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Missing Outputs

� You canthink of unsupervisedlearningassupervisedlearningin
whichall the outputsare missing:

{ Clustering== classi�cationwith missinglabels.
{ Dimensionality reduction== regressionwith missingtargets.

� Density estimationis actuallyverygeneralandencompassesthe
two problemsaboveanda wholelot more.

� Let's focuson the ideaof unobservedvariables...

Par tiall y Unobser ved Variables

� Certainvariablesq in our modelsmay be unobserved,
eitherat trainingtime or at test time or both.

� If the are occasionallyunobservedtheyare missingdata.
e.g. unde�niedinputs,missingclasslabels,erroneoustarget values

� In this case,we de�ne a newcostfunctionin whichwe integrate
out the missingvaluesat trainingor test time:

`(� ;D) =
X

complete

logp(xc; ycj� ) +
X

missing

logp(xmj� )

=
X

complete

logp(xc; ycj� ) +
X

missing

log
X

y
p(xm; y j� )

� Variableswhichare alwaysunobservedare calledlatentvariables.

Latent Variables

� What to do whena variablez is alwaysunobserved?
Dependsonwhereit appears in ourmodel. If we neverconditionon
it whencomputingthe probability of the variableswe do observe,
thenwe canjust forgetabout it andintegrateit out.
e.g. giveny; x �t the modelp(z; y jx) = p(zjy)p(y jx; w)p(w).

� But if z is conditionedon,we needto model it:
e.g. giveny; x �t the modelp(y jx) =

P
z p(y jx; z)p(z)

� Latentvariablesmay appear naturally, fromthe structureof the
problem.But also,we may want to intentionallyintroducelatent
variablesto modelcomplexdependenciesbetweenvariableswithout
lookingat the dependenciesbetweenthemdirectly.
Thiscanactuallysimplifythe model(e.g. mixtures).



Why is Learning Harder?

� In fully observedsettings,the probability model is a product thus
the log likelihood is a sumwheretermsdecouple.

`(� ;D) =
X

n
logp(yn; xnj� )

=
X

n
logp(xnj� x) +

X

n
logp(ynjxn; � y)

� With latentvariables,the probability alreadycontainsa sum,sothe
log likelihood hasall parameterscoupledtogether:

`(� ;D) =
X

n
log

X

z
p(xn; zj� )

=
X

n
log

X

z
p(zj� z)p(xnjz; � x)

Learning with Latent Variables

� Likelihood `(� ) = log
P

z p(zj� z)p(xjz; � x) couplesparameters:

� We cantreat this asa blackbox probability functionandjust try to
optimizethe likelihood asa functionof � .
We did this manytimesbefore by takinggradients.

� However,sometimestakingadvantageof the latentvariable
structurecanmake parameterestimationeasier.

� Good news:today we will seethe EM algorithm whichallowsusto
treat learningwith latentvariablesusingfully observedtools.

� Basictrick: guessthe valuesyou don't know.
Basicmath: useconvexity to lower boundthe likelihood.

Mixture Models

� Mostbasiclatentvariablemodelwith a singlediscretenodez.

� Allowsdi�erent submodels(experts) to contributeto the
(conditional)density model in di�erent parts of the space.

� Divideandconqueridea:usesimpleparts to buildcomplexmodels.
(e.g. multimodaldensities,or piecewise-linear regressions).
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Mixture Densities

� Exactlylike a classi�cationmodelbut the classis unobservedand
sowe sumit out. Whatwe get is a perfectlyvaliddensity:

p(xj� ) =
KX

k=1

p(z = kj� z)p(xjz = k; � k)

=
X

k

� kpk(xj� k)

wherethe \mixing proportions" addto one:
P

k � k = 1.

� We canuseBayes'ruleto computethe posterior probability of the
mixturecomponentgivensomedata:

rk(x) = p(z = kjx; � ) =
� kpk(xj� k)

P
j � j pj (x j� j )

thesequantitiesare calledresponsibilities.
You'veseenthemmanytimesbefore; now you know their names!



Learning with Mixtures

� We canlearn mixturedensitiesusinggradientdescenton the
likelihood asusual.Thegradientsare quiteinteresting:
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X

k

� kpk(xj� k)
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� In otherwords,the gradientis the responsibility weightedsumof
the individuallog likelihood gradients.

Conditional Mixtures: MOEs Revisited

� Mixturesof Expertsare alsocalledconditionalmixtures.
Exactlylike a class-conditionalclassi�cationmodel,exceptthe class
is unobservedandsowe sumit out:

p(y jx; � ) =
KX

k=1

p(z = kjx; � z)p(y jz = k; x; � k)

=
X

k

� k(xj� z)pk(y jx; � k)

where
P

k � k(x) = 1 8x.

� Harder: mustlearn � k(x) (unlesschosez independentof x).
The � k(x) are exactlywhatwe calledthe gatingfunction.

� We canstill useBayes'ruleto computethe posterior probability of
the mixturecomponentgivensomedata:

p(z = kjx; y ; � ) =
� k(x)pk(y jx; � k)

P
j � j (x)pj (y jx; � j )

Mixture of Linear Regression Exper ts

� Eachexpert generatesdataaccordingto a linear functionof the
input plusadditiveGaussiannoise:

p(yjx; � ) =
X

k

� k(x)N (yj� >
k x; � 2

k)

� The \gate" functioncanbe a softmaxclassi�cationmachine:

� k(x) = p(z = kjx) =
e� >

k x

P
j e� >

j x

� Remember: we are not modelingthe density of the inputsx.

� Learning?Gradientdescentis oneoption.
You haveseenthe gradientsfor this examplebefore.

� In a minuteyou will seeanotherone...

Clustering Example: Gaussian Mixture Models

� Considera mixtureof K Gaussiancomponents:

p(xj� ) =
X

k

� kN (xj� k; � k)

p(z = kjx; � ) =
� kN (xj� k; � k)

P
j � j N (xj� k; � k)

`(� ;D) =
X

n
log

X

k

� kN (xnj� k; � k)
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� Density model: p(xj� ) is a familiarity signal.
Clustering:p(zjx; � ) is the assignmentrule,� `(� ) is the cost.



Mixure of Gaussians Learning

� We canlearn mixturesof Gaussiansusinggradientdescent.For
example,the gradientsof the means:

`(� ) = logp(xj� ) = log
X

k

� kpk(xj� k)
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k
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= �
X

k

� krk� � 1
k (x � � k)

� Gradientsof covariancematricesare harder: requirederivativesof
log determinantsandquadraticforms.

� Must ensurethat mixingproportions� k are positiveandsumto
unity andthat covariancematricesare positivede�nite.

Parameter Constraints

� If we want to usegeneraloptimizations(e.g. conjugategradient)to
learn latentvariablemodels,we oftenhaveto make sureparameters
respect certainconstraints.(e.g.

P
k � k = 1, � k pos.de�nite).

� A good trick is to reparameterizethesequantitiesin termsof
unconstrainedvalues.For mixingproportions,usethe softmax:

� k =
exp(qk)

P
j exp(qj )

� For covariancematrices,usethe Choleskydecomposition:

� � 1 = A> A

j� j� 1=2 =
Y

i

Aii

whereA is upper diagonalwith positivediagonal:

Aii = exp(r i ) > 0 Aij = aij (j > i ) Aij = 0 (j < i )

Be careful: logsum

� Oftenyou caneasilycomputebk = logp(xjz = k; � k),
but it will be verynegative,say -106 or smaller.

� Now, to computè = logp(xj� ) you needto computelog
P

k ebk.

� Careful! Do not computethis by doinglog(sum(exp(b))) .
You will get under
ow andan incorrectanswer.

� Insteaddo this:

{ Adda constantexponentB to all the valuesbk suchthat the
largestvaluecomescloseto the maxiumumexponentallowedby
machineprecision:B = MAXEXPONENT-log(K)-max(b) .

{ Computelog(sum(exp(b+B)))-B .

� Example:if logp(xjz = 1) = � 420andlogp(xjz = 2) = � 420,
what is logp(x) = log[p(xjz = 1) + p(xjz = 2)]?
Answer: log[2e� 420] = � 420+ log2.

Recap: Learning with Latent Variables

� With latentvariables,the probability containsa sum,sothe log
likelihood hasall parameterscoupledtogether:

`(� ;D) = log
X

z
p(x; zj� ) = log

X

z
p(zj� z)p(xjz; � x)

(we canalsoconsidercontinuousz andreplace
P

with
R

)

� If the latentvariableswereobserved,parameterswoulddecouple
againandlearningwouldbe easy:

`(� ;D) = logp(x; zj� ) = logp(zj� z) + logp(xjz; � x)

� Oneidea:ignore this fact, compute@̀=@� , anddo learningwith a
smart optimizerlike conjugategradient.

� Anotheridea:what if we useourcurrentparametersto guessthe
valuesof the latentvariables,andthendo fully-observedlearning?
Thisback-and-forth trick mightmake optimizationeasier.



Expect ation-Maximiza tion (EM) Algorithm

� Iterativealgorithm with two linkedsteps:
E-step : �ll in valuesof ẑt usingp(zjx; � t).
M-step : updateparametersusing� t+1  argmax`(� ; x; ẑt).

� E-stepinvolvesinference,whichwe needto do at runtimeanyway.
M-stepis no harderthan in fully observedcase.

� We will provethat this proceduremonotonicallyimproves̀
(or leavesit unchanged).Thusit alwaysconvergesto a local
optimumof the likelihood (asanyoptimizershould).

� Note: EM is anoptimizationstrategyfor objectivefunctionsthat
canbe interpretedaslikelihoodsin the presenceof missingdata.

� EM is not a costfunctionsuchas\maximum-likelihood".
EM is not a modelsuchas\mixture-of-Gaussians".

Complete & Incomplete Log Likelihoods

� Observedvariablesx, latentvariablesz, parameters� :

`c(� ; x; z) = logp(x; zj� )

is the completelog likelihood.

� Usuallyoptimizing̀ c(� ) givenboth z andx is straightforward.
(e.g. classconditionalGaussian�tting, linear regression)

� With z unobserved,we needthe log of a marginalprobability:

`(� ; x) = logp(xj� ) = log
X

z
p(x; zj� )

whichis the incompletelog likelihood.

Expected Complete Log Likelihood

� For anydistributionq(z) de�ne expectedcompletelog likelihood:

`q(� ; x) = h̀ c(� ; x; z)i q �
X

z
q(zjx) logp(x; zj� )

� Amazingfact: `(� ) � `q(� ) + H(q) becauseof concavity of log:

`(� ; x) = logp(xj� )

= log
X

z
p(x; zj� )

= log
X

z
q(zjx)

p(x; zj� )
q(zjx)

�
X

z
q(zjx) log

p(x; zj� )
q(zjx)

� Wherethe inequality is calledJensen'sinequality.
(It is onlytrue for distributions:

P
q(z) = 1; q(z) > 0.)

Lo wer Bounds and Free Ener gy

� For �xed datax, de�ne a functionalcalledthe freeenergy:

F (q; � ) �
X

z
q(zjx) log

p(x; zj� )
q(zjx)

� `(� )

� TheEM algorithm is coordinate-ascenton F :
E-step : qt+1 = argmaxq F (q; � t)
M-step : � t+1 = argmax� F (qt+1; � t)



M-step: maximiza tion of expected `c

� Notethat the freeenergybreaksinto two terms:

F (q; � ) =
X

z
q(zjx) log

p(x; zj� )
q(zjx)

=
X

z
q(zjx) logp(x; zj� ) �

X

z
q(zjx) logq(zjx)

= `q(� ; x) + H(q)

(this is whereits namecomesfrom)

� The �rst term is the expectedcompletelog likelihood (energy)and
the secondterm,whichdoesnot dependon � , is the entropy.

� Thus,in the M-step,maximizingwith respect to � for �xed q we
onlyneedto considerthe �rst term:

� t+1 = argmax� `q(� ; x) = argmax�
X

z
q(zjx) logp(x; zj� )

E-step: inferring la tent posterior

� Claim:the optimimsettingof q in the E-stepis:
qt+1 = p(zjx; � t)

� This is the posterior distributionoverthe latentvariablesgiventhe
dataandthe parameters.Oftenwe needthis at test time anyway
(e.g. to perform classi�cation).

� Proof (easy):this settingsaturatesthe bound`(� ; x) � F (q; � )

F (p(zjx; � t); � t) =
X

z
p(zjx; � t) log

p(x; zj� t)
p(zjx; � t)

=
X

z
p(zjx; � t) logp(xj� t)

= logp(xj� t)
P

z p(zjx; � t)
= `(� ; x) � 1

� Canalsoshow this resultusingvariationalcalculusor the fact that
`(� ) � F (q; � ) = KL[qjjp(zjx; � )]

EM Constr ucts Sequential Convex Lo wer Bounds

� Considerthe likelihood functionandthe functionF (qt+1; �).

q

likelihood

qt

F(  ,q    )q t+1

Par tiall y Hidden Dat a

� Of course,we canlearn whenthereare missing(hidden)variables
on somecasesandnot on others.

� In this casethe costfunctionwas:

`(� ;D) =
X

complete

logp(xc; ycj� ) +
X

missing

log
X

y
logp(xm; y j� )

� Now you canthink of this in a newway: in the E-stepwe estimate
the hiddenvariableson the incompletecasesonly.

� TheM-stepoptimizesthe log likelihood on the completedataplus
the expectedlikelihood on the incompletedatausingthe E-step.



Recap: EM Algorithm

� A way of maximizinglikelihood functionfor latentvariablemodels.
FindsML parameterswhenthe original(hard) problemcanbe
brokenup into two (easy)pieces:

1.Estimatesome\missing"or \unobserved"datafromobserved
dataandcurrentparameters.

2.Usingthis \complete"data,�nd the maximumlikelihood
parameterestimates.

� Alternatebetween�lling in the latentvariablesusingour bestguess
(posterior) andupdatingthe paramtersbasedon this guess:
E-step : qt+1 = p(zjx; � t)
M-step : � t+1 = argmax�

P
z q(zjx) logp(x; zj� )

� In the M-stepwe optimizea lower boundon the likelihood.
In the E-stepwe closethe gap,makingbound=likelihood.

Example: Mixtures of Gaussians

� Recall:a mixtureof K Gaussians:
p(xj� ) =

P
k � kN (xj� k; � k)

`(� ;D) =
P

n log
P

k � kN (xnj� k; � k)

� Learningwith EM algorithm:

E � step : pt
kn = N (xnj� t

k; � t
k)

qt+1
kn = p(z= kjxn; � t) =

� t
kpt

knP
j � t

j p
t
kn

M � step : � t+1
k =

P
n qt+1

kn xn

P
n qt+1

kn

� t+1
k =

P
n qt+1

kn (xn � � t+1
k )(xn � � t+1

k )>

P
n qt+1

kn

� t+1
k =

1
M

X

n
qt+1
kn

EM f or MOG
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Deriv ation of M-step

� Expectedcompletelog likelihood `q(� ;D):
X

n

X

k

qkn

�
log� k �

1
2
(xn � � t+1

k )> � � 1
k (xn � � t+1

k ) �
1
2

logj2� � kj
�

� For �xed q we canoptimizethe parameters:
@̀q

@� k
= � � 1

k

X

n
qkn(xn � � k)

@̀q

@� � 1
k

=
1
2

X

n
qkn

h
� >

k � (xn � � t+1
k )(xn � � t+1

k )>
i

@̀q

@� k
=

1
� k

X

n
qkn � � (� = M )

� Fact: @logjA� 1j
@A� 1 = A> and@x> Ax

@A = xx >



Compare: K-Means

� TheEM algorithm for mixturesof Gaussiansis just like a soft
versionof the K-meansalgorithm with �xed priors andcovariance.

� Insteadof \hard assignment"in the E-step,we do \soft
assignment"basedon the softmaxof the squareddistancefrom
eachpoint to eachcluster.

� Eachcentreis thenmovedto the weightedmeanof the data,with
weightsgivenby soft assignments.In K-means,the weightsare 0 or
1.

E � step : dt
kn =

1
2
(xn � � t

k)> � � 1(xn � � t
k)

qt+1
kn =

exp(� dt
kn)

P
j exp(� dt

j n)
= p(ct

n = kjxn; � t)

M � step : � t+1
k =

P
n qt+1

kn xn

P
n qt+1

kn

A Repor t Card f or EM

� Somegood thingsabout EM:

{ no learningrateparameter
{ veryfast for low dimensions
{ eachiterationguaranteedto improvelikelihood
{ adaptsunusedunitsrapidly

� Somebadthingsabout EM:

{ canget stuckin localminima
{ both stepsrequireconsideringall explanationsof the datawhich

is anexponentialamountof work in the dimensionof �

� EM is typicallyusedwith mixturemodels,for examplemixturesof
Gaussiansor mixturesof experts. The \missing"dataare the labels
showingwhichsub-modelgeneratedeachdatapoint.
Verycommon:alsousedto train HMMs,Boltzmannmachines,...

Variants

� SparseEM:
Do not recomputeexactlythe posterior probability on eachdata
point underall models,becauseit is almostzero.
Insteadkeepan \active list" whichyou updateeveryoncein a
while.

� Generalized(Incomplete)EM: It mightbe hard to �nd the ML
parametersin the M-step,evengiventhe completeddata. We can
still make progressby doinganM-stepthat improvesthe likelihood
a bit (e.g. gradientstep).


