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Unsuper vised Learning

� Sofar we haveonlydiscussedsupervisedlearningin whichthereare
both inputsanddesiredoutputs.
For regression, the output(s)werecontinuousvalues.
For classi�cation, the outputwasa discrete(categorical) label.

� Anotherveryimportant problemin machinelearningis
unsupervisedlearning, in whichthereare no outputs,onlyinputs.

� Whatshouldwe do here?

Three Unsuper vised Models

� The threecanonicalproblemsin unsupervisedlearningare
clustering, dimensionality reduction, anddensity modeling:

{ Clustering:groupingsimilar trainingcasestogetherand
identifyinga \prototype" exampleto representeachgroup.

{ Dimensionality reduction:learningto representeachtrainingcase
usinga smallnumber of continuousvariablesfromwhichthe
originaldatacanbe almostexactlyreconstructed.

{ Density modeling:learninga density functionfroma few
samples.This is like quantitativenovelty detection:we want to
producea largesignalwhendatasimilar to trainingdataappears
anda smallsignalwhendi�erent dataappears.
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Missing Outputs

� You canthink of unsupervisedlearningassupervisedlearningin
whichall the outputsare missing:

{ Clustering== classi�cationwith missinglabels.
{ Dimensionality reduction== regressionwith missingtargets.

� Density estimationis actuallyverygeneralandencompassesthe
two problemsaboveanda wholelot more.

� Let'sstart o� by talkingabout clustering



Clustering

� Clustering:groupingsimilar trainingcasestogetherandidentifying
a \prototype" exampleto representeachgroup.

� Severalapproaches:agglomerative,divisive,�xed number of
clusters,hierarchical,...

� All requirea way to measuredistancebetweentwo datapoints,e.g.
Euclideandistancekx � yk2,
Mahanalobisdistance(x � y)> � � 1(x � y),
...

Algorithm: K-means

� Selecta number of clustersK andcovariance� .
Start with initial clustercentres� 0

1; � 0
2; : : : ; � 0

K .

� Alternatebetweentwo steps.
Assigneachdatapoint to the clusterwhosecentreis closest:

ct+1
n = argmink(xn � � t

k)> � � 1(xn � � t
k)

Updateclustercentresto the meanof all pointsassignedto them:

� t+1
k =

P
n[ct+1

k = n]xn

P
n[ct+1

k = n]

� Whenclustersbecomeempty, usea heuristicto repositiontheir
means.Breaktiesin distanceusingclusterof smallestsize.

(a) (b) (c) (d) (e) (f)

Cost Function f or K-Means

� Q: Whatcostfunctionis K-meansminimizing?
A: Averagesquareddistancefromeachdatapoint to the nearest
clustercentre:

E(f � kg) =
1
N

X

n
min

k

h
(xn � � k)> � � 1(xn � � k)

i

� TheK-meansalgorithm doescoordinatedescentin a function
F (f � kg; f cng) whichis anupper boundon this error:

F (f � kg; f cng) =
1
N

X

n

h
(xn � � cn)> � � 1(xn � � cn)

i

Thisupper boundis validfor anysettingof the cn.
After the assignmentstepfor cn, F (�; c) = E(� ).
Theassignmentsteplowersthis boundasmuchaspossible.

Vector Quantiza tion

� K-meansclusteringis alsocalledvector quantizationin the
engineeringandsignalprocessingliterature,because
the problemis like quantizationbut for multivariateobjects.
Theclustercentresare calledcodebook vectors.

� More correctly, K-means(or VQ) is anoptimizationproblem, and
the algorithm above,whichis (just) onepotentialsolutionto it is
calledthe Lloyd-Maxalgorithm.

� But everybody just callsthe algorithm K-means.



Implement ation Tricks

� K-means(andotherclusteringmethods) requiretricksto work well.

� Initialization:set � 0
k to be K randomlychosenpoints,or elseto

the �rst K pointsfromfurthest-�rst clusterting(seelater).

� Pickingnumber of clusters:usecrossvalidationon the error
functionevaluatedon a validationset.

� Unusedclusters:setto pointswith biggesterrors.

� Tiesin distance:addpointsto smallerclusters�rst.

� Robusterrors: usesquarederror up to somemaximumerror then
constanterror beyondthat. (A�ects both steps.)

� Localminima:userandomrestarts, split andmergeclusters.

More General Objective Functions

� If we changethe distancefunction,the assignmentstepis still easy,
but updatingthe clustercentresmightbe hard.

� We canalsorestrictthe centres.ex: In the K-mediodsproblem,we
updatethe newclustercentresto be oneof the pointsassignedto
that cluster,but we haveto try everypossiblepoint. Expensive!

� Somecommondistances,their names,andtheir costfunctions:
K-means(averagesquareddistance)
K-medians(averagedistance):
E(f � kg) = 1

N
P

n mink

hp
(xn � � k)> � � 1(xn � � k)

i

K-corners(averageabs.error):
E(f � kg) = 1

N
P

n mink
� P

i jxn
i � � ki j

�

K-centres(biggestclusterradius):
E(f � kg) = maxn mink

�
(xn � � k)> � � 1(xn � � k)

�

� Specialcasessolved,e.g. K-corners:� t
ki = medianct

n=k[xn
i ]

Hierar chical Clustering

� Hierarchicalclusteringalgorithmsbreakthe datasetinto a seriesof
nestedclusters,starting with a singleclusterat the top containing
all the dataandendingwith N clustersat the bottom, onefor each
point. The resultscanbe displayedasa dendrogram:
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Agglomera tive Clustering

� Agglomerativealgorithmsfor hierarchicalclusteringstart with each
datapoint in its own clusterandthensuccessivelymergesimilar
clustersuntil a singleclusterremains.

� Severalmethodsfor merging.Mostbasedon computingcluster
distancesdcc0 frompairwisedistancesdnn0 betweenall pairsof
pointsandthenmergingthe two clusterswith smallestdcc0:
Singlelinkage:dcc0= minn2c;n02c0dnn0

Completelinkage:dcc0= maxn2c;n02c0dnn0

Averagelinkage:dcc0 = meann2c;n02c0dnn0



Divisive Clustering

� Divisivealgorithmsfor hierarchicalclusteringstart with all the data
in a singleclusterandsuccessivelysplit clusters.

� Here'smy favouriteone: furthest-�rst traversal.

Pick any point, mark it, and set mu(1) equal to it.
for i=2:N

find the unmarked point furthest from {mu(1)...mu(i-1) }
[using dist(point,{set}) =min( p' in {set}) dist(point,p')]
mark this point and set mu(i) equal to it

end

� For good measure,run K-meansuntil convergenceafterward.

Tree Models

� A treemodel is a unsupervisedlearningmodel in whicheach
variablexi hasexactlyoneothervariableasits \parent" x� i ,
exceptthe \root" xroot whichhasno parents.

� Theprobability of a variabletakingon a certainvaluedependsonly
on the valueof its parent:

p(x) = p(xroot)
Y

i6=root

p(xi jx� i )

� Treesare the nextstepup fromassumingindependence.
Insteadof consideringvariablesin isolation,considerthemin pairs.

� WARNING:do not confusethesetrees(probability model is a tree)
with decisiontrees(algorithm proceedsin a treestructuredfashion).
Treemodelclassi�ersassumea treemodelof featuresgiventhe
class,but are not the sameasclassi�cation/decisiontrees!

Tree Models as Graphs

� If we identifyeachvariablewith a nodein a graph,we candescribe
this modelby drawinga directedarrow fromeachnodeto its
children.NB: eachnode(exceptroot) hasexactlyoneparent but
may havemore thanonechild.
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� This is a specialcaseof a generalway of describingstatistical
functionsusingprobabilisticgraphicalmodels.

Maximum Likelihood Node Parameters

� Treesare just a specialcaseof fully observeddensity models.

� For discretedataxi with valuesvi , eachnodestoresa conditional
probability table(CPT) overits valuesgivenits parent'svalue.
TheML parameterestimatesare just the empiricalhistogramsof
eachnode'svaluesgivenits parent:

p� (xi = vi jx� i = vj ) =
N (xi = vi ; x� i = vj )P

zi ;zj
N (xi = zi ; x� i = zj )

exceptfor the root whichusesmarginalcountsN (vroot)=N .

� For continuousdata,the mostcommonmodel is a two-dimensional
Gaussianat eachnode,jointly modelingthe nodeandits parent.

� TheML parametersare just to setthe meanof pi (xi ; x� i ) to be
the samplemeanof [xi ; x� i ] andthe covariancematrixto the
samplecovariance.



Overall Likelihood function

� Overalllikelihood is sumof parent-conditionalterms,oneper node:
V i � setof joint con�gurationsof xi andits parent x� i
(V root � setof valuesof root note)

`(� ;D) =
X

n
logp(xn) =

X

n

2

4logpr (xn
r ) +

X

i6= r

logp(xi
njx� i

n)

3

5

=
X

n

X

i

X

y2V i

[xi ; x� i = y] logpi (xi jx� i )

=
X

i

X

y2V i

Ni (y) logpi (y)

with pi (y i ) = p(xi jx� i ) andcountsNi (y) =
P

n[yn
i = y].

� Treesare in the exponentialfamilywith y i assu�cient statistics.

Str ucture Learning

� Whatabout the treestructure(links)?
How do we know whichnodesto make parentsof which?
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� Bold idea:canwe alsolearn the optimalstructure?
In principle,we couldsearch all combinatorial structures,for each
computethe ML parameters,andtake the bestone.

� But is therea better way? Yes. It turnsout that structurelearning
in treemodelscanbe convertedto a good old computerscience
problem:maximumweightspanningtree.

Optimal Tree Str ucture � MWST

� Let usrewritethe overalllikelihood function:
`(� ;D) =

X

x2V all

N (x) logp(x)

=
X

x

N (x)

0

@logp(xr ) +
X

i6= r

logp(xi jx� i )

1

A

� ML parameters,are equalto the observedfrequencycountsq(�):

` �

M
=

X

x2V all

q(x)

0

@logq(xr ) +
X

i6= r

logq(xi jx� i )

1

A

=
X

x

q(x)

0

@logq(xr ) +
X

i6= r

log
q(xi ; x� i )

q(x� i )

1

A

=
X

x

q(x)
X

i6= r

log
q(xi ; x� i )

q(xi )q(x� i )
+

X

x

q(x)
X

i

logq(xi )

� NB: secondtermdoesnot dependon structure.

Edge Weights

� Eachtermin sumi 6= r correspondsto anedgefromi to its parent.
`�

M
=

X

x

q(x)
X

i6= r

log
q(xi ; x� i )

q(xi )q(x� i )
+ C

=
X

i6= r

X

xi ;x� i

q(xi ; x� i ) log
q(xi ; x� i )

q(xi )q(x� i )
+ C

=
X

i6= r

X

yi

q(yi ) log
q(yi )

q(xi )q(x� i )
+ C

=
X

i6= r

W(i ; � i ) + C

� Sothe overalllikelihood is thesumof weightsonedgesthat we use.
We needthemaximumweightspanningtreeto maximizelikelihood.

� TheedgeweightsW are de�nedby mutualinformation:

W(i ; j ) =
X

xi ;xj

q(xi ; xj ) log
q(xi ; xj )

q(xi )q(xj )



Kr uskal 's algorithm (Greed y Sear ch)

� To �nd the maximumweightspanningtreeA on a graphwith
nodesU andweightededgesE:

1.A  empty
2.Sort edgesE by nonincreasingweight: e1; e2; : : : ; eK .
3.for k = 1 to K f A += ek unlessdoingsocreatesa cycleg
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Maximum Likelihood Trees

We cannow completelysolvethe treelearningproblem:

1.Computethe marginalcountsq(xi ) for eachnode
andpairwisecountsq(xi ; xj ) for all pairsof nodes.

2.Setthe weightsto the mutualinformations:

W(i ; j ) =
X

xi ;xj

q(xi ; xj ) log
q(xi ; xj )

q(xi )q(xj )

3.Findthe maximumweightspanningtreeA=MWST(W).

4.Usingthe undirectedtreeA chosenby MWST,picka root
arbitrarily andorient the edgesaway fromthe root.
Setthe conditionalfunctionsto the observedfrequencies:

p(xi jx� i ) =
q(xi ; x� i )P
xi

q(xi ; x� i )
=

q(xi ; x� i )
q(x� i )

Undirected vs. Directed Trees

� Anydirectedtreeconsistentwith the undirectedtreefoundby the
algorithm abovewill assignthe samelikelihood to anydataset.

� Amazingly, asfar aslikelihood goes,the root is arbitrary.
We canjust pickonenodeandorient the edgesaway from it.
Or we canwork with undirectedmodels.

� For continuousnodes(e.g. Gaussian),the situationis similar,
exceptthat computingthe mutualinformationrequiresan integral.

� Mutual informationis the Kullback-Leiblerdivergence
(cross-entropy) betweena distributionandthe product of its
marginals.Measureshow far from independentthe joint
distributionis.


