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Review: Classifica tion

� Givenexamplesof a discreteclasslabel y andsomefeaturesx.

� Goal:computey for newx.

� Two approaches:
Generative: modelp(x; y) = p(y)p(xjy);

thenuseBayes'ruleto inferconditionalp(yjx).
Discriminative: modeldiscriminantsf (yjx) directlyandtake max.

� Generativeapproachis relatedto conditionaldensity estimation
whilediscriminativeapproachis closerto regression.
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Pr obabilistic Classifica tion: Bayes Classifiers

� Generativemodel: p(x; y) = p(y)p(xjy).
p(y) are calledclasspriors.
p(xjy) are calledclassconditionalfeaturedistributions.

� For the prior we usea Bernoullior multinomial:
p(y = kj� ) = � k with

P
k � k = 1.

� Classi�cationrules:
ML?: argmaxy p(xjy) (no! canbehavebadlyif skewedpriors)
MAP: argmaxy p(yjx) = argmaxy log p(xjy) + log p(y) (yes!)

� Fitting: maximize
P

n log p(xn; yn) =
P

n log p(xnjyn) + log p(yn)
1) Sort datainto batchesby classlabel.
2) Estimatep(y) by countingsizeof batches(plusregularization).
3) Estimatep(xjy) separatelywithin eachbatchusingML.

(alsowith regularization).

Three Key Regulariza tion Ideas

� To avoidover�tting, we canput priors on the parametersof the
classandclassconditionalfeaturedistributions.

� We canalsotie someparameterstogethersothat fewer of them
are estimatedusingmore data.

� Finally, we canmake factorizationor independenceassumptions
about the distributions.In particular, for the classconditional
distributionswe canassumethe featuresare fully dependent,partly
dependent,or independent(!).
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Class Priors and Mul tinomial Smoothing

� Let'ssay you weretrying to estimatethe biasof a coin. You 
ip it
K times;what is your estimateof the probability z of heads?

� Oneanswer: maximumlikelihood. z = #h=K .

� What if you 
ip it 2 timesandyou get both heads?Do you think
that z = 1? Wouldyou be in�nitely surprisedto seea tail?

� ML is almostalwaysa badidea.We needto incorporatea prior
beliefto modulatethe resultsof smallnumbersof trials.

� We do this with a techniquecalledsmoothing: z� = # h+ �
K +2�

� are the number of \pseudo-counts"you usefor your prior.

� Samesituationoccursfor estimatingclasspriors:

p� (c) =
#c+ �
N + C�

� A verycommonsettingis � = 1 whichis calledLaplaceSmoothing.

Gaussian Class-Conditional Distributions

� If all featuresare continuous,a popular choiceis a
Gaussianclass-conditionalmodel.

p(xjy = k; � ) = j2� Σj� 1=2exp

�
�

1

2
(x � � k)Σ� 1(x � � k)

�

� Fitting: usethe followingamazingandusefulfact.
Themaximumlikelihood �t of a Gaussianto somedatais the
Gaussianwhosemeanis equalto the datameanandwhose
covarianceis equalto the samplecovariance.
[Try to provethis asan exercisein understandinglikelihood, algebra, andcalculusall at once!]

� Seemseasy. Andworksamazinglywell.
But we cando evenbetter with somesimpleregularization...

Regularized Gaussians

� Idea1: assumeall the covariancesare the same(tie parameters).
This is exactlyFisher'slinear discriminantanalysis.
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� Idea2: usea Wishart prior on the covariancematrix. (Smoothing!)
This \fattens up" the posteriors by makingthe MAP estimatesthe
samplecovariancesplusa bit of the identity matrix.

� Idea3: Make independenceassumptionsto get diagonalor
identity-multiplecovariances.(i.e. sparseinversecovariances.)
More on this in a fewminutes...

Gaussian Bayes Classifier

� Maximumlikelihood estimatesfor parameters:
priors � k: useobservedfrequenciesof classes(plussmoothing)
means� k: useclassmeans
covarianceΣ: usedatafromsingleclassor pooleddata
(xm � � ym) to estimate(full/diagonal)covariances

� Computethe posterior viaBayes'rule(equalcovars):

p(y = kjx; � ) =
p(xjy = k; � )p(y = kj� )

P
j p(xjy = j; � )p(y = j j� )

=
expf � >

k Σ� 1x � � >
k Σ� 1� k=2 + log � kg

P
j expf � >

j Σ� 1x � � >
j Σ� 1� j =2 + log � j g

=
e� >

k x

P
j e� >

j x
= expf � >

k xg=Z

e.g. � k = [Σ� 1� k ; (� >
k Σ� 1� k + log � k)] (last term is bias)



Linear Geometr y

� Takingthe ratio of anytwo posteriors (the \odds") showsthat the
contoursof equalpairwiseprobability are linear surfacesin the
featurespaceif the covariancesof all classesare equal:

p(y = kjx; � )

p(y = j jx; � )
= exp

�
(� k � � j )

> x
	

� Thepairwisediscriminationcontoursp(yk) = p(yj ) are orthogonal
to the di�erencesof the meansin featurespacewhenΣ = � I .
For generalΣ sharedb/w all classesthe sameis true in the
transformedfeaturespacew = Σ� 1x.

� Thepriors do not changethe geometry, theyonlyshift the
operatingpoint on the logit by the log-oddslog(� k=� j ).

� Summary: for equalclass-covariances,we obtaina linear classi�er.

� If we usedi�erencecovariances,the decisionsurfacesare conic
sectionsandwe havea quadraticclassi�er.

Discrete Bayesian Classifier

� If the inputsare discrete(categorical),whatshouldwe do?

� Thesimplestclassconditionalmodel is a joint multinomial(table):

p(x1 = a;x2 = b;: : : jy = c) = � c
ab:::

� This is conceptuallycorrect,but there'sa big practicalproblem.

� Fitting: ML paramsare observedcounts:

� c
ab:::=

P
n[yn = c][x1 = a][x2 = b][: : :][: : :]

P
n[yn = c]

� Considerthe 16x16digitsat 256gray levels.

� How manyentriesin the table?How manywill be zero?
Whathappensat test time? Doh!

� We obviouslyneedsomeregularlization.
Smoothingwill not helpmuchhere.Unlesswe know about the
relationshipsbetweeninputsbeforehand,sharing parametersis hard
also(what to share?). But whatabout independence?

Naive (Idiot's) Bayes Classifier

� Assumption:conditionedon class,attributesare independent.

p(xjy) =
Y

i

p(xi jy)

� Soundscrazyright? Right! But it works.

� Algorithm: sort datacasesinto binsaccordingto yn.
Computemarginalprobabilitiesp(y = c) usingfrequencies.

� For eachclass,estimatedistributionof i th variable:p(xi jy = c).

� At test time,computeargmaxc p(cjx) using

c(x) = argmaxc p(cjx) = argmaxc [log p(xjc) + log p(c)]

= argmaxc [log p(c) +
X

i

log p(xi jc)]

Discrete (Mul tinomial) Naive Bayes

Discretefeaturesxi , assumedindependentgiventhe classlabel y.

p(xi = j jy = k) = � ij k

p(xjy = k; � ) =
Y

i

Y

j

� [xi= j ]
ij k

Classi�cationrule:

p(y = kjx; � ) =
� k

Q
i
Q

j � [xi= j ]
ij k

P
q � q

Q
i
Q

j � [xi= j ]
ij q

=
e� >

k x

P
qe� >

q x

� k = log[� 11k : : : � 1j k : : : � ij k : : : log � k]
x = [x1=1; x1=2; : : : ; xi = j ; : : : ; 1]
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Fitting Discrete Naive Bayes

� ML parametersare class-conditionalfrequencycounts:

� �
ij k =

P
m[xi

m = j ][ym = k]
P

m[ym = k]

� How do we know? Write down the likelihood:
`(� ; D) =

X

m
log p(ymj� ) +

X

mi

log p(xi
mjym; � )

andoptimizeit by settingits derivativeto zero
(careful! enforcenormalizationwith Lagrangemultipliers):

`(� ; D) =
X

m

X

ij k

[xi
m = j ][ym = k] log � ij k +

X

ik

� ik (1 �
P

j � ij k)

@̀
@� ij k

=

P
m[xi

m = j ][ym = k]

� ij k
� � ik

@̀
@� ij k

= 0 ) � ik =
X

m
[ym = k] ) � �

ij k

Gaussian Naive Bayes

� This is just a GaussianBayesClassi�erwith a separatebut diagonal
covariancematrixfor eachclass.

� Equivalentto �tting a 1D Gaussianto eachinput for eachclass.

� NB: Decisionsurfacesare quadratics,not linear...

� Evenbetter idea:
Blendbetweenfull, diagonalandidentity covarainces.

Discrimina tive Models

� Observation:if p(yjx) are linear functionsof x (or monotone
transforms),decisionsurfaceswill be piecewiselinear.
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� Idea:parametrizep(yjx) directly, forgetp(x; y) andBayes'rule.

� Bolderidea:forgetp(yjx), just usediscriminantsf (yjx).

� Don't needto model the density of the features.
Somedensity modelshavelots of parameters.
Manydensitiesgivesamelinear classi�er.
But we cannotgeneratenewlabeleddata.

� Whynot optimizethe samecostfunctionwe useat test time?

Logistic/Softmax Regression

� Model: y is a multinomialrandomvariablewhoseposterior is the
softmaxof linear functionsof anyfeaturevector x.

p(y = kjx; � ) =
e� >

k x

P
j e� >

j x

� Fitting: now we optimizethe conditionallikelihood:

`(� ; D) =
X

mk

[ym = k] log p(y = kjxm; � ) =
X

mk

ym
k log pm

k

@̀
@� i

=
X

mk

@̀m
k

@pm
k

@pm
k

@zm
i

@zm
i

@� i

=
X

mk

ym
k

pm
k

pm
k (� ik � pm

i )xm

=
X

m
(ym

k � pm
k )xm
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Softmax/Logit

� Thesquashingfunctionis known asthe softmaxor logit:

� k(z) �
ezk

P
j ezj

g(� ) =
1

1 + e� �

� It is invertible(up to a constant):
zk = log � k + c � = log(g=1 � g)

� Derivativeis easy:
@� k
@zj

= � k(� kj � � j )
dg
d�

= g(1 � g)
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More on Logistic Regression

� HardestPart: pickingthe featurevector x.

� Amazingfact: the conditionallikelihood is (almost)convexin the
parameters� . Still no localminima!

� Gradientis easyto compute;soeasyto optimize.
Slow: gradientdescent,IIS.Fast: BFGS,Newton-Raphson,IRLS.

� Whyalmost?Considerwhathappensif thereare two featureswith
identicalclassi�cationpatternsin our trainingdata. Logistic
Regressioncanonlyseethe sumof the correspondingweights.

� Solution?Weightdecay: add�
P

� 2 to the costfunction,which
subtracts2�� fromeachgradient.

� Whyis this method calledlogisticregression?

� It shouldreallybe called\softmaxlinear regression".

� Logodds(logit) betweenanytwo classesis linear in parameters.

Neural Netw orks f or Classifica tion

� Neuralnetswith onehiddenlayer trainedfor classi�cationare doing
nonlinear logisticregression:

p(y = kjx) = softmax[� >
k � (Wx )]

whereW and� are the �rst andsecondlayer weightsand
� () isasquashingfunction(e.g. tanh)that operatescomponentwise.

b

W

softmax

s

x

y

� Gradientof conditionallikelihood still easilycomputable.

� We losethe convexity property { localminimaproblems.

Joint vs. Conditional Models

� Manyof the methodswe haveseensofar havelinear or piecewise
linear decisionsurfacesin somespacex0:
LDA, perceptron,GaussianBayes,NaiveBayes,KNN,...

� But the criteriausedto �nd this hyperplaneis di�erent:

� Gauss/NaiveBayesare joint models;optimize
p(x; y) = p(x)p(yjx).

� LogisticRegression/NNare conditional:optimizep(yjx) directly.

� Seereading...



Classifica tion via Regression?

� We couldforget that y wasa discrete(categorical) randomvariable
andjust attemptto modelp(yjx) usingregression.

� Idea:do regressionto an indicator matrix.
(in binary casep(y = 1jx) is alsothe conditionalexpectation)

� For two classes,this is equivalent� to LDA. For 3 or more,disaster...

� Verybadidea!Noisemodels(e.g. Gaussian)for regressionare
totally inappropriate,and�ts are oversensitiveto outliers.
Furthermore, givesunreasonablepredictions< 0 and> 1.
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Noisy-OR Classifier

� Manyprobabilisticmodelscanbe obtainedasnoisyversionsof
formulasfrompropositionallogic.

� Noisy-OR:eachinput xi activatesoutputy w/someprobability.

p(y = 0jx; � ) =
Y

i

� xi
i = exp

8
<

:

X

i

xi log � i

9
=

;

� Letting� i = � log � i we get yet anotherlinear classi�er:

p(y = 1jx; � ) = 1 � e� � > x

Exponential Famil y Class-Conditionals

� BayesClassi�erhasthe sameform wheneverthe class-conditional
densitiesare anyexponentialfamilydensity:

p(xjy = k; � k) = h(x) expf � >
k x � a(� k)g

p(y = kjx; � ) =
p(xjy = k; � k)p(y = kj� )

P
j p(xjy = j; � j )p(y = j j� )

=
expf � >

k x � a(� k)g
P

j expf � >
j x � a(� j )g

=
e� >

k x

P
j e� >

j x

where� k = [� k ; � a(� k)] andwe haveaugmentedx with a
constantcomponentalwaysequalto 1 (biasterm).

� Resultingclassi�eris linear in the su�cient statistics.

Futher points...

� Someclassi�ersreturna singleguessfor y withouta distribution.

� Lastclass:non-parametric(e.g. K-nearest-neighbour).

� Thisclass:generative& discriminativemodels.
(plusmanymore, e.g. probit regression,complementary log-log,
generalizedlinear models,neuralnetworkswith hiddenlayers,...)

� Advancedtopic: kernelmachineclassi�ers.(e.g. kernelvoted
perceptron,support vector machines,Gaussianprocesses).

� Advancedtopic: combiningmultipleweakclassi�ersinto a single
strongeroneusingboosting,bagging,stacking...

Readings:Hastieet. al, Ch4;Duda&Hart, Ch3,4.10


