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Pr obabilistic  Classifica tion: Bayes Classifiers

Generativenadel: p(X;y) = p(y)p(Xjy).
p(y) are calledclasspriors.
p(xjy) are calledclassconditionafeaturedistributions

For the prior we usea Berp,oullior multinomial:
ply=kj )= xwith , =1
Whatclassi catiorrule shouldwe use?
ML?: argmay p(Xjy) (no! canbehavebadlyif slewed priors)
MAP:argmay p(yjx) = argmax logp(xjy) + logp(y)  (yes!)
How shouldwe t mgdel parametersMaximumjoint likelihad.
nlogp(x";y") = logp(x"jy") + logp(y")
1) Sat datainto batchedy clasdabel.
2) Estimatep(y) by countingsizeof batchegplusregulaization).
3) Estimatep(xjy) sepaatelywithin eachbatchusingML
(alsowith regulaization).

Review: Classifica tion

Three Key Regulariza tion Ideas

Givenexamplesf a discreteclasdabel y andsomefeatures.
Goal:computey for newx.

Lastclass:computea discriminant (yjx) andthentake maxy.

This class:probabilisticlassi ers.Two apgoaches:

Generativemadelp(x;y) = p(y)p(Xjy);
thenuseBayes'ruleto inferconditionap(yjx).

Discriminativemodel posterio p(yjx) directly

Generativappoachis relatedto joint densiy estimatiorwhile
discriminativappoachis closerto regressian

To avoidover tting, we canput priors onthe paameterof the
classandclassconditionafeaturedistributions.

We canalsotie somepaameterdogethersothat fewer of them
are estimatedusingmae data.

Finally we canmale factaizationor indendencassumptions
about the distributions.In paticula, for the classconditional
distributionsve canassumehe featuresare fully degendent patly
dependentor indendent(!).
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Class Priors and Mul tinomial Smoothing

Regularized Gaussians

Let'ssgy youweretrying to estimatethe biasof a coin. You ip it
K times;whatis your estimateof the probabiliy z of heads?

Oneansver: maximumlikelihad. z = # h=K.

Whatif you ip it 2 timesandyou getboth heads?Do you think
that z = 1? Wouldyou be in nitely surpisedto seea tail?

ML is almostalways a badidea. We needto incaporate a prior

beliefto modulatethe resultsof smallnumlersof trials.

. . . . _ #h+
We do this with a techniquecalledsmmthing z = -

are the numtler of \pseudo-counts$ou usefor your prior.
Samesituationoccursfor estimatingclasspriors:
#c+
N+C
A verycommorsettingis = 1 whichis calledLaplaceSmathing
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Ideal: assumaill the covaiancesre the same(tie paameters).
Thisis exactlyFisher'dinea discriminananalysis.
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Idea2: usea Wishat prior onthe covaiancematrix. (Smathing!)
This\fattens up" the posterios by makingthe MAP estimateshe
samplecovaianceslusa bit of the identity matrix.

Idea3: Make indegndencassumption® getdiagonabr
identity-multiplecovaiances (i.e. spaseinversecovaiances.)
More onthisin a fewminutes...

Gaussian Class-Conditional Distributions

Gaussian Bayes Classifier

If all featuresare continuousa popula choiceis a
Gaussiaglass-conditionahodel.
. . . 1= 1

pxiy=ki)=i2 ] Pexp Sx ) x W
Fitting: usethe follovingamazingandusefulfact.
The maximunlikelihad t of a Gaussiato somedatais the
Gaussiawhoseameanis equalto the datameanandwhose
covaianceis equatlto the samplecovaiance.

[Try to provethis asan exercisén understandindikelihood, algelva, and calculusall at once!]

Seem®asy And works amazinglyell.
But we cando evenbetter with somesimpleregulaization...

Maximumlikelihad estimategor paameters:

priors : useobservedrequenciesf classegplussmathing)
means : useclassmeans

covaiance : usedatafromsingleclassor pooleddata

(x™ ym) to estimate(full/diagonal)covaiances

Computethe posterio via Bayes'rule (equalcovas):
pP(Xjy = K; )ply = Kj )
i POy =J; ply =1jj )

p(y = kjx; )
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Linear Geometr y

Takingthe ratio of anytwo posterios (the \o dds") shavsthat the
contoursof equalpairwiseprobabiliy are linea surfacen the
featurespacdf the covaiancef all classesre equal:
p(y = kjx; ) _
p(y = jjx; )
The pairwisediscriminatiortontoursp(yy) = p(y;) are orthogonal
to the di erencesof the meansn featurespacevhen = 1.
For general shaedb/w all classeshe samestruein the
transfomedfeaturespacev = 1

X.
The priors do not changehe geometrythey only shift the
operatingpoint on the logit by the log-aldslog( = ;).
Summay: for equalclass-covancesye obtaina linea classi er

If we usedi erencecovaiancesthe decisiorsurfacesre conic
sectionandwe havea quadraticclassi er.

exp (k  j)7X

Logistic/Softmax Regression

Model: y is a multinomiarandomvaiablewhoseposterio is the
softmaxof linea functionsof anyfeaturevecto x.

: e kX
ply = kjx; ) = P s

j€!

Fitting: nONV\)I% optimizethe conditionalikeliha)()j<:
"(:D)= ™ =kllogp(y = kix™; )= yg'logpy’
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Discrimina tive Models

Observationif p(yjx) are linea functionsof x (or monotone
transfoms), decisiorsurfacesvill be piecewisénea.

X,

Idea:paametrizep(yjx) directly forget p(x;y) andBayes'rule.

Don't needto madelthe densiy of the features.
Somedensiy modelshavelots of paameters.
Manydensitiegivesamdinea classi er.

But we cannotgenerateewlabeleddata.

Nowv we needa newcostfunction.We'll try to useonethat is
closerto the onewe care about at testtime (ie erra rate)?

Softmax/Logit
The squashindunctionis knowvn asthe softmaxor logit
g%k 1
=
@ Prgr 0= g
It isinvertible(up to a constant):
zx=1log +cC =logg=1 Q)
Derivatives easy:
@ dg
=R = . - — = (1
@ k( Kj i) d g1 o)




More on Logistic Regression

HadestPart: pickingthe featurevecto x.

Amazingact: the conditionalikelihad is convex in the
paameters . Still nolocal minima!

Gradienis easyto computesoeasyto optimize.
Slav: gradientdescent|lS. Fast: BFGS,Newton-RaphsoiRLS.

Regulezation?Gaussiaprior on (weightdecg): add 2to
the costfunction,whichsubtract?2 fromeachgradient.

Logisticregressionouldreallybe called\softmaxlinea regression”.
Logodds(logit) betweenanytwo classess linea in paameters.

Considewhat happensif thereare two featureswith identical
classi catiorpatternsin our trainingdata. LogisticRegressiocan
onlyseethe sumof the carespndingweights.

Luckily weightdeca will solvethis. Moral: alwaysregulaize!

Common Activ ation Functions

Two commoractivationfunctions:sigmoidand hypertolic tangent
1 _expz) exp( z)
1+ exp( z) tanh(z)= exp(z) + exp( 2)

+1 tanh(z)

sigmoid(z)=

sigmoid(z) +1

0

For smallweights,thesefunctionswill be operatingnea zeroand
their behaviouwill be almostlinea.

Thus,for smallweights,the netvork behavegssentialllinealy.
In generalve want a saturatingactivationfunction(why?).

Ar tificial Neural Netw orks

Histaicallymotivatedoy relationgo biology but for our purposes,
ANNSsare just nonlineaclassi catiormachinesf the form:

_ e kh(x) N
ply = kjx; )= P s hy) hj = (bj X)
. ej
]
whereh; = (bj>x) are knovn asthe hiddenunit activationsyy

are the outputunitsandx; are the input units.

The nonlineascala function is calledan activationfunction
We usuallyuseinvertibleanddi erentiableactivationfunctions.

If the activationfunctionis linea, the wholenetwork reducesto a
linea netvork: equivalento logisticregression.
[ Onlyif thereare at leastasmanyhiddensasinputsandoutputs.]

It is oftena good ideato add\skip weights"directlyconnecting
inputsto outputsto take cae of this linea compnentdirectly

Geometr y of ANNs

ANNSscanbe thoughtof asgeneralizetinea madels,wherethe
basisunctionghiddenunits) are sigmoidalcli s".

Thecli directionis determinedy the input-to-hiddemeights,
andthesebasesre combinedy the hidden-to-outputweights.

We includebiasunits of courseandthesesetwherethecli is
positionedelativeto the origin.




Neural Netw orks for Classifica tion

Neuralnetswith onehiddenlayer trainedfor classi catiorere doing
nonlinealogisticregression:

p(y = kjx) = softmax[; (Bx)]

where andB arethe rst andsecondayer weightsand () isa
squashinfunction(e.g. tanh) that operatescommnentvise.

softmax_) () Oy
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Gradienbf conditionalikelihad still easilycomputableysingthe
e cient backpopagatioralgaithm whichwe'll seelater.

But: We losethe convexit property { local minimaproblems.

Naive (ldiot's) Bayes Classifier

Assumptionconditionedn clas§attributesare indegndent.
p(xjy) = p(xijy)

|
Soundsrazyright? Right! But it works.

Algaithm: sat datacasesnto binsaccedingto yp.
Computemaginalprobabilitiegp(y = ¢) usingfrequencies.

For eachclassestimatedistributionof ith vaiable:p(xijy = ©).
At testtime, computeargmax p(cjx) using
o(x) = argmax p(cjx) = argmax [logp(xjc) £ logp(c)]
= argmax [logp(c) +  logp(xijc)]

Discrete Bayesian Classifier

If the inputsare discretgcategoical), whatshouldwe do?

The simplestlassconditionamodelis a joint multinomialtable):
p(X1= aXp=byiirjy=0= S

Thisis conceptuallgarect, but there'sa big practicalproblem.

Fitting: ML paamsgre observedounts:
¢ _ _nlyn=cly1=alxz= bf::f: ]

ab:: ™ ' Ayn = d
Considethe 16x16digitsat 256gray levels.

How manyentriesin the table?How manywill be zero?
What happensat testtime? Doh!

We obviouslyneedsomeregulalization.

Smathingwill not helpmuchhere.Unlessve knav about the
relationshipbetweeninputsbefaehand shaing paameterss had
also(whatto shae?). But whatabout indegndence?

Discrete (Mul tinomial) Naive Bayes

Discretdeaturesj, assumethdegndentgiventhe clasdabel y.

pOxi = iy = K) =
Y (xi=j]

pxjy = k; )= ij k
]
Classi catiorrule: v
inQj -[-Xsz]
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Fitting Discrete Naive Bayes

ML paametersre class-lgondition&lequencycounts:

o m™ =iy =K
ij k m[ym — k]
How do we knawv? Write donvnthe Iikgéiha)d:
“(;D)= logp(y™j )+  logp(xi™jy™; )
m mi

andoptimizeit by settingits derivativeo zero
(caeful! leafgg namalizationwith Lagrangwltipliers):

(:D)= [xi™=jly™ = k]log jj k + Kk ik
B ik ik
@ _ mk™=jly™=K] y
@jj k ij k !
@ X oom
ij:o ) k= m[y =kl ) ik

Noisy-OR Classifier

Many probabilistionodelscanbe obtainedasnoisyversion®f
formulasfrom propositionalogic.

Noisy-OReachinput x; activatesnutpugy W/someproé)abiliy.
_ Y <X =
ply = Ox; ) = i =exp  Xxjlog i,
i T ’
Letting = log ; we getyet anotherinea classi er:

>

ply=1x; )=1 e *

Gaussian Naive Bayes

Thisis just a GaussiaBayesClassi erwith a sepaate but diagonal

covaiancematrixfor eachclass.
Equivalento tting a 1D Gaussiato eachinputfor eachclass.
NB: Decisiorsurfacesre quadraticsnot linea...

Evenbetteridea:
Blendbetweenfull, diagonabndidentity covaainces.

Exponential Family Class-Conditionals

BayesClassi ethasthe sameform whenevethe class-conditional

densitiesre anyexpnentiafamilydensiy:
p(xjy = k; ) = h(x)exgf ¢x a( kg
. p(xjy = ki ©)p(y = Kj )
= kjx; )=1P — —
Py = Hax; ) i Py =14 ey =i )
o (X al g
j exd j>x a( j)g
e kX

-
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where = [ k; a( k)] andwe haveaugmented with a
constantcommnentalways equalto 1 (biasterm).

Resultingclassi eris linea in the su cient statistics.




Joint vs. Conditional Models

Manyof the methalswe haveseersofar havelinea or piecewise
linea decisiorsurfacesn somespacex®

LDA, perceptronGaussiaBayes,NaiveBayes,Noisy-ORKNN,...
But the criteriausedto nd this hyperplands di erent:
Gauss/NaivBayesare joint models;optimize

p(x;y) = P(X)P(YiX).

LogisticRegression/Nlsdre conditional:optimizep(yjx) directly

Veryimportant point: in generathereis a largedi erencebetween
the architectureusedfor classi catiorandthe objectivefunction
usedto optimizethe paametersf the architecture.

Seereading...

Futher points...

Someclassi ergeturna singleguesdor y withouta distribution.
Lastclass:non-paametric(e.g. K-neaest-neighbur).

This class:generativ& discriminativenodels.
(plusmanymae, e.qg. probit regressiorgomplementy log-log,
generalizetinea madels,neuralnetvorks with hiddenlayers,...)

Advancedopic: kernelmachineclassi ers.(e.g. kernelvoted
perceptronsupprt vects machinesGaussiaprocesses).

Advancedopic: combiningnultipleweakclassi eranto a single
strongeroneusingboosting,baggingstacking...

ReadingsHastieet. al, Ch4;Duda&Hat, Ch3,4.10

Classifica tion via Regression?

We couldforgetthat y wasa discretecategoical) randomvaiable
andjust attemptto modelp(yjx) usingregression.

Idea:do regressioto anindicate matrix
(in binay casep(y = 1jx) is alsothe conditionakxpectation)

For two classeghisis equivalentto LDA. For 3 or mae, disaster...

Verybadidea! Noisemadels(e.g. Gaussianfor regressioare
totally inappopriate,and ts are oversensitivi® outliers.
Furthermoe, givesunreasonablaredictions< 0 and> 1.




