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Real world data is not random: The variability in the data-sets that arise in computer vision,
signal processing and other areas is often highly constrained and governed by a number of
degrees of freedom that is much smaller than the superficial dimensionality of the data.
Unsupervised learning methods can be used to automatically discover the “true”, underlying
structure in such data-sets and are therefore a central component in many systems that deal
with high-dimensional data.
In this thesis we develop several new approaches to modeling the low-dimensional structure
in data. We introduce a new non-parametric framework for latent variable modelling, that in
contrast to previous methods generalizes learned embeddings beyond the training data and its
latent representatives. We show that the computational complexity for learning and applying
the model is much smaller than that of existing methods, and we illustrate its applicability
on several problems.
We also show how we can introduce supervision signals into latent variable models using
conditioning. Supervision signals make it possible to attach “meaning” to the axes of a latent
representation and to untangle the factors that contribute to the variability in the data. We
develop a model that uses conditional latent variables to extract rich distributed representations of image transformations, and we describe a new model for learning transformation
features in structured supervised learning problems.
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Chapter 1
Introduction

1.1

Unsupervised learning

High-dimensional data occurs in a wide range of domains, and many common tasks involve
processing this kind of data. Often, real-world data either has a natural representation as
a set of high-dimensional points (images, for example, can be represented as vectors of
pixel-intensities for use in classification), or they can be forced into this representation while
retaining much of the information that is necessary for the task at hand (documents, for
example, can be represented as vectors of word counts for use in information retrieval, or songs
as vectors of melodic descriptors for use in genre classification). In yet other applications,
such as motion tracking or document understanding, data is given by a sequence of vectors,
rather than a set of independent observations. In all these problems, the basic building blocks
for representing real-world data are high-dimensional vectors of observations.
Unsupervised learning is the sub-area of machine learning that uncovers structure, that
can be hidden in such data-sets. Looking for structure has several motivations, all related to
well-known problems with high-dimensionality. The most obvious and simple is that saving
and handling very large vectors can consume a lot of space and computation time. If there
is some form of redundancy in the data, finding it makes it possible to reduce the size and
1
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thereby the burden associated with saving and handling the data.
Unsupervised learning can have additional benefits: Processing sequences of numbers
is not what human brains have been designed for or are good at. This makes it difficult
to discover trends or other interesting properties in high-dimensional data. Reducing the
dimensionality of data, without loosing the essential information, can be a useful prelude to
further analysis. In particular, reducing the dimensionality to 2 or 3 makes it possible to get
a visual understanding of data, since it allows us to generate plots in a 2- or 3-dimensional
space.
A deeper reason for looking for structure is that the ability to capture structure lies at
the heart of intelligence and creativity itself. Being able to compress data, by extracting its
essence and discarding the rest, is a necessary condition for understanding the data. Models
that can grasp the “meaning” of data often play an important role in systems that can process
data intelligently.
The task of “making sense” of data can be defined formally as bringing it into a new
representation in which meaning is made explicit. Consider, for example, a high-dimensional
retinal image of a visual scene showing objects of different sizes and configurations. The true,
low-dimensional causes of variability in this and in similar data-sets are represented implicitly
as subtle and complex interactions of pixels. Mapping high-dimensional vectors of pixel values
into a low-dimensional space can make it possible to obtain a more explicit representation of
the low-dimensional causes of variability. Dimensionality reduction methods therefore can be
an important part of artificial intelligence systems that try to perceive and, in some restricted
sense, “understand” real-world data.
Research in dimensionality reduction (aka. “data embedding”) tries to develop criteria
that allow us to define such a mapping in reasonable and useful ways. Since performing
a mapping into a low-dimensional space entails loss of information, reducing dimensionality
amounts to making a decision about what is the signal and what is the noise in a given
data-set. The signal is what is being preserved and the noise is what is being discarded.

Chapter 1. Introduction

3

Developing an embedding method thus usually comes down to defining “signal” and
“noise” in ways that are useful for applications, and at the same time ensuring feasibility of
the resulting computational procedures. The most well-known embedding method is principal
components analysis (PCA) (see [Jolliffe, 1986]), which is based on the objective of preserving
variance, so that the signal is the projection of the data into the subspace with the largest
variance. Other criteria include probabilistic considerations [Hinton and Roweis, 2003] or the
preservation of inter-point similarities [Roweis and Saul, 2000].
Most dimensionality reduction methods come with an appealing geometric intuition: Data
is distributed along a low-dimensional manifold lying in the much higher-dimensional dataspace (see Figure 2.1 for an illustration). Variability along the manifold is the signal, variability
orthogonal to it is noise. “Manifold learning” is a common alternative term for embedding.
A low-dimensional manifold can be parameterized using a low-dimensional set of parameters,
and embedding amounts to projecting the observed data into this parameter-space. The
low-dimensional parameters are often referred to as latent variables.

1.2

Untangling variability

Data embedding methods have been used in a huge number of applications, which shows that
the idea of extracting the signal from noisy data is a useful metaphor in practice. However, it
is also well-known that the separation of data variability into signal and noise is actually quite
simplistic and does often not do justice to the complex and subtle ways in which real world
data can be structured [Tenenbaum and Freeman, 2000], [Vasilescu and Terzopoulos, 2002],
[Bowling et al., 2005], [Lee and Elgammal, 2005].
As an example, consider the scene mentioned above. If the variability in the data would be
caused by the two factors, “lighting” and “viewpoint”, a standard embedding method would
compute a latent representation that preserves exactly these two factors. Depending on the
application, however, we might be interested only in lighting or only in viewpoint variation.
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In other words, what we regard as the signal and what we regard as noise is often application
dependent rather than generic.
In other cases it might a subtle factor that does not contribute much to the overall
variance that is the most important to a particular application. A related issue is, that in
many real world problems the knowledge that is available about data is not just the set of highdimensional vectors itself, but there might be additional information available. Sometimes a
data-set can be partitioned naturally into classes, or specific factors such as lighting variation
can be easily extracted beforehand. Standard embedding methods are blind to any type of
extra information, and the standard embedding metaphor does not provide the space for
extensions to include these and similar situations. In these and similar cases, applications can
profit from regarding embedding as a more complex process than the simple projection of
data onto a low-dimensional manifold (see eg. , [Tenenbaum and Freeman, 2000]).
Technically, embedding data with standard methods usually comes down to modelling
pair-wise interactions – between observed variables and latent variables. Introducing any
form of extra information inevitably comes with the requirement of using multi-way interactions – between observations, latent variables and the available extra-information. One
of the challenges of performing data embedding in non-standard ways is to model higherorder interactions efficiently. Example approaches include [Vasilescu and Terzopoulos, 2002]
[Tenenbaum and Freeman, 2000].
In this thesis we develop a range of novel approaches that allow us to perform embedding
in semi-supervised ways. We develop methods that combine multiple sources of information
efficiently in order to attach “meaning” to the axes of a latent space. We show in particular, that often we can use conditioning in a probabilistic framework as a way to include
multiple sources of information. Formally, many embedding methods can be expressed as
models of a joint probability density p(y, z) (= p(y|z)p(z)) over observed data y and lowdimensional latent variables z. Methods that are of this form include PCA [Jolliffe, 1986],
ICA [Hyvärinen, 1999], more recent non-parametric models, such as Gaussian process latent
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variable models [Lawrence, 2004], and many others. One of the (many) justifications for this
probabilistic approach is that maximizing the log-probability of the observations under this
type of model is under certain conditions equivalent to maximizing an estimate of the mutual
information ([Cover and Thomas, 1990]) between the latent variable z and the observed data
y (see eg. , [Baldi and Hornik, 1995]) – We obtain latent factors that capture as much of the
information contained in the observed data as possible.
In order to obtain informed embeddings within the probabilistic framework, we suggest
introducing an additional random variable x that encodes available extra information, and
model the conditional density p(y, z|x) (= p(y|z, x)p(z|x)), over observed data y and latent
variables z. Embedding models now become functions of prior knowledge and they encode
variability in relation to that prior knowledge. A conditional model can also be thought of as
modeling data transformations (of the conditioning information x, to obtain the data y). By
choosing the conditioning information appropriately, invariances can be encoded, and latent
spaces can be constructed in a supervised way. An advantage of probabilistic conditioning
is that it allows us to include more general types of information than with many existing
methods. Furthermore, conditioning is possible for a variety of models, both parametric, and
non-parametric, and can provide efficient solutions to the problem of modeling multi-way
interactions.

1.3

Thesis Outline

The following chapter provides an overview of learning with latent variables and discusses in
detail connections and differences between existing methods, such probablistic latent variable
models, non-parametric methods and neural networks. That chapter also discusses the limitations of existing methods, and described how supervision signals can be used to make embedding methods more useful in applications. The chapter concludes by describing the related
problem of prediction with high-dimensional outputs. The chapters that follow (Chapters 3
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to 6) constitute the main part of the thesis, which is followed by concluding remarks (Chapter
7).
The four main chapters of the thesis can be divided into two main parts. The first part
(Chapters 3 and 4) focusses on non-parametric embedding. Chapter 3 describes a general
framework for non-linear embedding based on maximizing non-parametric estimates of mutual
information. Side-information can be introduced within the framework by replacing mutual
information with conditional mutual information. This leads to the notion of a shared latent
space in which part of the available dimensions are used to encode side-information, while
the other dimensions encode the remaining variability in a data-set. Chapter 4 takes the idea
further by allowing a latent variable model itself to allocate latent space dimensions in order
to encode both variability in the data and additional information within a single latent space.
The second major part of the thesis (Chapters 5 and 6) discusses conditional parametric
models. Chapter 5 shows how conditioning a parametric model can be achieved by modulating
the parameters of a model using supervision signals and describes an application to the task
of learning image transformations. Chapter 6 describes a non-probabilistic approach and
discusses how a conditional non-linear manifold can be used in structured supervised learning
tasks.

Chapter 2
Background and related work

2.1

Dimensionality reduction

Figure 2.1 illustrates the basic dimensionality reduction, or embedding, problem. We are
given a set of high-dimensional vectors (elements of Rd , where d is large). In the illustration
the vectors are stacked pixel-intensities of grayscale images. We will denote high-dimensional
data vectors using the variable y throughout. Although the superficial dimensionality of the
data (the number of pixels in each image) is high, the data-set has an intrinsic dimensionality
that is much lower: The variability in this example data-set is caused only by rotation, a single
parameter. So a single number should suffice to describe how any two images differ from
each other.
Geometrically, we can think of the data as being distributed along a smooth lowdimensional manifold in the high-dimensional space. The intrinsic dimensionality of that
manifold is equal to the number of “true” degrees of freedom, which in the example is one
(the rotation angle). In reality, the data-generating process is often not perfect, so there could
be noise, or some additional degrees of freedom that we do not care about. Therefore the
data that we observe is distributed only around some ideal manifold, effectively “thickening
it out”.
7

8
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y

g(y)

f(z)

z

Figure 2.1: Illustration of dimensionality reduction. Data is distributed around some ideal
low-dimensional manifold in the high-dimensional data-space. The high-dimensional space
is represented by two dimensions in the illustration. The task of data embedding consists
of three sub-tasks: (a) finding a low-dimensional representative z, for each data-case y (b)
finding a mapping f from the low-dimensional to the high-dimensional space, (c) finding a
mapping g from the high-dimensional to the low-dimensional space.
The goal of learning is to identify this manifold. Depending on the application, “identifying
the manifold” can mean several different things: In many problems, it is sufficient to obtain
low-dimensional representatives (or “codes”) for the data-points. These low-dimensional
representatives can be thought of encoding the true degrees of freedom and in some sense
capturing the “essence” of the observed data. In the example, one-dimensional representatives
would allow us to re-express the images using their rotation angle, and would constitute a
highly compressed representation of the data. The low-dimensional codes can also be thought

Chapter 2. Background and related work

9

of also as hidden causes of the data and the task of extracting the hidden causes as an
inverse problem (see, for example, [Palmer, 1999]). Solving this problem is important in
many artificial intelligence applications that involve a form of perception, such as computer
vision. Extracting the “true” underlying causes of variability is the first step in transforming
raw data into meaning and in gaining an understanding of the data.
Formally, we can think of a latent, or hidden, variable z, whose dimensionality is much
lower than that of the original data, and which represents the underlying causes of the variability in the data. Our goal is to find an instantiation z α ∈ Rq for every high-dimensional
point y α . Another common application is data visualization: If the dimensionality of z is
not more than 3, it is possible to look at the data by producing a scatter plot of the latent
representatives1 .
In other applications, finding low-dimensional representatives is not sufficient. In pattern
recognition tasks, for example, it can be useful to have a mapping g(y) in addition, which
can be applied to data-cases y not part of the training set. Since low-dimensional codes
represent the “true” variability in the data, they are often cleaner representatives of the
variability in data than the original data-points. Applications such as classification therefore
often work better when operating in the low-dimensional space. However, in that case we
require low-dimensional codes for test-cases, that were not seen during training. That is, we
need a mapping g(y), sometimes referred to as “backward-mapping”. The necessity for a
backward-mapping is also referred to as “out-of-sample” problem [Bengio et al., 2004].
Other applications require a forward-mapping f (z) that can map low-dimensional codes
into the data-space. The image of this function is the (ideal) manifold in the data-space.
Applying it allows us to generate “fantasy”-data, ie. data-points that are lying on the manifold
but that are not part of the training data. One application that requires a forward-mapping
1

Reducing the dimensionality to 3 or less at first sight seems to make sense only if the actual number of
degrees of freedom is actually 3 or less. However in practice it is common to reduce the dimensionality in
this way, even if the number of degrees of freedom is much larger. Capturing “as much of the variability as
possible” still allows us to obtain a visual impression of the data that is often useful, even if the true intrinsic
dimensionality is much larger.
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is lossy compression. Reducing the dimensionality of data, while preserving most of the
variability, allows us to encode data compactly without loosing much information. However,
to be able to reconstruct the original data from the low-dimensional codes, we need a mapping
from the code-space to the data-space.
Another example problem is de-noising (see eg. , [Kwok and Tsang, 2003]): If the observed data is noisy, it can be thought of as being distributed around the ideal manifold,
effectively thickening it, as mentioned above. In that case, f (z α ) can give us a de-noised
version of data-point α: It is the point on the ideal manifold corresponding to the ideal
low-dimensional descriptor for the data-points. If we learn both a forward- and a backwardmapping from the training data, we can also de-noise previously unseen test-points y test , by
computing f (g(y test )). More generally, all applications that involves any kind of generation
of patterns in the data-space requires the forward-mapping f (z) (see [Memisevic, 2003] for
some examples).

2.2
2.2.1

Parametric methods
Optimizing reconstructions

A very simple, but very effective and common embedding method can be derived from the
assumption that the manifold is a linear subspace of the data-space. In this case, every datapoint y, lying on the (ideal) manifold can be viewed as the projection W z of a low-dimensional
code-vector z into the data-space, where W is a d×q matrix. Because of noise, as mentioned
above, the actually observed data-points y α are lying only near the ideal manifold. So fitting
the manifold can be achieved by minimizing the average squared reconstruction error. In
contrast to standard (supervised) regression, we obtain an optimization problem in both, the
model parameters W and the latent variable realizations z α . Given a data-set {y α }α=1...N ,
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we need to minimize:
E FWD =

X

ky α − W z α k2 = kY − W Zk2

(2.1)

α

with respect2 to W and the z α , where Y denotes the matrix of all observed data-points
(column-wise), and Z denotes the corresponding matrix of latent representatives.

zα

wj

yjα

Figure 2.2: The simplest form of parametric embedding is matrix decomposition: Each component yjα of the data-matrix Y is approximated by the inner product of a row-feature wj
and a column-feature z α . Row-features are model parameters, column-features are latent
variables.
Note that in the column-wise representation, a row corresponds to a dimension and a
column to a data-point. Solving the optimization problem gives us not only low-dimensional
data representatives z α , but also the forward-mapping, which is simply the linear transformation W itself. Figure 2.2 illustrates this approach: The result of minimizing E FWD is that the
data-matrix Y gets de-composed into the product of the two rectangular matrices W and
Z. Each component yjα is approximated by the inner product of a “row-feature” vector wj
(a row of W ) and a “column-feature” vector z α (a column of Z).
2

Note that there is a degeneracy in this solution: We can, for example, apply any invertible linear transformation to z and the inverse of that transformation to W without affecting the result. One common way
to deal with this degeneracy in practice is to ignore it. Below we discuss other solutions to this degeneracy.
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The most simple way to train this model is with gradient based optimization of W and
Z. An alternative is to impose orthogonality constraints on W and Z, which turn the
problem into a singular value decomposition [Horn and Johnson, 1994], and allow us to use
specialized optimization routines. We review this idea briefly below. However, a notable
benefit of gradient descent is that it allows us to deal with missing data, simply by ignoring
missing entries in the data-matrix during the optimization.
After training, reconstructions can be computed as the inner product wjT z α (which also
implies that missing data can be filled in this way, if desired). The computational complexity
for training is O(N dq). Online gradient descent (aka. stochastic gradient descent, see
[Bottou, 2004] for an overview) can be used to train the model online, which allows it to deal
with very large data-sets.

zk

Wjk

yj

Figure 2.3: Data embedding with a bi-partite network. Model parameters connect latent
variables to observed variables, but there are no connections between latent variables or
between observed variables.
If the observed data is not mean-centered we need to include means in the approximation
by replacing the linear function W with an affine function. That is, in practice we approximate
Y with W Z + B, where B is a matrix whose rows are constant. The additive terms are
usually called biases. In what follows we will drop the biases formally as we did above to
simplify the exposition, keeping in mind that the constant terms do get included in practice.
Alternatively we can think of the input data as being mean-centered.
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Figure 2.3 shows an alternative interpretation of the linear parametric model. Each component Wjk of the parameter-matrix can be thought of as connecting a hidden variable zk
to the observed variable yj . The data and the hidden variables (column-features) are computational units, that are connected to each other via the parameters (row-features). We
will use the terms “unit”, “component” and “variable” interchangibly in the following. As
the illustration shows, the connectivity between hidden units and data-variables forms a bipartite network: Data is reconstructed by using inner products between row-features w and
column-features z, so there are no multiplicative couplings between any of the components in
z or the components in y. As a result the computation of the gradients that are needed for
the optimization – and of other quantities, too, as we discuss below – is very simple. In the
various extensions of this model, that we will discuss below, bi-partite structure will therefore
remain a key aspect.

yj
Wkj

zk

Ajk
yj

Figure 2.4: An auto-encoder.
Minimizing the objective in Eq. 2.1 gives us the low-dimensional codes Z and the forward
mapping W , which is linear. However, it does not give us a backward mapping. Many
applications (such as filling in missing data) do not require a backward mapping. Other
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applications, in particular those that involve an inverse problem, such as in perceptual tasks,
do require this mapping: After training, the running system needs to extract the codes for
new, previously unseen, stimuli. One way to obtain the backward mapping in addition to Z
and W is by modelling it explicitly and learning it along with the other parameters. If we
define the backward-mapping as a linear function A : Rd → Rq , we can use the objective:

E LAE =

X

ky α − W Ay α k2

(2.2)

α

This approach is the well-known linear auto-encoder. It can be viewed as an application
of a two-layer linear feed-forward neural network ([Bishop, 1995]): The first layer computes
the codes z from the data y, the second layer projects these back into the data-space to
reconstruct the data. Note that, in contrast to previously we do not explicitly optimize the
low-dimensional codes in this approach. But the backward-mapping A defines the codes z α
for each data-case y α implicitly, as Ay α . This approach is illustrated in figure 2.4. Note again
the bi-partite structure in each pair of layers. Here, this structure simplifies the computation
of gradients. Training the model is usually done with gradient descent.
Instead of using linear functions for the backward- and forward-mappings, we can use any
non-linear ones, as long as they are differentiable, so that the optimization is tractable. One
way is to replace the linear mappings A and W by multilayer neural networks. For the resulting
overall mapping to be non-linear, the mappings themselves need to contain non-linear hidden
layers. A common way to turn a linear layer into a non-linear one is by applying the sigmoid
σ(oi ) =

1
1+exp(−oi )

to each output-component oi of a linear mapping. Defining the model this

way allows us to maintain the bi-partite, layered structure, which in turn makes it possible to
use back-propagation [Rumelhart et al., 1986] to compute gradients.
An alternative variation of the linear approach consists in constraining the columns of W
to be orthonormal. We can then define the backward-mapping g(y) as the pseudo-inverse

of the forward mapping W , which in that case is simply given by W T = (W T W )−1 W T .
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Therefore, the objective function can then be re-written as:
E PCA = kY − W W T Y k2
= tr(Y Y T ) − tr(W T Y Y T W ).

(2.3)
(2.4)

After discarding terms that do not depend on W , we can therefore formulate the training
problem as a constrained optimization problem:
min −tr(W T M W ) subject to tr(W T W ) = I,
W

(2.5)

with M = Y Y T . The solution to problems of the form 2.5 is by the Rayleigh-Ritz-theorem
[Horn and Johnson, 1994] given by the leading eigenvectors of M . This fact is sometimes
considered beneficial, and is sometimes put forth as a reason for the orthogonality constraint
in the first place. It is this spectral solution that is usually referred to as principal components analysis (PCA) (see, for example, [Jolliffe, 1986] or [Hastie et al., 2001]). It should
be noted, however, that efficiently computing an eigen-decomposition is not trivial, and can
involve iterative optimization procedures itself. For many applications that make use of an
eigen-decomposition it is not clear whether a simple gradient-based optimization of the unconstrained problem could not have been used instead.
Nevertheless, PCA has many additional interpretations beyond the one given above, which
can be beneficial to certain applications. One well-known property of the eigen-solution is
that it also maximizes the variance of the projections W W T Y . In this sense PCA finds the
linear subspace that captures most of the variability in the data. There are many further
interpretations for PCA, that can be useful, or at least comforting, in some applications. See
[Baldi and Hornik, 1995] for a detailed discussion of the relation between linear auto-encoders
and PCA.
Note that the matrix M in the PCA eigen-problem (Problem 2.5) is a d × d-matrix, which
can be prohibitively large if the data is very high-dimensional. In that case it is possible,
and common, to perform an eigen-decomposition of the inner product matrix Y T Y instead.
This is possible, because of a simple duality property of the eigen-decomposition: If v is
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an eigenvector of Y Y T and λ the corresponding eigenvalue, then we have (by definition)
Y Y T v = λv. But multiplying with Y T from the left shows that in that case we must also
have: Y T Y Y T v = λY T v. In other words Y T v must be an eigenvector of Y T Y . But we can
also write Z T = Y T V , where V contains the eigenvectors columnwise. Therefore, if instead
of solving Problem 2.5 we perform an eigen-decomposition of Y T Y , we directly obtain the latent representatives. This observation is also the basis for kernel PCA [Schölkopf et al., 1998],
which we describe in more detail below.
We have left open the choice of the latent space dimensionality for now (the number
of latent variables). This number depends on what we believe to be the “true” number
of degrees of freedom in the data (up to noise). In many applications, this number is not
known beforehand, but it can often be guessed roughly. The behavior of systems that use
dimensionality reduction as one of their components is usually not very sensitive to this choice.
If necessary, it is also possible to choose the dimensionality by cross-validation.
Another issue that we did not discuss in detail is the choice of loss function. We used
squared error in all of the objective functions above. While this is a computational convenience (for example, derivatives are easy to calculate in this case), other cost functions are
more appropriate in some situations, for example when dealing with discrete data. Many
cost-functions can be derived conveniently from probabilistic modelling, a viewpoint that we
describe in more detail below.

2.2.2

Generative models

The previous section discussed dimensionality reduction from the perspective of approximating
the data-matrix by minimizing reconstruction error. A common alternative is the perspective
of probabilistic generative models. According to this view, we can learn about the structure
in data by building a model of the stochastic process that generated the data [Jordan, 2008].
Similarly as in the previous section, latent variables can be part of the model to pick up
structure that is hidden in the variability of the data.

17

Chapter 2. Background and related work

To model data y using latent variables z it is common to build a model of the joint
distribution p(y, z), and then to marginalize over z to get the probability distribution of the
data as
Z
p(y) =

p(y, z) dz

(2.6)

It is common in embedding tasks to decompose the joint distribution as
p(y, z) = p(y|z)p(z)

(2.7)

The conditional p(y|z) is usually referred to as “observation model”, because it encodes
how, given instantiations of the latent variables, the observed data is produced stochastically.
Note that the use of probabilistic latent variables requires that we adopt an interpretation of
probabilities as encoding beliefs rather than relative frequencies of repeatable events. In other
words, generative models are Bayesian with respect to the latent variables. In contrast to the
models in the previous section, here it is necessary to define a prior on the latent variables
p(z). This can be an advantage, since it provides an opportunity to encode prior beliefs. It
can also be a burden, since it also requires that we encode prior beliefs.
We can think of the observation model p(y|z) as the probabilistic version of a forward
mapping. From Bayes’ rule we get the corresponding, probabilistic backward mapping as:
p(z|y) =

p(y|z)p(z)
p(y)

(2.8)

This definition of a backward mapping is obviously more complicated than the simple linear, or non-linear, function, defined in the previous section. It is not uncommon to choose
the prior, such that the resulting backward model has a convenient analytical form, rather
than actually encoding a strong prior belief. The common claim justifying probabilistic over
optimization-based models is that probabilities allow us to be explicit about uncertainties.
However the actual benefit of generative models over simple optimization is not uncontroversial [LeCun and Huang, 2005], and in many applications that make use of generative models
the actual importance of using probabilities is unknown. Another potential advantage of this
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class of models, however, is that it allows us to take a fully Bayesian perspective and consider
the model parameters themselves as random variables. Fully Bayesian modelling is beyond
the scope of this thesis.

Typically, the model p(y, z) contains parameters W , that are optimized by maximizing
P
the average log probability of the data: N1 α log p(y α ). Similarly as in the previous section,
bi-partite structure can be useful to simplify the models. In particular, we obtain a probabilistic version of PCA when using a linear dependency of y and a Gaussian prior on z plus
Gaussian noise [Tipping and Bishop, 1999]. For more general non-linear, non-Gaussian models, estimating model parameters and evaluating the backward-mapping can be complicated
or intractable. In that case the much simpler error minimization approach described above is
often more convenient.

Note that, if the number of variables is large, specifying a model and doing computations
in it can become difficult, because the number of possible joint instantiations of the variables
is exponential in the number of variables. To overcome this issue we can make independence
assumptions, so that the involved distributions decompose into products of distributions over
only subsets of the variables [Jordan, 2008]. Probabilistic models that can be defined as a
product of conditional probabilities can be represented conveniently as directed graphs. They
are therefore known as directed graphical models. (There are also undirected models, which
we will describe in the next section.)

A common model is the hidden Markov model, in which the dependency of the latent
Q
variable prior takes the form of a chain, so that we have p(z) = α p(z α |z α−1 ). Another
common model, especially in vision problems, is the Markov random field (MRF), in which
the components of the latent variables are arranged in a grid. MRFs are usually modelled as
undirected models. We review these in Section 2.2.3.
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Generative models vs. manifold learning
The graphical model approach to building complex systems is based on a slightly different
modelling philosophy than manifold learning. (It is important to keep in mind, however, that
many manifold learning methods, when cast in probabilistic terms, can be viewed as – extremely simple – types of graphical models themselves.) Graphical models make independence
assumptions for tractability and thereby fix the dependency structure at the outset. Fixed,
hand-coded features are often used as the data representation on which these models operate.
Manifold learning, in contrast, does not making any assumptions on the dependency structure
in the data, but rather tries to discover this structure through learning. It is the low dimensionality itself that is used to reduce computational complexity. Manifold learning methods
often have a strong focus on feature extraction: Learning a good representation of the raw
data is the main problem that manifold learning tries to solve. The weights in the bi-partite
network (ref. Figure 2.2) and in similar models, when trained on images, for example, can be
viewed as optimal adaptive filters [Bell and Sejnowski, 1997] [Olshausen and Field, 1996]. It
is interesting to note in this context, that the representation of data can be argued to be the
most important aspect of solutions to problems involving data. Finding the right representation is often at the heart of creative solutions to problems [Hofstadter, 1984], and with the
right representation, the rest often follows automatically.

2.2.3

Restricted Boltzmann machines

A family of parametric methods that could be viewed as hybrids between optimization based
approaches (Section 2.2.1) and generative models (Section 2.2.2) can be derived by considering undirected graphical models.
A probability distribution over a random vector can be modelled using an undirected
graph as follows [Jordan, 2008]: We first define a graph whose nodes correspond to entries
of the random vector. We then define a positive function Ψ() on each clique (fully connected
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subset of nodes) of the graph. Such a function can be viewed as a score that models the
“goodness”, or desirability, of joint instantiations of the nodes within a clique. Based on
these score functions, we can define the probability over joint instantiation of all nodes in
the graph by multiplying these functions together and normalizing. Because of positivity, we
obtain a probability distribution over joint instantiations of all nodes (variables) in the graph.
Normalizing simply amounts to dividing by the sum over all possible joint instantiations.
Modelling a distribution this way amounts to making a set of independent judgements for
each clique (each Ψ()). (The difference between directed and undirected models is that the
first are normalized locally, so that the factors from which the joint distribution is composed
are conditional probabilities.)
A common way of obtaining positive valued scores Ψ() on the cliques from arbitrary,
ie. not necessarily positive, score functions S() is by exponentiating: Ψ(y) = exp(S(y)). An
arbitrary score function can be easier to model, so the “exp” is used to ensure positivity. The
initial, non-positive score can be thought of as modelling a set of independent constraints on
the cliques, which by exponentiating and normalizing gets turned into a set of independent
probabilities.
In many applications, undirected models that have a bi-partite structure are of special
interest. Bi-partite structure can, similarly as in non-probabilistic models, greatly simplify
computations as we show below. To parameterize a bi-partite graphical model for embedding,
we can use a score function of the form:
S(y, z) =

X

Wjk yj zk

(2.9)

jk

It is instructional to think of y and z as binary vectors for now. As mentioned above, given
this score we can obtain the joint distribution as:
p(y, z) =

1
exp(S(y, z)),
Z

(2.10)

where
Z=

X
y,z

exp(S(y, z))

(2.11)
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The constant Z is usually known as partition function3 with reference to statistical physics.
This model is known as Restricted Boltzmann machine (RBM). The restriction lies in the
fact that, similarly as the non-probabilistic methods discussed above, there are no connections
between hidden units or between observed units. The only connections that are present are
between hidden and observed variables. So the model takes the same form as in figure 2.3.
This bi-partite structure translates into convenient independence properties: From Eq. 2.10
it follows easily (by conditioning and then marginalizing) that the conditional distributions
over latent variables, given observations, and over observations, given the latent variables, are
products of element-wise independent distributions:
p(zk = 1|y) =

1
P
1 + exp(− j Wjk yj )

(2.12)

1
P
1 + exp(− k Wjk zk )

(2.13)

for every latent variable zk , and:
p(yj = 1|z) =
for every observed variable yj .
Eqs. 2.12 and 2.13 show that both mappings take a log-linear form, with linear parts that
are symmetric versions of each other. The whole model therefore has the same structure like
an auto-encoder (figure 2.4), with the differences that here, the linear mappings are transposes
of each other, and all units are binary and stochastic. Similarly as in the models above, we
need to add biases in practice to model affine, rather than linear, structure. (However, doing
so does not affect the bi-partite structure.)
To train the model, we can proceed as with directed graphical models, and maximize the
log-probability of the observed data, or equivalently minimize the negative log-probability,
which gives us the objective function:
E RBM = −

X
α

3

log p(y α ) = −

X
α

log

X

p(y α , z).

(2.14)

h

For notational convenience and to comply with the historic conventions we will overload the symbol Z
to denote both, the partition function, and later a random variable from which latent representatives can be
drawn. It will be clear from the context which meaning is intended.
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The gradient with respect to the parameters is given by:
"
#
α
X X
X
∂E RBM
∂S(z, y)
α ∂S(z, y )
=−
−
p(y, z)
p(z|y )
∂W
∂W
∂W
α
z
z,y
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(2.15)

Derivatives of the score function 2.9 are simply pair-wise products:
∂S(y, z)
= yj zk .
∂Wjk

(2.16)

By marginalizing Eq. 2.15 we can write the element-wise derivatives also as:
X
X
∂E
=
yjα zjα −
p(yj , zk )yj zk ,
∂Wjk
α
y ,z
j

(2.17)

k

where we define zjα := p(zj = 1|y α ). (Recall, that we use binary units for now.)
Both the objective function (Eq. 2.14) and the derivatives (Eqs. 2.15 and 2.17) are
intractable, because they contain sums over joint instantiations of y and h. However, because of the bi-partite structure, we can train these models similarly as the auto-encoder by
performing restricted updates locally :
To obtain an efficient learning method, we can proceed as follows. First, note that we
could approximate the intractable sums using samples from the joint distribution p(y, z). In
this model, we could perform block Gibbs sampling [Neal, 1993] for this purpose. Because of
the factorization of p(z|y) and p(y|z), sampling from these conditionals can be performed
component by component. When using binary units, for example, we just need to sample
from scalar Bernoullis (Eqs. 2.12 and 2.13).
To draw samples from the joint p(z, y) we could thus initialize randomly, and perform
block Gibbs updates by repeatedly drawing samples from the conditionals p(z|y) and p(y|z).
Finally we could approximate the sums in Eqs. 2.14 and 2.15 using these samples. While this
procedure is possible in principle, sampling in high-dimensional spaces is very time-consuming
and in practical problems it could take too long for the Gibbs sampler to converge.
However, note that a single iteration of this sampling procedure is strikingly similar to
the procedure of computing reconstructions in an auto-encoder network with sigmoid units.
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The only difference is that here, activities of the units are sampled instead of being fixed,
and the weights in this model are symmetric (ie. W = AT in the auto-encoder terminology,
ref. Section 2.2.1). This similarity suggests using a locally constrained learning procedure,
similarly as for the auto-encoder, instead of the global procedure based on proper sampling
in the whole data-space. Contrastive divergence (CD) [Hinton, 2002] is a learning approach
that turns this observation into practice: In order to approximate the intractable sum in
the gradient, we initialize the observable units with the training data itself, and then use
as samples simply the one-step-reconstructions. In other words, we replace the intractable
gradient (Eqs. 2.15, 2.16) by
CD
Djk
=

X

yjα zjα − zjα,1 yjα,1

(2.18)

α

where zjα is defined as above and zjα,1 and yjα,1 are the reconstructions computed using one
iteration of Gibbs sampling. In contrast to using an autoencoder, computing gradients here
is simpler than with back-propagation, and we obtain a probabilistic model. CD has been
applied in [Welling et al., 2005], [Gehler et al., 2006] [He et al., 2004], for example.
Note, that the derivations above hold for binary z and y. However, it is straightforward to extend this reasoning to any other exponential family distribution for either z or y
[Welling et al., 2005]. We will use similar arguments as described in [Welling et al., 2005] in
Section 5 to extend conditional variations of RBMs into the exponential family.
Also note that the manifold that we can model with binary hidden units is non-linear. An
RBM with binary hidden units is in a sense the analog of an auto-encoder with sigmoid hidden
units, because the hidden variable activations are computed using the same non-linearity (Eq.
2.12).
Deterministic manifold learning methods and RBMs trained using contrastive divergence
are based on the same modelling philosophy: They assume that the data distribution is
concentrated in a highly constrained region of the data space and try to build a valid model of
the data only in this region. In contrast to proper probabilistic models trained using maximum
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likelihood, these methods do not try to build a valid model of the data in regions that were
not seen during training, ie. in regions where no training data resides. The parameters of
these models do define a model globally (we could plug in test-cases from anywhere in the
data-space and evaluate their probabilities according to Eq. 2.10, for example). But in areas
other than near the training data the result would not be reasonable.
The motivation for this modelling approach is that we do not expect to ever see data from
these regions at test-time. Trying to build a globally valid model in a very high-dimensional
space would be wasteful and useless, if we will not encounter test-cases to which we could
apply this model. More importantly, building a global model is often not even an option in
practice. If the data-space is very high-dimensional, “covering” it with a correct model can
be difficult, since proper sampling will take too long to be tractable. Restricting the model,
such that integrations can be performed analytically is in many applications not an option,
either, since it would be too restrictive to be useful.
This local modelling approach is also related to the framework of non-probabilistic, energybased learning [LeCun and Huang, 2005], which also avoids the effort of building globally
normalized, probabilistic model in cases where they are simply not needed. Learning in this
framework amounts to “sculpting” an energy-landscape. From the perspective of this framework, CD does not attempt to sculpt the energy surface correctly in areas far from where the
data resides.

2.3

Non-parametric methods

The parametric embedding methods that we discussed in the previous section have been useful
in many problems, but they do have a few limitations. Parametric models lack flexibility,
because they make the assumption that the manifold belongs to a specific parametric family,
such as linear in the case of PCA. In many real world problems there is no reason, a priori, to
make such an assumption.

Chapter 2. Background and related work

25

Training a highly non-linear manifold can be time-consuming and difficult, especially when
using a relatively flexible non-linear model, such as a multi-layer auto-encoder. Training parametric models is especially difficult when dealing with very high-dimensional data. Probabilistic latent variable models are even more problematic in terms of tractability. Therefore,
there has been a strong bias towards linear models, especially among the fully probabilistic
approaches, even though linearity does often not hold in real world problems, as we will discuss
later.
Because of these and related issues, a new class of non-parametric models has emerged in
the last few years. These models take a “dual” perspective, in which scalar-valued, pairwise
similarities between all data-cases are the basis for computing low-dimensional embeddings.
These methods can be thought of as non-linear generalizations of Multidimensional Scaling
(MDS) (see [Mardia et al., 1980]), but many of these modern methods add more than just
non-linearity to MDS as we shall show. Non-parametric models do not assume a fixed functional relationship between latent variables and data, so we can think of them as ”universal
approximators”.
Modern embedding methods in particular side-step the issues associated with probabilistic
latent variable models. While some of the methods do come with certain probabilistic interpretations (for example, [Lawrence, 2004] [Hinton and Roweis, 2003]), they are non-probabilistic
in a fundamental sense: They do not compute distributions over latent representatives, but
only point-estimates. That is, non-parametric methods are not Bayesian with respect to Z.
The fact that these methods do not encode uncertainties in their estimates of the latent data
representation could be considered a disadvantage, but it is the basis for their computational
feasibility and efficiency.
A drawback of many early non-parametric methods is that they do not provide estimates of
the mappings f (z) and g(y). To solve the problem, several heuristics have been proposed (see
eg. [Bengio et al., 2004] for backward-, and [Kwok and Tsang, 2003] for forward-mappings).
Some recent non-parametric models do provide either of these mappings, as we show below. In

26

Chapter 2. Background and related work

Section 3 we describe a non-parametric method that provides both the forward- and backwardmapping.

Z

P

Q(Z)

Figure 2.5: Illustration of non-parametric dimensionality reduction: We compute a similaritymatrix P from the input data-set (a set of car-images in the example), and a similarity
matrix Q(Z) as a function the of the latent data representatives Z. In order to perform
dimensionality reduction, we arrange the latent representatives, such that a measure of the
mismatch between P and Q(Z) is minimized. This leads to an optimization problem in the
latent matrix Z.

2.3.1

Optimizing mismatch

Practically all non-parametric embedding methods are based on the same principle, illustrated
in figure 2.5: First, we construct an N × N -matrix P that encodes all pairwise similarities
between the observed data-points. We also define a corresponding matrix Q(Z) that encodes
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the similarities between the low-dimensional data representatives4 . Letting this latent similarity matrix depend on the set Z, allows us to perform dimensionality reduction simply by
minimizing a measure of the mismatch between these two matrices wrt. Z. We will denote
the mismatch by E(Z) in the following. In contrast to Section 2.2, here the objective function
is only a function of Z, since there are no parameters. The parameter matrix on the left of
figure 2.2 simply gets dropped in non-parametric methods.
Most non-parametric embedding methods differ only in the definition of P , Q(Z) and
E(Z). The motivations for the many possible ways to define the similarities and the mismatch
differ greatly across methods and give rise to specific benefits and limitations.
One difference is with respect to optimization: If E(Z) is a quadratic function of the
latent variables, in other words, if we can write E(Z) = tr(ZM Z T ), for some symmetric, positive definite matrix M , we can obtain a solution that can be found by an eigendecomposition by the Rayleigh-Ritz theorem, as mentioned above. However, it is necessary
in that case to impose an orthogonality constraint on Z. The dual PCA solution (Section
2.2.1) is an instantiation of this type of method. Many non-linear methods can be cast in
this form, too (for example, Locally Linear Embedding [Roweis and Saul, 2000], ISOMAP
[Tenenbaum et al., 2000], kernel PCA [Schölkopf et al., 1998]). We shall review some of
these methods below.
If we cannot write E(Z) as a quadratic form, or do not want to impose the orthogonality
constraints, we can resort to iterative optimization. Methods that are based on iterative
optimization include (we review these below, too): SNE [Hinton and Roweis, 2003], GPLVM
[Lawrence, 2004], UKR [Meinicke et al., 2005] and others. Since the objective functions of
these methods are not convex, we can only find local minima of their objective functions.
However, the presence of local minima is usually not considered a major problem, because the
local minima are often very good, and if not, there are methods for encouraging an optimizer
4

P depends on Y and Q depends on Z. We make the dependency of Q on Z explicit in the text, but
not the dependency of P on Y , because Z is a variable that we optimize, while Y is fixed and constant
throughout the optimization.
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to find good local minima. We briefly review a few common methods to provide an idea of
the flavors and capabilities of the different approaches:
The Sammon mapping [Sammon, 1969] is probably the first non-linear embedding
method and was introduced in the 1960’s. It is based on a heuristic objective function
for preserving point distances. It does not define a forward- or backward mapping.
Stochastic neighbor embedding (SNE) [Hinton and Roweis, 2003] defines each entry
Pαβ of P as the conditional probability that data-point α “picks” data-point β as its neighbor.
It defines the matrix Q(Z) analogously for the latent representatives. For training, SNE
minimizes the sum of KL-divergences between the rows of P and the rows of Q(Z) wrt.
Z The probabilities are computed by centering Gaussian kernels on the data-points. The
method does not provide forward- or backward mappings, but it has been fairly successful,
because unlike many other methods, its intuitive probabilistic interpretation suggests a wealth
of extensions (see, for example, [Goldberger et al., 2005], [Cook et al., 2007]).
Locally linear embedding [Roweis and Saul, 2000] computes weights to linearly reconstruct observed data-points from neighboring points. It then tries to arrange the latent
representatives, such that they can be re-constructed from their neighbors with the same
weights, which can be achieved by solving an eigen-problem. The method does not provide a
forward- or backward-mapping.
Kernel PCA [Schölkopf et al., 1998] makes use of the duality property of the PCA
eigen-problem (Section 2.2.1): Recall, that to perform PCA, we can decompose the inner product matrix Y T Y to get the latent representatives Z. By Mercer’s theorem (see
[Schölkopf and Smola, 2001]) a positive definite kernel function k(y α , y β ) can be interpreted
as computing an inner product between feature vectors φ(y α ) and φ(y β ), that can be nonlinearly related to y α and y β . Therefore, replacing Y T Y by a kernel matrix, amounts to
performing a non-linear transformation to the data and subsequently performing PCA in the
feature space. The transformation is only implicit, that is we do not actually compute, or
parameterize, it. A drawback of this formulation is that we only obtain the low-dimensional
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representatives Z and the backward-mapping but not the forward-mapping. Below we will
describe an “inverse” view of kernel PCA that provides the forward mapping instead.
Other

non-parametric

methods

include

Laplacian

eigenmaps

[Belkin and Niyogi, 2003], ISOMAP [Tenenbaum et al., 2000] and semi-definite embedding [Weinberger and Saul, 2006].

Recently, several non-parametric methods have been

introduced from the perspective of non-parametric regression. In the next section we
describe a non-parametric framework for PCA, and show that those methods are special
cases within this framework.

2.3.2

Two non-parametric views of PCA

It is possible to obtain two non-parametric views of PCA by replacing the linear PCA-mappings
with non-parametric functions. Replacing either the forward- or backward-mapping leads to
two different types of non-parametric embedding method, each with specific advantages and
limitations. Several recently proposed models are instantiations of one of these two views.

PCA as a non-parametric forward mapping
First, let us consider as the forward-mapping f (z) the class of non-parametric functions of the
P
following form: f (z) = β b(z, z β )y β , where b(z, z β ) are some (arbitrary) basis functions
defined in the latent space. Functions that define the output as a linear combination of
training cases, are generally referred to as linear smoothers. They are common as supervised
non-parametric regression models.
Using this form as the forward mapping for dimensionality reduction means that the
mapping depends on the latent representatives themselves. So at first sight it seems that
this definition makes sense only, if we had the representatives already. However, note that,
given this forward-mapping, training can be achieved similarly as in a parametric model, by
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minimizing the reconstruction error:

E(Z) =

X

ky α − f (z)k2 = ky α −

X

α

b(z α , z β )y β k2

(2.19)

β

Since the forward-mapping is a function of the latent representatives themselves, minimizing
this objective gives rise to both the latent representatives and the forward mapping simultaneously.
Several special cases of this framework were recently derived independently from each other
from probabilistic viewpoints. [Meinicke et al., 2005], [Memisevic, 2003] used the NadarayaWatson kernel regression model [Bishop, 1995] as the non-parametric forward function. The
model is known as unsupervised kernel regression (UKR). Later, [Lawrence, 2004] used a
Gaussian process regression model as the forward function and called the model a “Gaussian
process latent variable model” (GPLVM). It is important to note that these special cases
are direct generalizations of PCA. To see this, consider the use of linear basis functions
b(z, z β ) = z T z β . Under this choice, we recover PCA by re-writing the objective as:

E(Z) =

X
α

ky α −

X

y β z αT z β k2

(2.20)

β

= kY (I − Z T Z)k2

(2.21)

= tr(Y (I − Z T Z)2 Y T )

(2.22)

= −tr(ZY T Y Z T ) + Ω,

(2.23)

where Ω denotes terms that do not depend on Z. This problem takes exactly the form of the
dual PCA eigen-problem (Section 2.2.1) if we impose the constraint tr(Z T Z) = I. Using
non-linear basis functions amounts obtaining non-linear embeddings, at the cost of giving up
on the convenience of a spectral solution. But we do retain the advantage of PCA that we
learn a forward mapping along with the latent representatives. We therefore do not have a
pre-image problem [Kwok and Tsang, 2003] in this type of model.
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PCA as a non-parametric backward mapping
Let us now consider a non-parametric model for the backward-mapping g(y). Similarly as
P
above we can use the form g(y) = β b(y, y α )z β , where b(y, y α ) are now basis functions
defined in the data-space. Learning the backward-mapping, rather than the forward-mapping,
suggests optimizing the latent space reconstruction error, which results in the objective function:
E(Z) =

X

kz α − g(y α )k2

(2.24)

α

=

X
α

kz α −

X

b(y α , y β )z β k2

(2.25)

β

= kZ(I − B(Y ))k2

(2.26)

= tr(Z(I − B(Y ))(I − B(Y ))T Z T ),

(2.27)

where we use the matrix (B(Y ))αβ = b(y α , y β ) of basis function evaluations. We obtain
an eigen-problem again. If B(Y ) is symmetric, we have (I − B(Y ))(I − B(Y ))T = (I −
B(Y ))2 , who have the same eigenvectors. Instead of keeping the leading eigenvectors of (I −
B(Y )) we can equivalently keep the eigenvectors corresponding to the smallest eigenvalues
of B(Y ). So, if we use linear basis functions, we again recover the dual PCA eigen-problem.
However, in contrast to above, if we use non-linear basis functions in order to obtain nonlinear embeddings, we still retain the spectral solution. In this approach we implicitly learn
the backward-mapping in addition to the latent representatives.
A special case of this approach, where the basis functions are derived from kernel regression, was proposed initially by [Meinicke, 2002] and is discussed in detail in [Memisevic, 2003].
Another special case is kernel PCA [Schölkopf et al., 1998], which we obtain by using Mercer
kernels as the basis functions.
Deriving kernel PCA as a special case of a non-parametric backward mapping shows why
the backward-mapping, but not the forward mapping, comes for free in kernel PCA. While
kernel PCA relies on symmetric Mercer kernels as the basis functions, the view from nonparametric regression shows that symmetry is not actually required, and we can use arbitrary
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basis functions, such as the probabilistic ones described in [Memisevic, 2003]. Many further
possibilities exist. We can, for example, use a Gaussian process mean function as the backward
mapping to obtain spectral Gaussian process embeddings, which are the spectral counterparts
of the model described by [Lawrence, 2004].

2.4

Categorization of embedding methods

It is clear from the previous sections that many data embedding methods have been proposed
in the past. They can be categorized along several dimensions. The most important ones are:

Parametric vs. non-parametric
Parametric models (Section 2.2) operate in the original data-space, non-parametric models
operate in the “dual” representation of pairwise similarities. Non-parametric models are
typically non-linear. PCA is the link between parametric and non-parametric models, as it
can be formulated in both ways.

Provide latent representatives; provide f ; provide g
As mentioned above, the embedding problem is three-fold: Learn latent representatives Z;
learn a forward mapping f (z); learn a backward mapping g(y). Methods differ with respect
to which of the three problems they solve. Parametric approaches usually model at least
one of the involved mappings, non-parametric approaches models these only when defined as
regression models (Section 2.3.2).

Linear vs non-linear
The assumption of a linear manifold is often too restrictive in practical applications. Nonparametric models are naturally non-linear, parametric models require the presence of nonlinear mappings, such as neural networks, to be non-linear.
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Probabilistic vs. non-probabilistic
Some embedding methods provide distributions over the latent representation to encode uncertainties. That is, they are Bayesian w.r.t the latent variables. Non-parametric methods are
not probabilistic in this sense. Many of them do come with certain probabilistic interpretations [Hinton and Roweis, 2003], [Lawrence, 2004], [Meinicke et al., 2005], but they do not
represent uncertainties in the latent representations.

Optimization
An important difference between parametric models and non-parametric models is that the
first can easily be trained online, the latter require the whole data-set to be around during
training. The computational complexity for training usually scales linearly with the number
of cases for parametric models and quadratically (even cubically for gplvm [Lawrence, 2004])
for non-parametric models. For these reasons, parametric models can be trained on much
larger data-sets than non-parametric models.
The training complexity of parametric methods and most non-parametric methods (in
particular those that come with a forward-mapping) scales linearly with the number of dimensions of the output space. This can be problematic in very high-dimensional spaces. In
section 3 we will introduce a non-parametric model whose optimization complexity does not
scale with the data dimensionality, but which nevertheless defines a forward and backward
mapping.
Some embedding methods can be trained by optimizing a quadratic or convex optimization problem, others require non-linear, non-convex optimization. To obtain a convenient
optimization problem, such as an eigen-problem, we usually need to impose a constraint on
the latent variables, such as uncorrelatedness. [Memisevic and Hinton, 2005] suggest a way
of combining the benefits of spectral and general, iterative methods by modulating the gradient of a non-quadratic objective function with information extracted from the eigenvalues
of an affinity matrix.
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Side-information

Most dimensionality reduction methods are unsupervised, so there is no way of guiding the
methods towards modes of variability that are of particular interest to the user. There is also
no way of providing hints, when the true underlying factors are too subtle to be discovered by
generic criteria such as the maximization of modeled variance in PCA, or the preservation of
local geometry in LLE, for example. To overcome these issues, several approaches have been
suggested to include side-information in order to improve the embeddings.
As an example of the issue consider images of faces. Nonlinear methods have been shown
to find embeddings that nicely reflect the variability in the data caused by variation in face
identity, pose, position, or lighting effects. However, it is not possible to tell these methods
to extract a particular single factor for the purpose of, say intelligent image manipulation or
pose identification, because the extracted factors are intermingled and may be represented
simultaneously across all latent space dimensions.
Recently there have been several attempts to provide side-information in the hope of
alleviating some of these difficulties. The idea is to allow the user to provide more information than just the raw data points, or a single set of pairwise similarities between data
points. These approaches turn the unsupervised problem of dimensionality reduction into a
semi-unsupervised one. [Cohn, 2003], for example, describe a way to inform a PCA model by
encouraging it to preserve a user-defined grouping structure; [Tenenbaum and Freeman, 2000]
consider the problem of extracting exactly two different kinds of factor, which they denote “style” and “content”, by using bilinear models. This idea has been extended to
more general multilinear models by [Vasilescu and Terzopoulos, 2002]. [Xing et al., 2003]
and [Tijl De Bie and Cristianini, 2003] took a quite different approach to informing a model.
They suggest pre-processing the input data by learning a metric in input space that makes
the data respect user defined grouping constraints. In all these methods, side-information is
encoded in the form of equivalence constraints. That is, a user needs to define a grouping
structure for the input data by informing the model which data-points belong together.
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In general, the problem of informing latent variable models with some kind of supervision
signal is quite new, and it is the subject of current research. No framework or common viewpoint has emerged yet. It is worth noting, that non-parametric models provide a specifically
convenient way to encode latent-variable constraints. Since the latent data matrix is modelled
directly in these models, it is convenient to simply add constraints as a penalty term to the objective function of these models. See, for example, [Memisevic, 2003] [Urtasun et al., 2006]
for applications of this idea. Note, that this possibility disappears, if we use spectral methods,
which dictate the latent variable constraints in order to obtain an eigen-decomposition as the
solution.

2.6

Structured discriminative learning

An important application of dimensionality reduction methods is in prediction problems, where
the outputs are high-dimensional vectors. In this section we briefly review this type of problem
and the solutions that have been proposed. We will discuss the problem in more detail in
Section 6.

2.6.1

Predicting high-dimensional outputs

Recall that one motivation for data embedding is solving an inverse problem, in order to model
perceptual capabilities, for example, (see Section 2.1). We use latent variables to model the
true, underlying degrees of freedom of some data to capture the “meaning” inherent in the
set of observations, and to get an understanding of some observed scene. From a probabilistic
perspective (Section 2.2.2) solving the inverse problem at test time then amounts to invoking
Bayes’ rule (Eq. 2.8) to extract the meaning p(z|y) from the data y.
In practice, it is often the case that the desired “percept” z can be made available for training a system by hand-labelling the data before training ([He et al., 2004],
[Lafferty et al., 2001], [Kumar and Hebert, 2004]). In those cases learning turns into a su-
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pervised problem: The training data consists of (input, output)-pairs. For example, in
[He et al., 2004] the inputs are images, and the pixel labelings. In other applications, the
inputs could be sequences of words, and the outputs grammatical categories for the words.
Unlike a traditional supervised learning problem, this problem contains outputs that can
be high-dimensional vectors, possibly with varying sizes. However, most typical supervised
learning methods have been developed for scalar outputs only, and adapting the developed
machinery to vector-valued, and in particular high-dimensional, outputs is not trivial. We
can solve the issue naively by building a set of independent predictors (one for each outputdimension), however since this solution fails to capture correlations in the outputs, it usually
performs extremely poorly in practice. Modelling all possible correlations among the outputvariables on the other hand would amount to considering all possible joint instantiations of the
components of y, which leads to a combinatorial explosion, and makes standard supervised
models intractable [Memisevic, 2006b].
It has therefore been common to use unsupervised methods even for these essentially
supervised problems in order to overcome these issues. In particular, using graphical models
to model the “percept” z allows us to capture correlations tractably and makes it possible
to perform inference using belief propagation or variational methods. In a generative model,
where the correct latent variable instantiations have been provided for a training set through
labelling, z is no longer unobserved. For training in this supervised setting, therefore, instead
of marginalizing (Eq. 2.6), we can maximize the joint likelihood p(z, y), using a training set
{(z α , y α )}. At test time, Bayes’ rule, can then be used to perform inference.

2.6.2

Structure prediction using conditional models

Recently, an alternative modelling approach has become popular [LeCun et al., 1998],
[LeCun and Huang, 2005],

[Lafferty et al., 2001],

[Kumar and Hebert, 2004],

(for an

overview see, for example, [Memisevic, 2006b]), which retains the “learning from example”
philosophy from supervised learning, but solves the combinatorial problem using techniques
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that have been popular in unsupervised learning. The idea is to use a graphical model on the
outputs, and to make the model parameters functions of the inputs. Inference in these models
is a simple application of the trained forward model. Since the outputs are modelled using
a graphical model, inference is performed using dynamic programming or belief propagation.
However, in contrast to unsupervised methods, it does not involve the inversion of a generative forward-mapping using Bayes’ rule. [LeCun and Huang, 2005] discuss a generalization
of this idea to non-probabilistic loss-functions and coined the term “end-to-end” learning for
these types of model. We will describe these models in more detail is Section 6.

2.6.3

Structure prediction with flexible correlations

Most structure prediction models operate, as is typical for graphical models (see Section
2.2.2), on fixed, pre-defined feature functions, and assume a fixed independence structure for
the components of the outputs y.
To address the drawbacks of fixed feature functions, some approaches were suggested
recently, that try to model the correlational structure of the outputs in structured prediction
tasks [He et al., 2004] [Stewart, 2005]. The idea of these approaches is to build a latent
variable model on the high-dimensional outputs. In Section 5 we describe an approach for
learning data transformations by conditioning a latent variable model on input data. Supervised learning of structured predictions can also be viewed as an application of that framework.
In section 6 we extend the model to a more general non-probabilistic framework, in which
manifold learning can be viewed as a way to learn the correlational structure in the outputs
of a supervised learning problem.

Chapter 3
Kernel information embeddings
In this chapter we derive a probabilistic framework for dimensionality reduction based on
kernel density estimation. The framework combines the benefits of generative models with
the geometric view-point of non-parametric methods. We show how within this framework
we can compute non-linear embeddings that come with both the forward- and the backwardmapping and we show how we can obtain informed embeddings using conditioning.

3.1

An information theoretic framework for dimensionality reduction

Following the notation introduced in Section 2, we define dimensionality reduction as the task
of finding a set of low-dimensional representatives {z α }α=1...N for a set of high-dimensional
input data-points {y α }α=1...N . To solve this problem non-parametrically, we can define an
objective function that captures the preservation of inter-point similarities and optimize this
function wrt. the whole set of latent representatives zi themselves, as discussed is Section
2.3. Recall, that if we stack the z α column-wise in a matrix, we obtain an optimization
problem whose domain is the set of real matrices of size q × N . For convenience, we will also
think of the domain as RN q , which we obtain by “vectorizing” this matrix.
38
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Section 2.3 discussed how stating the problem in terms of the latent representatives themselves allows us to replace the traditional probabilistic view of embedding with a geometric
one: Non-parametric methods, such as LLE or kernel PCA, measure inter-point similarities
in the data-space to get an idea of the geometric configuration of the whole point-set. Arranging the low-dimensional representatives, such that they mimic this configuration, yields a
lower-dimensional representation that captures the similarity structure in the original data-set,
and thereby its underlying “structure”.
Arguing in this “dual” domain of points and their similarities, rather than in the original
domain of the random vectors themselves, can have several advantages, as discussed in detail
in the previous section. But it can also have some disadvantages, mainly because geometric
reasoning usually does away with probabilities. Probabilities can at times be useful as a measure of confidence that a model has in a certain solution, and conditioning in the probabilistic
sense can be a natural operation for including side-information as we describe below.
A related issue is that the mappings f (z) and g(y) often fall out naturally when adopting
a probabilistic viewpoint. A full model of the joint distribution p(z, y) contains all the
information about the latent and observed variables and their dependencies. In other words,
a model of the joint distribution contains all the information we can hope to have. From
the joint it is usually straightforward to derive the (probabilistic) mappings (as in 2.8, for
example).
In this chapter we describe a framework that allows us to combine the probabilistic view
of generative models with the geometric reasoning of modern embedding methods. The tool
that we use for this purpose is the well-known kernel density estimate (KDE): Given a random
sample of points y α , α = 1, . . . , N , we can obtain an estimate of the density from which the
data was drawn by placing a positive, zero-mean kernel function on each data-point. We can
define the estimate as the sum of the kernel function evaluations [Scott, 1992]:
p̂(y) =

1 X
k̄(y, y α ).
N α

(3.1)

An advantage of this estimate is that we do not need to assume the distribution belongs to any
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particular parametric family. The only assumption that we make on the density is smoothness.
For p̂(y) to be a valid density estimate, the kernel functions k̄(y, ·) need to be positive and
integrate to one. A common way to derive a normalized kernel function k̄(y, y α ) is by starting
with some unnormalized positive kernel k(y, y α ), and defining k̄(y, y α ) = C1 k(y, y α ) where
R
C = k(y, y α ) dy.
To perform non-parametric embedding, we obtain an estimate of the distribution over the
joint data/embedding space. As mentioned above, this estimate contains all the information
that we can wish to have about the observable and latent variables and their relations. The
kernel density estimate will allow us to cast the probabilistic approach in geometric terms
similarly as in common non-parametric embedding methods. In other words, we obtain the
advantages of non-parametric methods, while retaining the convenient properties of many
parametric models.

3.1.1

Kernel information embedding

Let us assume that the observed data is drawn iid. from a vector-valued random variable Y .
Our goal is to find a lower-dimensional variable Z that captures most of the variability in Y
(ie. , the “signal”).
Assume we had already found a such a variable Z. Then an intuitively appealing criterion
for measuring how well Z captures the information present in the data Y would be the mutual
information I(Y ; Z) between Y and Z. Mutual information (MI) can be defined as
Z
I(Y ; Z) =

p(y, z) log

p(y, z)
dy dz
p(y)p(z)

(3.2)

with p(y), p(z) the data- and latent space-densities, respectively (see, for example,
[Cover and Thomas, 1990]). MI is equal to the KL-divergence between the actual joint distribution p(y, z) and a factorized joint distribution pfact (y, z) = p(y)p(z). Since the factorized
distribution corresponds to a situation where z and y are statistical independent, MI can be
viewed as a measure of the dependence between Y and Z.
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Intuitively, MI (which is symmetric in Y and Z) answers the question: “What, on average,
can the latent representation tell us about the data, and vice versa?” In other words, MI
quantifies how much information would be preserved if we would use the low-dimensional
data representatives as surrogates for the original data. Maximizing it amounts to obtaining
latent variables that contain as much information of the original data as possible. A simple
calculation shows that we can express MI in terms of entropies as [Cover and Thomas, 1990]

I(Y ; Z) = H(Y ) + H(Z) − H(Y, Z),

(3.3)

where H(·) denotes (differential) Shannon entropy.
In practice, MI and other entropy based quantities are not often used for embedding,
because they are hard to evaluate for all but very specific distributions, such as the Gaussian.
(It is interesting to note, however, that PCA can be viewed as maximizing mutual information
between latent variables and observed data under the restriction of Gaussian distributions and
linear mappings [Baldi and Hornik, 1995].)
Instead of trying to evaluate the involved high-dimensional integrals directly, we use an
estimate of the entropies, based on a kernel estimate of the underlying densities: Using some
spherical kernel functions k̄(z α , z β ) and k̄(y α , y β ), we can define the kernel density estimate
of the joint density over the input and latent space as suggested above as:

p̂(Y = y, Z = z) =

1 X
k̄(z, z α )k̄(y, y α )
N α

(3.4)

Under this estimate for the joint, the marginals are given by
1 X
1 X
k(z, z α ),
k̄(z, z α ) =
N α
N CZ α
1 X
1 X
p̂(Y = y) =
k̄(y, y α ) =
k(y, y α ),
N α
N CY α
p̂(Z = z) =

(3.5)
(3.6)

where CY and CZ denote the observable space and latent space normalizing constants, re-
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spectively. Now, using these density estimates we can estimate the entropy H(Z) as follows:
Z
H(Z) = −

p(z) log p(z) dz

1 X
log p(z α )
N α
X
1 X
≈ −
log
k(z α , z β ) + log(N CZ )
N α
β
≈ −

=: Ĥ(Z)

(3.7)
(3.8)
(3.9)
(3.10)

We are making two approximations: First, using the law of large numbers we approximate
the entropy by the negative log-likelihood of a sample (Eq. 3.8). Secondly, we plug in our
kernel estimate p̂(z) for the true probability density function p(z) (eq. 3.9). Note, that we
use bold font for the argument to Ĥ() to stress the dependency on the latent matrix Z.
Analogously, we can obtain estimates Ĥ(Y ) and Ĥ(Y , Z) for the entropy in the dataspace and the joint entropy of the latent/observable space, respectively. We have:
Ĥ(Y ) = −

X
1 X
k(y α , y α ) + log(N CY ),
log
N α
j

(3.11)

and
Ĥ(Y , Z) = −

X
1 X
k(y α , y β )k(z α , z β ) + log(N CY CZ ).
log
N α
β

(3.12)

Now, plugging the entropy estimates into equation 3.3, we obtain an estimate of the
mutual information as follows:
ˆ , Z) = Ĥ(Y ) + Ĥ(Z) − Ĥ(Y, Z)
I(Y
(3.13)
X
X
1 X
1 X
= Ω0 −
log
k(z α , z β ) +
log
k(z α , z β )k(y α , y β )(3.14)
N α
N
α
β
β
We absorb all terms that do not depend on latent space elements (including possible normalization constants for the kernels) for convenience into the constant Ω0 . The decomposition
of MI into entropy terms (Eq. 3.3) is convenient, since it allows us to assemble the objective from simpler terms. This decomposition will be convenient also when deriving related
quantities, and it simplifies the computation of gradients as we shall show.
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Learning

Until now we have made the tacit assumption, that we already have the latent representatives
Z, which is not the case, of course. However, the MI estimate is a function of the set of latent
data representatives, so in order to perform dimensionality reduction, we can maximize it with
respect to Z to learn the latent representation. Any gradient-based optimization method can
be used for this purpose. Since the objective function decouples into the sum of two terms,
so does the gradient.The derivative of the first term of the objective function wrt. to a single
latent space element z α is given by:
 ∂k(z α , z β )
∂ Ĥ(Z)
1 X α
β
κ
=
−
+
κ
Z
Z
∂z α
N β
∂z α

(3.15)

where we abbreviate
1
.
α
β
β k(z , z )

καZ = P
The gradient for the second term is:


α
β
∂ Ĥ(Y , Z)
1 X α
β
α
β ∂k(z , z )
=
−
κ
k(y
,
y
)
+
κ
YZ
YZ
∂z α
N β
∂z α

(3.16)

with
καY Z = P

β

1
k(y α , y β )k(z α , z β )

.

In the following we will use the Gaussian kernel, which takes the form
k(z α , z β ) = exp(−

1
kz α − z β k2 ).
hZ

(3.17)

For this kernel we have:
∂k(z α , z β )
2
= − k(z α , z β )(z α − z β ).
α
∂z
hZ

(3.18)

In the observable space, we also use Gaussian kernels, with a corresponding observable
bandwidth parameter hY :
k(y α , y β ) = exp(−

1
ky α − y β k2 ).
hY

(3.19)
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Training the model amounts to arranging the representatives in the latent space to maximize
the MI estimate. Since the elements are free to move, any change in the latent space kernel
width can always be compensated by rescaling the elements. The choice of the latent space
bandwidth is therefore arbitrary, and we fix hZ = 1.0 in the following. The data-space
bandwidth is not arbitrary and has to be set by hand, cross-validation, or some heuristics.
Fortunately, KIE is relatively robust with respect to the choice of bandwidth, as we discuss
below. However, if needed, we can easily get a good estimate of the optimal data-space
bandwidth by using a leave-one-out estimate of the data-log-likelihood [Härdle, 1989]. The
leave-one-out estimate can be defined as
Lloo (Y ) =

X
1 X
k(y α , y β ) − log(N CY )
log
N α
β6=α

(3.20)

Optimizing it with respect to the kernel bandwidth is possible with a one-dimensional gridsearch. We have used this approach in some of the experiments that we describe below.

Regularization
A closer inspection of Eq. 3.14 shows that there is a trivial way to maximize the objective,
which is to drive all latent representatives infinitely far apart from one another: To see this,
note that we can re-write the rhs. of Eq. 3.14 as
Ω0 +

X k(z α , z β )
1 X
P
k(y α , y β ),
log
α, zβ0 )
N α
k(z
0
β
β

which shows that we can express the objective function as a linear combination of data-space
kernel function evaluations. The weights in the linear combination are given by a “softmax”,
which depends on the latent space elements. The best we can do to increase the objective is
by turning the softmax into an actual max-function that picks out the best data-space kernel
instead of averaging them. In order to turn the soft-max into a max function, however, we
just need to drive the latent space elements away from each other.
To obtain a maximum that is meaningful, we therefore need to constrain the range of
the latent elements to a finite region of the latent space, or to impose some other kind of
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constraint on Z. A natural constraint would be
tr(CZ ) ≤ r
where CZ denotes the latent covariance matrix, or an estimate

(3.21)
1 T
Z Z.
N

This constraint

restricts the variances of the latent variables to a maximally allowable power r.
In practice, this constraint amounts to imposing an L2-penalty on the matrix of latent
representatives. An alternative to solving an optimization problem with Eq. 3.21 as a constraint, is to implement the constraint implicitly and solve an unconstrained problem instead,
by adding

λ
tr(CZ )
N

to the objective function (similarly for other types of constraint), where

λ controls the amount of regularization.
The effect of this penalty is that it controls the overall scale of the latent elements and
thereby regularizes the model. Interestingly, such a restriction on the allowable latent space
power parallels the necessary power restriction on input variables when optimizing a channel
capacity [Cover and Thomas, 1990]: Without a constraint we get a solution that is perfect
but meaningless. Intuitively, the need to constrain the latent representation reflects the fact
we cannot learn without making assumptions. A perfect model of the data, that we could
approach arbitrarily closely by using a weaker and weaker regularizer (for example, by driving
λ to 0), would give us an extremely good model in terms of reconstruction error. But it would
be of no more use than the original data-set itself, since it would simply fit the noise (and
thereby lose the essential distinction between signal and noise.)
Using an L2-penalty is a common way to restrict the latent variables in many embedding
methods. The main reason is computational: An L2-constraint can lead to a convenient
optimization problem. In particular, spectral methods typically rely on an L2-constraint on
the latent variables in order to obtain the eigen-decomposition as the solution (see, for example, [Roweis and Saul, 2000], [Tenenbaum et al., 2000], [Schölkopf et al., 1998]). However,
depending on how we assume the data is distributed along the manifold, it could be desirable to restrict higher order moments, or to constrain the latent variables in other ways.
Regularization amounts to making assumptions. Imposing constraints on the latent variable
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realizations allows us to express prior knowledge and to define what we actually mean by
“signal” and what we mean by “noise”. Often, an L2-penalty does not strongly interfere with
our assumptions and is justified. However in cases in which we have some knowledge about
some aspects of the latent variables, an embedding based on an eigen-decomposition would
force us to neglect that knowledge.

Annealing
Controlling the complexity of a model can be useful during optimization as a way to find a
good local optimum of the objective function. By setting λ to a large value in the beginning
and decreasing slowly during optimization, we can perform a kind of ”deterministic annealing”
to find and track a good optimum of the objective function. This type of approach is generally
known as continuation or path following (see, for example, [Allgower and Georg, 1993]). Its
application in unsupervised learning problems has been studied and described in detail, for
example, by [Meinicke, 2000].
We have used this procedure in some of our experiments, and have found that it is a very
effective way to overcome problems of bad local maxima, avoiding the necessity, for example,
to perform multiple restarts or other tricks to obtain good solutions. Annealing makes the
experiments relatively invariant to initial conditions (up to a rotational invariance inherent in
the objective function). For more details on the optimization, see also the respective sections
themselves.

3.1.2

Example

Figure 3.1 shows as an example the result of applying KIE to a two-dimensional “S”-curve
manifold embedded in three dimensions. The data-set consists of 2000 points sampled uniformly from the “S”-shaped sheet. The right plot shows a two-dimensional embedding with
a color-coding scheme that reveals the underlying mapping.
We used an L4-penalty on the latent space as the regularizer. The contours of the L4-
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Figure 3.1: Three-dimensional “S-curve” data-set (left) and its two-dimensional embedding
(right). The alignment of the embedding with the coordinate axes is encouraged with a
penalty on the latent variables.
norm in 2 dimensions look like a “rounded box” that is aligned with the coordinate axes.
Using this regularizer therefore encourages the embedding to align with the coordinate axes
as well, as can be seen in the figure. (Note that this kind of alignment would be impossible
to achieve using, for example, a spectral method.)
We used a Gaussian kernel with h = 10.0. To train the model, we initialized the zi
to small random values, and used the annealing procedure described above, with λ set to
0.1 initially and multiplied by 0.8 for 20 steps. In each step we optimized Eq. 3.14 using
simple unconstrained optimization. We have repeated the experiment ten times with different
random initializations and with no noticeable difference in the result (except that in some cases
the embedding is rotated by 90 degrees in the latent space).
We also experimented with a wide range of kernel bandwidths, again without significant
differences in the results. Note that, regardless of the bandwidth, the kernel density estimate
necessarily underestimates the true density in this data-set. The data-set is drawn from
an infinitely thin, two-dimensional sheet in the three-dimensional space, so the density is
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infinite within this sheet. Even though the estimate is necessarily sub-optimal, KIE finds the
underlying two-dimensional structure. The reason for this robustness is that more important
than an accurate density estimate is the fact that the similarity structure in data-space is
captured well.

3.1.3

The forward- and backward-mappings

Since we learn a full probabilistic model of the joint density p(z, y), deriving both the forwardand backward-mapping is straightforward.
A joint density p(z, y) implicitly contains all possible, stochastic dependencies between
z and y. A common way of making such dependencies explicit, given a joint density model,
is by using the regression functions associated with the joint. The regression functions are
defined as the conditional expectations E[y|z] and E[z|y], which give us the forward- and
backward-mapping, respectively.
Since we learn a joint kernel density estimate over z and y, these functions take a particularly simple form here. A straightforward calculation shows that a conditional expectation
under a KDE with zero-mean kernel functions takes the form of a simple kernel expansion
(see, for example [Bishop, 1995]). In our case, we get:
f (z) = E[y|z] =

X
α

k(z, z α )
P
yα
β)
k(z,
z
β

(3.22)

k(y, y α )
P
zα
β)
k(y,
y
β

(3.23)

and
g(y) = E[z|y] =

X
α

The forward mapping is given by a linear combination of data-points and the backwardmapping by a linear combination of latent space elements. The weights are normalized kernel
functions. Because of the normalization, the mappings are actually convex combinations of
the respective elements. We never leave the convex hull of the data-points or latent-space
elements, when applying any of the mappings.
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In contrast to previous non-parametric methods, we get both mappings not just one.
Both have a simple form and can be computed very efficiently. The backward-mapping
takes a form similar to the out-of-sample extension that has been suggested for kernel PCA
[Bengio et al., 2004]. [Memisevic, 2003] used the mapping together with a latent space error
criterion to obtain a spectral embedding method that automatically comes with a backwardmapping. In Section 2.3.2 we generalized the approach to arbitrary basis functions, by showing
that they are generalization of PCA. However, we obtain only the backward-mapping that
way.
[Memisevic, 2003] and [Meinicke et al., 2005] describe a model that uses Eq.

3.22

as the forward mapping and minimizes observable space reconstruction error for training.
[Lawrence, 2004] use a similar forward mapping using a Gaussian process. In Section 2.3.2
we discuss a generalization of these approaches, too. However, all these methods do not
come with a backward-mapping. To solve the problem, [Memisevic, 2003] suggested defining the backward-mapping as the solution to a non-linear optimization problem, or combining
the backward- and forward-mapping based models. [Lawrence and Quinonero-Candela, 2006]
describe a heuristic that endows the GPLVM with a backward-mapping by explicitly parameterizing the latent space elements as functions of the observables.
It is interesting to note that rather than modelling only the conditional expectations in
Eqs. 3.22 and 3.23, we could similarly obtain estimates of other statistics as well. Conditional
variances, for example, could be used to obtain estimates of uncertainty, which is important
in many applications.

3.1.4

Related methods

Non-parametric estimates of information theoretic quantities have been used in many different contexts (see eg. [Principe et al., 1999] for a general overview, or [Torkkola, 2003] and
[Viola et al., 1996] for applications in embedding contexts). In contrast to all these methods,
KIE does not model parametric transformations between the latent and the observable space.
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Instead, in the spirit of modern embedding methods such as LLE or SNE, we parameterize
the embedding objective directly in terms of the latent data representatives themselves. Advantages of this approach are that (a) it is naturally nonlinear, (b) it only depends on a single
group of parameters (the latent representatives), and as a result does not require alternating
optimization schemes akin to the EM-algorithm, (c) it allows us to include side-information
and thereby to supplement the embeddings with supervision signals as we will show below.
It is interesting to note that we can view Eqs. 3.23 and 3.22 as maximizing conditional
log-likelihoods, which shows that we can interpret KIE as a kind of non-parametric regression
method itself. The objective (Eq. 3.13) can then be viewed as an estimate of log p(Y |Z),
and defines a kind of regression on latent variables. However, the presence of kernels in the
latent- and data-space assures that after training, both the forward- and backward-mapping
can be computed efficiently.
Using non-parametric regression for embedding has been suggested also by
[Meinicke et al., 2005] and [Lawrence, 2004] and is discussed in detail in Section 2.3.2. Besides the presence of the forward- and backward-mapping when using KIE, there are a few
further notable differences to those approaches. A difference to the former method is that KIE
maximizes likelihood instead of reconstruction error, and therefore does not need to postulate
an explicit noise model in the data space. A further advantage is that the optimization used
to compute the embedding does not scale with the dimensionality of the data space.
In contrast to the GPLVM [Lawrence, 2004], the KIE objective function (Eq. 3.14) scales
only quadratically (instead of cubically) with the number of data-points and is therefore scalable to much larger data-sets without the need for approximations and heuristics to speed up
the optimization. The cubic complexity makes the GPLVM-model difficult to fit in real-world
tasks and requires active-set heuristics and other optimization tricks on (see, for example,
[Grochow et al., 2004]).
The fact that training the KIE model, in contrast to both other methods does not scale
with the dimensionality of the data-space can be an additional advantage especially in very
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high-dimensional data-spaces. Once all kernel matrices have been computed, the training
complexity is only O(N 2 q).
Both, [Meinicke et al., 2005] and [Lawrence, 2004] are forward-regression models, as discussed in Section 2.3.2, and therefore define the forward mapping implicitly. This is in contrast
to most spectral methods, which define the backward-mapping instead. Note, that KIE learns
both, the forward and backward-mapping (Eqs. 3.22 and 3.23).
A further advantage over both methods is that KIE’s information theoretic view suggests
new ways of introducing supervision signals as we shall show.

3.1.5

Experiments

’Noisy S’
A standard problem that requires the presence of both a forward and a backward mapping
is noise-reduction. After computing an embedding for noisy data, we can obtain a de-noised
version for a noisy data-point y as f (g(y)), that is by projecting into the latent space and
back.
4
3
2
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1

2

Figure 3.2: De-noising example. Test-data is projected onto a one-dimensional, noisy “S”shaped manifold by computing f (g(y α )) for each test-case y α . Ten iterations of the annealing
schedule are shown. The one-dimensional codes for the test-cases are show below each plot.
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To demonstrate the use of forward and backward mappings in KIE, we used the ’noisy S’
toy data-set shown in figure 3.2 We used a sample of 300 points from the one-dimensional
manifold embedded in 2d. We computed an embedding with Gaussian kernels with bandwidth
1
2

in the data-space. We set λ to 1.0 initially and decreased by multiplying with 0.8 for 50 times

during the optimization. In each plot we show the projection of a test-set containing also 300
points onto the manifold defined by the model. The figure shows how the embedding unfolds
in the data-space, and eventually overfits. This occurs after about 35 training iterations as
can be seen from the plots. The optimal value for the regularization parameter λ therefore is
about 0.001 in this problem.

Oil flow
The oil flow data-set (see [Bishop et al., 1998]) is a common benchmark data-set for testing
dimensionality reduction methods. The training set (which is the commonly used sub-set
for visualization) consists of 1000 12-dimensional measurements, that fall into three different
classes. Figure 3.3 shows a two-dimensional visualization learned with KIE using the powerpenalty. Different classes are depicted by using different colors and different symbols. For
training we initialized Z to small random values. We set λ to 0.1 initially, which we decreased
by multiplying with 0.8 for 50 iterations for annealing. We set hY to the optimal leave-one-outbandwidth, which is approximately 8.23 on this data-set. (We used the raw data without any
preprocessing). The left plot shows the two-dimensional PCA-representation for comparison.
PCA is obviously not able to separate the classes very well using two dimensions. The plot in
the middle shows the KIE-solution after 15 iterations of annealing. At this point λ is about
0.004. The right plot shows the KIE-solution after 50 iterations, where λ is less than 10−5 .
At this point KIE’s tendency to pull points apart from each other starts to become apparent,
but there is still a strong separation of classes. The KIE-visualizations show not only the lowdimensional representatives but also the latent space densities (overlayed) using gray-values,
where darker means higher density. The ability to explicitly represent density is a feature
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that KIE shares with the methods in [Meinicke et al., 2005] and [Lawrence, 2004]. Spectral
methods do not have this possibility. It has been shown to be useful especially in interactive
tasks such as the analysis of motion capture data. We discuss this kind of application in the
following.
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Figure 3.3: Visualization of oil flow data. Left: PCA. Middle and right: KIE. In the KIE-plots
the latent space density is overlayed using gray-values.

KIE versus spectral embedding
Spectral methods, such as kernel PCA, LLE, and many others have gained a lot of popularity
in the last few years. The main advantage of spectral methods over KIE and other iterative
methods is that they have closed-form solutions. One draw-back of spectral methods, as we
point out above, is the difficulty of including prior knowledge about the latent representation.
In this experiment we show evidence for a different problem with spectral methods. As
we describe in Section 2, spectral methods usually do not come with a forward-mapping.
[Memisevic, 2003] use a kernel density estimate in the joint input-/latent space to obtain a
spectral method that comes with both the forward- and the backward-mapping. The motivation for that approach is that, as we describe in Section 3.1.3, a joint kernel-density estimate
allows us to define both the mappings as kernel-smoothers. And minimizing reconstruction
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error in the latent space gives rise to a spectral solution if the backward-mapping takes the
form of a kernel smoother (see Section 2.3.2).
A natural approach to obtain also the forward-mapping is therefore to compute the spectral
solution (which by itself does not come with a forward mapping) and then to optimize a
latent-space kernel bandwidth in order to obtain the joint kernel density estimate in the
input-/latent space. (Instead of estimating the bandwidth, [Memisevic, 2003] equivalently
re-scale the learned latent representation while holding the bandwidth fixed.) Given the joint
density estimate, both mappings can then defined as the regression functions (Eqs. 3.22 and
3.23).
This solution seems very natural, since retrospectively it amounts to using a kernel density
estimate in the joint input-/latent space. Note, however, that this approach does not use a
kernel in the latent space when computing the embedding. The forward-mapping is determined
by estimating the latent space bandwidth after the embedding has been computed. The
approach can therefore be interpreted also as performing supervised learning to estimate the
forward mapping, after computing the embedding using a spectral solution. This is in contrast
to KIE, which defines the joint kernel density estimate before computing the embedding.
With KIE both the embedding and the mappings are learned simultaneously by maximizing
the mutual information criterion.
We now describe an experiment showing how decoupling learning Z from learning the
mappings can give rise to far inferior solutions in practice as one would expect. We used
the noisy S-curve data-set that we describe in the beginning of this section. We trained
the spectral method described in [Memisevic, 2003] and subsequently rescaled the latent
representation such that the resulting reconstruction error (computed by projecting onto the
learned manifold) on a validation set was minimized. For comparison, we then used the
resulting set of latent representatives as an initialization for KIE. We set the KIE observable
space bandwidth using a grid search on the leave-one-out log-likelihood and the regularization
parameter λ using the validation set. We also compared with training KIE using annealing.
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We initialized Z randomly in that case and set the final regularization parameter λ using the
validation set.

Projection errors
0.30
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spectral+KIE
KIE annealing

mean test set error
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Figure 3.4: Test-set reconstruction errors from (i) spectral embedding (left-most bar in each
experiment), (ii) KIE initialized with a spectral method (middle bar in each experiment), and
(iii) KIE trained with annealing (right-most bar in each experiment).

To assess how well the three approaches can model the data we computed the reconstruction error on a test-set containing 1000 cases. Figure 3.4 shows the errors, averaged over
50 runs, for different training set sizes. The plot shows that optimizing the spectral solution
using KIE can give a strong performance improvement on the test-set as compared to using
just the spectral solution (followed by supervised optimization of the latent space bandwidth),
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in particular when the training set is small. However, the plot also shows that annealing gives
rise to yet far better results.
It is not very surprising that “refining” a spectral solution for Z by optimizing the KIE
objective is superior to simply estimating a latent space bandwidth. Optimizing the latent
space bandwidth can be viewed as rescaling Z, which in turn can be viewed as a highly
constrained form of optimizing Z. Allowing the latent representatives to move independently
provides much more freedom in the optimization. In both cases the validation data allows us
to avoid overfitting. However, it is important to note that annealing yields by far the best
results. [Memisevic, 2003] describe similar findings when comparing spectral initializations
for a forward-mapping based model with annealing.

Modeling motion capture data
Analyzing and modifying human motion capture data has become a common application for dimensionality reduction methods (see, for example, [Grochow et al., 2004]
[Wang et al., 2006]). To demonstrate the use of KIE on this type of problem we used the
data from the CMU Graphics Lab Motion Database1 . We used a walk cycle consisting of
298 frames, and trained a model on the 59-dimensional raw data without performing any
preprocessing other than eliminating the first three channels to remove drift (the original data
has 62 dimensions). Figure 3.5 (bottom left) shows a two-dimensional latent representation
of the walk cycle learned by KIE with power penalty (we set λ to 0.05). The plot depicts
the latent representatives along with the latent space density (here, higher density is shown
using brighter color). A few latent representatives are marked with the corresponding frame
number, and the corresponding poses are shown in the top-row of the figure. The visualization of the poses was created with publicly available software [Lawrence, 2006]. For training
we used the power penalty and annealing as before. The annealing schedule and how the
representation unfolds in the latent space is shown separately in figure 3.6. That figure also
1

http://mocap.cs.cmu.edu/
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shows the latent space density and how it is becoming more complex as training progresses. It
is interesting to note that KIE provides a smooth latent representation of the motion capture
data. Smoothness of the representations can be difficult to achieve with other models, such
as the GPLVM, which is therefore often used in combination with explicit back-constraints to
enforce smoothness [Lawrence and Quinonero-Candela, 2006].
A common problem with motion capture data is missing values [Grochow et al., 2004].
Here we show how we can use a learned manifold to fill in missing values. We randomly
removed 50% of the entries from the 298 × 59 data-matrix to simulate drop-out. A simple
but far from optimal heuristic for filling in a missing value is by using the nearest non-missing
entry within the same channel. The 59 dimensions contain relatively smooth time-series, so
this procedure does alleviate the missing value problem to some degree. But it also leads
to several glitches and can fail if there are multiple adjacent drop-outs. In the following
we describe how we can use the heuristic as an initial solution that can subsequently been
improved with KIE.
Applying the nearest-neighbor heuristic gives rise to data that can be thought of as being
corrupted by a strange type of (very non-Gaussian) noise. After pre-processing the data with
the nearest-neighbor-heuristic, we can de-noise it by learning a latent representation and then
projecting the data onto the manifold as described in the beginning of this section. That is,
we compute f (g(y)) as the de-noised version for each frame y.
We trained a KIE model with 10 latent dimensions and used annealing with λ = 0.01 as
the final regularizer. Training takes a few minutes on a 3.4 GHz Pentium. Projecting the 298
frames onto the manifold takes a fraction of a second. The model smoothes out the data
and removes artifacts from the fill-in procedure. The projection does over-smooth the data a
little, but it leads to a much better visual impression of the walk2 .
Note that we do not make use of any time-information for filling in missing entries, except
2

The videos of the walking sequence are available at: http://learning.cs.toronto.edu/˜rfm/thesis/
The filenames for the videos are: “walkOriginal.avi” for the original walking sequence, “walkNN.avi” for the
nearest neighbor heuristic, “walkKie.avi” for the de-noised sequence
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Figure 3.5: KIE applied to motion capture data. Top: Six frames of a walk cycle. Bottom:
Two-dimensional latent representation. The six frames are marked in the plot.

when applying the nearest-neighbor heuristic. It would be possible (and straightforward)
to incorporate constraints that encode time-structure, for example, by encouraging latent
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Figure 3.6: Unfolding two-dimensional representation for a walk cycle.
representatives for adjacent frames to be close to each-other. However, since the motioncapture data evolves relatively smoothly in time, it is not clear to what degree this could
further improve the results.

3.2

Conditional Embeddings

A well-known problem with standard embedding methods is that they typically compute
representations that capture generic similarity structure in the data, but do not necessarily
reflect the kind of variability that is important for a specific task. In this case, supervision
signals can help adjust the methods so that they actually capture the kind of variability we are
interested in (see eg. [Tenenbaum and Freeman, 2000]). A particularly useful way to make
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use of extra information is by letting it factor out the kind of variability we are not interested
in, and thereby to focus the embedding on the kind of variability that is important to the
actual task at hand.
Encoding invariances into learning machines is a difficult problem. The most common approach consists in building knowledge about invariances into the learning architecture itself, as
done, for example, in convolutional neural networks [LeCun et al., 1998]. Building invariances
into a model itself, however, is a difficult engineering task that is somewhat contrary to the
machine learning philosophy of using data itself to define the solution.
In the following we show how to specify invariances within the kernel information embedding framework, simply by using a special type of training data for this purpose. To cast
the idea in information theoretic terms, let us introduce a random variable X that captures
available extra information about the data. Now, the task of computing an embedding that
reflects all of the variability in the data, except for the variability already represented by X, has
a natural solution: We need to maximize the conditional mutual information between Y and
a latent variable Z, given X. Conditional MI can be defined as [Cover and Thomas, 1990]
I(Y ; Z|X) = H(Y |X) − H(Y |Z, X)

(3.24)

= H(X, Z) − H(X, Y, Z) + Ω1 ,
where Ω1 contains terms that do not depend on Z. Conditional MI, similarly as MI itself,
comes with an appealing intuition and answers the question: “What, on average, can random
variable Z tell us about Y , and vice versa, given that we know X.” By minimizing 3.24,
we obtain factors that reflect the kind of variability in the data that is not represented by, or
“correlated” with, X.
In practice, we now obtain a shared latent space in which dimensions that encode knowledge correspond to the random variable X and the remaining, learned, dimensions that are
used to encode the remaining degrees of freedom correspond to Z. In other words, we reserve
one or more latent space dimensions as the conditioning (the “X”)-space and deliberately
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position the latent elements xi in this space according to the kind of variability that we want
to encode. To encode, for example, grouping structure, we can cluster the elements xi accordingly, or use an orthogonal (“one-hot”-) encoding; to express knowledge about a natural
ordering in the data we can arrange the elements according to this ordering; etc. After placing
the conditioning latent elements and defining a kernel for this space, maximizing the estimate
ˆ ; Z|X) yields the elements z α that capture the remaining degrees of freedom.
I(Y
Similar as MI (Eq. 3.2), conditional MI decomposes into entropy terms (Eq. 3.24). We
ˆ ; Z|X) in complete analogy as before for MI, with a gradient
can obtain an estimate I(Y
that decouples in the same way, too. (Note, that the same restrictions regarding latent space
power etc. apply). Similarly as before, the model is trained by gradient based optimization.

3.2.1

Discrete data

We assumed that data, latent variables and side-information are encoded as real-valued vectors, until now. Certainly, for the latent variables this is the natural representation if our
goal is dimensionality reduction (as opposed to, say, clustering). Similarly, the observable
data can be assumed to be real-valued; if it were drawn from a discrete distribution, simple
maximum-likelihood estimation for the discrete distribution could give us all the information
contained in the data.
However, it is easily possible for the side-information to be discrete: If the data can
be naturally partitioned into a set of discrete “bins”, for example, it could be desirable to
encode group membership as side-information. It could be possible to encode this type of
knowledge in a continuous space by using, for example, an orthogonal encoding and then
applying a Gaussian kernel in this space. However, a continuous encoding does not seem
quite appropriate for discrete data. A better choice is a kernel that is defined for discrete
data in the first place. Note, however that it is necessary that the kernel gives rise to a valid
density estimate.
A kernel that satisfies these requirements is given by the inner product of an orthogonal

62

Chapter 3. Kernel information embeddings
encoding:
k(y, y α ) = δy,yα .
This kernel obviously satisfies

P

y

(3.25)

k(y, y α ) = 1 and k(y, y α ) ≥ 0. We can obtain this kernel

also as the limit of a Gaussian kernel (Eq. 3.17) defined on the orthogonal encoding kernel,
where h → ∞.
It is worth noting that learning with vector-valued discrete data can in theory always
be interpreted as a simple discrete setting by simply enumerating the (exponentially many)
discrete vector instantiations. While for practical purposes this observations is useless at first
sight, computing a discrete kernel for vectors is possible using dynamic programming (see, for
example, [Memisevic, 2006a]). The discrete kernel could therefore be useful also in a standard
(non-conditional) embedding setting, where the task is, for example, to compute embeddings
for discrete sequences.

3.2.2

Experiments

Untangling multiple latent factors
Figure 3.8 illustrates the use of an informed latent space as opposed to an uninformed one, using images from the COIL-database [Nene et al., 1996] as an example. The database consists
of images of different objects with varying orientations. Thus, two main degrees of freedom
give rise to the variability in the data: Object identity and appearance (viewing angle).
In our first experiment we used images of three kinds of car as shown in figure 3.7.
The top row of figure 3.8 shows a three-dimensional embedding obtained by applying kernel
PCA [Schölkopf et al., 1998], using a Gaussian kernel (Eq. 3.17) with h = 5 · 107 . (We
obtained similar results using uninformed KIE.) The three different types of car are shown
using different symbols and colors. The plot shows that the embedding captures the presence
of three individual one-dimensional degrees of freedom. However, variability across classes
is represented simultaneously in the same latent space as variability that is due to rotation.
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As a result, both degrees of freedom are intermixed, and the fact that all three objects vary
simply by rotation is not obvious.

Figure 3.7: Example car images from the COIL database. The two major modes of variability
are due to (a) object identity and (b) angle of rotation.

The plot on the bottom left of the figure shows the embedding of the same objects,
where variability due to class-membership has been removed (“factored out”) from the latent
representation: The “X”-space (the vertical axis in the figure) was obtained by simply placing
representatives for the objects in three different clusters (located at 1.0, 2.0 and 3.0). For
training we initialized to small random values, fixed λ = 0.6 and used the same kernel
bandwidth as for kernel PCA. (Annealing was not used in this experiment.) As before,
we used simple gradient based optimization to maximize the conditional MI estimate. The
resulting conditional embedding, given by the remaining two axes, captures the rotational
degree of freedom that remains after class-membership has been factored out.
The plot on the bottom right shows a conditional embedding where the appearance (viewing angle) has been factored out. In order to encode angles as side-information we used a
two-dimensional “knowledge”-space in which we arranged representatives in a circle. We also
used a Gaussian kernel in this space.This representation of a periodic degree of freedom is
certainly not optimal or exact, but it does approximately capture our belief about how the
variability in appearance is structured in this data-set. The plot shows the conditional em-
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Figure 3.8: Three embeddings of the same set of car images from the Columbia Imaging
Database (COIL), using different types of side-information. Object identity is encoded using
different colors and different symbols. An uninformed (kernel PCA) embedding is shown on
the top; an embedding informed about class membership on the bottom left; an embedding
informed about appearance on the bottom right.

bedding given this structure: The model discovers a latent class-space in the remaining two
dimensions (the two dimensions are shown in the plot). Even though no class-labels were
provided, the conditional embedding clearly captures the separation into three classes, after
appearance has been factored out.
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The meaning of “nearest neighbors”
In another experiment, we trained the model on a subset of 30 images for each of the
first 5 objects from the same database (ref. figure 3.9 for the objects). In one setting we
used plain dimensionality reduction, in the other we informed the model about grouping
structure by using an orthogonal encoding for class-membership and a Gaussian kernel with
bandwidth 1.0 to obtain a latent “class”-space. We then picked for each object from the
first class (the “duck”-images) the nearest neighbors in each of the remaining four classes in
the “Z”-space. The four chosen neighbors are shown below each duck-image in figure 3.9.
Since class membership has been factored out, the embedding-space captures the remaining
degree of freedom very cleanly. We repeated the same neighborhood-picking procedure in
the original data-space and in an uninformed latent space, that we obtained by running plain
KIE with the same settings as before. For one of the classes (“wood block”-images) dataspace similarity also captures the rotational degree of freedom. However, when the degree of
freedom is too subtle (as in the other three object classes), it is not reflected in the data-space
anymore. While it is not surprising that data-space similarity fails in this context, note that
any uninformed latent space does, too, (see figure 3.9, bottom). The reason is that without
class-membership factored out, any generic embedding algorithm tries to capture all factors
underlying the overall similarity structure in the data. In this setting, for example, it tends to
cluster the data according to class membership, while at the same time trying to capture the
rotational degree of freedom in the same latent space. Ironically, neighborhood in the plain
latent space consequently fails entirely to capture any of the structure present in the data.
Neighborhood in the informed latent space on the other hand is meaningful, after some of
the “nuisance” structure has been factored out.

Intelligent image manipulation
As an application of a conditional embedding applied to image manipulation, we consider the
task of rendering face images. More specifically, we use a conditional embedding of images
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Figure 3.9: Nearest neighbors in {informed latent space (top), data-space (middle), plain
latent space (bottom)}.
from a face data-base in order to produce images of persons wearing glasses, if the persons
are shown without glasses in the data-base. In other words, we use a conditional embedding
to “give people glasses”.
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We use a version of the Olivetti face data-base3 , which consists of 400 images of faces
(40 persons with 10 images for each person). The size of the images is 64 × 64 pixels.
We train a conditional embedding on the raw pixel-data where the conditioning information
X corresponds to the binary variable “HAS GLASSES”. For this purpose, we use a onedimensional variable X that is 1 for images that show a person with glasses and 0 for the
others. We use a Gaussian kernel with variance 1.0 in this space and train an embedding with
a 20-dimensional latent space conditioned on X. After training we can obtain face-images
that are rendered with glasses, by applying the forward-mapping f (z), while fixing the Xvalue to a positive value. Doing so on instances which are not shown with glasses in the
training-set, results in a re-rendering that shows the same person with glasses.
Figure 3.10 depicts the original and the “glasses”-rendering for 8 subjects from the database. The figure shows that the model is able to infer good renderings of persons with glasses.
While the procedure gives surprisingly good results on this fairly small data-set, we expect
the approach to be much more effective when using a larger data-base. Note that, since
the model is non-parametric, output-images are produced as convex combinations of training
images, as we mentioned above. Changing the “glasses”-variable for an instance, has the
effect that in the convex combination larger weights are assigned to those training-cases that
are shown with glasses. The result is that the model tries to render a person with glasses by
focussing on those images in the training-set that show a person with glasses and that are at
the same time similar to the query case.
Separating the variability in the data-set into the two factors “identity” and “HAS
GLASSES” makes it almost trivially easy to “flip the GLASS-bit” and produce new renderings
for given persons. It is important to note that unlike a typical graphical model approach to
solving a similar type of task, a conditional embedding requires absolutely no knowledge or
understanding of the data-generating process. All our knowledge about the data and the task
at hand enters the model in the form of supervision signals. Subtle reflectance and shading
3

Available at http://www.cs.toronto.edu/˜roweis/data.html
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Figure 3.10: Intelligent image manipulation. Rows 1 and 3 show face images from the
Olivetti data-base. Rows 2 and 4 show the corresponding persons rendered wearing glasses.
The images with glasses are produced by first computing an embedding of face images that
is conditioned on the binary variable “HAS GLASSES” and then “flipping the glass bit” on
the shown persons.

effects, for example, are taken care of automatically by the model. Information about these
and similar effects is represented implicitly in the training data instead of being hand-coded.
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Discussion

We used Gaussian kernel functions in all of our experiments. While this is not necessary,
and other kernel functions could be used as well, Gaussian kernels are convenient, especially
because they are differentiable. Gaussian kernels do not have finite support, ie. they are nonzero everywhere. For efficiency it could be advantageous to use a (differentiable) kernel with
finite support instead, such as the Quartic-kernel (see, for example [Meinicke et al., 2005]).
Kernels with finite support can give rise to a sparse kernel matrices and can therefore reduce
the number of calculations required in gradient computations.
As an alternative to imposing latent space constraints in order to regularize the model
(Section 3.1.1) we could change all involved kernel densities (for example, Eq. 3.4) to use
leave-one-out estimates instead. In that case, the model can no longer “cheat” by turning
the softmax in Eq. 3.1.1 into a max-function. A similar leave-one-out trick has been used
previously by [Memisevic, 2003], for example, to regularize a kernel based forward-model.
Using a leave-one-out estimate could make it possible to include the observable space
bandwidth parameter in the gradient based optimization, and to learn it along with the latent
space representatives. That way we could obtain a model whose only free parameter is the
latent space dimensionality.

Chapter 4
Multiple relational embedding
In the previous chapter we discussed embedding in a non-parametric framework. We showed
how side-information can be encoded by placing elements in a Euclidean space, and subsequently defining a kernel in this space. The dimensions of another, orthogonal, space were then
used to encode the similarity structure that remains after factoring out the side-information.
In this chapter we describe a variation of this idea where we let a latent variable model itself
allocate latent space dimensions for embedding. Multiple relations can then be embedded
jointly in a single latent space: Both the problem of defining a latent space to accommodate
multiple relations and the task of finding low-dimensional codes are solved automatically and
simultaneously by the model.
The distinction between data and extra information becomes fuzzy as a result: The input
to the model is a set of similarity relations, one of which can (but does not need to) be based
on Euclidean data similarity. A single latent space is used to embed all input relations.

4.1

Learning in a common latent space

The previous chapter discussed how we can impose structure onto a latent space by partitioning its dimensions into the learned latent variables on the one hand, and invariance
information, that we want to factor out, on the other.
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In other words, we explained structure encoded in the observable space kernel matrix using
a shared latent representation. Fixing part of the representation allowed us to factor out the
corresponding variability. A natural question is, whether it is possible to let the model itself
partition the latent space into meaningful subgroups, instead of dictating the partitioning from
the outset. In particular, using multiple subgroups of latent space dimensions could allow us
to also to model multiple observed types of structure, instead of the single observable space
kernel matrix.
In this chapter we use a set of latent space transformations to allow a single, shared
latent space to model several, possibly overlapping similarity relations. The approach is
applicable to any type of non-parametric model, and we demonstrate it using stochastic
neighbor embedding [Hinton and Roweis, 2003]. The idea is illustrated in figure 4.1: A single
latent space is used to model multiple similarity relations P c , where c ranges from 1 to 5 in
the illustration. Modelling multiple relations can be achieved by using multiple corresponding
latent similarity matrices Qc . In order to obtain these from a single, shared configuration of
latent representatives, we also introduce the transformations Rc , one for each similarity type.
Here, we consider diagonal transformations, which lead to a simple weighting of latent space
dimensions. Unrelated similarity types can be accommodated using separate sets of latent
space dimensions.

4.2

Multiple relational embedding

In the following we derive MRE as an extension to stochastic neighbor embedding (SNE).
As above we let Z denote the matrix of latent space elements arranged column-wise. We
let σ 2 be some real-valued neighborhood variance or “kernel bandwidth”. Recall, that SNE
finds a low-dimensional representation for a set of input data points y α (α = 1, . . . , N ) by
first constructing a similarity matrix P with entries
Pαβ

exp(− σ12 ky α − y β k2 )
P
:=
1
α
γ 2
γ exp(− σ 2 ky − y k )

(4.1)
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Figure 4.1: Illustration of multiple relational embedding.
and then minimizing (w.r.t the set of latent space elements z α (α = 1, . . . , N )) the mismatch
between P and the corresponding latent similarity matrix Q(Z) defined by
exp(−kz α − z β k2 )
.
Qαβ (Z) := P
α
γ 2
γ exp(−kz − z k )

(4.2)

For learning the latent representation Z we minimize the mismatch between P and Q,
which is defined as the sum of Kullback-Leibler-divergences between the respective rows
[Hinton and Roweis, 2003].
Our goal is to extend SNE so that it learns latent data representations that not only
approximate the input space distances well, but also reflect additional characteristics of the
input data that one may be interested in. In order to accommodate these additional characteristics, instead of defining a single similarity-matrix that is based on Euclidean distances
in data space, we define several matrices P c , (c = 1, . . . , C), each of which encodes some
known type of similarity of the data. Proximity in the Euclidean data-space is typically one of
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the types of similarity that we use, though it can easily be omitted. The additional types of
similarity may reflect any information that the user has access about any subsets of the data
provided the information can be expressed as a similarity matrix that is normalized over the
relevant subset of the data.
At first sight, a single latent data representation seems to be unsuitable to accommodate
the different, and possibly incompatible, properties encoded in a set of P c -matrices. Since
our goal, however, is to capture possibly overlapping relations, we do use a single latent space
and in addition we define a linear transformation Rc of the latent space for each of the C
different similarity-types that we provide as input. Note that this is equivalent to measuring
distances in latent space using a different Mahalanobis metric for each c corresponding to the
matrix Rc T Rc .
In order to learn the transformations Rc from the data along with the set of latent
representations Z we consider the loss function
E(Z) =

X

E c (Z),

(4.3)

c

where we define
1 X c
E (Z) :=
P log
N α,β αβ
c

c
Pαβ
Qcαβ

!
and Qcαβ := Qαβ (Rc Z).

(4.4)

Note that in the case of C = 1, R1 = I (and fixed) and P 1 defined as in Eq. (4.1) this
function simplifies to the standard SNE objective function. One might consider weighting
the contribution of each similarity-type using some weighting factor λc . We found that
the solutions are rather robust with regard to different sets of λc and weighted all error
contributions equally in our experiments.
As indicated above, here we consider diagonal R-matrices, which simply amounts to using
a rescaling factor for each latent space dimension. By allowing each type of similarity to put a
different scaling factor on each dimension the model allows similarity relations that “overlap”
to share dimensions. Completely unrelated or “orthogonal” relations can be encoded by using
disjoint sets of non-zero scaling factors.
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Figure 4.2: Embedding of images of rotated objects. Left: SNE, right: MRE. Latent representatives are colored on a gray-scale corresponding to angle of rotation in the original images.
The rightmost plots show entries on the diagonals of latent space transformations REucl and
RClass .
The gradient of E(Z) w.r.t. a single latent space element z l takes a similar form to the
gradient of the standard SNE objective function [Hinton and Roweis, 2003] and is given by
 cT c α
2 XX c
∂E(Z)
c
c
c
β
=
P
+
P
−
Q
−
Q
βl
αβ
αβ
βα R R (z − z ).
∂z α
N c β
The gradient w.r.t. to Rc is given by
"
#
XX

∂E(Z)
c
= 2Rc
Pαβ
− Qcαβ (z α − z β )(z α − z β )T
∂Rc
α
β

(4.5)

(4.6)

For diagonal Rc the gradient simplifies. W.r.t. to a single entry of diagonal of Rc we get:
"
#
 α
∂E(Z)
2 c XX c
β 2
c
R
Pαβ − Qαβ (zl − zl ) ,
(4.7)
=
∂Rllc
N ll α β
where zlα denotes the lth component of latent representative α .
As an illustrative example we ran MRE on the set of images from the Columbia object
images library (COIL) [Nene et al., 1996], that we used in Chapter 3. We took same three
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subsets of images depicting toy-cars (recall that each subset corresponds to one of three
different kinds of toy-cars) and embedded the first 30 images of each of these subsets in a
three-dimensional space. We used two similarity relations: The first, P Eucl , corresponds to
the standard SNE objective; the second, P Class , is defined as a block diagonal matrix that
1
contains homogeneous blocks of size 30 × 30 with entries ( 30
) and models class membership,

i.e. we informed the model using the information that images depicting the same object class
belong together.

We also ran standard SNE on the same dataset1 . The results are depicted in figure
4.2. Similarly as kernel PCA in Chapter 3, SNE’s unsupervised objective, which tries to
preserve Euclidean distances, leads to a representation where class-membership is intermingled
with variability caused by object rotation (left-most plot), in the MRE approximation the
contribution of class-membership is factored out and represented in a separate dimension
(next plot). In contrast to the conditional embedding (Chapter 3) here the entries of the
R-matrices can tell us something about the relation between the different similarity-types.
The two right-most plots show the diagonal on the diagonal of the two matrices. RClass is
responsible for representing class membership and can do so using just a single dimension.
REucl on the other hand makes use of all dimensions to some degree, reflecting the fact
that the overall variability in “pixel-space” depends on class-membership, as well as on other
factors (here mainly rotation). Note that with the variability according to class-membership
factored out, the remaining two dimensions capture the rotational degree of freedom very
cleanly.
1

For training we set σ 2 manually to 5 · 107 for both SNE and MRE and initialized all entries in X and the
diagonals of all Rc with small normally distributed values. In all experiments we minimized the loss function
defined in Eq. (4.3) using Carl Rasmussens’ matlab function “minimize” for 200 iterations (simple gradient
descent worked equally well, but was much slower).
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Partial information

In many real world situations there might be side-information available only for a subset of the
data-points, because labelling a complete dataset could be too expensive or for other reasons
impossible. A partially labelled dataset can in that case still be used to provide a hint about the
kind of variability that one is interested in. In general, since the corresponding transformation
Rc provides a way to access the latent space that represents the desired similarity-type, a
partially labelled dataset can be used to perform a form of supervised feature extraction in
which the labelled data is used to specify a kind of feature “by example”. It is straightforward
to modify the model to deal with partially labelled data. For each type of similarity c that is
known to hold for a subset containing N c examples, the corresponding P c -matrix references
only this subset of the complete dataset and is thus an N c × N c -matrix. To keep the latent
space elements not corresponding to this subset unaffected by this error contribution, we can
define for each c an index set I c containing just the examples referenced by P c and rewrite
the loss for that type of similarity as
 c
Pij
1 X c
E (Z) := c
Pij log
.
N i,j∈I c
Qcij
c

4.3
4.3.1

(4.8)

Experiments
Learning correspondences between image sets

In extending the experiment described in the previous section we trained MRE to discover
correspondences between sets of images, in this case with different dimensionalities. We
picked 20 successive images from one object of the COIL dataset described above and 28
images (112 × 92 pixels) depicting a person under different viewing angles taken from the
UMIST dataset[Graham and Allinson, 1998]. We chose this data in order to obtain two sets of
images that vary in a “similar” or related way. Note that, because the datasets have different
dimensionalities, here it is not possible to define a single relation describing Euclidean distance
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between all data-points. Instead we constructed two relations P Coil and P Umist (for both we
used Eq. (4.1) with σ 2 set as in the previous experiment), with corresponding index-sets
I Coil and I Umist containing the indices of the points in each of the two datasets. In addition
we constructed one class-membership relation in the same way as before and two identical
relations P 1 and P 2 that take the form of a 2 × 2-matrix filled with entries 21 . Each of
the corresponding index sets I 1 and I 2 points to two images (one from each dataset) that
represent the end points of the rotational degree of freedom, i.e. to the first and the last
points if we sort the data according to rotation (see figure 4.3, left plot). These similarity
types are used to make sure that the model properly aligns the representations of the two
different datasets. Note that the end points constitute the only supervision signal; we did
not use any additional information about the alignment of the two datasets.
After training a two-dimensional embedding2 , we randomly picked latent representatives
of the COIL images and computed reconstructions of corresponding face images using a kernel
smoother (i.e. as a linear combination of the face images with coefficients based on latent
space distances). In order to factor out variability corresponding to class membership we
first multiplied all latent representatives by the inverse of Rclass . (Note that such a strategy
will in general blow up the latent space dimensions that do not represent class membership,
as the corresponding entries in Rclass may contain very small values. The kernel smoother
consequently requires a very large kernel bandwidth, with the net effect that the latent representation effectively collapses in the dimensions that correspond to class membership – which
is exactly what we want.) The reconstructions, depicted in the right plot of figure 4.3, show
that the model has captured the common mode of variability.

4.3.2

Supervised feature extraction

To investigate the ability of MRE to perform a form of “supervised feature extraction” we used
a dataset of synthetic face images that originally appeared in [Tenenbaum et al., 2000]. The
2

Training was done using 500 iterations with a setup as in the previous experiment.
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Figure 4.3: Face reconstructions by alignment. Left: Side-information in form of two image
pairs in correspondence. Right: Reconstructions of face images from randomly chosen cat
images.

face images vary according to pose (two degrees of freedom) and according to the position
of a lighting source (one degree of freedom). The corresponding low-dimensional parameters
are available for each data-point. We computed an embedding with the goal of obtaining
features that explicitly correspond to these different kinds of variability in the data.
We labelled a subset of 100 out of the total of 698 data-points with the three mentioned
degrees of freedom in the following way: After standardizing the pose and lighting parameters
so that they were centered and had unit variance, we constructed three corresponding similarity
matrices (P Pose1 , P Pose2 , P Lighting ) for a randomly chosen subset of 100 points using Eq.
(4.1) and the three low-dimensional parameter sets as input data. In addition we used a
fourth similarity relation P Ink , corresponding to overall brightness or “amount of ink”, by
constructing for each image a corresponding feature equal to the sum of its pixel intensities
and then defining the similarity matrix as above. We set the bandwidth parameter σ 2 to 1.0
for all of these similarity-types3 . In addition we constructed the standard SNE relation P Eucl
(defined for all data-points) using Eq. (4.1) with σ 2 set4 to 100.
We initialized the model as before and trained for 1000 iterations of “minimize” to find an
embedding in a four-dimensional space. Figure 4.4 (right plot) shows the learned latent space
metrics corresponding to the five similarity-types. Obviously, MRE devotes one dimension
3

This is certainly not an optimal choice, but we found the solutions to be rather robust against changes
in the bandwidth, and this value worked fine.
4
See previous footnote.
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Figure 4.4: Left: Embedding of face images that were not informed about their lowdimensional parameters. For a randomly chosen subset of these (marked with a circle),
the original images are shown next to their latent representatives. Right: Entries on the
diagonals of five latent space transformations.
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to each of the four similarity-types, reflecting the fact that each of them describes a single
one-dimensional degree of freedom that is barely correlated with the others. Data-space
similarities in contrast are represented using all dimensions. The plots on the left of figure 4.4
show the embedding of the 598 unlabeled data-points. The top plot shows the embedding
in the two dimensions in which the two “pose”-metrics take on their maximal values, the
bottom plot shows the dimensions in which the “lighting”- and “ink”-metric take on their
maximal values. The plots show that MRE generalizes over unlabeled data: In each dimension
the unlabeled data is clearly arranged according to the corresponding similarity type, and is
arranged rather randomly with respect to other similarity types. There are a few correlations,
in particular between the first pose- and the “ink”-parameter, that are inherent in the dataset,
i.e. the data does not vary entirely independently with respect to these parameters. These
correlations are also reflected in the slightly overlapping latent space weight sets. MRE gets
the pose-embedding wrong for a few very dark images that are apparently too far away in the
data space to be associated with the correct labeled data-points.

4.4

Discussion

While we extended SNE as an example method, we could inform other types of method, too.
If we use a spectral method as a starting point, we could retain some of the computational
convenience of spectral methods, for example performing coordinate descent iteratively in the
transformations and the latent representatives. However, as we have argued above, non-linear
optimization is usually not a problem in embedding problems.
Note that there is a degeneracy in the transformation matrices: The sign of the diagonal
transformations does not actually matter in our case. However, it is possible to ignore this
degeneracy in the optimization.

Chapter 5
Embedding data transformations
In the second part of the thesis we focus on parametric models. We consider learning about
relations in data that are represented more explicitly than in the first part: Input data consists
of pairs of objects, and our goal is to compute embeddings that represent the dependencies
between the objects. We show how conditioning a parametric model can be used for this
purpose. As a motivating application we introduce the task of modeling transformations of
images.

5.1

Motivation: Learning about image transformations

To motivate the problem we consider the domain of natural images. Similarly as most real
world data sets, natural images are not “random”: They exhibit a great deal of statistical
regularity, both at the level of single pixels and at the level of larger regions. Standard
unsupervised learning methods, such as PCA, ICA, and others have become an essential part
of the standard toolbox for solving recognition, detection, denoising, and other tasks involving
natural images.
In this chapter we consider the related, but also more difficult problem, of discovering
structure in the ways images change. Typical transformations of images in, say videos, can
similarly be highly regular and structured, and it is likely that systems can profit from discov81
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ering, and then exploiting this structure as well.
How images can be transformed is intricately related to how images themselves are structured: Natural images, that are composed of edges and junctions, etc., will typically show
transformations that re-orient or slightly shift these constituents. This suggests that the
statistics of the set of unordered images should be kept in mind, when trying to model image
transformations, and that the task of learning about transformations should be tied in with
that of learning image statistics.

5.1.1

Encoding transformations with conditional latent variables

To model structure in the way images (or other types of data) change, we develop a probabilistic model of data transformations in this chapter. When applied to streams of images,
such as videos, the model tries to predict the current (output) image from the previous (input)
one. The model takes a form similar to the bi-partite undirected models described in Section
2.2.3. However, in contrast to those models, here the latent variables act as “mapping” units,
that can develop efficient codes for the observed transformations, rather than encoding static
structure. The model learns to encode image data efficiently by developing filters, similarly
as a standard bi-partite model that is trained on images. But in this model, the filters are
conditioned on the previous image in the stream. They are thus functions of the previous
image and therefore encode dependency structure. At test time, the model can infer the
transformation from a new pair of input-output images as the conditional distribution over
the latent mappings units.
To be able to capture all the potential dependencies between the transformation, input,
and output units, the three types of unit form three-way cliques in the model. As a result,
the task of performing feature extraction is tied to the task of feature mapping, and both are
learned simultaneously.
Once a model for transformations has been trained, there are many potential uses for it.
A difficult ongoing problem in pattern recognition is dealing with invariances. We show how
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learning about transformations can greatly improve the performance in a recognition task in
which the class labels are invariant under these transformations.

5.1.2

Related work

While there has not been much work on learning to encode transformations, the idea of using
mapping units to encode transformations is not new and dates back at least to [Hinton, 1981],
who describe an architecture for modeling simple transformations of letters. However, no
learning is performed in the model. A line of research that was inspired by this approach then
tried to use mapping units to modulate feature extraction pathways (see [Olshausen, 1994]),
however without learning.
Another early, biologically inspired, architecture for modeling transformations of images
is described in [Rao and Ballard, 1997]. The model was able to learn some simple synthetic
transformations, but no applications were reported.
[Fleet et al., 2000] and [Belongie et al., 2002] constructed systems to model domainspecific transformations (the first for modeling motion, the latter for modeling geometric
invariances). Both models were hand-crafted to work in their specific domains, and not
trained to perform feature extraction, but they showed some interesting results on real-world
tasks. [Jojic and Frey, 2000] describe a generative model of images that contains a latent
variable for modelling transformations. The model uses an implicit encoding of transformation in order to obtain a good model of images, rather than learning to extract transformations
from image-pairs.
Our model is a type of higher-order Boltzmann machine [Sejnowski, 1986] and can be
viewed as a conditional version of a restricted Boltzmann machine (RBM). It therefore bears
some resemblances to [He et al., 2004], which used a kind of conditional RBM in a pixel
labelling task. In that model, however, the dependence on the inputs is simply in the form
of biases for the output units, whereas in our model, input, hidden and output units form
three-way cliques, so the effect of an input unit is to modulate the interaction between
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transformation units and output units. As result, filters on the outputs, and not just the
outputs themselves, depend on the inputs, which is crucial for the task of learning image
transformations.

5.2

Gated Boltzmann machines

In contrast to previous chapters, here we discuss how to modulate parametric models using
input data. Similarly as the previous chapters, we use probabilistic conditioning as the basis
for informing latent variables using extra information.
The basic idea of our model of transformations is to predict the next observation in a
stream of observations, and to use hidden variables to capture the many possible ways in
which the next observation can depend on the previous one.

5.2.1

The model

Similarly as in Section 2.2.3 we introduce the basic model using binary units, which greatly
simplifies the exposition. We show later how to deal with more general distributions. To model
the probability of an “output” data-point y, given an “input” data-point x, we consider a
score-function that combines all components of input and output points. To explicitly capture
the many possible ways in which the outputs can depend on the input, we introduce an
additional vector of binary hidden variables z.
A simple score function that captures all possible three-way correlations between single
components of x, y and z is
S(y, z; x) =

X

Wijk xi yj zk ,

(5.1)

ijk

where Wijk are the components of a three-way parameter-tensor W , that learns from training
data to weight the importances of the possible correlations. When learning on images, the
components xi , yj of x and y can be either pixel intensities or higher-level descriptors such
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as the outputs of non-linear filters. The score captures the compatibility between the input,
output and hidden units.
Note that, in the way that the energy is defined, each hidden unit zk can “blend in” a
slice W··k , of W , which defines a linear mapping from inputs to outputs. Therefore, when
we fix all hidden units, we obtain simply a linear mapping as transformation if the output
units are linear. However, in practice we will derive a probability distribution over the set
of hidden and output units, and then marginalize over all possible mappings as we describe
below, which gives rise to highly nonlinear and possibly (if we use more than one hidden unit)
compositional mappings.
Using this energy function, we can now define the joint distribution p(z, y|x) over outputs
and hidden variables by exponentiating and normalizing as we do for the standard models (ref.
Section 2.2.3):
p(y, z|x) =

1
exp(S(y, z; x))
Z(x)

(5.2)

where
Z(x) =

X

exp(S(y, z; x))

(5.3)

y,z

is a normalizing constant. Note that, in contrast to previously (Section 2.2.3), the partition
function now depends on the input x. The reason is that the model is a conditional model,
that captures the dependency of y on x. We do not model x and therefore do not normalize
over x. In other words, every possible input x gives rise to its own distribution over y and z.
To obtain the distribution over outputs, given the input, we marginalize and get:
p(y|x) =

X

p(y, z|x)

(5.4)

z

Note that, similarly as in standard RBMs, we cannot actually compute p(y|x) or Z(x)
exactly, since both contain sums over the exponentially large number of all possible hidden
unit instantiations (and output unit instantiations, for Z(x)). In practice, we do not need to
compute these quantities to perform inference or learning, as we shall show.
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Figure 5.1: Two views of the basic model. (a) Gated regression: Hidden units can add slices
W··k into a blend of linear transformations. (b) Modulated filters: Input units gate a set of
basis functions that learn to reconstruct the output.
Inference at test time consists of inferring the transformation, or equivalently its encoding
z, from a given pair of observed images x and y. But from Eqs. 5.1 and 5.2 it follows easily
that
p(zk = 1|x, y) =

1 + exp(−

1
P

ij

Wijk xi yj )

(5.5)

for every mapping unit zk . Note the similarity of Eq. 5.5 with Eq. 2.12. In particular,
we retain the convenient independence property. The mapping units are independent binary
variables given the input-output pair, and can be computed efficiently. For the distribution
over outputs, when input and mapping units are given, we get:
p(yj = 1|x, z) =

1 + exp(−

1
P

ik

Wijk xi zk )

(5.6)
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Generalized biases

In practice, to be able to model affine and not just linear dependencies, we need to add biases
to the output and hidden units. In contrast to unconditional models, where biases are simply
additive components that can “shift” the activity level of a unit (ref. Section 2.2.1), in this
more general model we can use also gated biases, that shift an activity conditionally. A score
function that contains both gated biases, as well as standard biases, can take the form:
S(y, z; x) =

X

Wijk xi yj zk +

ijk

X
jk

yh
Wjk
yj zk +

X
j

Wjy yj +

X

Wkz zk

(5.7)

k

Even more general forms of bias are possible in this model. In fact, any set of weights that
affects either one or two groups of units (inputs-to-hiddens, inputs-to-outputs, hiddens-tooutputs, just hiddens, or just outputs) can be considered a “generalized bias” in this model.
In most of our experiments we have used all possible connections. But the energy function
defined in Eq. 5.7 (containing only the single-node biases and the hidden-to-output biases)
is often sufficient to get good results.

5.2.2

Learning

To train the probabilistic model, we maximize the average conditional log likelihood of a set
of N training pairs (xα , y α ). We can equivalently minimize the negative log-likelihood to
get the objective function:
Lgbm = −

1 X
log p(y α |xα )
N α

(5.8)

We can use gradient based optimization to minimize Lgbm . As in the standard RBM, the
gradient of the log-likelihood for each training case is the difference of two expectations:
∂Lgbm X X ∂S(y α , z; xα ) X ∂S(y, z; xα )
=
−
∂W
∂W
∂W
α
z
z,y

(5.9)

where we let W denote the set of all weights, including any biases, if present. The first expectation is over the posterior distribution over mapping units and can be computed efficiently

Chapter 5. Embedding data transformations

88

using Eq. 5.5. The second is an expectation over all possible output/mapping instantiations
and is intractable. Note however that, because of the conditional independences of z given y,
and y given z (see previous section), we can easily sample from the conditional distributions
p(z|x, y) and p(y|x, z).
As in standard RBMs, Gibbs sampling therefore suggests itself as a way to approximate the
intractable term. And as in Section 2.2.3 we can train using contrastive divergence, that is we
can initialize the sampling with the training data and perform only one iteration of sampling,
in order to shape the energy-surface only locally. We have used contrastive divergence training
in all of the experiments, that we describe below.

5.2.3

Two views

Gated regression
Since the model defines a conditional distribution over outputs, it can be thought of as an
autoregressive model. In particular, Eq. 5.4 shows that it is a kind of mixture of experts,
with a very large number of mixture components (exponential in the number of mapping
units). Unlike a normal mixture model, the exponentially many mixture components share
parameters which is what prevents it from overfitting. The number of parameters scales only
linearly, not exponentially, with the number of mapping units.
Each binary mapping unit zk that is active effectively “blends” in a slice W··k of the
weight tensor W into the mixture (see Eq. 5.1). The model can therefore compose a given
transformation from a set of simpler transformations, which is crucial for modeling many
real-world transformations. In image transformations, for example, it is possible that different
parts of an image transform in different ways. Likewise at test time, the hidden units decompose an observed transformation into its basic components by measuring correlations
between input- and output-components. The importance that hidden unit zk attributes to
the correlatedness (or anti-correlatedness) of a particular pair xi , yj is determined by Wijk , as
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can be seen also from Eq. 5.5: If Wijk is positive then a positive correlation between xi and
yj will tend to excite unit zk , and a negative correlation tend to inhibit it. Importantly, the
task of defining the set of basis transformations that is needed for some specific task at hand,
is considered to be a domain-specific problem, and is therefore left to be solved by learning.

Modulated filters
An alternative view of the model is shown in figure 5.1 (b): Each given, fixed input x defines a
standard RBM. When applied to images, the model captures spatial correlations using inputP
dependent filters Ŵjk = i Wijk xi . The filters are input-weighted sums of slices Wi·· of the
weight tensor W . Folding the inputs into the weights this way lets us rewrite the score in
the form of a (case-dependent) RBM as:
S(y, z; x) =

X
jk

Ŵjk yj zk +

X

Wjy yj +

j

X

Wkz zk

(5.10)

k

(Note that, as before, we can also add generalized biases to the input-modulated weights, by
P
zy
)
defining the weights alternatively as: Ŵjk = i Wijk xi + Wjk
In other words, the model defines a bipartite conditional random field over output images
and mappings. Instead of specifying spatial correlations ahead of time, as would be done for
example with a Markov random field, here the possible correlations are learned from training
data and can be domain-specific, input-dependent, and possibly long-range.
The fact that the model defines an RBM once the input has been fixed, is convenient for
inference and learning, since it allows us to make use of all the available machinery that has
been developed for similar tasks in RBMs. Furthermore, approaches for extending RBMs also
carry over easily to GBMs (see Section 5.2.5, for example).

5.2.4

Example: Transformations of binary images

As a proof of concept, we trained a model with 20 mapping units on synthetic videos showing
random binary images of size 10 × 10 pixels that are shifted by one pixel in a random direction
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in each frame (see figure 5.2, leftmost two columns). To generate the data, we first generated
a set of initial images by turning on each pixel in an image randomly with probability 0.1.
Then, repeatedly we chose for each image a direction randomly from the set {up, down, left,
right, up-left, up-right, down-left, down-right, no shift}, and shifted the images, filling in
newly appearing edges randomly, and independently as before with probability 0.1 We trained
the model on batches containing 100 image pairs each. Since the image pairs were generated
on the fly, training was online, with a gradient update after each presentation of a batch.
We trained the model on several thousand batches, which takes a few minutes on a 3.4 GHz
Pentium 4. Since training data can be generated on the fly, the amount of available training
data is essentially unlimited. (Note, that training on this data set would be much more
difficult with non-parametric methods, as discussed in Section 2.4.)
After training, the model can infer “optical flow” from a pair of test-images by computing
the hidden unit activations using Eq. 5.5. The model represents the flow that it observes
implicitly in these mapping unit activations. But it is possible to visualize an approximation of
the models “percept”, by drawing for each input-pixel an arrow to the output-pixel to which
the input-pixel connects the most according to the (marginalized) weight-tensor W .
Figure 5.2 shows seven example image pairs and the inferred “max-flow”-fields. The
model is able to consistently infer the correct motion over the whole patch (except at edges
that move into the image, where pixels are random and cannot be predicted).
Given a set of hidden unit activations z, we can apply the encoded transformation to a
new, previously unseen image xnew by computing p(y|z, xnew ). The right-most column in the
figure depicts these transfered transformations using gray values to represent the probability
of turning a pixel “on”.
In this example, a mixture of experts, ie. a model that contains a single, multinomial
mapping unit, would in principle be sufficient, because the set of possible transformations
has a small size (9 in this case). Figure 5.3 shows a variation of the experiment, where the
transformations are factorial instead. The image pairs are generated by transforming the top
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Figure 5.2: Columns (left to right): Input images; output images; inferred flowfields; random
target images; inferred transformation applied to target images. For the transformations (last
column) gray values represent the probability that a pixel is “on” according to the model,
ranging from black for 0 to white for 1.
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Figure 5.3: Factorial transformations. Display as in figure 5.2.
and bottom halves of the input images independently of each other. We used 5 possible
transformations for this experiment (shift left, right, up, down and no shift), and 10 mapping
units as before. While 10 mixture components in an ordinary mixture model would not be
sufficient to model the resulting 5 × 5 = 25 transformations, the GBM finds a factorial code
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that can model the transformations, as can be seen from the figure. While in these toyexamples there are no correlations between the pixels in a single image, in natural images we
would expect such correlations to provide further cues about the transformations. We revisit
this kind of experiment using natural images in Section 5.4.1.

5.2.5

Generalization to non-binary units

The model defined so far defines a binary distribution over output and mapping units. However, similarly is in standard RBMs, binary values are not always the best choice, and it is
often desirable to be able to use more general distributions, for either output or mapping units.
In particular, continuous values for the outputs can be useful in image modelling tasks, but
also other choices (for either outputs or hidden units) are imaginable, such as multinomial,
Poisson, or others.
Continuous outputs and high-dimensional regression
Modifying the model in order to deal with continuous outputs, while keeping the hidden units
binary, for example, can be achieved straightforwardly, following the same approach that
is used for continuous standard RBMs [Hinton and Salakhutdinov, 2006]: We re-define the
score as (similarly when using the other kinds of generalized bias):
S(y, z; x) = −

X
1X
1 X
y 2
(y
−
W
)
+
Wkz zk ,
W
x
y
z
+
j
ijk
i
j
k
j
ν ijk
2ν 2 j
k

(5.11)

and then define the joint distribution as before (Eq. 5.2). Now, while the conditional distribution over hidden units p(z|x, y) remains the same (because the additional term cancels
out after exponentiating and conditioning), it is straightforward to show that the distribution
over outputs turns into a Gaussian (see [Hinton and Salakhutdinov, 2006] for details):
!
X
y
p(yj |x, z) = N yj ; ν
xi zk Wijk + Wj , ν 2
(5.12)
ik

We use a spherical Gaussian for the outputs here, but we could also use a different variance
νj for each output-component.
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Since the conditional distribution is a Gaussian, that is independent across components
yj , Gibbs sampling is still straightforward in the model. Note, that the marginal distribution
is not Gaussian, but a mixture of exponentially many Gaussians. As before, it is intractable
to evaluate the marginal, so it is fortunate that it does not need to be evaluated for either
learning or inference.
Note also, that the inputs x are always conditioned on in the model. They therefore do
not need to be treated differently than for the binary case. Any scaling properties of the
inputs can be absorbed into the weights, and are therefore taken care of automatically during
training though learning is faster and more stable if the scales are sensible.
Using Gaussian outputs allows us to perform regression tasks, in which the outputs are
high-dimensional and structured. It therefore constitutes an interesting extension to recent
work on classification with structured outputs (see [Lafferty et al., 2001]). In contrast to
the recent kernel based attempts in this direction (eg. [Teh et al., 2005]) our model can be
trained on much larger datasets, and is capable of online learning.

Conditional exponential family harmoniums
While extending the model to deal with Gaussian outputs is useful for many problems, we do
not need to stop there. In fact, it is easy to extend the model such that it uses any member
of the exponential family as the conditionals p(y|z, x) or p(z|y, x). [Welling et al., 2005]
describe a framework for constructing RBMs with arbitrary exponential family distributions
as the conditionals, and their approach can be applied similarly to GBMs, because once we
condition on an input the model simply takes the form of an RBM (“View 2” in Section
5.2.3).
Until now we have represented each state of a unit using a single binary value. The
reason is that the sufficient statistics of binary variables are their binary states themselves.
The sufficient statistics of more general random variables can be more complicated and can
contain more than just one value. (Consider a Gaussian, for example, whose sufficient statistics
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are given by its mean and variance.)

We therefore introduce indices a and b and represent the variables yj and zk using their
sufficient statistics fja (yj ) and gkb (zk ), respectively. The joint distribution under this representation can then be re-defined as:
!
p(y, z; x) ∝ exp −

X

kb
Ŵja
fja (yj )gkb (zk )

−

X

y
Wja
fja (yj )

−

X

ja

jakb

z
Wkb
gkb (zk )

, (5.13)

kb

kb
where Ŵja
are the modulated weights that we obtain similarly as before, by “folding” the
P
kh
inputs into case-independent weights: Ŵja
= i Wijakb xi .

Eq. 5.13 is again simply a standard (but case-dependent) RBM. As before, and as in a
standard RBM, the conditional distributions under this joint distribution decouple into products of independent distributions, that now are exponential family distributions themselves,
and whose parameters are just “shifted” versions of the biases:
"
#
!
X X
y
kb
Ŵja
gkb (zk ) + Wja
fja (yj )
p(yj |z; x) ∝ exp

(5.14)

a

p(zk |y; x) ∝ exp

" kb
X X
b

#

!

kb
z
Ŵja
fja (yj ) + Wkb
gkb (zk )

(5.15)

ja

Note that we let the inputs modulate the couplings as before, instead of modulating the
sufficient statistics. Fixing the sufficient statistics has the advantage that it keeps learning
and inference simple. Since the conditionals decouple as previously for the binary case, Gibbs
sampling is still straightforward. In the practical implementation, basically all that changes
for training the model is the routines for sampling from the conditionals.

5.3
5.3.1

Extensions
Fields of Gated Experts

Until now we have considered a single global model, that connects each input component
with each output component.
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When modelling image data, this can be problematic for two reasons. First, for images
that are large, connecting all components (pixels) is not going to be tractable. The most
simple solution for natural video data is to restrict the connections to be local, since the
transformations on these data-sets are typically not very long-range.
Secondly, however, in many real-world tasks (albeit not in all) it is often the case that the
kind of transformations that occur in one part of the image could occur in principle also in
any other. Besides restricting connections to be local, it can therefore makes sense to also
use some kind of weight-sharing, so that we apply essentially the same model all over the
image, though not necessarily the same particular transformation all over the image.
In image modelling tasks, we can define a single patch-model, as before, but define the
distribution over the whole output-image as the product of distributions over patches centered
at each output-pixel. Each patch (centered at some output-pixel yj ) contains its own set of
hidden units zkj . Formally, we simply re-define the score to be (we drop the biases here for
simplicity):
S(y, z; x) =

XX
s

Wijk xsi yjs hsk ,

(5.16)

ijk

where s ranges over all sites, and xsi denotes the (ith ) component of x in site s (analogously
for y and z). Inferring the hidden unit probabilities at some site s, given the data, can be
performed exactly the same way as before independently of the other sites, using Eq. 5.5.
When inferring the data distribution at some site s, given the hiddens, some care needs to
be taken because of overlapping output patches. Learning can be performed the same way
as before using contrastive divergence.
This approach is the direct conditional analogue to modeling a whole image using
patch-wise RBMs as used in [Roth and Black, 2005a], [Roth and Black, 2005b] for the
non-conditional case. A similar approach for conditional models has also been used by
[He et al., 2004] in a discriminative setting. The analog of the discriminative product model
for sequence-structured data is described in [Stewart, 2005].
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Neural network premappings

The fact that the model defines a conditional (and not joint) distribution over outputs makes
it easy to develop extensions, where the model learns to pre-process the inputs prior to
transforming them.
Note that we can re-interpret the energy-function (Eq. 5.1) as follows: We start by using
a standard RBM to model the output data y. We want to introduce side-information in order
to compute transformations rather than static structure in the data. So the side-information
consists of the original data-points x in this case.
Conditioning a parametric model on x can be achieved by making the model parameters
functions of x. Since RBMs are bi-partite models, doing so is particularly simple for these.
The parameters Wjk of the RBM (ref. Section 2.2.3) turn into functions Wjk (x). The most
simple form of dependency that we can use is linear, in which case we obtain:
Wjk (x) =

X

Wijk xi

(5.17)

i

Now, plugging these weights into the standard RBM score function (Eq. 2.9) gives us the
three-way score function in Eq. 5.1.
This interpretation of the GBM energy function immediately suggests a variation, where
instead of using a linear dependency, we use a non-linear one. That is, can set Wjk = fjk (x),
where each function fjk () can be some flexibel non-linear model, such as a neural network.
Using a separate function for each RBM weight would amount to using dq functions, where
d is the number of output units and q the number of mapping units, and could mean a
prohibitively large number of parameters, in particular, if the functions fjk () contain many
parameters themselves. A possible compromise is to model each weight Wjk using a flexible
model, such as a neural network, but to let the models share parameters.
We can, for example, use a neural network with a linear output-layer, and a shared hidden
layer. This is equivalent to applying a premapping to the inputs, which extracts non-linear
features, and modulating an RBM using this feature-representation. That is, we can define a

98

Chapter 5. Embedding data transformations
set of feature functions φi (x), and re-define the score (Eq. 5.1) as:
S(y, z; x) =

X

Wijk φi (x)yj zk

(5.18)

ijk

(similarly for the biases). Each RBM weight now takes the form Wjk (x) =

P

i

Wijk φi (x).

Training the whole model consists in adapting both the mapping parameters W and the
parameters of the feature functions simultaneously. If we use any differentiable functions
for the features, we can use back-propagation to compute the gradients [LeCun et al., 1998]
[Rumelhart et al., 1986].
Pre-processing the input in this way can have several advantages. One practical advantage
is that we can use dimensionality reduction to reduce the computational complexity of the
model. Another is that good feature extraction can improve generalization accuracy. In
contrast to using the responses of fixed basis functions, such as PCA features, training the
whole architecture at once allows us to extract “mappable features” that are optimized for
the subsequent transformation with the GBM.

5.4
5.4.1

Experiments
The transformation-fields of natural videos

Recall (Eq. 5.5 for binary units, Eq. 5.15 for more general units) that mapping unit probabilities are inferred by measuring correlations between input- and output-components. The
mapping units act like Reichardt detectors [Reichardt, 1969], which are simple neural circuits
for detecting motion. In contrast to simple standard Reichardt detectors the mapping units
make use of spatial pooling : Each detector (mapping unit) connects a set of input units with
a set of output units, and can therefore generalize over larger image regions and deal with the
presence of noise. The particular correlation patterns between input pixels and output pixels
that are prevalent in a certain domain are encoded in the weight tensor W . Most importantly,
these patterns, and thereby also the distribution of responsibilities across mapping units, are
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not assumed to be known, but are learned from training data.

Figure 5.4: 20 basis flowfields learned from synthetic image transformations. The flowfields
show, for each input pixel, the strengths of its positive outgoing connections, using lines
whose thicknesses are proportional to the strengths.
To see which forms these “Reichardt pools” take on when trained on real world data, we
used a database of digitized television broadcasts [van Hateren and Ruderman, 1998]. The
original database contains monochrome videos with a frame-size of 128 × 128 pixels, and
a frame rate of 25 frames per second. We reduced the frame-rate by a factor of 2 in our
experiments, ie. we used only every other frame. Further details about the database can be
found in [van Hateren and Ruderman, 1998].
Learning synthetic transformations: First, to see whether the model is able to discover very simple transformations, we trained it on synthetically generated transformations
of the images. We took random-patches from the video-database described above (without
considering temporal information) and generated sequences by transforming the images with
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shifts and rotations. We used 20 mapping units and trained on images of size 8 × 8 pixels.
We used the pixel intensities themselves (no feature extraction) for training, but smoothed
the images with a Gaussian filter prior to learning.
Figure 5.4.1 displays resulting “excitatory basis-flow-fields” for several mapping units, by
showing for each mapping unit zk the strength of the positive connections Wijk , between
pixel i and pixel j, using a line whose thickness is proportional to the connection strength.
We obtained a similar plot (but poled in the opposite direction) for negative connections,
which means that the model learns to locally shift edges. (See below for further results on
this.)
Furthermore, the figure shows that the model infers locality, ie. input pixels are connected
mostly to nearby pixels. The model decomposes the observed transformation across several
mapping units. (Note that this display loses information, and is used mainly to illustrate the
resulting flow-fields.)
Broadcast videos: To train the model on the actual videos we cut out pairs of patches
of size 20 × 20 pixels at the same random positions from adjacent frames. We then trained
the model to predict the second patch in each pair from the first, as described previously. To
speed up training, we used 100 PCA-coefficients instead of the original pixel-intensities as the
patch-representations x and y, reducing the input-dimensionality from 400 to 100. We used
no other forms of preprocessing in these experiments. (It is possible to obtain similar results
with the original, pixel-wise, image representations instead of PCA-coefficients, in which case
Gaussian smoothing and/or whitening can help the learning.)
A way of visualizing the learned basis flowfields is shown in figure 5. The figure shows that
the model has developed sets of local, conditional edge-filters. That is, input pixels only have
significant weights to output pixels that are nearby and the weights form an oriented edge
filter. The fact that the model decides to latch onto edges to infer information about the
observed transformation is not surprising, given that image gradient information is essential
for inferring information about optical flow. Note however, that this information is learned
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Figure 5.5: A visualization of parts of the learned basis flowfields Wijk for four different hidden
units, zk . For each hidden unit, the input pixels in a small patch are laid out in a coarse grid.
At each grid location, there is an intensity image that depicts the weights from that input
pixel to all of the output pixels. The intensities range from black for strong negative weights
to white for strong positive ones. We invert the PCA encoding before showing the results.

from the database and not handcoded. No sparsity constraints were required to obtain these
results. The database – being based on broadcast television – shows many small motions and
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camera-shifts, and contains motion as a predominant mode of variability.

Figure 5.6: Typical image patch pair from the video database, and the inferred flow field.
Spatial pooling facilitates generalization and noise suppression.

More interesting than the learned motion edge-features is the fact that adjacent inputpixels tend to be mapped similarly by given mapping units, which shows that the model has
learned to represent mostly global motion within the 20 × 20-patch, and to use spatial pooling
to infer information about the observed transformation.
Given the learned model, it is straightforward to generate dense flow-fields as in Section
5.2.4. The plots in the top row of figure 5.6 show a pair of two adjacent example time-frames
cropped randomly from the video-database, and showing a more or less even right-shift over
the whole patch. To generate the flow-field, as before, at each input-pixel position in the
center region of the image (we left out a frame of 4 pixels width, where the field cannot be
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inferred precisely) an arrow is drawn that shows to which output-pixel it connects the most1
(bottom row of the figure). The resulting flow-field shows that the model infers that there
was a more or less global motion within the patch, even though corresponding pixel intensities
vary considerably between frames, and there are large homogeneous regions. The reason that
the model infers a global motion is that it considers it to be the most probable, given the
observed evidence, and that such motions are typical in the dataset, whose log-probability is
what is being optimized during training.
Note that we do not necessarily advocate using this method to infer dense flow-fields such
as the one shown. Rather, the flow-information is represented implicitly here in the form of
hidden unit probabilities, and condensing it to the max-flow field would usually mean that
potentially useful information gets lost. Also, the kinds of transformations that the model
learns are not restricted to motion (as we show below), and are therefore not necessarily local
as in the example. To make use of the implicitly encoded information one can use learning
on the hidden units instead (As done in [Fleet et al., 2000], for example).

5.4.2

Learning an invariant metric

Once a model has been trained to recognize and encode transformations, it is possible to
perform recognition tasks that are invariant under those transformations, by defining a corresponding invariant metric w.r.t. the model. Since the GBM model is trained entirely from
data, there is no need to provide any knowledge about the possible transformations to define
a metric. Similarly as the model in Section 3.2, GBMs allows us to use training data to specify
invariances. This is in contrast to many previous approaches that hard-code invariances into
an architecture [Chopra et al., 2005].
An obvious way of computing the distance between two images, given a trained GBM
1

Note that the restriction to integer flow here is not a restriction of the model per se – in particular, since
the described model was trained on basis-transformed patches. The flow-field is used mainly for illustration
purposes as described in the main text. The full flow representation is given by the mapping unit activations
themselves.
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Figure 5.7: Nearest neighbors according to two different metrics. In each block, the left-most
digit is a query-case, the digits in the top row are the five nearest neighbors according to the
learned model, and the digits in the bottom row are five the nearest neighbors according to
Euclidean distance.

model, is by measuring how well the model can transform one image into the other. If it does
a good job at modelling the transformations that occur in the distribution of image pairs that
the data was drawn from, then we expect the resulting metric to be a good one.
A very simple, but as it turns out, very effective, way of measuring how well the model can
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transform an input image x into another image y, is by first inferring the transformation, then
applying it, and finally using Euclidean distance to determine how well the model did. Formally
this amounts to using the following three-step algorithm:
1:

Set ẑ = arg maxz p(z|x, y)

2:

Set ŷ = arg maxy p(y|x, ẑ)

3:

Define d(x, y) = ky − ŷk,

where d(·, ·) is the resulting distance measure, which is strictly speaking not a distance since
it is not symmetric. (It could easily be turned into a proper distance by adding the two
opposite non-symmetric versions, but in many applications symmetry is not actually needed.)
Note that both operations can be performed efficiently because of the independence of the
conditional distributions.
It is interesting to note that we can interpret the procedure also as measuring how well the
model can reconstruct an output y under the conditional distribution defined by the clamped
input x, using a one-step reconstruction similar to the one used during contrastive divergence
learning. Points that lie in low-density (and correspondingly high-energy) regions tend to get
“pulled” towards higher density regions more strongly than points that already reside in high
density regions, and therefore experience a larger shift in terms of Euclidean distance.
Figure 5.7 shows the nearest neighbors for a few test-cases from a digit dataset (see
next section for a detailed description of the dataset) among three hundred randomly chosen
training cases according to a GBM trained to predict affine transformations of the digits. We
used a model with 30 mapping units and with a linear one-layer neural network premapping
(see Section 5.3.2) to reduce the input dimensionality to 30 in order to speed up training.
Both the model parameters and parameters of the pre-mapping were trained simultaneously.
The premapping was trained by backpropagating the derivatives produced by contrastive
divergence. The derivatives that are used to learn the bias of a unit can always be used
to learn how this bias should depend on some other, given input. After training, we picked
query-cases y from a test-set (that was not seen during training) and determined the five
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nearest neighbors among 300 randomaly chosen training cases using (i) the metric induced by
the model and using (ii) Euclidean distance. The figure shows that, in contrast to Euclidean
distance, the distance induced by the model cares little about pixel overlap and considers
digits to be similar, if they can be transformed into each other.

Application to digit classification
In the task of digit classification, viewpoint invariance is usually not a central concern because typical datasets are composed of normalized images. This allows nearest neighbor
classification in pixel space to obtain reasonably good results.

Figure 5.8: A transformation field learned from affine digits. Connection strengths are represented as in figure 5.5
Here we modify the digit classification task by taking 5000 randomly chosen examples
from the USPS-dataset (500 from each class) and generating 15000 extra examples using
random affine transformations (3 for each case).
Predicting transformed digits from their originals requires quite different transformation
fields than those required for predicting video images. Figure 5.8 shows a typical transfor-
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mation field after training a GBM with 50 mapping units on the raw pixel images. One
obvious feature is that the model is indifferent with regard to the edges of the image (where
it encounters much less variability than in the middle).

A

5000 cases

B

5000 cases

C

10000 cases

Figure 5.9: Illustration of the dataset used in the k-nearest neighbors classification experiment.
We now consider the problem of predicting 10000 of the transformed digits from the 5000
original training points (for which we have labels available). We partition the data-set as
illustrated in figure 5.9 in order to obtain two different experimental settings. The data-set
labelled ’A’ in the figure represents the 5000 original digits. Data-sets ’B’ and ’C’ contain the
(overall 15000) transformed digits. We use data-set ’C’ as the test-set for classification.
To learn a metric we first train the GBM to transform digits from data-set ’A’ into
the corresponding (transformed) digits in data-set ’B’. For these experiments we trained a
GBM with 50 mapping units on 100 PCA-features of the digits.. In one setting of the
classification experiment, we then use only the original digits (data-set ’A’) as the template
set for classification. In the other setting we include both the original digits (data-set ’A’) and
the transformations which we also used to train the GBM (data-set ’B’) in the template set.
The first problem is one of transfer learning: We are given labels for the unmodified training
cases, but the actual task is to classify cases from a different, but related, test set. The
relation between the sets is provided only implicitly, in the form of correspondences between
digits and their transformed versions.
Figure 5.10 compares the nearest neighbor error rates on the 10000 test cases, obtained
using Euclidean distance vs. the distance computed using the model of transformations. To
compute nearest neighbors using the non-symmetric distance measure, we let the training
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cases be the inputs x in the three-step algorithm (previous section). In other words, we
measure how well the model can transform prototypes (training cases) into the query cases.

0.30

error rate
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td
td p+t
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Figure 5.10: Error rates using k-nearest neighbors. The model induced distance is compared
with Euclidean distance for two different training sets. Adding affine transformed digits to
the training set helps the Euclidean distance a lot, but it is of very little help to the learned
distance because the model can learn about transformations from the basic training set.
In task (i) (“eucl” vs. “td” in the plot) Euclidean distance2 fails miserably, when transformed digits have to be predicted from the original dataset, while the transformation metric
does quite well. In task (ii) (“eucl p+t” vs. “td p+t” in the plot) where transformed versions
2

For the Euclidean distance results, we also compared with Euclidean distance in the 100-dimensional PCAcoefficient space and to normalized data, but Euclidean distance in the original data-space gives consistently
the best results.
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are included in the training set, Euclidean distance improves significantly, but still does considerably worse than the transformation metric. The transformation metric itself gains only
little from including the transformations. The reason is, that most of the available information
resides in the way that the digits can be transformed, and has therefore already been captured
by the model. Including transformed digits in the training set does not, therefore, provide a
significant advantage and leaving them out does not entail a significant disadvantage.

5.4.3

Image transformations

Once we have a way of encoding transformations, we can also apply the these transformation to previously unseen images. If we obtain the transformation from some “source”
image pair and apply it to a target image, we are basically performing an analogy.
[Hertzmann et al., 2001] discuss a model that performs these general kinds of “image analogies” using a regression-type architecture. An interesting question is, whether it is possible to
perform similar kinds of transformations using a general purpose generative model of transformations.
We used a source image-pair as shown in the top row in figure 5.11, generated by taking a
publicly available image from the database described in [Grigorescu et al., 2003], and applying
an “artistic” filter that produces a canvas-like effect on the image. The image sizes are
512 × 512 pixels. We trained a field of gated experts model with 10 hidden units on the raw
images. The target image is another image from the same database and is shown in the row
below, along with the transformation, which we obtained by performing a few hundred Gibbs
iterations on the output (the one-step reconstruction works, too, but more iterations improve
the results a little). The blow-up shows that the model has learned to apply a somewhat
regular, canvas-like structure to the output-image, as observed in the source image.
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Conclusions

There has been surprisingly little work on the problem of learning explicit encodings of data
transformations, and one aim of this chapter is to draw attention to this approach which, we
believe, has many potential applications.
There are several further interesting directions for future work. One is to learn mappings of multiple different types of feature simultaneously. Doing this at multiple scales
could be interesting especially for motion-analysis. Potential applications (other than dealing
with invariances for discrimination) are video compression and denoising using the temporal
structure.
It would also be interesting to investigate further the relationship between learning of
transformations and the ability to make analogies. Analogy making can be argued to be among
the key abilities underlying human problem solving skills and creativity [Hofstadter, 1984].
Another interesting problem is the construction of layered architectures in which mapping
units are shared between two adjacent layers. This allows transformations that are inferred
from pixel intensities to be used to guide feature-extraction, because features of an image
that are easy to predict from features of the previous image will be preferred. While we have
considered image transformations in this chapter, the model can easily be trained on more
general data types than images
An interesting question is whether systematic three-way interactions could be used by
biological systems when solving tasks such as motion analysis or stereo vision. Interestingly,
([Anzai et al., 1999a], [Anzai et al., 1999b]) present evidence that multiplicative connections
are involved in binocular visual processing in the cat’s striate cortex. Multiplicative connections
in general have been argued to play an essential role in biological systems for solving a variety of
computational tasks (see, for example, [Schmitt, 2002] for a review). Some of the interesting
open questions are whether there is evidence for three-way interactions in motion processing,
and how learning in biological system could be related to learning in the model.
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Figure 5.11: Image analogy (source image pair). Source image (top) and its transformation
showing a canvas-like effect (bottom).
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Figure 5.12: Image analogy (target image pair). Target image (top) and the learned transformation applied to the target image.
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Figure 5.13: Image analogy blow-ups. Top row: Small patch from the source image and its
transformation. Bottom row: Small patch from the target image and its transformation.

Chapter 6
Structure prediction by learning a
conditional manifold
In the previous chapter we introduced gated Boltzmann machines for learning probabilistic
embeddings conditionally. In this chapter we discuss an approach to learning a conditional
manifold in a non-probabilistic way. In the same way that an auto-encoder can be viewed as a
deterministic analogue of a restricted Boltzmann machine, these models can be thought of as
deterministic analogues of the gated Boltzmann machine models introduced in the previous
chapter. The previous section discussed learning data transformations; in this chapter we
focus on making structured, high-dimensional predictions.

6.1

Structure prediction

In Section 2.6 we discussed the task of supervised learning with structured outputs: We are
given a set of pairs (xα , y α ), and we want to learn a mapping x → y that we can apply
to previously unseen cases. If the outputs y are highly structured high-dimensional vectors,
standard supervised learning methods do not work well, as discussed in Section 2.6.
Recall, that gated Boltzmann machines learn to encode transformations inherent in point114
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pairs (x, y). We described in Section 5 how we can infer a transformation from a test-pair
and subsequently apply it to a new input point in order to transfer it to a test-case, effectively
performing an analogy. We demonstrated this idea on images. If we call source data-pairs
in an analogy making task the “training data” and the target-inputs “test data”, we can
interpret the analogy-making task also as a supervised prediction problem, and vice versa.
In supervised learning, we usually have multiple input-output pairs to infer the functional
relation.
Note, that the GBM defines an intractable probability distribution over outputs given a
test-input x (by marginalizing over z). So when applied in a supervised learning task, it is not
always clear, how to provide the correct “answer” y for a given test-input. [He et al., 2004]
and [Stewart, 2005] deal with this output-ambiguity by sampling from the intractable outputdistribution and then defining the “correct” output as the vector of maximum posterior
marginals. Furthermore, as we discussed in Section 5 training is intractable and makes use of
approximations.
In this chapter we propose an alternative view of structured supervised learning as that of
learning a conditional manifold. We make use of the close relation between auto-encoders and
RBMs discussed in Section 2.2.1. We show that, when using a simple model where only the
biases but not the connections are conditioned on input data, the output ambiguity disappears
in the non-probabilistic formulation, and applying the model amounts to a simple application
of a forward-mapping. In the case of gated connections, each input has a non-linear manifold
as the output, so we do have an output-ambiguity here, too. However, similarly as in Section
5.4.2, we can use a simple reconstruction scheme in that case to obtain a good answer as
we shall show. An additional advantage of the deterministic approach is that it allows us to
perform training without making use of approximations.
The following section discusses structured supervised learning in more detail. The section
that follows describes conditional auto-encoders for learning a manifold conditionally and
discusses how to apply them to structured prediction problems.
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Structured predictions with conditional graphical models

The supervised problem of simultaneously predicting multiple, correlated variables has attracted a lot of research recently.

As mentioned in Section 2.6, many common tasks

in computer vision, language processing and other areas, can be conveniently cast within
this framework. Typical applications of structured discriminative learning include predicting a sequence of part-of-speech tags [Lafferty et al., 2001] or detecting structure in images
[Kumar and Hebert, 2004]. Making multiple simultaneous predictions in these and many
other problems has been shown to work much better than making many independent scalar
predictions.
Currently, the standard way to solve structured prediction problems is by using a probabilistic graphical model on the outputs. The graphical model is conditioned on – ie. a
function of – the input variables, which turns it into a discriminative model. Similarly as in
unsupervised learning, using a graphical model makes it possible to take correlations between
variables into account, while ensuring that inference and learning stay (at least approximately)
tractable. Most models are formally defined as undirected graphs whose potential functions
are functions of some input x. In other words, the general form:
p(y|x; W ) =

1 Y
Ψs (ys ; x, W ).
Z(x) s

(6.1)

Note that, in contrast to unsupervised learning, here the partition function is dependent on
the inputs x, similarly as in Chapter 5. The most common dependency structure on the
outputs is a sequence structure, in which case the cliques ys are pairs of nodes, and the
model can thus be written:
p(y|x; W ) =

1 Y
Ψs (ys , ys−1 ; x, W ).
Z(x) s

(6.2)

This model is the conditional analog of HMMs and is described in [LeCun et al., 1998]. The
special case of linear potential functions was made popular recently by [Lafferty et al., 2001]
as conditional random field (CRF). Most recent applications of this type of model make use
of the linear special case.
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In many structured supervised learning tasks, not only the outputs, but also the inputs
are decomposed according to a graph. A common application of CRFs, for example, is the
classification of elements in a sequence, such as tagging words in a text [Lafferty et al., 2001].
This and similar problems can be thought of as a sequence of scalar classification problems,
in which there are correlations in the labels.
The existing structured prediction models are usually decomposable into an observation
component and a structure component. The structure component is the graphical model on
the output variables and the observation component is a simple element-wise predictor that
is applied to each output variable independently. This decomposition is the direct analog of
the decomposition into an observation model and a prior in unsupervised graphical models
(Eq. 2.7). The structure component is a graphical model that assumes a fixed independence
structure, such as a sequence or a grid structure.
Like in unsupervised problems, where we can use nonlinear manifolds as an alternative
to graphical models for learning correlation structure, here we suggest learning a manifold
on the outputs in a structured prediction problem, rather than fixing the output-structure
to be a graphical model. The correlation structure on the outputs can then be learned
from data similarly as in an unsupervised learning task. As in unsupervised learning, for
efficiency and regularization we can use bi-partite structure and low-dimensional codes as an
alternative to making conditional independence assumptions. An advantage of learning the
output correlations instead of fixing them is that it makes it possible to let the correlation
structure itself depend on the inputs, instead of modeling the correlation structure separately
from the predictor.

6.2

Learning a manifold conditionally

In order to define a manifold conditionally, we now describe how we can turn an auto-encoder
into a function of inputs.
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6.2.1

Conditional auto-encoders

Recall that we can define the activity of hidden unit zk in a linear auto-encoder as

P

j

Ajk yj ,

where Ajk is the strength of the connection from yj to zk (Section 2.2.1). In Section 5.3.2
we described how we can condition an RBM by turning its parameters into functions of the
conditioning information.
Using the same idea we can make the auto-encoder dependent on inputs x by turning the
parameters Ajk into functions of x. If we choose a linear dependency, we have, similarly as
is Section 5.3.2:
Ajk (x) =

X

Aijk xi ,

(6.3)

i

where Aijk is the ith component of the linear mapping for weight Ajk .The output of hidden
P
unit zk now becomes zk = ijk Aijk xi yj .
As before we can think of the weight Aijk also as a three-way connection that learns
to model the compatibility between xi , zk and yj . Alternatively, we can think of the input
variables as being able to “vote” for connections to be present in the network. In other words,
the inputs decide what kinds of correlations should be present in the outputs. (This view is
the basis for the interpretation of GBMs as modulated filters (Section 5.2.3).)
A difference to Section 5 is that here the connectivity is not symmetric. To pursue the
analogy to GBMs further, we also need to gate the weights Wkj from the hidden layer to the
output layer to obtain a gated forward-mapping. We can define these similarly as
Wjk (x) =

X

Wijk xi

(6.4)

i

Reconstructions can now be computed from hidden unit activities as ŷj =

P

ik

Wijk xi zk .

Since gating the connections can be viewed as letting the inputs x modulate correlational
structure, hidden units now capture how the inputs are transformed into outputs, rather than
capturing static structure in the outputs themselves. The “gated auto-encoder” is illustrated
in figure 6.1.

119

Chapter 6. Learning a conditional manifold

ŷj
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Figure 6.1: Learning a manifold conditionally: (a) Gated auto-encoder. Inputs modulate the
correlation structure in the outputs. (b) Biased auto-encoder. Inputs affect only the biases
(the vector of inputs x is depicted as a ring).

The model we described does not contain any biases, but we need to include these to be
able to model affine dependencies. As in Section 5, the term “bias” here has a more general
meaning than for unconditional models. In particular, we can include any connections that
affect one or more of the possible subgroups of units: inputs-to-hiddens, inputs-to-outputs,
inputs-to-reconstructions, outputs-to-hiddens, hiddens-to-reconstructions, just hiddens, just
outputs, or just reconstructions.
An important special case of the model is a network that contains only the bias-connections
W xy , W yz and W zy , which connect inputs to outputs, outputs to hiddens, and hiddens
to reconstructions, respectively. This model is the deterministic equivalent of the model
described in [He et al., 2004]. It is illustrated in figure 6.1 (b): The embedding model cleans
up predictions made by a separate prediction model. We call this model a biased auto-encoder,
in contrast the gated auto-encoder described above, since here only the biases are functions
of inputs. In the deterministic model, the application to test data does not come with the
output-ambiguities and amounts to the simple application of a forward function. Both this
model and [He et al., 2004] can be viewed as the “feature learning”-equivalent of common
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decomposable models, such as CRFs. While those models consist of an observation- and a
structure-component, here output-correlations are learned instead of being fixed. (Structure
in the dependencies of the outputs on the inputs are not learned in the biased model, but
they are in the gated model.)

In contrast to the GBM and [He et al., 2004], we can train these models without resorting to approximations. The presence of a tractable objective function also makes it easier
to perform model comparison and to validate the correctness of model implementations by
comparing gradients with finite-difference approximations.

Instead of using linear dependencies on the inputs (Eqs. 6.4 and 6.3), we can easily
use non-linear ones, by modelling Wjk (x) and Ajk (x) as arbitrary non-linear functions, for
example neural networks. As in Section 5.3.2, a possible compromise between flexibility and
a manageable number of parameters is to share parameters by pre-mapping the inputs. For
P
this end we can define: Wjk (x) = i Wijk φi (x), where φ(x) is a non-linear function that is
trained along with the mappings using back-propagation. Similarly for the forward mapping
Wjk (x).

Applying a biased auto-encoder is a simple application of a feed-forward function. In the
gated auto-encoder, fixing the input x yields a manifold in the output-space. This manifold
is the deterministic analog of the distribution that we obtain from a GBM. In many realworld tasks (albeit not in all) we are interested in point estimates for the output rather than
a whole manifold. To obtain a point estimate, similarly as in Section 5, we can project a
suboptimal guess for the output onto the manifold in order to obtain the model-output. In
the simplest case this guess can be the input itself (in case inputs and outputs have the
same dimensionality). Alternatively, we can use a simple element-wise predictor to obtain
the sub-optimal guess. In the latter case, there are no output-ambiguities even for the gated
model, and the application of the model is just a feed-forward mapping.
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Training

To compute gradients we can use back-propagation. This is possible as long as the dependency
structure of the units forms a directed acyclic graph [LeCun et al., 1998] [Bottou, 1991],
which is the case for both the biased model and the gated model.
It is important to note that the implementation of back-propagation through a tree is
straightforward, and no different than back-propagation through a feed-forward model, when
using an object oriented language [LeCun et al., 1998]. Bi-partite modules need to provide
a forward-function and a backward-function, that implement the function application and
gradient propagation, respectively. Complex models can be constructed simply by sticking
these modules together.
We consider regression tasks in this section, in which the outputs are real-valued vectors,
and we use squared reconstruction error as the cost function. However, output-units can also
be defined as multinomial units, and the model trained using cross-entropy loss as is common
in classification tasks.

6.2.3

Learning conditional “manifields”

In the model described above, the number of outputs is fixed, and has to be known (and
to be the same) at training- and at test-time. However, as we mentioned before, in many
structured prediction problems this number can be variable. A typical example is sequence
labelling, where the length of the sequence can differ from case to case. To deal with this
issue, we can make a stationarity assumption, similarly as in Section 5.3.1, ie. apply a single
model defined only for a small patch to every possible location of the sequence and average,
or add, the contributions of each one of them to compute the output. The approach for
an unconditional sequence model is illustrated in figure 6.2. For images, we can use a gridstructure instead of a sequence, as we did in Section 5.3.1. The unconditional version of this
approach is a kind of time-delay neural network [Waibel et al., 1989], and can be thought of
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also as a simple version of a convolutional network [LeCun et al., 1998]. Note however that,
although the weights are shared across different locations, the hidden units are not. Each site
s has an individual and independent set of hidden units zs .
The model can also be viewed as a hybrid between a non-linear manifold and a field of
experts [Roth and Black, 2005a], so we will call it a “manifield” in the following. Note that,

yjs

Wkj
zks
Ajk
yjs

Figure 6.2: Illustration of an (unconditional) “manifield”. A simple template-model is copied
over a larger sequence to obtain a convolutional version of an auto-encoder, or equivalently
the deterministic version of a field of experts.

here we are interested in conditional manifields, whose weights Wijk are functions Wijk (x).
For training we use back-propagation as before.

6.3
6.3.1

Experiments
De-noising a sequence

To demonstrate the use of a biased auto-encoder, we first consider the problem of de-noising
a simple one-dimensional signal.
The problem of noise reduction can be defined as a structured supervised learning task,
if we let the noisy data be the input and the de-noised data the output. The advantage of
supervised learning is that no prior needs to be defined. Instead, the model is trained by
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example to make the desired predictions. We consider a simple de-noising problem in which
a sine-wave is corrupted by multiplicative noise. This type of noise is more difficult to deal
with than additive noise. However, when using discriminative learning, knowledge of the type
of corruption does not need to be known and is provided implicitly in the training data.
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Figure 6.3: Removing multiplicative noise. Top left: Training data (noisy input, desired
output). Bottom left: Test data. Top right: De-noising result from biased auto-encoder.
Bottom right: De-noising result from independent predictor.
We corrupt the input sequence by multiplying each frame randomly and independently
using a multiplier that is drawn from a Gaussian with mean 1 and variance 0.1. Parts
of the training and test sequences are shown together with the noise-free ground truth in
figure 6.3 (top and bottom left). We modelled the sequence as a conditional “manifield”
with patch-size 7. We used a biased auto-encoder as the patch-model. The predictor is a
backprop-network with one hidden layer containing 30 units. We experimented with varying
the number of hidden units and the patch size without noticing any significant impact on the
result. The whole training sequence contained 500 frames, which we split into 250 frames
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for training and 250 frames for validation. The input x to the manifield model is the noisy
sequence, the desired output the de-noised sequence. For training we added λkW k2 to the
cost, where W is a vector containing all model parameters. The validation set was used to
choose the optimal weight decay. The optimal weight decay on the validation set was 0.0001
(We have tried the all weight-decays in the set {0.1, 0.01, 0.001, 0.0001, 0.00001, 0.0}). We
used a sequence of length 500 for testing. The top right plot of figure 6.3 depicts part of
the de-noised test-sequence. The bottom right plot shows the de-noising result obtained by
applying the backprop-network (denoted “independent predictor” in the figure) independently
in each frame. We trained the network on the same training/validation set, where the optimal
weight-decay was 0.001. The auto-encoder, not surprisingly, does a much better job than the
independent predictor. The squared reconstruction errors on the test-sequence are 7.98 for
the auto-encoder and 28.21 for the independent predictor.

6.3.2

Image super-resolution

The previous section described an application of a sequence-structured biased auto-encoder.
In this section we consider the task of super-resolution of images: Predicting a high-resolution
image from a lower-resolution input. We describe an experiment with a homogeneous model
applied to image patches and an experiment with a grid-structured model applied to whole
images.

Homogeneous model
In this experiment we consider a homogeneous model in which connections are gated by the
input (Figure 6.1 (a)). We can think of the super-resolution problem as an image analogy
problem as in Section 5. In this case, the source image pair consists of one low-resolution
image and one high-resolution image, and the target image is a different low-resolution image
for which we want to predict the higher-resolution rendering.
Since we use a homogeneous, patch-based model instead of a manifield in this experiment,
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the model produces super-resolution versions of fixed-sized patches only. An application of
the patch-based model is zooming into an image.
We used as the training data an image that we used previously in chapter 5 in a different
type of analogy problem (figure 5.11) (left). We randomly sampled patches of size 32 × 32
pixels and sub-sampled these to obtain smaller patches of size 8 × 8. We trained a gated
auto-encoder to predict the larger patches from the smaller ones. In other words, the input
to the model is an 8 × 8-patch, from which we predict the 32 × 32-patch. We simply trained
on the raw pixel intensities without performing any preprocessing on the data. The gated
auto-encoder has 1024 input units, 20 hidden units, and 64 output units. We applied the
model to the test image show in figure 5.12 (top) to test the model.
Figure 6.4 shows the result of applying the auto-encoder to zoom in on random patches
of the test image. To generate the zooms, we cut out patches from the low-resolution test
image and provide these as input to the model. Note that each input image defines a manifold
in the output space. We can project the input image onto this manifold in order to compute
the desired output. Note, however that inputs and outputs have different dimensionality in
this case. In order to obtain an initial guess for the outputs, we first scaled up the input
image to the output-size of 32 × 32 pixels, and then projected this image onto the manifold
defined by the input. The results are show in the middle column. For comparison we also
show the ground-truth in the right-most column. The results show that the model not only
smoothes out the patches, but also fills in fine-structured details. Note that the model, being
trained on only a single image pair, also tends to “invent” structure in order to make sense
of the input. The dark patch in middle row, for example, gets rendered as “fur”, since this
is the structure among the training data patches that comes closest the observed input (see
Figure 5.11). Existing super-resolution methods solve the same problem by performing an
explicit look-up in a large database of patches to find the high-resolution match for a given
low-resolution input. In our parametric framework, all the information from the training dataset is condensed in the model parameters after training. This is not only more efficient but

Chapter 6. Learning a conditional manifold

126

also makes the application of the model much simpler.

Figure 6.4: Discriminative super-resolution (homogeneous model).

Manifield model
In this experiment we consider super-resolution for larger images using a conditional manifield
in the form of a grid-structured model. We trained a biased auto-encoder with three hidden
layers, each of which has 50 units. The inner-most layer is a linear layer, the other two hidden
layers are sigmoid layers. The independent predictor is a back-prop network with one hidden
layer that has 50 units. The independent predictor is applied to 5 × 5 image patches. The
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patch-size for the overlapping output-patches of the manifield-model is also 5 × 5.

We trained the model on 15 × 15 patches cropped at random positions from images taken
from the Corel image database. We used sub-sampled images as inputs and the original
images as outputs. Figures 6.5 and 6.6 show the result of applying the model on test-images
not seen during training. In both figures we show the original (high-resolution) image on the
top, the sub-sampled (input) image in the middle, and the high-resolution image produced by
the trained model on the bottom.

6.4

Discussion

In this chapter we introduced a deterministic model for learning a manifold conditionally and
demonstrated how a conditional manifold can be applied in structured prediction problems.
Using non-probabilistic, energy-based learning has been suggested as an alternative to probabilistic models for many machine learning applications (see, for example,
[LeCun and Huang, 2005]). Our model can be viewed as an instantiation of that view.
[Taskar et al., 2004] describe a different non-probabilistic model for learning with structured
outputs. However that model is based on fixed graphical model structures and does not learn
features. Furthermore, the basic model is linear. To achieve non-linearity it is, similarly as
support vector machines [Cortes and Vapnik, 1995], typically trained in a dual representation
with quadratic complexity in the number of training cases. The non-linear model is thus very
difficult to apply to large data-sets or to train online. Our model can also be viewed as a
particular instantiation of a higher-order neural network [Giles and Maxwell, 1987].
The

sequence

model

bears

some

resemblances

to

an

Input/Output

HMM

[Bengio and Frasconi, 1995]. However, our model is an undirected rather than directed model
and the parameter sharing is quite different. Furthermore, the hidden units are not constrained
to represent multinomial distributions, which allows them to model combinatorial structure.
There are several interesting directions for future research. It is likely that many struc-
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tured prediction problems can profit from features that encode the dependency of the highdimensional outputs on inputs, rather features that encode properties on the outputs only,
and it could be useful to perform a rigorous comparison between these two approaches.
A general purpose model of transformations can be used to model variability within a
manifold. Such a model can allow us to re-define a manifold as the set of transformations
that produce it from a small set of prototype cases. [Vetter and Poggio, 1997] apply such a
modeling approach in image synthesis tasks. It would be interesting to apply these models in
this domain. A related problem is learning to cluster: Being able to model transformations
from example-pairs makes it possible to build a system that can learn to distinguish when two
cases belong together, and when not. Learning to cluster from a set of positive examples is
therefore another possible application of the model.
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Figure 6.5: Discriminative super-resolution with a conditional manifield.
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Figure 6.6: Discriminative super-resolution with a conditional manifield.
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Chapter 7
Conclusions
In this section we provide a short summary and discussion of the work described in this thesis.

7.1

Summary

In this thesis we introduced a range of novel approaches to modeling structure in highdimensional data. In the first part of this thesis we discussed existing methods and their
relations and limitations, and described how supervision signals can be important in applications as a way to encode prior knowledge. Subsequently we have introduced several new
models that overcome the limitations of existing approaches. We have used conditioning as
a common means to encode prior knowledge and to model invariances.
The first half of the thesis focussed on non-parametric models. In chapter 3 we described a
new non-linear latent variable model based on kernel density estimation. The model combines
the benefits of non-parametric approaches and probabilistic generative models. In contrast
to previous non-parametric methods it comes with a “forward-” and a “backward”-mapping
and can therefore generalize to unseen data. Both training and applying the model is much
more efficient than for existing non-parametric methods and the model is applicable to much
larger data-sets. We demonstrated the use of the model on several example problems. We
also showed how we can use conditioning as a way to encode invariances and to untangle
131
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several interacting latent factors. We extended the idea of untangling variability in chapter 4,
where we introduced a new model for learning about multiple similarity relations in a single
shared latent space.
The second half of the thesis deals with parametric models. In chapter 5 we showed how
modulating the parameters of a bi-partite model allows us to view embedding as learning
about data transformations, and we demonstrated how a model of transformations can be
used to encode invariances. In chapter 6 we described an extension of the approach to
non-probabilistic models, and applied it to the problem of extracting features in structured
discriminative learning tasks.

7.2

Discussion

We have introduced both parametric and non-parametric models in this thesis. As we mentioned in Section 2, these two types of approach have complementary benefits and weaknesses,
and which type of method to choose is strongly application dependent. Problems like working with motion capture will likely profit more from the non-parametric models, because the
data-sets are relatively small and non-parametric models can very quickly reveal highly nonlinear structure in the data. Problems that require any form of online-processing of data are
likely to be better off with parametric models. Online-processing is much more natural for
parametric models and there has been no satisfying solution yet to the problem of enabling
non-parametric methods to process data online.
A popular approach to modeling structure in data is given by graphical models. General
graphical models describe the variability in data in a much more elaborate way than simple
embedding methods. Unfortunately, encoding invariances in a graphical model can be difficult, and usually requires a significant amount of domain-knowledge. Graphical models can
easily become quite complex in applications and modeling systems with a graphical model is
sometimes equivalent to taking a “boxology”-approach. The modeling philosophy underlying
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graphical models is somewhat contrary to the “engineering by example” philosophy that is
common to many machine learning approaches, especially in supervised learning. Supervised
methods allow us to specify the desired system behavior entirely by example, which minimizes
the amount of required hand-coding. Because of this convenience supervised methods have
been very successful in applications.
The models described in this thesis are located somewhere between supervised and unsupervised learning. The latent variable models on which our models are based are conceptually
very simple. They are based on pairwise similarity relations in the non-parametric case (Chapters 3 and 4), and bi-partite structure in the parametric case (Chapters 5 and 6). The basic
modeling philosophy is to keep the models as simple as possible and to use supervisions signals
whenever possible. Invariances are encoded using side-information.
When introducing extra information a model usually turns into a “three-way”-model: In
non-parametric models we partition the data-space into three groups in order to accomodate
the three types of information (data, latent variables and extra knowledge); in parametric
models we use use three-way parameters to connect the components of these three types
of vector. However, it is important to note that since we always condition on the sideinformation and that information is always given, inference is exactly the same as in the
corresponding standard embedding method. (This is in contrast to an alternative way of
making use of multi-way interactions for modelling multiple degrees of freedom, where we
fill in and then de-compose a multi-dimensional grid with multiple views of the same data
[Tenenbaum and Freeman, 2000] [Vasilescu and Terzopoulos, 2002].) Retaining the simple
bi-partite or non-parametric structure makes training relatively straightforward and allows us
to apply the models without resorting to variational or similar approximations for performing
inference.
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