthemboth.

Example: Fisher Discriminant 17

Seeif you can gure this oneout on your own...(a look it up)

Hint: The optimalFisherdiscriminantveightcanbe written asthe
eigenvectocaresmpndingto largesteigenvaluef a paticula
matrix, whichis the inverseof the averagavithin-clasgovaiance
timesthe averagdetween-classovaiance.

Expessthe optimalweightasa linea combinatiorof the examples
andthe within-classindbetwee-classovaiancesn termsof those
linea combinatiorcoe cients andthe Grammatrix.

You get a neweigenvectoproblemof sizeequalto the numker of
dataintsasopposedto the dimensiomf the inputs.

Contr olling Overfitting 19

A third aspect to kernelmachiness how to controlover tting.

For examplein the perceptronif we usea verynonlineekernel,
we mightalways be ableto sepaate our dataexactly
Thenwe couldbe seriouslypver tting.

We canuseweightdecy to preventthis, by penalizinkwk? in
additionto tryingto sepaate our trainingsamplen the feature
space.Thisis equivalento maximummagin

A deepmotivationfor weightdecg in this contextcomedrom
minimizingerra boundsbasedn the \V C dimension‘theay.

Thisideais oftenconfusedvith the kernel& spasity tricksbecause
the mostfamouskernelmachingthe SVM) alsousedweightdecg
to controlover tting anddiscussethe VC motivation.




Maximum Mar gin Hyperplane 20

Margin= minimumdistanceo the planeof any point.

Principle:of all the hyperplaneshat sepaate the dataperfectly
pick the onewhichmaximizeshe magin

Sincethe scalés arbitrary, we will setthe numericalalueof the
maginto be 1.

Now maximizinghe maginis equivalento pickingthe sepaating
hyperplanghat minimizeshe nam of the weightvecta:
minkwk?  subjectto  yjw>xj+ b 1

(w.x) +w,<0

Primal {> Dual 22

UseLagranggnultipliersto enfacethe constraint:

minkwk?2 i i(yiw i + b 12) .0 5

set@@ = Oand@@ = OZ\IIDV = iy|5 iXi iVii=0
Thedualprgblemisnow: min~ ;i 3 5 i jYiYjX7X]

i O iYi i=0

Thisis a quadratigorogrammingproblem.
It is convex.Uniquesolution!

If we are aIIONir]g slack,we mustalsopenalizehe total amountof
slackby adding ; i to the (primal) objectivefunction.

Maximum Mar gin = Minimum Norm 21

Maximizinghe maginis equivalento pickingthe sepaating
hyperplanehat minimizeshe nam of the weightvecta:

minkwk?  subjecto yjw>xj+ b 1
UseLagranqgnuItipIiersto enfacethe constraint:

minkwk? . i(yilw>xj+ b 1) i 0

We canconvertit to dualform by settingpatial derivativeso zero
andsubstituting.

Thisis just like ridge-regressian weightdeca.

We canalsoallov somepointsto voilatethe magin by beinginside
it or evenby beingon the wrongsizeof it. Thisis achievedby
addingnon-negativéslack vaiables” ; andmadifyingthe
constraintgo the form:

yilw’xi+b 1

Sparsity of Solution 23

Not onlyis the solutionunique but it is alsospase.

Onlythe trainingpoints neaestto the sepaating hyperplangie
with magin exactlyl) have ; > 0. Thesepointsare calledthe
\active" points,or the supprt vectaos sincethe nal weightvecto

dependsonlyonthem: X

W= Yi iXi
i
Thisis a luckycoincidencéhat hasconfusegnanypeople:in the
caseof SVMclassi catiorthe two goalsof controllingover tting
andinducingspasity canboth be achievegimultaneoushyith
onlya singletrick: maximunmagin (minimumweightnam).
But it is not alwayslike this.




The Geometr y of Sparsity 24

Sparsity in Regression 26

To introducespasity in regressiorvapnikintroducedthe
epsilon-insensiti@ssfunction:

I$=0 it jy ¥

X iM=iy 9y if Jy ¢9>
0]
X, x %
0)
0]
“margin
Support Vector Machines 25 Lots More To Say/Read 27

A supprt vectas machingSVM) is nothingmae than a kernelized
maximum-m@in hyperplaneclassi er.

You train it by solvingthe dualquadratigorogrammingproblem.

Yourunit by evaluatinghe kernelfunctionbetweenthe test point
andeachof the \active" trainingpoints, calledsupprt vectas.

This combinatiorof (1) kerneltrick, (2) maximummagin
(minimumnam) and(3) the resultingspasity hasturnedout to be
verye ective andpopula.

In practice the hard pat froma leaningpoint of viewis selecting
the kernelfunction(thereis a lot of reseech on this) andfroma
computationagpoint of viewit is solvingthe large QP e ciently.

Theaeticaloriginsof suprt vecte machinesVC Dimension,
Erra Boundsstructuralrisk minimization, ..

Variationsof SVMS,includinghe -SVM,1-nom SVM, 1-class
SVM,etc.

Kernelizedersion®f lots of standad algaithms(PCA, Fisher's
discriminantCanonicaCarelationsAnalysis,..)
Otherkernelmachinege.g. Gaussiaprocessedinksto boosting)

seehttp://www.kernel-mac hines.org
for lots of pagers/tutaials, etc. Alsoseverabooks:

Advances in Kernel Methods

:0 |

* support




Thanks! It's been fun! 28

Lastclass.

ProjectsdueDec199am,by emailto csc2515@ ¢attachment/url)
Postscriptor PDF ONLY, in NIPSformat, max8 pages.
Readingsnustbe alsocompletedy Dec199am,
(csc2515readings@cs)

Thanksfor stickingwith it.
Hope you leanedsomethingandhadfun also.
Sary about all the mathandabout A2.

Pleasesendme comments/coectionsor the notes
sol canimpovenextyea's course.




