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Peskun'stheorem shaws that the asymptotic variance of an MCMC estimator based
on a reversible Markov chain will not increaseif the matrix of transition probabilities
for the chain is modi ed soasto increasethe o -diagonal terms. | presen a new
proof of this result, which is more intuitiv e than Peskun'soriginal proof, and which
may provide hints for how to prove other results of this nature.
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Asymptotic Varianceof an MCMC Estimator

Let X1;Xo;::: bean irreducible, aperiodic Markov chain on a nite state space,X,
having (x) asits unique invariant distribution.

Let f (x) be somefunction of state, whoseexpectation with respectto is . The
rst n statesfrom the Markov chain can be usedto estimate , asfollows:

A= %Zf (X,)
1=1

The asymptotic variance of » is de ned as follows:
Voo(?) = |lim nVar(®,)

The asymptotic variance doesnot depend on the initial distribution for X ;. Also,
the bias of the estimator will be of order 1=n, regardlessof initial distribution, so
its asymptotic mean squarederror will be equal to its asymptotic variance.

We would liketo nd a Markov chain for which V., is as small as possible.



Peskun'sTheorem (1973)

Let X1;Xo;:::and X {; XJ;::: be two irreducible, aperiodic Markov chains on
the nite state spaceX’, both with (x) astheir unique invariant distribution.

Let the transition probabilities for thesechains be
THJ)=PXepr =) [ Xe=10); T/(i5j)=P(X4 =] [X{=1)
Supposethesetransition probabilities satisfy the following reversibility condition:
MOTG)) = G)TG i), forallijeX
and similarly for T’.

Let f (x) be somefunction of state, whoseexpectation with respectto is
Consider the following two estimators for basedon thesetwo chains:

1 — 1<
N = Ay N = = /
n n;f(xz), . n;f(xz)
If T and T’ satisfy the following condition,
T'(i;j) > T(i;j); foralli;j € X with i # ]

then the asymptotic variance of ~’ will be no greater than that of ~.



Why Is Peskun'sTheorem Interesting?

Peskun's Theorem tells us that changing a reversible Markov chain samplerto
increasethe probability of state changescan't be bad (asymptotically, at least).
Indeed, we generally expect sud a changeto improve asymptotic variance.

If we can do this without increasingthe computation time per transition, we'll have
a better MCMC method. Conversely going the other direction (increasingthe
probability of staying in the samestate) can't help (asymptotically).

Someinteresting consequences:

e The usual acceptancecriterion for the Metropolis algorithm is optimal, since
it maximizesthe probability of acceptancewithin the classof valid criteria
(Peskun, 1973; Tierney, 1998).

e Random scan Gibbs sampling can be improved by trying to avoid setting the
componert that is updated to the samevalue asit currently has (Liu, 1996).



Is Peskun'sTheorem Obvious?

Sinceit seemsine cien t to stay in the sameplace, Peskun'stheorem might seem
obvious. Two facts show that things are more subtle than this.

First, only the asymptotic varianceis guaranteed not to increaseif o -diagonal entries
in the transition matrix are increased. The variance of an estimator basedon nite
number of iterations, started from , may increase(Tierney, 1998).

Second,Peskun'stheorem doesnot hold if the condition that the chains be reversible
is omitted. Here's a counterexample using a non-reversible chain with four states:

172 1/2X (@) 1=3 Where f(x) = 0
————— Tl =
A 1=6 Where f(x) 6 0
SO ©

pNZ

Valuesof f (x) are shown in the circles. Solid arrows show valuesof both T(i;j) and
T/(i; j); dotted arrows are for T(i; j) only; dashedarrows are for T'/(i; j) only. The
asymptotic varianceis zerowhen using T, but not when using T"'.



Outline of a New Proof

We can prove that the \new" chain basedon T’ has at least as small asymptotic
variance as the \old" chain basedon T asfollows:

1.

We reducethe problem to comparing asymptotic varianceswhen T and T’ di er
only for transitions involving two states, A and B.

. We seehow simulations of the old and new chains di er only for certain \delta"

transitions involving states A and B.

. Thesedelta transitions divide the Markov chain simulation into blocks of

iterations, which start and end in either state A or state B. We can rewrite the
old and new estimators,  and *’, asweighted averagesof block averages.

. The only di erence betweenthe old and new chains is that in the new chain the

sampling for \nomogeneous" blocks (starting and ending in the samestate) is
stratified | there are the same number of blocks starting and ending with A as
blocks starting and ending with B, whereasthe split betweenthesetypesis
random in the old chain.

. Finally, we seethat this strati cation will lower (or at least not increase)the

asymptotic variance.



Looking at One Pair of Statesis Enough

Whenewer T/(i;j) > T(i;j) forall i # j, wecangetto T’ from T by a seriesof steps
that ead changetransition probabilities for only a single pair of states.

For example:

[ 04 04 032 | [ 03 05 032 | [ 03 05 02 |
T = 04 04 02| =105 03 02| =105 02 03| =T/
_0:4 04 0:2_ _0:4 0:4 0:2_ _0:4 0:6 O:O_

Soit's enoughto prove Peskun'sTheoremwhen T and T’ dier for only two states,

say A and B. The \old" transition probabilities, T, and \new" transition
probabilities, T’, are related as follows:

T'(i;j) = T(;j); whenie{A;B}orje{A; B}

T'(A;A) = T(A;JA)— 45 T/(A;B) = T(A;B)+ 4
T'(B;A) = T(B;A)+ B, T/(B;B) = T(B;B)—- =B
where 4, and p are positive.



Marking \Delta" Transitions

Transitions T and T’ dier only if the current state is A or B, and then only with
respect to how a probability massof 4 or g is assignedto new states A or B. We
can mark sud \delta" transitions while simulating the Markov chain.

For eadh state, i, partition the interval [0; 1) into intervals [ (i;j);h(i;j)) sud that
h(i;j) — (i;]) = T(;j), and (A; A) = (B;B) = 0. We can usetheseintervals to
simulate the old transitions T and the new transitions T’ as follows:

Old transitions: New transitions:
U  Uniform(0, 1) U  Uniform(0, 1)
if Xi = AandU < éa then if Xi = AandU < da then
Xi+1 = A, mark this transition Xi+1 = B, mark this transition
elseif X; = B and U < dg then elseif X; = BandU < g then
Xi+1 = B, mark this transition Xi+1 = A, mark this transition
else else

Xi+1 = j suchthat U 2 [¢(Xt, 7)), h(Xt, 7)) Xi+1 = j suchthat U 2 [( X4, 7), h(Xt, j))

Clearly, T and T’ di er only for the \delta" transitions marked above.



How Delta Transitions De ne Blocks

We can usethe markings of delta transitions to divide a simulation of one of these
Markov chains into \blo cks" of consecutiwe states, that both start and end with either
State A or state B.

Since asymptotic variance doesn't depend on the initial state distribution, let's say
P(X;=A)=P(X;=B)= 1=2, sothat the chains will begin at the start of a block.

For the old chain, with transitions T, we might seeblocks like this:

A BB B/ BB/IB BB AAAA AA B BAIA AlA

For the new chain, with transitions T’, the blocks might look lik e this:

A BIA. A\IB BIAA AlB AIBA/BBA AB A/B BJA

The di erence is that in the old chain, the state stays the samewhen crossinga block
boundary, whereasfor the new chain, it changesfrom A to B or from B to A.

Notes: StatesA and B may alsooccur at placesother than the start and end of a
block. Blocks of length of one are possible,consisting of an A or B that both starts
and endsthe block.



Probabilities of the Four Typesof Blocks

Blocks comein four types| AA, BB, AB, BA | basedon start and end states.
We shaow herethat for both old and new chains, the probabilities of thesetypessatisfy

P(AA) = P(BB) and P(AB)= P(BA)
Pro of: Sincethe new chain is reversible, (A)T/(A;B) = (B)T/(B;A). By

rewriting T’, we get
(A)(T(A;B)+ 4) = (B)(T(B;A)+ B)

The old chain is alsoreversible,with (A)T(A;B) = (B)T(B;A), sowe can
concludethat
(A) 4 = (B) B

This lets us show that for a state, X, from the old chain (with t being large),

P (X, starts block with A) = P(X;_; = A)P(delta transition att—1) = (A) 4
P (X, starts block with B) = P(X;_; = B) P(delta transition att—1) = (B) »

and henceP (X, starts block with A) = P (X, starts block with B). In the sameway,
we seethat P(X; endsblock with A) = P(X; endsblock with B). It follows that

P(AA)+ P(AB) = P(BB)+ P(BA) and P(AA)+ P(BA) = P(BB)+ P(AB)
soP(AA) = P(BB) and P(AB) = P(BA). We seethis for the new chain similarly.



Contents of Blocks of Di erent Types

Although blocks of type AA and blocks of type BB are equally common, the
distributions for their contents | and hencefor their length and for the averagevalue
of f (x) over statesin the block | will generally be di erent.

In contrast, blocks of type AB and blocks of type BA have the same distribution of
content | exceptthat the BA blocks are the reversalsof the AB blocks. This is a
consequencef the chains being reversible.

For example: The probability of block AQB occurring at time t (with t large) is

P(X:= A & block starts) P(X ;11 = Q| X = A)P(X¢y12 = B & block ends| X;.1 = Q)
= (A) AT(AQT(QB) 5 = a5 (A)T(AQT(Q;B)
= a4 BT(QA) (QT(Q;B) = 4 pT(QA)T(B;Q) (B)
=  (B) BT(B;Q)T(Q;A) 4

which is also the probability of block B QA occurring at time t.

This result is true for both the old chain (using T) and the new chain (using T').



Simulation Using Blocks

Rather than simulate the chains one state at a time, let's imagine simulating block by

block. We'll needthe probability that a block is \nomogeneous"| endswith the

samestate it beginswith | which is
P(ends with Aj starts with A)

P(AA) P(BB)

P(AA) + P(AB)

P(BB) + P(BA)

P(ends with Bjstarts with B) = h

We can simulate block transitions for the \old" and \new" chains as follows. We'll
assumeH is sampledthe samefor both chains, but block simulation is not coupled.

Old transitions:
H Bernoulli(h)
if H= 1then
if previousblock endedwith A
simulate an AA block
else
simulate a BB block
else
if previousblock endedwith A
simulate an AB block
else
simulate an AB block, then reverseit

New transitions:
H  Bernoulli(h)
if H= 1then
if previousblock endedwith A
simulate a BB block
else
simulate an AA block
else
if previousblock endedwith A
simulated an AB block, then reverseit
else
simulate an AB block



The Key Fact: In the New Chain Using T’,
Sampling for Homogeneou®locks is Strati ed

Comparing the simulations for the old and new chains, we seethat they produce the
same sequenceof homogeneous/non-homogeeous blocks. Howewer, for the new
chain, the homogeneoudlocks alternate betweenAA blocks and BB blocks.

This is true both when one homogeneouslock follows another, and when any number
of non-homogeneoulocks intervene. In the old chain, the type of homogeneous
block changesonly when an odd number of non-homogeneoudlocks intervene.

This can be seenby example:

BecauseAA blocks alternate with BB blocks in the new chain, the number of AA
blocks will be equalto the number of BB blocks (plus or minus one). So sampling
with the new chain is stratified in this respect. Furthermore, this is the only di erence
betweenthe old and new chains. Intuitiv ely, strati cation should not increase
asymptotic variance. We can show this formally using the following two lemmas.

New: |[A B BB A B




Lemmal: Asymptotic Variancefor Block-by-Block
Simulation Is the Sameas for State-by-State Simulation

First, we needa lemma shawing that simulating a given number of blocks produces
the sameasymptotic variance as simulating a given number of transitions.

Lemma 1. Let X1;Xo;::: be an irreducible, aperiodic Markov chain on a finite state
space X, with invariant distribution (X). Let S be some non-empty subset of X, and

let T (X) be some function of state, whose expectation w.r.t. is . Define
N (k) = min {n S 1s(X;) = k}
i=1

Consider the following two families of estimators:
N (k)

Ny = %Z;f(xi); ~k = ﬁ;f(xi)

The asymptotic variances of these estimators are the same:

lim nVvar(®,) = lim nVar(~,(s))

n—oo

Note that asymptotically the expectedvalue of N ([n (S)]) is n, sothe right side
above is a sensibleasymptotic variance.

To apply this lemmato our problem, we can extend the state spacesothat it encades
whether we are at the end of a block, and then let S be the set of end-block states.



Proof of Lemmal

We will seethat asn increases,nVar(”,) and nvVar(~,,(s)7) both approach
(n + nt/2+)Var(”,,,,,1/2+), where is a positive constart to be set below.

Without lossof generality, suppose = 0.
0 1=2+

N(dnm(S)e)

First, we note that (n+ n'/2+)~ . = n?, + nl/2+<Z where Z is the averageof
f(X;) fori from n+ 1to n+ n'/2t¢. Dividing by v/n + n1/2+¢, we get

VAU = fn=(n s nizeg[Van, + neZ]

As n increasesthe rst factor on the right will goto one. By the CLT for Markov
chains, |Z| will be lessthan (n!/2+¢)=1/2+¢ = n=1/4+<" with probability approaching
one exponertially fast, soif isin (0; (v/2 — 1)=2), the term ncZ will goto zero. It
follows that nVvar(”®,,,,:/2+c) will approach nVar(#,). (Sincef (x) is bounded, an
exponertially small probability of a large value for |Z| cannot a ect this limit.)




Proof of Lemma 1 (Continued)

The CLT alsotells usthat N([n (S)]) will bein the interval (n—n'/2t¢; n+ nl/2te)
with probability approadcing one exponertially fast. If so, we can write

(n+nt/2F) A e = NN (S)]) ~funsy) + (N+ 02 —N([n (S)])Y

whereY is the averageof f (X;) for i from N([n (S)])+ 1to n+ n'/2*< Dividing by
VN + nl/2+e we get

VN +nl/2hen ., = n\I\/IiT n(—Sl)/L)Jre [\/HTW(SH + (V=N ([n (S))KY
whereK = n+nl/2t<—N([n (S)]) will bein (0;2n'/2t¢) if N([n (S)]) isin
(n—n'/2te¢; n+ nl/2+€), By the CLT for Markov chains, [KY | will be lessthan
(2n1/2+€)1/2+e = pl/2+enl/4tete’ with probability approaching one exponertially fast.
SinceN ([n (S)]) will approach n, we can seethat (n+ n*/2F<)Var(”, . ,.1/2+.) will
approad nvar(~r,(s)1)-




Lemma2: Partially Stratifying a Ratio Estimator
DoesNot IncreaseAsymptotic Variance

Second,we needa lemma showing that stratifying the number of AA and BB blocks
won't increasethe asymptotic variance.

Lemma 2: Let Zi,Z5;::. be an irreducible, aperiodic Markov chain with state space
{0;1; 2}, whose invariant distribution, , satisfies (0) = (1). Let Q,, for m = 0;1;2
be distributions for pairs (H;L) € R x RY having finite second moments. Conditional
on Zy;2Z9;:0:, let (Hy L) be drawn independently from Qz,. Define

S/ Z; ifZ; = 2
- { Zi+ Y 1013(Z;) (modulo2) ifZ;# 2
where K = min{i : Z, Z 2}. Conditional on Z1;Zs;:::, let (H/;L%) be drawn
independently from Qz:. Define two families of estimators as follows:
R, = Z?:lHi/ > i L R, = Z?:le;// > ieq L
Then the asymptotic variance of R’ is no greater than that of R. In other words,

lim nvar(R!) < lim nVar(R,)

n—oo

To apply this lemmato our problem, we let Qg, Q1, and Q- be the distributions of
block lengths and sumsof f (X ;) for blocks of typesAA, BB, and AB =BA.



Proof of Lemma 2

Let Ny = D00y Lpmy(Zi) @and NJ o= >0 140(Z]). Note that E(N,, ) = E(NJ )
and [N, ; —NJ | < 1, sothe numbers of pairs from Qg and Q; are stratied in R,.

We can write
var(R,) = Var(E(R,|N,)) + E(Var(R,|N,))

and similarly for R’.

Conditional on N,,, can write
Y>>H; = Sp+S5+Sy; > L; = To+T1+To

where S,,, and T,,, are sumsof N,, ,,, valuesof H; and L; for which Z; = m. By the
CLT, the distributions of the pairs (S,.; T,»,) will be asymptotically normal, with
means,variances,and covariancesthat are linear functions of the N,, ,,, values. The
pair of sums,(>_H;; > L;), will therefore also be asymptotically normal, with mean,
variances,and covariance that are linear functions of the N,, ,,,. We can also rewrite
> H/and > L’ in terms of S); S{; S, and T/; T{; T4, and proceedanalogously

The delta rule can be applied to show that if (X;Y) is asymptotically normal with
mean( ,; ,), variances 2 and 5 and covariance ,,, then X=Y is asymptotically

; — —_ i — 2 2 2 2
normal with mean .= ,= ,andvariance(1= ;) z *+ , % — 2 2y ]



Proof of Lemma 2 (Continued)

We can now seethat asymptotically Var(R,,|N,,) and Var(R/ |[N/) are the samelinear
functions of N,, and N . It followsthat E(Var(R,|N,)) = E(Var(R.|N,)).

We can write Var(E(R,|N})), and similarly Var(E(R/,|N/)), as
Var(E(R»|N,)) = Var(E(E(Rn|N,)IN,2)) + E(Var(E(R,[N.)[Ny 2))

We seethat E(Var(E(Rn\Nn)|Nn2)) > E(Var(E(R}IN )N/ 5)) = 0, sincedue to
strati cation, N, ,and N, ; are xed givenN/ , and n, soVar(E(R;,IN)IN; ;) = 0.

Let ( wm; L.m) bethe meanofthe distribution Q,,. Asymptotically, we can write

E(R IN.Y = #oNpot+t wiNp1+ mgaNyo»
L,0'Nn,0 L,1'Nn,1 L,2Nn 2

and similarly for E(R],IN/). By the CLT for Markov chains, (N, 0; N, 1; N, 2) and
(N}.0: Ny 17Ny, ,) asymptotically have (degenerate)multiv ariate normal distributions.
Applying the delta rule, we can nd that E(E(R,|N,)|N,2) = E(E(R},IN;)IN ),
and hencetheir variancesare asymptotically equal. It follows that asymptotically
Var(E(R,|N,)) > Var(E(R/ IN/)), and nally , that Var(R,,) is asymptotically at
least as large as Var(R)).



Why is This New Proof Interesting?

e It givesnew insight into why Peskun'stheorem applies only to reversible chains.

For a non-reversible chain, the AB blocks needn't be distributed in the sameway
asthe reversalsof B A blocks. Sincethe old chain is stratied with respectto AB
and B A blocks, but the new chain is not, the asymptotic variance of the new

chain might be be greater than that of the old chain, if AB and BA blocks di er.

e Lemmas1 and 2 may be of wider interest. (Su cien tly sothat they may have
already beenproved by someoneelse...?)

e My main motiv ation... | hope that the techniquesin this proof | sud as
focusing on a minimal changein the transitions, and on how this divides the
chain into blocks| may be usefulin proving other results. In particular, | hope
to be able to prove things about methods for modifying chains to be
non-reversible, generalizingthe ideas of Diaconis, Holmes, and Neal (2000).
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