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Algorithms Based on Vector Dat a 1

� Recallour normalapproachto manyclassi�cation,regression,and
unsupervisedlearningproblems:
Embedthe input to the probleminto a vector space(e.g. Rn) and
thendo somegeometric,or linear algebraicoperations.

� We canoftenmake ouralgorithmsmore powerfulby embeddingthe
datainto a richer(larger)spacewhichincludessome�xed, possibly
nonlinear functionsof the originalmeasurements.

� For example,if we measurex1; x2; x3 for eachdatapoint, we might
usethe representationz = [1; x1; x2; x3; x2

1; x2
2; x2

3; x1x2; x2x3] in a
regressionor classi�cationmachine.

� We'veseenthis trick before: addinga biasterm,quadratic
regression,basisfunctions,generalizedlinear models.

� This trick haspotentialadvantages(more power) andpotential
disadvantages(more computation,potentialfor over�tting).

Feature Spaces 2

� Theextendedrepresentationis calleda featurespace.

� An algorithm that is linear in the featurespacemay be highly
nonlinear in the originalspaceif the featurescontainnonlinear
mappingsof the raw data.

� Thus,we canthink of having\promoted"our datax into a
higher-dimensionalfeaturespacez usinga nonlinear mapping� (x)
andthenrunningour originalalgorithm in that newspace.
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Ho w Should We Use the Feature Space 3

� The featurepoint z = � (x) correspondingto an input point x is
calledthe imageof x; the input point x, if any, correspondingto a
givenfeaturevector z is calledthe pre-imageof z.

� Thenaiveway to usea featurespaceis to explicitlycomputethe
imageof everytrainingpoint andtestingpoint, andrun our
algorithm completelyin featurespace.

� Two potentialproblems:

1.Problem:the featurespacemay be ultra-highdimensionalor
evenin�nite dimensional,sodirect(explicit)calculationsin
featurespacemay not be practicalor evenpossible.

2.We may sometimeswant to \bringback"ananswer fromfeature
spaceto input spaceandthat involves�nding pre-imageswhich
is hard andnot alwayspossible.

� We couldrestrictourselvesto \manageable"featurespaces,but...



The Kernel Trick 4

� It turnsout that for somespecialfeaturespacesz = � (x), it is
possibleto computethe innerproduct z>

1 z2 betweenimagesof two
input pointsx1; x2 verye�ciently. This is true whenthe
componentsof � are the eigenfunctionsof a specialclassof
positivede�nite functionscalledMercerKernels, in whichcase:

K (x1; x2) = z>
1 z2 = � (x1)

> � (x2)

� Thekeyideaof kernelmachinesis to reduceanalgorithm to one
whichdependsonlyon dot productsbetweendatavectors andthen
to replacethe dot product evaluationsin featurespacewith kernel
functionevaluationsin the input space.

� This \kerneltrick" allowsusto run algorithmsin (veryhigh
dimensional)featurespaceswithoutevergoingthere,providedthat
all we do are dot productsandthat we onlyrepresentfeaturespace
pointsthat are linear combinationsof known input spaceimages.

When the Kernel Trick Works 5

� Thekerneltrick allowsusto e�ciently computedot productsin
veryhighdimensionalspacesusingthe kernelfunction,but it
doesn'thelpusdo addition,subtraction,outerproducts,etc.

� Not a big loss,sincemanyinterestingfeaturespacesare veryhigh
or in�nite dimensional,sowe couldn'tevenwritedown the results
of suchoperationsanyway.

� Becauseof this, in general,everythingwe representin the
high-dimensionalfeaturespacemustbe expressableasa linear
combinationof the imagesof trainingdatapoints.

� Actuallythis turnsout to be �ne for manyproblems,e.g. the
optimalweightsin a perceptronclassi�errun in kernelspaceare
guaranteedto be representable.This is true of manyother
algorithms,e.g. support vector machines.(Thereis more theory
about this under(surprisesurprise)the \Representer'sTheorem".
[originallyby Kimeldorf andWahaba,reprovedby Schoelkopfet al]).

Pr oper ties of Kernels 6

� Kernelsare symmetricin their arguments:K (x1; x2) = K (x2; x1).

� Theyare positivevaluedfor anyinputs:K (x1; x2) � 0.

� TheCauchy-Schwartz inequality still holds:
K 2(x1; x2) � K (x1; x1)K (x2; x2).

� Technically, to usea functionasa kernel,it mustsatisfy
\Mercer'sconditions"for a positive-de�niteoperator.

� The intuition is easyto get for �nite spaces.

1.Discretizex spaceasdenselyasyou want into bucketsxi .
2.Betweeneachtwo cellsxi ; xj , computethe kernelfunction,and

write thesevaluesasa (symmetric)matrixM ij = K (xi ; xj ).
3. If the matrix is positivede�nite, the kernelis OK.

Examples of Kernels 7

� Linear: K (x1; x2) = x>
1x2 (� (x) = x)

� A�ne: K (x1; x2) = x>
1Qx 2 (Q symmetricpos.def)

� Gaussian:K (x1; x2) = exp[� :5kx1 � x2k2]

� Polynomial:K (x1; x2) = (1 + x>
1x2)k (watchscaling!)

� Sigmoid:K (x1; x2) = tanh(a x>
1x2+ b)

� Closurerules:

{ Thesumof anytwo kernelsis a kernel.
{ Theproduct of anytwo kernelsis a kernel.
{ A kernelplusa constantis a kernel.
{ A scalar timesa kernelis a kernel.



Geometr y of Feature Space 8

� Dot productbetweentwo points= K (xi ; xj ) > 0, andsoall points
lie in a singleorthant in featurespace.

� Lengthof a point in featurespace:
kzik

2 = K (xi ; xi )
(so for Gaussiankernels,everybody lieson surfaceof unit sphere)

� Distancebetweentwo pointsin featurespace:
kz1 � z2k

2 = K (x1; x1) + K (x2; x2) � 2K (x1; x2)

� Distancebetweena point andthe meanof all others:

kzk � �zk2 = K (xk; xk) +
1

N 2

X

ij

K (xi ; xj ) � 2
X

i

K (xk; xi )

� Zeromeancalculationsin featurespace:

< zi � �z; zj � �z > = K (xi ; xj )+
1

N 2

X

k`

K (xk; x`)�
X

k

K (xk; xi )
X

k

K (xk; xj )

Gram Ma trix 9

� The\GramMatrix" is the N by N symmetricmatrixof all pairwise
kernelevaluations:Gij = K (xi ; xj ).

� If yousuccessfully\kernelize"analgorithm, thenyouralgorithm will
onlyneedto consult/computeentriesof the Grammatrixasit runs,
becauseit dependsonlyon dot productsbetweenthe datapoints.

� An equivalentcharacterization(dueto Saitoh)of Mercer's
conditionsis that a validkernelgeneratessymmetricpositive
de�nite Grammatricesfor any�nite sampleof raw dataf xig.

\Kernelizing" an Algorithm 10

� Theart of designinga kernelmachineis to take a standard
algorithm andmassageit sothat all referencesto the originaldata
vectors x appear onlyin dot products< xi ; xj > .

� Oftenyou cando this andobtainanexactlyequivalentalgorithm to
the oneyou started with.
Sometimesyou needto make smallmodi�cations.

� Thus,a kernelmachinecontainstwo modules:the algorithm and
the kernelfunction.Choosingthe kernelfunctionis a hard problem
whichwe won't discusstoday.

� \Kernelizing"analgorithm canactuallybe pretty easy.
How about a fewexamples...

� Example:K-NN Classi�cation:
Computethe distancebetweentwo pointsin featurespace:

kz1 � z2k
2 = K (x1; x1) + K (x2; x2) � 2K (x1; x2)

Example: K-Means Clustering 11

� Distancebetweentwo pointsin featurespace:

kz1 � z2k
2 = K (x1; x1) + K (x2; x2) � 2K (x1; x2)

� Representclustercentresaslinear combinationsof datapoints:

ck =
X

i

� ik zi

� Distancebetweena newpoint anda clustercentrein featurespace:

kz � ckk2 = K (x; x) +
X

ij

� ik � j kK (x i ; x j ) � 2
X

i

� ik K (x; x i )

� Trueor false?
In regular K-Means(runningdirectlyin the input space),the cluster
centresare alwayslinear combinationsof the datapoints?

� Is KernelK-Meansa good ideaor a dumbidea?



Example: Per ceptr on Classifica tion 12

� Theregular perceptron(hyperplaneclassi�er)was:

f (x) = sign[w> x + b]

� To kernelize,we mustrepresentthe weightsaslinear combinations
of the input vector images(representertheoremsaysthis is OK):

w =
X

i

(� i yi )zi

� Theoriginalcanbe rewrittenin termsof dot products:

f (z) = sign[
X

i

(� iyi )z
> zi ]

Kernel Per ceptr on 13

� Theupdaterulefor the weightvector in the perceptroncanalsobe
rewrittenin termsof dot productsonly.

� Old rule: if yiw> xi + b � 0 thenw  w + yix i .

� Recallour newrepresentation:w =
P

i (� iyi )zi

� Equivalentnewupdaterule:
if yi

P
j � j yj z>

i zj + b � 0 then� i  � i + 1.

Example: Ridge Regression 14

� Think of the ridgeregressioncostfunction:P
i (yi � w> xi )2 + � kwk2

minimizingthis is equivalentto minimizing:P
i � 2

i + � kwk2 subjectto � i = (yi � w> xi ).

� Let's introduceLagrangemultipliersto enforcethe constraints:
min

P
i � 2

i + � kwk2 +
P

i � i (� i � (yi � w> xi ))

� Settingpartial derivativesto zerogives:
w� = (1=2� ) +

P
i � ix i and � i = � i=2

� Pluggingbackinto the originalcostgives:
min

P
i yi � i � 1

4�
P

ij � i � j x>
i x j � 1

4 �
P

i � 2
i

� In matrixform:
miny> � � 1

4� � > G� 1
4� > �

� CompletelyKernelized!

Example: PCA 15

� Not convincedyet? Let'sdo PCAusingonlydot products!

� Standard PCA(assumedatais zeromean):

C =
1
N

=
X

i

xix
>
i

� v = Cv

� All eigenvectors with nonzeroeigenvaluesmustlie in the spanof
the data,andthuscanbe writtenaslinear combinationsof the
data(think about why...):

v =
X

i

� ix i

� Now we canrewritethe eigenvector condition:

�
X

i

� i x i =
1
N

X

ij

� i x j x>
i x j



Example: PCA 16

� Eigenvector condition:

�
X

i

� i x i =
1
N

X

ij

� i x j x>
i x j

� Take the dot product with xk on left andright:

�
X

i

� ix
>
k x i =

1
N

X

ij

� i x
>
k x j x

>
i x j

� Theaboveis true for all k, sowrite it asa vector equationin � :

N �G� = G2�
N �� = G�

� Result:Form G, �nd its eigenvectors � , andusetheseto construct
linear combinationsof originaldatapointswhichare the
eigenvectors of the originalcovariancematrix.
(Careful! Zeromeanandnormalizationof eigenvectors.)

Example: Fisher Discriminant 17

� Seeif you can�gure this oneout on your own...(or look it up)

� Hint: TheoptimalFisherdiscriminantweightcanbe writtenasthe
eigenvector correspondingto largesteigenvalueof a particular
matrix,whichis the inverseof the averagewithin-classcovariance
timesthe averagebetween-classcovariance.

� Expressthe optimalweightasa linear combinationof the examples
andthe within-classandbetwee-classcovariancesin termsof those
linear combinationcoe�cients andthe Grammatrix.

� You get a neweigenvector problemof sizeequalto the number of
datapointsasopposedto the dimensionof the inputs.

The Desire f or Sparsity 18

� In kernelmachines,the principaltrick is to convertthe probleminto
a dualform, whichusuallyinvolvesrepresentingeverythingin the
featurespaceasa linear combinationof imagesof the training
points: z =

P
i � i � (x i )

� Thenwe do all ourcalculationswith the dualvariables� i andwe
neverhaveto \touch" featurespacedirectly.

� For verylargedatasets,it is desirableto havemanyof the
coe�cients � i be exactlyzero(sparsity) to reducecomputational
load,especiallyat test time.

� Asa separate trick, di�erent fromthe kerneltrick, we canlook for
waysto make thingssparse.

� Thesetricksare oftenconfused,becausethe mostfamouskernel
machine(the SVM) usedthemboth.

Contr olling Overfitting 19

� A third aspect to kernelmachinesis how to controlover�tting.

� For example,in the perceptron,if we usea verynonlinear kernel,
we mightalwaysbe ableto separateour dataexactly.
Thenwe couldbe seriouslyover�tting.

� We canuseweightdecay to preventthis, by penalizingkwk2 in
additionto trying to separateour trainingsamplein the feature
space.This is equivalentto maximummargin.

� A deepmotivationfor weightdecay in this contextcomesfrom
minimizingerror boundsbasedon the \VC dimension"theory.

� This ideais oftenconfusedwith the kernel& sparsity tricksbecause
the mostfamouskernelmachine(the SVM) alsousedweightdecay
to controlover�tting anddiscussedthe VC motivation.



Maximum Mar gin Hyperplane 20

� Margin = minimumdistanceto the planeof anypoint.

� Principle:of all the hyperplanesthat separate the dataperfectly,
pick the onewhichmaximizesthe margin

� Sincethe scaleis arbitrary, we will setthe numericalvalueof the
margin to be 1.

� Now maximizingthe margin is equivalentto pickingthe separating
hyperplanethat minimizesthe norm of the weightvector:
minkwk2 subjectto yi [w> xi + b] � 1

x

x

xxo
o

oo
o

(w.x) + w  > 0
0

(w.x) + w  < 00
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x

xxo
o

oo

o
w margin

Maximum Mar gin = Minimum Norm 21

� Maximizingthe margin is equivalentto pickingthe separating
hyperplanethat minimizesthe norm of the weightvector:
minkwk2 subjectto yi [w> xi + b] � 1

� UseLagrangemultipliersto enforcethe constraint:
minkwk2 �

P
i � i (yi [w> xi + b] � 1) � i � 0

� We canconvertit to dualform by settingpartial derivativesto zero
andsubstituting.

� This is just like ridge-regressionor weightdecay.

� We canalsoallow somepointsto voilatethe marginby beinginside
it or evenby beingon the wrongsizeof it. This is achievedby
addingnon-negative\slackvariables"� i andmodifyingthe
constraintsto the form:

yi [w
> xi + b] � 1 � � i

Primal {> Dual 22

� UseLagrangemultipliersto enforcethe constraint:
minkwk2 �

P
i � i (yi [w> xi + b] � 1) � i � 0

� set@=@w = 0 and@=@b = 0: w� =
P

i yi � i x i
P

i yi � i = 0

� Thedualproblemis now: min
P

i � i � 1
2

P
ij � i � j yiyj x>

i x j
� i � 0

P
i yi � i = 0

� This is a quadraticprogrammingproblem.

� It is convex.Uniquesolution!

� If we are allowingslack,we mustalsopenalizethe total amountof
slackby adding

P
i � i to the (primal)objectivefunction.

Sparsity of Solution 23

� Not onlyis the solutionunique,but it is alsosparse.

� Onlythe trainingpointsnearestto the separatinghyperplane(ie
with marginexactly1) have� i > 0. Thesepointsare calledthe
\active" points,or the support vectors sincethe �nal weightvector
dependsonlyon them:

w� =
X

i

yi � i x i

� This is a luckycoincidencethat hasconfusedmanypeople:in the
caseof SVMclassi�cationthe two goalsof controllingover�tting
andinducingsparsity canboth be achievedsimultaneouslywith
onlya singletrick: maximummargin (minimumweightnorm).

� But it is not alwayslike this.



The Geometr y of Sparsity 24
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Suppor t Vector Ma chines 25

� A support vector machine(SVM) is nothingmore thana kernelized
maximum-marginhyperplaneclassi�er.

� You train it by solvingthe dualquadraticprogrammingproblem.

� You run it by evaluatingthe kernelfunctionbetweenthe test point
andeachof the \active" trainingpoints,calledsupport vectors.

� Thiscombinationof (1) kerneltrick, (2) maximummargin
(minimumnorm) and(3) the resultingsparsity hasturnedout to be
verye�ectiveandpopular.

� In practice,the hard part froma learningpoint of viewis selecting
the kernelfunction(thereis a lot of research on this) andfroma
computationalpoint of viewit is solvingthe largeQP e�ciently.

Sparsity in Regression 26

� To introducesparsity in regression,Vapnikintroducedthe
epsilon-insensitivelossfunction:

l(ŷ) = 0 if jy � ŷj � �
l (ŷ) = jy � ŷj if jy � ŷj > �
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Lots More To Say/Read 27

� Theoreticaloriginsof support vector machines:VC Dimension,
Error Bounds,structuralriskminimization,...

� Variationsof SVMS,includingthe � -SVM,1-norm SVM,1-class
SVM,etc.

� Kernelizedversionsof lots of standard algorithms(PCA,Fisher's
discriminant,CanonicalCorrelationsAnalysis,...)

� Otherkernelmachines(e.g. Gaussianprocesses,linksto boosting)

� seehttp://www.kernel-mac hine s.o rg
for lots of papers/tutorials,etc. Alsoseveralbooks:



Thanks! It's been fun! 28

� Lastclass.
ProjectsdueDec19,9am,by emailto csc2515@cs(attachment/url)
Postscriptor PDFONLY, in NIPSformat, max8 pages.
Readingsmustbe alsocompletedby Dec19,9am,
(csc2515readings@cs)

� Thanksfor stickingwith it.
Hope you learnedsomething,andhadfun also.
Sorry about all the mathandabout A2.

� Pleasesendmecomments/correctionsfor the notes
soI canimprovenextyear's course.


