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Three Unsuper vised Models

The threecanonicaproblemsn unsurvisedeaningare
clusteringdimensionaliitreductionanddensiy madeling

{ Clusteringgroupingsimila trainingcasesogetherand
identifyinga \prototype" exampldo repesentachgroup.

{ Dimensionaliitreduction:leaningto repesenteachtrainingcase
usinga smallnumker of continuousaiablefromwhichthe
originaldata canbe almostexactlyreconstructed.

{ Densiy madeling:leaninga densiy functionfrom a few
samplesThisis like quantitativenovely detection:we want to
producea large signalwhendatasimila to trainingdataappeas
anda smallsignawhendi erent dataappeas.

Unsuper vised Learning

Sofar we haveonlydiscussedupervisedeaningin whichthereare
both inputsanddesiredutputs.

For regressiqrihe output(s)werecontinuouvalues.

For classi cationthe outputwasa discretgcategoical) label.

Anotherveryimportant problemin machindeaningis
unsugrvisedeaning in whichthereare no outputs,onlyinputs.

What shouldwe do here?

Missing Outputs

You canthink of unsugrvisedeaningassugervisedeaningin
whichall the outputsare missing

{ Clustering== classi catiorwith missindabels.
{ Dimensionalitreductior== regressiowith missingargets.

Densiy estimations actuallyverygenerahndencompassdise
two problemsaboveanda wholelot mae.

Let'sstat o by talkingabout clustering




Clustering

Clusteringgroupingsimila trainingcasesogetherandidentifying
a\prototype" exampldo regesenteachgroup.

Severadppoachesagglomerativalivisive,xed numter of
clustershierachical....

All requirea way to measurelistancebetweentwo datapoints,e.g.

Euclideamlistancekx  yk?2,
Mahanalobiglistancegx y)> 1(x ),

Cost Function for K-Means

Q: What costfunctionis K-meansnminimizing?
A: Averagesquaed distancérom eachdatamint to the neaest
clustercentre: .
1 h [
Ef =35 min(x" 7 "W
N ok
The K-meansalgaithm doescoordinatedescentn a function
F(f kg fcng) whichisan uppherboundonthis erra: _
1 X N !
Fwgfod = " o) " o)
n
This upper boundis validfor anysettingof the cy,.
After the assignmergtepfor ¢y, F(; ¢) = E( ).
The assignmergteplowersthis boundasmuchaspossible.

Algorithm: K-means

Vector Quantiza tion

Selecta numker of clusterK andcovaiance .
Stat with initial clustercentres 3; 5;:::; K -
Alternatebetweentwo steps.

Assigreachdataint to the clusterwhosecentreis closest:

't =argmin(x" )7 ")

Updateclustercentredo the meanof all pointsassignedo them:

1 _ rﬁ[cf:l = nJx"
i n[C}:l = n]

Whenclusterdbecomeempy, usea heuristido repositiontheir
means Breaktiesin distanceausingclusterof smallessize.
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K-meanglusterings alsocalledvecto quantizatiorin the
engineeringndsignalprocessingdjterature because

the problemis like quantizatiorbut for multivaiate objects.
The clustercentresare calledcodelnok vectas.

Moare carectly K-meangor VQ) is an optimizatiorproblem and
the algaithm above,whichis (just) onepotentialsolutionto it is
calledthe Lloyd-Maxalgaithm.

But everylbdy just callsthe algaithm K-means.




Implement ation Tricks

K-meangandotherclusteringnethals) requiretricksto work well.

Initialization:set (k)to be K randomlychoserpoints,or elseto
the rst K pointsfromfurthest- rstclusterting'seelater).

Pickingnumler of clustersusecrossvalidationon the erra
functionevaluatean a validationset.

Unusectlusters:setto pointswith biggesterras.
Tiesin distance:addpointsto smallerclustersrst.

Robusterras: usesquaederra up to somemaximurrerra then
constanterra beyondthat. (A ects both steps.)

Local minima:userandonmrestats, splitandmergeclusters.

Hierar chical Clustering

Hierachicalclusteringalgaithmshbreakthe datasetinto a serieof
nestecclustersstating with a singleclusterat the top containing
all the dataandendingwith N clustersat the bottom, onefor each
point. The resultscanbe displgedasa dendrogram
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More General Objective Functions

If we changehe distancdunction,the assignmenrdgtepis still easy
but updatingthe clustercentregnight be had.

We canalsorestrictthe centres.ex: In the K-medials problem we
updatethe newclustercentrego be oneof the pointsassignetb
that cluster but we haveto try everypossiblgoint. Expensive!
Somecommondistancestheir namesandtheir costfunctions:
K-meangaveragequaeddistance)
K-medianiavsragejistﬂBce): i

Ef k@ = noming " 7 x0Ty
K-caners(avegagebs. ega):

EF k9= nming XM kil
K-centregbiggestclusterradius):

E(f k0= maxymine x" ) x" )
Specialcasesolvedg.g. K-caners: tki = mediarg%:k[xi"]

Agglomera tive Clustering

Agglomerativalgaithmsfor hieraichicalclusteringstat with each
datamint in its own clusterandthensuccessivelyergesimila
clusterauntil a singleclusterremains.

Severaimethalsfor merging.Mostbasedn computingcluster
distancesl o from pairwisedistancesl,,,o betweenall pairsof
pointsandthenmerginghe two clustersvith smallestl. g
Singlelinkage:d;0= Min, 2 c.n® 0dnno
Completdinkage:d. 0= max,,¢.n® 00pn0
Averagdinkage:d.0= mean ¢ & «nno




Divisive Clustering

Divisivealgaithmsfor hierachicalclusteringstat with all the data
in a singleclusterandsuccessivegplit clusters.

Here'smy favouriteone: furthest- rsttraversal.

Pick any point, mark it, and set mu(l) equal to it.
for i=2:N
find the unmarkedpoint furthest from {mu(l1)..mu(i-1) }

[using dist(point,{set}) =nn( p' in {set}) dist(point,p")]
mark this point and set mu(i) equal to it
end

For good measurerun K-meansuntil convergencaftervard.

Tree Models as Graphs

If we identifyeachvaiablewith a nodein a graph,we candescrike
this model by drawvinga directedarrow from eachnadeto its
children.NB: eachnade (exceptroot) hasexactlyonepaent but
may havemae than onechild.
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Thisis a specialcaseof a generaivay of describingtatistical
functionsusingprobabilistiggraphicamodels

Tree Models

A treemadelis a unsugrvisedeaningmadelin whicheach
vaiablex;j hasexactlyoneothervaiableasits \parent" x ;,
exceptthe\root" Xrgot Whichhasno paents.

The probabiliy of a vaiabletakingon a certainvaluedepgendsonly
onthe valueof its paent: v
P(X) = p(Xroot) p(Xijx ;)
i6root

Treesare the nextstepup from assumingnde@ndence.
Insteadbf consideringaiablesn isolationconsidethemin pairs.

WARNINGdo not confusdhesetrees(probabiliy modelis a tree)

with decisiorirees(algaithm proceedsn a treestructuredashion).

Treemadel classi ersaassume tree model of featuregiventhe
classput are not the sameasclassi cation/decisiotrees!

Maximum Likelihood Node Parameters

Treesare just a specialcaseof fully observedensiy models.

For discretedatax; with valuesyj, eachnode staresa conditional
probabiliy table (CPT) overits valuegyivenits paent'svalue.
The ML paameterestimatesre just the empiricahistogram®f
eachnade'svaluegivenits paent:

N(Xj = Vi;X | = Vj)

Xi = Vijx . =vj)=P
P b =i =) zi;sz(Xi:Zi;Xi:Zj)

exceptfor the root whichusesmaginalcountsN (Vyoop)=N .

For continuouslata, the mostcommommoadelis a two-dimensional
Gaussiaat eachnode, jointly madelingthe node andits parent.

The ML paametersare just to setthe meanof pj(xj; x ;) to be
the samplemeanof [xj; x ;] andthe covaiancematrixto the
samplecovaiance.




Overall Likelihood function

Overallikelihad is sumof parent-conditionalerms,oneper node:

Vi setofjoint con gurationsof x; andits paent x
(Vroot setof valueof root nzote)

3
\ X X X _
(;D)= logp(x")= A4logpr(xy)+  logp(xi"jx ;")
)(l X X n i6r
= [Xi;x ; = yllogpi(Xijx ;)
)P * y2V;

= Ni(y) logpi(y)
i y2Vi b
with pi(yi) = p(xijx ;) andcountsNj(y) = L[y = yl.
Treesare in the exmnentiafamilywith y; assu cient statistics.

Optimal Tree Str ucture MWST

Let usrewritethe ovgralllikeliha)d function:
(;D)= N (x) logp(x)
X2V q 0 1
X
N(x) @ogp(x,) +  logp(xijx )A

X i6r

ML paametersare eqlcj)alto the observediequ%ncy;ou ntsq( ):

. X X
o ax) @ogg(x;) +  logg(xijx ,)A
X2V g 0 i6r 1

q(Xi;X |)A

X X
= q(x)@ogg(x,)+ log

X i6r q(x i)
X X . X X
=7 4w log% +7 q) logg(x)
X i6r ! i X i

NB: seconderm doesnot degendon structure.

Str ucture Learning

What about the tree structure(links)?
How do we know whichnodesto male parentsof which?
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Boldidea: canwe alsolean the optimalstructure?
In principle we couldseach all combinataal structuresfor each
computethe ML paametersandtake the bestone.

But is therea better way? Yes. It turnsout that structureleaning
in treemadelscanbe convertedo a good old computeiscience
problem:maximumaeightspanningdree.

Edge Weights

Eachtermin sumi 6 r carespndsto anedgefromi to its paent.
- X X oy
il q(x) |ogm
M X i6r a(xi)alx i)
X X .
axi; x ;)
= X ) log—/—— %
o EXI9G60060)
X X o)

=j€r , Q(Yi)logm

=  W(; )+C
i6r
Sothe overallikelihad is the sumof weightson edgeghat we use.
We needthe maximumaeightspannindreeto maximizdikelihad.
The edgeweightsW are de nedby mutualinfamation
W(ij) = X o(x;: x; ) log-JX1 X1
T e T (k) alx)
i+X]




Kr uskal 's algorithrm  (Greed y Sear ch)

To nd the maximumaeightspanningree A on a graphwith
nodesU andweightededge<:

1.A  empy
2.Sat edge< by nonincreasingeight: eq; eg; ;1@ ex .
3.for k = 1to K fA += e unlessloingsocreates cyclg

Undirected vs. Directed Trees

Any directedtree consistentvith the undirectedree foundby the
algaithm abovewill assigrthe samdikelihad to anydataset.

Amazinglyasfar aslikelihad goes,the root is arbitrary.
We canjust pickonenode andorient the edgesway fromit.
Or we canwork with undirectednadels.

For continuousiodes(e.g. Gaussian)he situationis simila,
excepthat computinghe mutualinfamationrequiresnintegral.

Mutualinfamationis the Kullback-Leibledivergence
(cross-entrop betweena distributionandthe product of its
maginals.Measuresow far fromindegndenthe joint
distributionis.

Maximum Likelihood Trees

We cannow completelysolvethe treeleaningproblem:
1. Computethe maginalcountsq(x;) for eachnode
andpairwisecountsq(xi; x;j) for all pairsof nodes.

2.Setthe weightsto the mutualinfamations:
X ey
- axi; Xj)
W)= axixj)log———"—~
oo alxi)alx )
X
3.Findthe maximumneightspanningree A=MWST(W).

4.Usingthe undirectedree A choserby MWST, pick a root
arbitrarily andorient the edgesway from the root.
Setthe conditionafunctiongto the observedrequencies:
alxisx i) _ alxi;x ;)
Xj q(xi; x i) q(x i)

p(xijx )= P




