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Natural image denoisingis a well-studied problem of computer vision, but still eludes
su cien tly good solutions. Remaoving spatial artefacts from DNA microarray data is of
signi cant practical importance to biologists, but overly simple methods are commonly
used. We shaw that the two seeminglydisparate problemsof imagedenoisingand spatial
artefact removal from DNA microarrays can be solved using similar algorithms when
the problemsare viewed as a decompsition of the data into spatially-independen and
spatially-dependent componerts. We discusspreviously usedmethods and how Gaussian
processedgor regression(GPR) may be usedto solve both problems. We presen a new
method employing a novel covariancefunction for usein GPR in the special caseof two-
dimensionalgrid data. Finally, we showv that our newmethod compareswell with popular

previousmethods in both imagedenoisingand microarray artefact removal applications.
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Chapter 1

In tro duction

1.1 Noisy grid data

This thesisprimarily concernstself with two-dimensionalgrid dataf (x;;y;))gY; R? R,
where x; descritesthe location of the i" data point on a nite, uniformly-spacedgrid,
andy; isits value We alsoassumethe grid is completein that every point of the grid has
a data point in our data set. In the spatial statistics literature, this is sometimescalled
regular lattice data [4]. A commonexampleof completegrid data is a rectangularimage,
where the locations are the pixel row and column indices and the valuesare the pixel
intensities. Our goal will be to explain ead y; asa decompsition into two componerts,

with oneof them, n;, being zero-mean,independer, and idenrtically distributed
Yi = Si+n (1.1)

Of course,further assumptionson the behaviour of s and n are necessaryto make
the problem meaningful. In our work the s componert will have somedependenceon
location, whereasthe n componert will be independert of location. We refrain from the
terms\signal" and\noise" whenreferringto thesecomponerts becausevhich componert
is actually the noisedependson the cortext. Instead we think of s and n as short for

spatial (or dependert) and independent respectively.
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Although there are potentially many applications, we will focuson two:

1. DNA microarray spatial artefact removal: y; is the (log of the) expressionlevel for
probei on a DNA microarray, s; is the cortribution from spatial artefacts, and n;
is the true expressionlevel of the probe. x; is the position of probei on the array.
Here n; is the signal (the independencefrom location comesfrom the assumption

that the probesare placedon the array in random order).

2. Natural image denoising:y; is the gray-level of a noisy image at pixel i, s; is the
cortribution of the true image pixel, and n; is pixel-independen noise. Xx; is the

position of pixel i in the image. Heres; is the signal.

We shav sthematically an exampleof ead problemin Figure 1.1.

Giventhe nature of theseinterpretations of s, informally we expect s to exhibit spatial
regularity or correlations; howewer, we neither make di erentiabilit y nor cortinuity (asa
function of the spatial variable x) a requiremern.

Historically, thesetwo problems have been attacked separately although the main
di erence betweenthem is that in the rst casewe are interestedin the spatially in-
dependert term and in the secondin the spatially-dependen term. Becausewe usually
expect the signal-compmnert to have greaterenergythan the noise-compnert, we expect
the independen componert to dominate in the caseof microarray artefact removal, and
the dependert componert to dominate in the caseof image denoising.

More importantly, it seemsmethods designedfor either application can be usedfor
the other with minor modi cations. It may be that certain methods really are better for
oneapplication, or that oneis bestfor both. In this thesiswe investigatethis possibility
by adapting algorithms from both the bioinformatics and image processingcommnunities
to both applications and comparingto our own novel approad using Gaussianprocess

regression.
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Figure 1.1: The two decompsition problemswe will discuss.Top, a noisy imagedecom-
posedinto noiseand the original image. Bottom, a noisy microarray decommsedinto

probe expressionand spatial artefacts.
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1.2 Outline of thesis

The work described in this thesis beganas an application of Gaussianprocessedo the
problem of denoising microarray image data; howewer, we realized that the methods
deweloped for this application could easily be viewed also as natural image denoising
methods. Sincethere may be interest in our approad from both bioinformatics and
image processingcommnunities, who may have widely di ering badgrounds, an attempt
hasbeenmadeto structure the thesissothat a readerfrom either community may read
it and learn about our method without learning about the other eld. To this end, in
Chapter 2, we presen previous methods usedto solwe either problem. In Chapter 3,
we presett a brief introduction to Gaussianprocessedgor regressionand a description of
our method. In Chapter 4, we descrike the problem of microarray artefact removal and
presen someexperimertal results, usingthe methods discussed.In Chapter 5, we discuss
the application of thesemethods to image denoisingand presen experimertal resultsin
that domain. In Chapter 6, we summarizeour cortributions and discusspossiblefuture

work. A dependencychart for the chaptersis shovn in Figure 1.2.
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Chapter 2

Related W ork

The methods we will discussin this sectionwere designedfor only one of image or mi-
croarray denoisingapplications, but may be usedfor either in principle. Beforedescribing

related methods it is usefulto have more de nitions.

Recall our dataset D = f(x;;y;)dY, is in the form of a complete grid isomorphic
to a Euclidean rectangular plane, which for visualization purposescould be viewed as
an image. For simplicity, in this chapter we refer to eat data point as a pixel and

P = (Xi;y;) asthe i pixel.

De ne the k-neighbourhood (for positive integer k) of a pixel p, Nx(p), as the set
of pixel-valueswithin k pixels of p not including itself. As a slight abuseof notation,
if p= (x;y), we may alsodenote Ny(p), by N¢(x). More precisely N1i(p) is the set of
valuesof pixels adjacert to p. For k > 1, Ni(p) is Nx 1(p) and their adjacen pixel-values
exceptp. We shov N¢(p), for k = 1;2in Figure 2.1. Typically, we would like for Ny (p) to
have the samecardinality of 4k? + 4k for all pixels; to this end we augmen the original
image by adding arti cial pixelsto the boundaries. The valuesassignedto these pixels

will depend on the method, asis discussedbelow.
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2.1 Median

2. Related Work
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Figure 2.1: k-neighbourhood pixels for pixel p are shovn in gray.
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The median Iter is a simple,commonlyusednon-linear Itering method which attempts

to predict the spatial componert of a pixel by taking the median of its k-neighbourhood.

In increasingk there is a trade-0 betweenmaintaining the ne structure of the spatial

componert and removing the independert componert. It is ideal for removing isolated

\speds" of very high or low intensity (perhapsdue to dropout), called salt and pepper

noisein the image processingiterature, where neighbouring pixels are expectedto have

very similar spatial componerts (seean examplein Figure 2.2). It is likely lessideal for

our casewherethe independert componert is presen in all pixels, but the hope is that

the medianwould be a similar pixel with a independert componert near zero.

Figure 2.2: An

image corrupted by salt

and pepper

http://homepages.inf.ed.ac.uk/rbf/HIPR2/noise.h tm)

noise.

(Source:



Chapter 2. Related Work 8
2.2 Mean and Gaussian Filtering

For our problem, we can obsene that E[y;] = E[si], and might aim to \average-out"
the zero-meanindependernt componert by averagingthe valuesof similar (de ned by the
method) pixels. We will seethat similarity e ectively inducesa set of weights f w; ngzl
to yield a weighted-average predictor (WAP) of the spatial componert at pixel i, § =

w; y;. The simplest sudy method is like the median Iter exceptwe take the mean

i=1
instead of the median. In our notati%n,

2 ..
1 ifyi 2 Ne(X
Wij/ g yJ k( |) (2.1)
- 0 otherwise

wj =1 (2.2)
j=1
In fact this coincideswith nearestneighbours algorithm for grid data wherethe number

of neighbours is the sizeof the neighbourhood.
Gaussian Itering is a commonlyusedimage Itering technique which is a WAP with

weights de ned as |

ki Xk
wi / exp % i 6 (2.3)
w; =0 (2.4)

X
wj =1 (2.5)

j=1
wherek k, is the L2 norm. Becauseof the rapid dece of w;; asa function of the distance

kxi  Xxjk,, Gaussiansmoothing is e ectively a local Itering method.

The parameterh canbe selectedin a variety of ways. For example,the Spatial Trend
Removal (STR) method [9], which was deweloped to remove spatial trends in microarray
data, optimizesh using gradiert-based optimization on the meansquarederror between

the original and ltered datasets:

5y 26)
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If viewed from a madine learning perspective, this error may be interpreted as the
leave-one-outcross-alidation error in the task of predicting the original dataset.

In order to increasethe smaothnessof the estimated true image, STR ignoresthe
pixels which di er the mostfrom an initial true imageestimatedby a median Iter (7x7
window). The authors report that ignoring 10 % of pixels with the greatestdi erence
works well on their microarray data (this can be viewed asremoving outliers). Howe\er,
this is an adjustable parameter.

As an image denoising algorithm, Gaussian Itering is well-known to over-smath

images,resulting in the lossof signi cant detail, especially edgesharpness.

2.3 Non-lo cal Means

In STR, similarity betweenpixels is a function of the distance of the locations of pixels.
In Non-local Means[3], the distance betweenpixels is mostly ignored, and similarity is
de ned asthe distancebetweenk-neighbourhoods. Thus, the pixelsit choosesto average
may very well be nonlocal. It wasdesignedto denoisenatural images,and the motivation
behindit is that natural images(here, the spatial componert) usually exhibit signi cant
structural redundancy The selectionof pixels to averageshould therefore be guided
by this structure in the image. For example, the pixels in a constart-coloured region
or forming an edgewould all have very similar k-neighbourhoods even though pixels at
opposite ends of the region or edgeare distant from ead other in pixel-location space.
Figure 2.3 shows the weight distributions for the certre pixel in various images. The
algorithm is perhapsideally suited for imageswith signi cant periodicity sud asimage
(e) in Figure 2.3.

We may write the spatial component predictions producedin the form §; = _F! Wi Vi,
but herew; dependson all pixel values,not just the locations; therefore,we dojr_lgt have

a linear predictor asin the WAP methods previously discussed.More precisely for eat
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form a neighbourhood-vector denoted, Vi (x) = (n1;:::;Njn, (x)j)- Then we de ne the
weights as

|
KVie(xi)  Vi(x)K5.,

wi | exp () hzk( e 6 2.7)

wi =0 (28)
X

wy =1 (2.9)

wherek k, ., is the weighted L2 norm, where the weights comefrom a Gaussiankernel
with variancea?.

The parametersto this algorithm are h and k. Although the authors of [3] do not
provide a methodology to choosing them, they suggesth 2 [10 ;15 ], where is an
estimate of the standard deviation of the independert componert, and k = 7.

The time complexity is dominated by the pairwise neighbourhood-distance calcula-
tions O(kN?). In practice, one might restrict attention to the pixels within a large
window certred on the pixel of interest to speed-upthe algorithm and alsoforce a local
bias in the weights. A new parameter M speci es the searth window size. The time
for distance calculationsis reducedto O(KNM?2) (note M2 N). The authors suggest

M = 21 works well in their experience.

2.4 Other metho ds not compared

There are a myriad other classe®f methods which we do not review nor include in perfor-
mance comparisonsin this thesis. Among them methods basedon waveletthresholding
([5])) from image processingare worth mertioning. Briey, after performing a wavelet
transform, wavelet coe cien ts below a threshold (assaiated with high frequencynoise)
aresetto zero. Thesemethods are fast, but it is unclearwhat the optimal set of wavelets

are. Although their algorithms are not open source,many state-of-the-art commercial
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Figure 2.3: In eat pair of images: the left shonvs an image with the certre pixel high-

lighted; the right shows the weight distribution for the certre pixel. Source:[3].

image denoisingsoftware padkagessud as NoiseNinja and Neatimageare basedon this
technology A comparisonof the NL meansalgorithm with non-state-of-the-artwavelet

thresholding algorithms is donein [2].
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Gaussian pro cess metho d

3.1 Using Gaussian pro cessesfor noisy 2-dimensional
interp olation

Recall the decompsition of the obsenations into spatial and independert componerts

we are striving for

Vi = S+ n; (3.1)

In order for Gaussianprocesse$o be usede cien tly we assumef n;gll; are Gaussian
in addition to being independen, idertically distributed with zero mean. We will see
that the varianceof n; will be estimatedfrom the data automatically.

Initially , we will alsoassumes; = f (x;) for someunknown (latent) function of the
two coordinate inputs x; hence,n; will denotethe departuresof y; from f (x;) and our
task can be seenas determining the value of f at all data point locations, what one may
call the two-dimensionalnoisy interpolation problem

The approad of parametric methods is to parameterizea classof functions conjec-
tured to cortain the right f and usethe data to estimateits parameters. Coming up with

the right parametric form is generallydi cult. By cortrast, Gaussianprocessregression

12
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discoversf without explicitly stating a parametric form but rather by vaguely specifying

its expectedbehaviour through a \distribution over functions”.

3.1.1 Gaussian pro cess priors

A stochastic processis a collection of random variablesf Yy : x 2 | g indexedby someset
|, which often denotestime, but in general,asin our case,is multidimensional. Note
that x is not a random variable, but merely an index for random variables. We may
alsowrite Yy as Y (Xx) to emphasizethat x is typically viewed asthe input and Y (x) as
the output (we useindices,inputs interchangeably). The Kolmogorov extensiontheorem
guarartees the existenceof a stochastic processwith consistem joint distributions for
any nite collection of random variablesfrom the process[15. Consistencyhere means
that the marginal probability distributions should agreewith those derived from higher
dimensionaljoint distributions. Gaussianprocessesre stochastic processesvherethese
joint distributions are Gaussian.

A samplefunction of a stochastic processis a singlerealization of ead of its random
variables. It canthen be viewed as a function of the index set, | . For example,in our
caseof grid data, the index setis a nite subsetof a two-dimensionalplane; hence,we
may visualizea samplefunction asa surfacein R3. An interesting property of stochastic
processeds that the joint distributions de ning it induce a distribution over sample
functions. In general,we do not know the analytic form of sample functions but, in
the caseof Gaussianprocessescan obtain the value of the function at an arbitrary
number of indices (inputs). We give a procedurefor doing this in Section3.1.2. With a
notion of \distribution over functions" in hand, we may talk about priors and posteriors
over functions induced by Gaussianprocesses.A distribution over functions can also
be achieved by parameterizinga classof functions and setting prior distributions over
the parameters,but the Gaussianprocessprior maybe preferredif no prior knowledge

justi es choosing a particular parametric form.
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The mean function, M : 1 ! R, of a stochastic processspeci es the mean of eat
random variable M (x) = E[Yy]. The covariance function of a stochastic process,C :
| 1! R, speciesthe covarianceof any two random variables,C(x; X% = Cov(Yy; Yxo)
and determinesthe smaothnessproperties of the process.As a Gaussiandistribution is
completely speci ed by its meanand covariance,a meanfunction, M, and a covariance
function, C, completely specify a Gaussianprocess,which we denoteGP (M ; C).

If we have somestrong prior knowledge of the behaviour of the mean function, we
could specify a parametric form { say of a quadratic polynomial M (x) = ax? + bx+ ¢
(with hyperparametersa;b;c) { but typically our knowledgeis vaguesowe set M (x) to
a constarnt. By pre-processingour data we can make the most appropriate value for this
constarnt equalto zero.

Specifying the covariance function requiresmore thought, but asan illustration con-

sider the squaed expnential covariance function:

02
C(x;x% = Zexp X X

(3.2)

where 2 and" areconstarts. The interpretation of theseconstarts is elaboratedin 3.1.4,
but we can immediately seethat Cowv(Y,; Yxo) is maximized when x and x° are close,
encaling the prior belief that the sample functions from the correspnding Gaussian
processare cortinuous. In fact, with this covariancefunction they are di erentiable [14],
which is not always a good assumption. If this werethe only possiblecovariancefunction,
Gaussianprocesspriors would be insu cien tly expressie of our beliefs;luckily, there is
an in nite supply of covariancefunctions.

A real, symmetric function C on |l | is saidto be semi-positive de nite if for any
N, X3;::5;%y 2 1, andv 2 RN, wehavevTAv 0 whereA; = C(x;;X%;). Givena semi-
positive de nite function C, the Kolmogorov extensiontheorem guararteesthat there
exists a (unigue) zero-meanGaussianprocesswith covariance function E[y(x)y(x9] =

C(x;x% [20]. That is, there exists a zero-meanGaussianprocess,GP (0; C), for every
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sudh \k ernel" function, C. In practice most of the work in specifying a Gaussianprocess

prior is spert choosingthe covariance function. This is the topic of Section3.1.4.

3.1.2 Sampling functions from a Gaussian pro cess

Although examiningthe mathematical structure of a covariancefunction givescluesinto
its properties, these can also be determined by looking at samplefunctions. It is easy
to generatesamplefunctions from Gaussianprocessessincealthough we may not know
explicitly the functional form of the samplefunction, we can obtain the values of the
function at any nite number of indices. Let us usethe shorthand f GP(M;C) to
signify that f is a samplefunction of GP(M;C). One possibleprocedureto obtain the
valuesof a samplefunction f  GP(0; C) at n given indicesof interest, X1;:::;X, 2 1,

is asfollows:

2. Compute the Cholesky Decomposition of K, which is the lower triangular matrix

L suchthat K = LL .

4. Compute valuesof the samplefunction at the n input points by f (x;) = y; where

y = (Y15 ¥0)" = Lv.

It is easyto shaw that hyi = Oand yy'T = K. That iswehavegeneratedy N (0;K).
By choosinga large enoughnumber of indices, we can get an arbitrarily good idea of the
samplefunction. In Figure 3.1, we shov the valuesof samplefunctions drawn from two

di erent Gaussianprocessesver a region of the input space(an interval).

Lcalled the Gram matrix in the kernel-methods terminology
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Figure 3.1: 20 sample functions from zero-mean Gaussian Processeswith squared-
exponertial and linear (C(x; x% = x"x9 covariancefunctions. Note that at ead location,

X, the meanvalue over all functions is about zero.

3.1.3 Gaussian pro cess regression

One possibleway to approad the noisy interpolation problem is through Gaussianpro-
cessRegression(GPR). Although a form of GPR has long been practised by spatial
statisticians with a technique called kriging [4], renewed interest from the macdhine learn-
ing community beganafter it wasre-derived in the Bayesianmadine learning framework
and given a new probabilistic interpretation. Neal shoved that the prior distribution en-
coded by certain neural networks corvergesto a Gaussianprocessin the limit of in nite

hidden units [11], and Rasnussenand Williams [21] investigatedit asa generalmadine

learning method.

Supposewe want to have a prior \distribution"” over functions without restricting
oursehesto a parametric form, and that we want to be ableto compute a posterior over
functions having seennoisy data. GPR provides one way of doing so in a principled

(Bayesian) way. If we further assumea Gaussiannoise model we can do this using
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e cient matrix operations. The noisemodel and prior over functions are

yilf () N(FOa); ) (3.3)
f GP(0;C) (3.4)

where ?) is the noisevariance(to be estimated), and C is the covariancefunction of the
Gaussianprocess.The useof a zero-meanfunction for the Gaussianprocessencalesthe
beliefthat at ead location x, f (x) hasequalprobability of being positive or negative; it
doesnot say that samplefunctions themselhes needhave zero-mean.In order to make
this prior belief reasonable we normalize the data to have (sample) mean of zero and
standard deviation of 1. We perform the samenormalization to the inputs to simplify the
choice of initial hyperparameterswhen optimizing the marginal likelihood (see Section
3.1.5).

First, we considerthe noise-lescase)y; = f (Xj). Welearnedhow to samplefunctions
from the prior in the previous section, but really what we want to do in the cortext of
regressions to predict the valuesof f (x) for x not in the training data, i.e. test data. Let

us considera singletest input x and predict its output y . Now the prior distribution

Ely jx ;f(y)gL, 1= KTK Yy iyl (3.5)
Var(y jx ;f(x;y)gy,) = Cov(x ;x ) k'K k (3.6)
wherek 2 RN ; ki = Cov(x ;xi) (3.7)

We seethat the meanis a linear combination of training outputs, which led spatial
statisticians to call it a linear predictor. The uncertainty in the value of the function
at the test input x has beenreduced,sincek™K 'k 0, but the magnitude of this

reduction doesnot depend on the training outputs.
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One of the advantagesof GPR is we have a full predictive distribution rather than
just a point prediction. If a point prediction is required we can determine the optimal
guesdor our lossfunction from the predictive distribution; often we usethe squarederror
lossfunction, in which casewe guessthe mean of the distribution.

In the noise-freecase,the predictive meaninterpolatesthe training outputs exactly
and there is zerouncertainty (variance)in the output at the training inputs (for example

see gure 3.2). More realistically, we are interestedin the casewith noisy outputs:
y=f(x)+" (3.8)
" N(O; ?) (3.9)
which we have seenbeforein equation 3.4. Corveniertly, the additive noiseassumption
meansthe covariance betweenoutputs becomes
Covyi;yj) = C(xi;x) + j 7 (3.10)

where j is 1if i = j and O otherwise. That is, adding noise changesthe covariance
function from C to (C+  2). To obtain the covariancematrix, we simply add the diag-
onal matrix 2?1 to the old noise-freecovariance matrix. We then can obtain analogous

predictive distribution equationsfor the noise-freeoutput at x , denotedby f :

EIf jx ;f06y)gi, 1= K (K+ 21) Yys iyl (3.11)
Var(f jx ;f(x; y)giNzl) = Cov(x ;x) k'(K+ 2k (3.12)
wherek 2 RN ; ki = Cov(x ;xi) (3.13)

One notable di erence betweenthe noise-freeand noisy cases,is that in the latter
case,the predictive mean of the noise-freeoutputs at the training input locationsis in
generalnot equal to the training output (which has noiseadded). Indeed, we will use
the predictive meanas an estimate for the spatial componert in the spatial-independen

decompsition in equation 3.1.
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Figure 3.2: Experimerts with the squaredexponertial covariancefunction (" = 1, 5= 1,

2 = 0:2). The predictive distributions are shavn before and after seeingsome data
points. The mean function is shavn by the dark solid line; the two standard devia-
tion region at ead location x is shavn in gray. We seethat in regionsof sparsedata,
the predictive distribution is unchangedfrom the prior and in data denseregions,the

uncertainty in the value of the latent function is smallerthan in the prior.
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3.1.4 Selecting the covariance function

Sincewe assumea meanfunction equalto O (in the absenceof knowledge), all we really
needto infer the latent function, f, is an appropriate covariance function that encales
our prior beliefsof its behaviour. This is therefore where most of the tweaking/tuning
occursin Gaussianprocessmethods.

The approat we take is to decideon an appropriate classof covariance functions
indexedby hyperparameters(we call them hyperparameterssincethey parameterizeour
prior for the latent function, not the latent function itself). We setthesehyperparameters
to maximize an objective function calledthe eviden@ or marginal likelihood, which auto-
matically nds a compromisebetweenmodel complexity and data t. This is descriked
further in section3.1.5.

Next, we descrile a few common classesof covariance functions. Let D be the di-

mensionalily of x.

1. Linear:
X 0
coxxy= X (3.14)
i=1 |
Hyperparameters:™1;:::; p > 0. The samplefunctions are linear in the inputs x.

Having di erent *; values,alsoknown asthe lengthsale for the i input dimension,
adjusts the relative importance of di erent inputs. For example, certain input
featuresmay be e ectively \ignored" by setting their correspnding i, to be very

large relative to other lengthscales.
A Gaussianprocesswith alinear covariancefunction is equivalert to Bayesianlinear

regressionwith normally distributed weights:

y=W X (3.15)

wi N(0;°, 9 (3.16)
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Inferring w in this model is more e cient than the GP approadh when D < N,
sinceit involvesinverting a D by D matrix rather than an N by N one. Howeer,
it is usefulto combine the linear term with another covariance function through

the operations of addition or multiplication to be discussedn the next section.

2. Power Exponertial: |

o P’
C(r)= Zexp X X (3.17)

Hyperparameters: 2 determinesthe variance in the outputs; * determinesthe
characteristic lengthscaleof the input space.Although P could be madea hyper-
parameter,normally it is xed (0< P 2, to ensuresemi-positive de niteness) to
easethe optimization process. For any choice of P, the samplefunctions will be

cortinuous, but with varying degreesof smoothness.

When P = 2, we obtain the popular \squared exponertial" which hasthe property
that sample functions are in nitely cortinuously di erentiable. It is interesting
to note that a Gaussianprocessusing this covariance function is equivalert to a
radial basisnetwork with anin nite number of basisfunctions (one certred on eah
point of the input space)[14]. If this were attempted directly, an in nite amourt
of computation would be requiredto manipulate in nite-dimensional matrices;the
Gaussianprocessapproad is able to do the samee cien tly, in a nite amourt of

time.

When P < 2, welosedi erentiabilit y. Roughly speaking,lower valuesof P resultin
moreerratic samplefunctions. For example,we obtain functionsrelatedto the well-
known \Bro wnian motion" with P = 1. Figure 3.3, shavs the e ect of changingP

while other hyperparametersare xed.

As for the linear covariance function, we may wish to scaleead input dimension

with its own lengthscale. In doing so, we may arrive at the following covariance
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Figure 3.3: One sample function from a Gaussianprocesswith power exponerial co-

variance function, for various values of P (other hyperparametersare xed at = = 1,

.= 1).



Chapter 3. Gaussian process method 23

function: 0 |
X g0 2 7
Cix;x)= 2exp@ L7 A (3.18)
i=1 i
Here, instead of single ", we have *; for input dimensioni.
3. Constart:
cix;x%= 2 (3.19)

Samplefunctions correspnd to a constart function whosevalue has prior variance
of 2 and mean zero. This covariance function has little use on its own, and is
usually combined with others by addition (see3.1.4),in which caseit modelsthe
prior variance for the constart part (or bias) of the latent function. The may
be treated as a hyperparameterbut in practiceit is better to x it to a reasonable
value. A reasonablevalue can be determined from the range of possiblevalues
the bias could take on, which can be determined from the data. The dangerin
leaving it asa hyperparameteris that it may be setto an unreasonablylarge value,
which can causenumerical issueswhen computing the Cholesky decompsition of

the covariance matrix.

There are many more covariancefunctions, but thoselisted above are the oneswe will use
in our work and includesarguably the most common,the squaredexponertial covariance
function. For a compendium of covariance functions, the read is advisedto consult the

technical report by Abrahamsen[1].

Combining covariance functions

It is in generalnon-trivial to designreasonablelegal (semi-positive de nite) covariance
functions, exceptthrough the addition and multiplication of known covariancefunctions.
The sum or product of any number of semi-positive de nite kernelfunctionsis still semi-

positive de nite; hence,adding or multiplying two covariance functions yields another.
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Thus,
Cadd(X; X9 = C1(x; X9 + Cao(x; X9 (3.20)
Corod(X; XY = C1(%; X9 Ca(x; X9 (3.21)

are valid covariancefunctions, if C; and C, aretoo.

Sample functions drawn from a GP with covariance C,qq exhibit the properties of
functions drawn separatelyfrom C; and C, and then added. The interpretation of the
product operation is lessobvious but we may obsene that while in the caseof addition,
a large cortribution from either C; or C, will result in a large overall covariance, in
the caseof product, both C; and C, needto be large for the overall covarianceto be
large. Another way to make use of these combination operationsis to have C; and C,
depend on di erent subsetsof the inputs; in fact, we take this approad in section 3.2.
As can be imagined, a great variety of covariance functions can be produced through
theseoperations basedon small set of basecovariancefunctions.

Other ways of combining covariancefunctions into new onesare discussedn [17).

3.1.5 Selecting hyp erparameters
Bayesian approac h

In the Bayesianformalism, all parametersand hyperparametershave prior distributions
encaling our beliefs. BecauseGaussianprocessregressionis a non-parametric method,
we only have to worry about hyperparameters,which we denote by  (having xed
our covariance function C). The predictive distribution for a new test output yy+1
(given dataset, D = f(x;;yi)gl,) is obtained by averaging predictions from di erent

hyperparametersweighted by their posterior probability:
Z

P(Yn+1jXn+1;D) = p(Yn+1jXn+1; D5 c)p( cjXn+1;D)d ¢ (3.22)

In general, equation 3.22 cannot be ewaluated analytically, and we needto resort to

numerical methods. The investigation of thesemethods is beyond the scope of this thesis;
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for a full treatment seethe work of Neal ([12],[10]), and Rasnussenand Williams [14].
One property of these methods is that they require signi cant additional computation

time, which we avoid in order to maximize the practicality of our algorithm.

Marginal lik eliho od / evidence maximization

Instead of averaging predictions from all hyperparametersets, as an approximation we

may usethe prediction from the singleset with maximum posterior probability, given by

p( ciD)/ plyifxgL, ; c)p( c) (3.23)

or marginal likelihood) and p( ¢) is the prior distribution on the hyperparameters. For
simplicity, this prior is often ignored (i.e. setto improper uniform), although using a
proper prior may help rule out unreasonablevaluesof (; therefore,maximization of the
posterior probability of the hyperparametersreducesto maximization of the evidence.
The maximization problem is non-corvex in generaland it is carried out through a
gradiernt-based optimization technique sud as conjugate-gradiets, or L-BFGS. Numer-
ically, it is easierto perform this maximization in the log domain. Sincewe know that

yifxigl, ;  N(O;K), we have

. N i |
log(P(yifxigy i ) = S log2 )  log(iKi) yTK ly (3.24)
from which we can obtain the gradiert with respect to
@Og(p(y‘g'g'ﬂ’ ) - —tr(K 1@()+ SyTK 1%K y (3.25)

The asymptotic time complexity is dominated by the inversion of K, the covariance
matrix, which takes O(N3) time. As with all non-corvex optimization problems, local
optima can be a problem, although perhapsnot too seriousa onein practice, sincethe

number of hyperparametersis usually small relative to the number of data points [8§].
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In our experimerts, we have chosento usethe approat of evidencemaximization
rather than the true Bayesianapproady, in order to make the algorithm more practical
in terms of time complexity and avoiding the di cult y of choosing appropriate prior

distributions for hyperparameters.

3.1.6 Limitations of the 2-d interp olation approach

Except for the linear covariance function, the basic covariance functions we discussed
all can be written as a function of the separationvector x  x° betweentwo inputs x
and x°. Covariance functions that have this property are called stationary. It is readily
seenthat the operations of addition and multiplication of covariance functions presene
stationarity. Unfortunately, stationarity implies certain reasonablefunctions are highly
improbable sud asfunctions which vary rapidly in onepart of the input spaceand slowly
in another. This correspndsto a processwith a input-dependen (i.e. non-stationary)
lengthscale. A concrete 1-dimensionalexample of this is shavn in gure 3.4, where a
rapid changein the function only occursat two isolated parts of the input spaceand is
unchanging elsewhere.

Although the linear covariancefunction is non-stationary, it only hasthe power to add
a linear trend to samplefunctions. Dealing with reasonablenon-stationary covariance
functions is somewhatinvolved and beyond the scope of this thesis, but it is examined
in the work of Paciorek[13]. In the next section,we proposea novel way to extend the

modelling power of stationary covariancefunctions in the special caseof grid data.

3.2 Adding pseudo-inputs to grid data

Recall that in two-dimensionalgrid data, the data points are uniformly spacedin a
rectangle. Each point has a k-neighbourhood as de ned in Chapter 2 (boundary cases

aretreated specially). Our aimisto incorporate local neighbourhood information into the
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Figure 3.4: A function that is badly modelled by stationary Gaussianprocesses.We

added a small amourt of noise, sampled a

few data points, then modelled it with a

squaredexponertial GP. We shaw the predictive distributions of two di erent sets of

parameterscorrespnding to di erent local maxima in the marginal likelihood. In (b)

the predictive model is too simple;in (c) it is too complex.
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Gaussianprocesspreviously discussedfor 2-dimensionalnoisy interpolation, e ectively
making the covariance vary throughout the grid even if the distance between points is
xed while still using a stationary covariancefunction. We adieve this by adding extra
inputs to the data points.

Previouslyour input x wassimply the two Cartesiancoordinatesencaling the location
of our data points. Let us now call this Xcqorg, @and consideraugmerting our input vector
with neighbourhood information, Xneigh = Vi(Xcoora) (We nd k = 1 works best) 2 and
de ne our new, augmerted input vector, Xauyg = (Xcoord; Xneigh)- It iS perhapsincorrect to
call Xpeigh €Xtra inputs sincethey correspnd to the noisy outputs for other data points;
for this reasonwe usethe term pseudo-inputsfor Xpeign. However, in the following we
treat them asif they wereregular inputs.

The covariancefunction we useto conbine the two input setsin a reasonableway is:

C (Xaug ; Xgug) = choord(Xcoord; Xgoord) Cneig h (Xneig hs Xgeig f'1) (326)

iXcoord  X%ooral’
.0 _ coor d
Ccoord(Xaug f Xaug) - eXp |2 coor (3.27)
coord |
. 0 2"
Xneigh  Xneigh

.0 —
Cneigh(xaug, Xaug) = exp 2 (3.28)
neigh
or
2!
H 0 i2 . 0
.0 _ 2 JXcoord  Xgoord) Xneigh  Xneigh
C(Xaug’xaug) = a&®Xp 12 o 9 (329)

|2
neigh

coord

There are two characteristic length-scalespnefor the location and onefor the neigh-
bourhood. This allows the model to automatically determine which of the two \super
features" of distancein actual spaceand distancein neighbourhood spaceis more rele-
vant. Fixing lcoorg @andletting Ineign ! 1 , we getthe 2-d interpolation schemeintro duced
in section3.1; while xing Ineign andletting leoorg ! 1 We get a covarianceonly depend-

ing on neighbourhood asin the NL-meansalgorithm. Having theseas hyperparameters

2Recall the de nition from Chapter 2: Vi (x) is the set of k-neighbourhood values certred at x, put
in a vector.
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allows for the evidencemaximization medanismto decidehow to trade-o betweenthe
two extremesof using mostly local and mostly non-local information to calculate the
covariance betweenoutputs.

The resulting covariancefunction encalesour prior beliefthat data points both near
eat other and with similar neighbourhood structures should have similar outputs. Al-
though the covariancefunctions usedare all stationary, the predictions producedclearly
cannot comefrom a stationary processdepending on only location inputs.

One consequencef using a higher-dimensionalinput spaceis we have lost cortinuity
with respect to Xcoorg, i.€. two data points which are closein the grid may be far apart
in the new input space,therefore freeing the outputs from being close. Howeer, if the
locations and the neighbourhoods of two data points are close(which is not uncommon,
e.g. aconstar region), the covariancewill be large and the outputs close. This behaviour
is actually desirableand preferablein our situation sincethe type of surfaceswe wish to
model are not globally cortinuous. For example,considermodelling an edgein a natural
image. Points on either side of the edgeare closein location but have unrelated outputs
(discortinuous), whereaspoints on the edgehave similar outputs (continuous). As pre-
viously mertioned in section2.3, the points on the edgehave similar k-neighbourhoods,
di erent from thoseon either sideof the edge.In our augmerted input spacethis subtlety
can be learnedby the model.

We have also lost the ability to generatedatasets, since our pseudo-inputsrequire
knowning the dataset beforehand! Howewer, given a noisy dataset, we can generate
the noise-free(or spatial) componert correspnding to the dataset, which is where our

interest primarily lies.

3.2.1 Novel general algorithm for denoising grid data

Our algorithm for discovering the decompsition of noisy grid data is to useGPR with a

zero-meanfunction and a covariance function which is a sum of covariancefunctions we
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have discussed:

Cix;x)= +Cix;x)+ (x;x) 7 (3.30)
[

. 0 .2 ) 0 2
. _ 2 JXcoord  Xcoordl Xneigh  Xneigh
Ci(x;x% = Zexp 2 2 (3.31)

coord neigh

The hyperparametersof the covariance function are 4;lcoord; lneigh; », and . Usually

can be set manually basedon the data (see3.1.4) but the rest are learned (in the
absenceof other knowledge) by maximizing the evidence. It suces to initialize the
hyperparametersto reasonablevalues.

After the hyperparametersare selected,the mean of the predictive distribution at
ead grid location is usedasthe prediction for the spatial componert. The di erence of
this and the actual value is the prediction for the independert component.

For largegrids, it may be better to have di erent setsof hyperparametersfor di erent

regionsof the grid. We considera sthemefor adieving this in the next section.

3.3 Managing the O(N?®) time complexit y

The spacecomplexity of GaussianprocessRegressionis only O(N ?), required to store
the covariancematrix, soit is mainly the O(N 3) time complexity which posesa problem.
For modern computers, datasetslarger than 10* are infeasibleand limiting N to 10° or
lessis desirable.

We overcomethis dicult y by partitioning the grid into xed-sized, overlapping
patches and running our algorithm on ead patch separately By xing the sizeof a
patch to N4 pixels, the time complexity is now O(Nga,tP), where P is the number of
patches. Sincethe number of patchesgrows linearly with the number of pixels, asymp-
totically our algorithm is now linear in the number of pixels, O(N), with a constart
factor correspnding to the time to processa single patch.

The partitioning sthemealso adds exibilit y to the model by allowing the hyperpa-

rametersof our covariance function to be di erent in di erent patches. This allows our
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method to better model widely di ering featuresthroughout the image. The patch size
should be small enoughso that the GP model can explain the within-patch variability,
but not too small soasnot to have enoughdata points for learning/ pattern discovery.
A partitioning of the standard\Lena" imagewhich workswell is foundin gure 3.5. The
patchesare madeto overlap soasto increasethe cortinuity of the predictionswhen mov-
ing betweenpatches. Predictions in the overlapping regionsare calculated by averaging

the predictions from individual patches.

Our approad of partitioning the spaceis similar to splines,where,say, a cubic poly-
nomial may not be able capture the underlying function well, but may approximate it
well in a small interval; the useof multiple cubic polynomialswith di erent parameters
in ead partition of spaceis analogousto what we do. Often, splinesare constrainedto
be cortinuous at the knots (boundariesof partitions), but we don't explicitly force this.

In chapter 4, we alsoinvestigatereducing the datasetby summarizingblocks of data by

(a) Lenaimage (b) with partitions

Figure 3.5: A possiblepartitioning of the standard512x512mageof\Lena”. The patches

are mostly 29x29in size.

their median and then using the block mediansas data values.
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3.4 Details of marginal lik eliho od optimization step

In our implemertation, we normalizethe inputs and outputs to have mean0 and variance
1in a pre-processingstep. Initially , we initialize the hyperparameters ,; lcoord; Ineigh = 1
and initialize ? to an estimate of the independen-componert variance. We x = 36
rather than leave it as a hyperparameter. The hyperparameter seart is carried out
using conjugate-gradieits as a rst-order gradiernt-based method when maximizing the
marginal likelihood. With this initialization, we obtainedconsistetly good local maxima,
making additional random restarts unnecessary

Processinga single 30 x 30 patch in our MATLAB implemertation takes approxi-

mately 4 minutes with a 3 GHz CPU.



Chapter 4

Microarra y denoising

Our rst application of the methods discusseds for removing spatial artefacts in data
from DNA microarray experimerts. Readersinterested only in the domain of image

de-noisingmay skip this chapter and move on to the next onewithout lossof cortinuity.

4.1 Description of the problem

Often biologists or medical researbers are interested in the relative expressionlevels
of segmets of dexyribonucleic acid (DNA) { usually genes{ in various experimenrtal
conditions (e.g. brain/liv er tissue). By expressionwe meanthe processthrough which
DNA is \transcrib ed" to produce RNA, which may serne a regulatory purposein the
cell or be \translated" into a protein in the caseof genes.A commonway of measuring
the expressionlevel is to measurethe abundanceof a product of transcription, the RNA
transcript. Even in the casein which transcription of DNA doesnot result in a protein,
the RNA transcript abundanceis still of interestasit may sere a regulatory role in the

cell.

A commontool usedto measurethe abundanceof RNA in a cell is the DNA mi-

croarray. A sensorwith thousandsof spots or probes, eah designedto bind to some

33
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sequencef basesfrom the setA,C,G,T. The probesare arrangedin a uniformly spaced
two-dimensionalgrid, or array. Microarrays canbe constructedeconomicallyand rapidly

and allow parallel, high-throughput generationof data. Typically, the spacingbetween
probesis small, allowing for thousandsof probesto be placedon a glassslide (also a

called microarray chip) roughly the sizeof a nger tip.

In a processcalled hybridization, a (tissue) sample of interest is dyed with a uo-
rophore then washedonto the slide to allow binding. In the imaging step, a laseris
shoneon the array, causingthe dyeto uoresce. The amourt of uorescenceat ead spot
is related to the amourt of binding and in turn to the RNA abundancein the sample.
From ead spot, the imaging software derives an intensity value. Thesevaluesare then

normalized[1§].

In practiceit is possibleto hybridize two di erently dyed (using Cy3 or Cy5) samples
to a singlemicroarray. In spotted microarrays, this techniqgue may be usedto measure
the relative expressionlevels in corntrol and patient samples;in oligonucleuotide arrays
(e.g. the data we discussin this chapter), the signalsare of su cien tly high quality that
it is possibleto measurethe absolute abundanceof RNA for two samplesat ead spot.

For more details on the technology of microarrays, the readermay consult Sthena'sbook
([16]).

By design,the order in which the probesare placedon the microarray slideis usually
randomized (certainly in the dataset we use); hence,we expect very little correlation
between position and expressionafter hybridization. This assumptionis crucial to our
denoisingapproad since the presenceof spatial structure in the expressiondata can
then be attributed to spatial artefact noise which arisesfrom imperfect experimenrtal
procedures.Thereis a multitude of noisesourcesvhich we do not attempt to exhaustively

examine,but they may include

1Adenosine(A), Guanine (G), Thymine (T), Cytonsine (C) { the four nucleic acids of DNA and the
building blocks of the genetic code
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stray dust particles on the slide or imaging lens[18];
touching of the slide with ngers or other objects
non-uniform \w ashing" in the hybridization process,

In other words, a great many possiblethings can contribute spatial artefacts and it is
imprudent to place many restrictions on the shapesof artefacts we expect. Instead, we
assumethat the diversity of shapesis similar to that found in natural images,which tend
to have a signi cant amourt of cortinuity, alongwith somesharp edges.

There are other sourcesof noisein microarray data, sud asthat producedby cross-
hybridization, in which probesbind to the wrong segmen of DNA [7], but we ignore

these.

4.2 Data used in our experiments

We test our methods on mousegeneexpressionmicroarray data createdby Zhang et al.
[23] for genefunction prediction. The microarrays they use are of the oligonucleotide
variety, allowing for two di erent simultaneoushybridizations in the Cy3 and Cy5 chan-
nels in a processcalled uor reversal The result is we have two microarray images
per slide (which we will call greenand red), but we treat the data asif it were created
from two separateslides. Cornvenierly, the dataset contains replicates (one from ead
channel, greenand red) for ead experimert; i.e. for ead microarray experimert, there
are two hybridizations on di erent slides. We take advantage of thesereplicatesin our
performancemetric, as discussedn Section4.4.

There are N = 21939spots arrangedin a 213-by-103 grid. Henceforth,the direction
along the longer length will be called the vertical direction and the other will be called
the horizortal direction.

We informally obsenedthat thereis a large diversity of spatial artefact shapesacross
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all slides, but not so much within a slide. This obsenation (along with preliminary
experimerts) in uenced our decisionto useonly two partitions (see3.3) for ead slide.
Remenber, having ner partitions allows usto have more setsof hyperparametersin our
Gaussianprocesstailored to di erent parts of the slide. The secondreasonfor having
ner partitions is that it reducesthe computational complexity of processingthe ertire
slide; howewer, we addressthis aspect by learning the hyperparameterson a reduced

dataset, descriled in the next section.

4.3 GP algorithm for microarra y artefact removal

Our approad to microarray denoisingis to model the (log of the) intensity at eat probe
as the sum of spatially-independernt and spatially-dependen componerts, seenas the
cortributions from the true expressionlevel of the probe and the microarray's spatial
artefacts, respectively. The spatial artefact componert is also called the local/spatial
trend or badkground, and its removal is called detrending. Oncethe badkground over the
ertire slide hasbeenestimated, it can be removed by subtraction. In our algorithm, the
spatial trend is a latent function inferred using Gaussianprocessregressiorand the true
expressionlevels are modelled by 11D Gaussiannois€. The covariance function we use
was descriked in Section3.2.1.

The Gaussianmodel for the expressiorevelsis not quite appropriate, sincethe actual
distribution hasa heavy right tail [9]. To make the data more amenableto our model,
we derive a new dataset where the outputs are the medians of 3x3 non-overlapping
blocks from the grid data, and the inputs are the certre (two) coordinates of the block
and the 1-neigtbourhood of the block, which is de ned asthe valuesof the data points
directly adjacen to the block but not part of the block. Note that the 1-neigtbourhood

of a data point correspndsto the 1-neighbourhood of a block of size 1x1. Figure 4.1

°Note that the data is positive. As mertioned in Chapter 3, to make a zero-meangaussianprocess
reasonable,we pre-processthe data sothat it haszero mean
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shows a 3x3 block certred at a point p along with its 1-neigtbourhood. The hope in

Satatate bt
900000

Figure 4.1: Shows the 1-neigtbourhood of a 3x3 block certred at p. The gray coloured
circlesare part of the 3x3 block and the bladck colouredcirclesform the 1-neigtbourhood

of the block. The white circlesare other grid data points.

this pre-processingstep is that the spatial artefacts over a 3x3 block are appraximately
constart, and henceremoving the extreme data values from consideration by taking
mediansindirectly removesthe extremeindependert-componert values. Figure 4.2 shavs
the e ect of running one microarray image through our median scheme. We seethat
the distribution of values changesfrom very right-skewed to a more symmetric, more
Gaussiandistribution.

This pre-processingstep also has a major side benet of reducing the number of
training points to 1/9 of the number. As we saw in the previous section, learning the
hyperparametersinvolves se\eral inversionsof the covariance matrix, taking time that
is O(N2®) in the number of training points, which asymptotically dominatesthe overall
time complexity of the algorithm. In the dataset used here, the slide is a 213 x 103
grid of probe positions, so N = 21939. Taking the mediansof 3x3 blocks givesa new
reducedgrid of 71 x 34, with N = 2414,which is much more manageableon a modern-
day computer. The task is reformulated as predicting the median of the spatial artefact
valuesof a 3x3 block certred at X or (X¢oorg). Note that even though we train on the

certres of non-overlapping blocks, we may still make predictions of the mediansof blocks
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Figure 4.2: Top: A microarray slide (log domain) and its histogram of values. Bottom:

The derived median versionand its histogram of values.
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certred at all 21939(test) locationson the slide. This stepis linear in the number of test
points oncethe covariancematrix is inverted (taking time O(N 3) in the training points).

In represeting the original microarray imagewith 1/9 as much data, there is obvi-
ously a lossin resolution resulting in the lossof some ne spatial artefacts (say a 1 pixel
line). Howewer, sudh ne artefact structure is rare and the overall e ect of ignoring it is
small when using the correlation performancemetric descriked in the next section.

Our medians-shemeis by no meansthe only way to increasethe Gaussianiy of data.
Snelsonet al. ([19]) investigateslearning the parametersof a data transformation from
a class(which includeslog-like functions) simultaneously with the hyperparametersof
the covariancefunction. In their Gaussiansmaoothing algorithm, Shai et al. ([9]) ignore
data points whosevaluesexceeda certain departure from a preliminary estimate of the
local trend. Howewer, only our sheme reducesthe data set size while increasingits
Gaussianiy.

In our MATLAB implemertation, processingead of the two partitions per chip takes

approximately 4 minutes on a 3 GHz CPU computer.

4.4 Exp erimen tal metho dology

We compareour own GaussianProcessmethod \GP") with Gaussianltering / smaoth-
ing (\STR", see2.2), and a median lter with a 1-neighbourhood (\Medians"”, see2.1).
We do not comparewith the NL-meansalgorithm sinceaccordingto its dewelopers, the
choiceof h (controls degreeof Itering, see2.3) shoulddepend on the standard deviation
of the independert componert, -, which is unknown here. We attempted to estimate
it by looking at the average (absolute) di erence between adjacent valuesdivided by
two, but found that this was only accuratewhen the independern-componert was small
comparedto the dependerti-componen, which is not the casein microarray data.

The performancemetric we will useis the increasein correlation between the two
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replicatesof a microarray experimert after processingby the algorithm:

(Mgreen; I<rred) (Ygreen; Yr ed) (4-1)

where Yy een; Yreq are the original greenand red microarray image data, respectively,
and Iﬁgreen; N g are the estimatesof their independern parts made by the algorithm
whoseperformancewe are measuring,and is the samplecorrelation betweentwo sets
of measuremets. It isimportant to emphasizehat the algorithms processead replicate
independertly, and do not depend on the existenceof replicates;the replicateinformation
is usedhereonly to measureperformance.In general,replicatesare not expectedfor the
algorithms we discuss.

This metric is more appropriate for our purposesthan mean squarederror sincea
ground truth is unavailable, but we have replicates; furthermore, we are not concerned
with the actual valuesof the expressionjust the relative valueswithin the slide. Under
perfectexperimenrtal conditions, we expect the correlationto be very closeto 1; in reality,
this often is not the case. An ideal microarray denoisingalgorithm would bring the
correlation betweenthe two replicatesas closeto 1 as possiblewithout destroying the
signal. The histogram in Figure 4.3, shows the distribution of correlations between
replicate-pairs before processingby the algorithms (there are 114 experimerts in the
Zhangdata). Although most replicate-pairsalready have a high-correlation, a signi cant
proportion (29% of 114 replicate pairs) have correlation under 0.9.

Note it is possibleto cheat by setting s; = y; for all i, resulting in a detrendedresult
of all zerosin both replicates, and a correlation of 1. In order to safeguardagainst
sud pathologicalalgorithms, onecan ched the changein correlation betweenpairs after
only processingone replicate in the pair; a large systematic decreasan the correlation
is strong evidenceof a pathological algorithm. Our obsenation is that the algorithms
whoseresults we report appear not to be of this type.

In addition to the Zhang datasetalready descrited we alsoconduct experimerts with

a semi-arti cial dataset,whoseresultsare easierto analyze. To construct this datasetwe
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Figure 4.3: histogram of correlations betweenreplicate pair experimerts

took the highest correlated (before processing)replicate-pair out of the 114 and added
arti cial artefactsto oneof the replicates(green). Before adding artefacts, this pair had
a correlation of .98 , which is closeto one, and hencewas apparerily free of artefacts
and noise. We created 10 semi-arti cial microarray slide datasetsby adding 10 sets of
artefacts (shown in gure 4.4)to the greenslide. The advantage of this datasetis we can
comparethe estimated artefacts with the actual artefacts, unlike in the Zhang dataset.
Thus as a performancemetric we may take the correlation betweenthe greendata with
artefacts added after processingand original greenor red slides. There is no possibility

of cheating here sinceonly one slide will be processedn a pair.

4.5 Results

45.1 Articial artefacts results

Figure 4.5 shows the spatial componerts or (local) trend estimated by ead of the three
methods, for ead semi-arti cial microarray slide. Comparingto Figure 4.4, the Medians
estimatesappearsto be the leastsuccessfuln separatingout the spatial trend. The STR

and GP look more successfulput it is di cult to make strong claimsabout their relative
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Artefacts

4 45 5 55 6 65 7 4 45 5 55 6 65 7

Figure 4.4: Top row: Ten setsof arti cial artefacts (we label them 1,..., 10 from left to
right) to be addedto a microarray data slide. Bottom row: the original slide to which

artefacts are added and the result of adding the 10" set of artefacts
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performancejust from Figure 4.5. Howewer, we may obsene that the GP trends more
accurately capture the thin, sharpline segmets found in artefact casesr-10.

Stronger, more objective statemeris can be madeby looking at the changein correla-
tion betweenead arti cially corrupted slide and its uncorrupted replicate. Theseresults
are shawvn in Figure 4.6. As expected, in most casesthe Medians method does worst,
and in casesl-3 actually decreaseshe correlation, so that not processingat all would
have done better. Agreeingwith our visual remarksin the previous paragraph, the GP
algorithm performs better than STR in the line-segmettdominated casesof 7-9. The
performancegap is lesssewere in casel0, which hasa mix of smooth and line-segmen
artefacts. In all casesthe GP method performsat leastaswell asthe STR method and

newer performsworsethan doing nothing.

45.2 Real artefacts

Figure 4.7 showvs a few examplesof the decompsition of microarrays from the Zhang
datasetinto their spatially-independen (denoisedmicroarray expression)and spatially-
dependert (microarray spatial artefacts) componerts. Theseexamplesillustrate the di-
versity of spatial artefacts found in the dataset and the versatility of our method at
estimating spatial artefacts/trends.

Figure 4.8 shaws a scatter plot of the completeresults for the Zhang dataset for the
three methods under consideration. We seethat GP and STR consistettly beat Medians
and the gapis wider for replicate-pairswith lower correlation. Another notable di erence
betweenGP/STR and mediansis that GP/STR rarely decreasehe correlation. For the
subsetof pairs which had a pre-processingcorrelation above 0.9, it is unclear which of
GP and STR performsbetter, but whenthe pre-processingcorrelation< 0:9, GP always
performsat leastaswell as STR and GP is newer worsethan doing nothing.

Figures 4.9 and 4.10 are perhapseasierto interpret. The rst gure shaows that the

averageperceriage improvemert (in correlation) of GP over STR is comparableto that of
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Artefacts plus green data

Medians trend estimates

Figure 4.5: Row 1: Data to detrend usedasinput to the methods. Row 2: Correspnding
trends estimated by the Medians algorithm. Row 3: Trends estimated by the STR

algorithm. Row 4: Trendsestimated by the GP algorithm.
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Figure 4.6: The correlation improvemert results for the three methods on the arti cial

dataset. Each Mediansresult is labelled with the artefact casenumber (1-10).
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STR over mediansand the magnitude of this improvemern increasessthe pre-processing
correlation decreasesThe second gure shaws a similar result using negative perceriage

changein 1-correlation as a measureof improvemen.

4.6 Discussion

We have shavn that our GP algorithm performsat leastaswell asand often better than
STR in both our semi-arti cial and the real, Zhang dataseton low PPC replicate-pairs.
In the real data case the perceriage improvemen of GP over STR is comparableto that
of STR over medians.

With Gaussianprocessregressionmethods, one hasto be careful with the time com-
plexity, but our median-sbemecombined with partitioning ead slide into two hasmade
the total processingtiime per chip comparableto STR3{ on the order of 10 minutes with
a 3 GHz CPU (doing eadt partition sequetially). Our algorithm can scalelinearly to
larger microarrays by xing the partition sizewhile increasingthe number of partitions.

Median ltering is still much faster but its performanceis likely unacceptable.

3In the STR algorithm, determining the Gaussiankernel parameter by gradient-based optimization
dominates the time complexity.
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Figure 4.7: Eight examplesof microarray decompsitions by the our method into spatial
and independen componerts. In ead triplet of images,the left one is the original
microarray slide, the certre is the estimated spatial componert, and the right is the

estimatedindependert componert.
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Figure 4.8: Top: Scatter plot of improvemen results for all replicate pairs in the Zhang

dataset. Bottom: Improvemen results for replicate pairs with pre-processingcorrelation

of at least0.9.
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Improvement vs. maximum pre-correlation on Zhang dataset

018‘& T T T T T T T T T
~ J— —
A A —GP
0.16 | \ — B —STR ]
N — © — medians
AN
0.14p. A i
- -
| N
% AN N
S o012t N A .
5 ¢ _ N A— A
c 04f ’@\ ~ 2 ~ 4
£ ~ ~ ~
- - ~
& 0.08 | S. ~ A g
o ~ B
2 O~ S~ \A\
o ~
g oos| RS o0
o = e\
> \O\ \%
0.04 NS I
Ol h
~
0.02 )

0 1
05 055 06 065 07 075 08 08 09 095 1
maximum correlation before processing
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processingby the 3 algorithms consideringonly those pairs with a correlation (before

processing)belown a threshold (found on the x-axis).
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Improvement vs. maximum pre-correlation on Zhang dataset
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Figure 4.10: Shows the averagenegative % changein 1 correlation between replicate

pairs after processingby the 3 algorithms consideringonly those pairs with a correlation

(beforeprocessing)belown a threshold (found on the x-axis).
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Image denoising

5.1 Description of Problem

Imagescaptured by digital camerasor scannersare rarely noise-free.The nature of the
noise artefacts in imagescan vary signi cantly, but here we focus on the unavoidable
shot noise of the charge-coupleddevice (CCD), the main image sensorin most imaging
devices. The CCD is essetially a two-dimensionalarray partitioned into small, equal-
sized,(usually) squareregionscalledpixels, eat of which hassensorsiesignedo estimate
the number of photons arriving in its regionin sometime interval (exposuretime). In
the extremecasesf low-light or fast-action photography, the number of photonsis small
enoughthat the sampling error is detrimental; in most other cases,the e ect is not
as noticeable but still undesirable. The random processof photon courting is usually
thought to be a Poissonprocess,where we expect the number of photons, P, to have
standard deviation p5 [2]; that is, the noiseis intensity dependen. Howewer, as a
simpli cation, most noisemodelsin the image processingliterature assumethe noiseis
independen, idertically distributed (11D) Gaussian.When the meannumber of photons

is huge, the Poissondistribution is well-appraximated by a Gaussian.

Usually image data is receiwved in the form of a matrix specifying the grey-le\el or
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RGB vector for a pixel in row i and columnj. Without lossof generality®, we restrict
ourselhesto grey-lewel images;after re-labelling the data and allowing x to be the (row,
column) of a pixel andy to bethe grey-lewel of the image,we seewe have two-dimensional
grid data f (x;;yi)gY; R? R. If we let the true imagebe the spatial componert and
the shot noisebe the independert componert, we arrive at the decompsition problem

discussedn Chapter 1.

5.2 GP algorithm for denoising images

Our imagedenoisingalgorithm rst dividesan arbitrary natural imageinto appraximately
30x30 pixel patches, which overlap with adjacert patchesby 6 pixels on all sides(see
3.3). For eadh patch, we use Gaussianprocessregressionusing the covariance function
descriked in Equation 3.31to obtain the predictive mean of the noise-freeimage, which
in this caseis the spatial componert. Once predictions are obtained for ead patch, we
combine them to producethe completedenoisedmage. Multiple predictionsat the same

pixel are averaged.

Recall, that in our covariancefunction, the hyperparameter 2 cortrols the estimate
of the variancein the independert componert (11D Gaussian). This canbe learnedalong
with the other hyperparameters,or can be xed to an estimate obtained from the user.
In commercialimagedenoisingsoftware, the estimateis often obtainedwith the aid of the
user, who provides a bounding box around a region of the image with no detail. In our
experimerts, we assumethis estimate is available and x 2 accordingly This increases
the robustnessof the hyperparameterlearning by avoiding certain bad local maxima in

the marginal likelihood.

to denoisea colour image, denoisethe R,G, and B channelsseparately
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5.3 Exp erimen tal metho dology

To compareimage denoisingalgorithms, we will take three relatively noise-freeimages,
add variousamourts of 11D Gaussiannoisearti cially , attempt to remove the noiseusing

the algorithms, and comparethe denoisedresults with the original images.

5.3.1 Adding articial noise to images

Let i%nage be the samplevariance of an image beforeadding noise. De ne the signal-to-

noiseratio (SNR) of the imagewith arti cially addedwhite noiseN (0; 2,..) as

imag e~ noise (5.1)

A lower SNR correspndsto a noisierimage,or in our earlier terminology, an imagewith
a larger independert componert cortribution to ead pixel. In practice, an image with
SNR of 10hasbarely noticeablenoise,and onewith an SNR of lessthan 2 is unacceptable
to most people. For our experimerts, we add noisesud that the SNRis 2, 5, and 10

(identical noisepatterns, but di erent noise magnitudes).

5.3.2 Performance metrics

We focus on two algorithm performancemetrics. One is quartitativ e and objective, the
other is qualitative and subjective, but perhapsmore natural.
Becausewe are adding noiseoursehesto a ground truth image, we can calculate the

meansquarederror (MSE) betweenthe denoisedimageand true image:

1 X

5 (s o8y (5.2

i=1
where s; is the true value of the i pixel, and § is its estimated value from the noisy

data. This error measurehas the advantage of being objective and is often usedin the

image processingliterature to comparealgorithms.
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The other performancemetric is simply a visual comparisonof true and denoised
imagesby people. We presen theseresults by shaving the actual imagesand discussing
their visual qualities. An attempt will be madeto make only obvious statemeris, which
the readerpresumablywill nd non-corroversial.

In certain pathological casesthe MSE metric and human-visualmetric producevery
di erent rankings. A simple exampleis an algorithm which perfectly denoisesan image
and translatesit 1 pixel to the left. Calculating only the MSE would lead oneto believe
that the algorithm is very bad; whereas,most humanswould not notice the translation
and beliewe the algorithm is very good basedonly on visual inspection. Apart from
sud caseswe nd that the MSE metric often agreeswith visual inspection, but visual

inspection can o er insight unobtainable from just the MSE numbers.

5.3.3 Image data

We usethree commonly usedimagesin the image denoisingliterature. Lena, Barbara
and Boat.? The three imagesare showvn in Figure 5.1. Each imageis a 512x512pixel,
8-bit graylevel image exhibiting a large range of intensity and detail. The Lenaimage
hasa mix of very low detail in the skin and the badkground with very high detail in the
hat. The Barbaraimagehaslessextremerangeof detail but alsohasperiodic properties
in the tablecloth and head covering. The Boat image has a very high amourt of detail

throughout most of the image, exceptin someregionsof the sky.

5.3.4 Metho ds selected for comparison

As baselinesn the MSE results, we usemedian ltering (\medians") with a 1-neighbourhood

(seeSection2.1), and Gaussian ltering using STR (seeSection2.2) without outlier de-

2Grayscale Lena obtained by averaging RGB channels of color version found at
http://www.cs.cm u.edu/ chuck/lennapg/lenna.shtml. Barbara and Boat images obtained
from http://decsai.ugr.es/ javier/denoise/test images/index.ntm.
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(b) Barbara

(c) Boat

Figure 5.1: The original imagesbeforeadding noise.
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tection. We alsoreport the MSE of doing nothing to the noisy image (\original+noise").

The main comparisonwill be betweenour Gaussianprocessalgorithm (\GP") introduced
in Chapter 3 and the Nonlocal meansalgorithm (\NL means") of Buadeset al. [3], with

h = 10 ,ise, @ Neighbourhood size of 7x7, and searty window size of 21x21, settings
recommendedby the authors. It is possiblethat the parameterssuggestedby the au-
thors are not optimal for all imagesand noiselevels and that somesort of sear& over
parameter spacewould improve the performanceof the NL meansalgorithm; howe\er,
we do not perform such a searti. A comprehensie comparisonbetweenthe NL means
algorithm and se\eral standard algorithms including Gaussiansmoothing is found in [2],

which claims NL meanshas state-of-the-art performance.

5.4 Results

54.1 Lena

SNR 2 | SNR 5| SNR 10

original+noise 45555 | 73.02 18.36

medians 108.85 | 40.30 29.54
Gauss Filter 98.88 91.40 90.39
NL means 47.74 21.91 14.63
GP 50.60 20.87 10.90

Table 5.1: Mean squarederrors for the Lena experimerts.

The meansquarederrors for the Lena experimerts are found in table 5.1; the visual
results can be inspectedin Figure 5.3. We can seefrom the MSE table that both the
NL-means and GP algorithms beat the two baselinesby a large margin but perform
similarly at various SNR levels. The trend in the di erence in MSEs betweenNL-means

and GP is that GP performsbetter at low noise-leels whereasNL-meansdoesslightly
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Figure 5.2: A closerlook at Lena's hat after denoisingin the caseof SNR=5. The

left imageis the image beforeadding noise;the certer is the result from the NL-means

method; the right imageis the result of the GP method.

better at higher noise-leels.

From the visual point of view, the NL-meansand GP methods compare similarly,

but the GP method presenesmore of the high frequencydetail in the image. A striking

exampleof this is obtained from a closerinspection of Lena's hat at the medium noise-

level of SNR=5 where both methods perform similarly on the MSE metric (seeFigure

5.2).

5.4.2 Barbara

SNR 2 | SNR 5| SNR 10
original+noise 742.70 | 118.91 29.78
medians 388.87 | 281.25 | 263.92
Gauss Filter 332.68 | 319.79 | 318.06
NL means 87.70 33.40 20.31
GP 120.50 | 38.75 16.67

Table 5.2: Mean squarederrors for the Barbara experimerts.
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The mean squarederrors for the Barbara experimerts are found in table 5.2; the

visual results can be inspectedin Figure 5.4.

The MSE resultsfor the Barbaraimageshawv similar trends asthe Lenaimageexcept
the NL-meansalgorithm performssigni cantly better at the high noise-leel of SNR=2.
This is not so surprising consideringthe high level of periodicity in the image (asin the
table cloth, head covering, and pants), which is the casein which NL-meansexcels.

Examining the visual results, we seethat the NL-means method is better able to
denoisethe periodic regions. Howewer, the GP method is able to better presene high

frequencydetails in the non-periodic regionssud asthe face.

5.4.3 Boat
SNR 2 | SNR 5| SNR 10
original+noise 542.67 | 86.91 21.78
medians 175.15 | 89.58 75.88
Gauss Filter 212.96 | 204.21 | 203.07
NL means 89.46 41.94 26.91
GP 95.87 36.97 16.73

Table 5.3: Mean squarederrors for the boat experimerts.

The meansquarederrors for the Boat experimerts are found in table 5.3; the visual
results can be inspectedin Figure 5.5.

The rankings from the MSE results are similar to those obtained in the Lenaimage
and again visually we seethat the GP method is better at preserving high-frequency
detail in the image. Howeer, sincethe Boat image has the highest non-periodic detail

of the three images,the e ect is more dramatic.
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5.5 Discussion

We have shavn our GP method performsfavourably { especially at moderateto low noise
levels{ againstthe NL-meansalgorithm, usingthe programsettingsrecommendedy the
authorsin [3]. We make this claim with respect to both the MSE and visual inspection
(the ultimate) performancemetrics. Howewer, we note that in the visual results we sav
that the GP method is signi cantly better at preserving non-periodic, high-frequency
detail.

Since most real applications of image denoisingoccur at the medium-to-lov noise
levels,our GP method is likely better than the other methodsin most practical situations.

Although our algorithm scaleslinearly in the number of pixels whenthe patch (par-
tition) sizeis xed, the time taken for eat patch (30x30 pixel) partition is on the order
of 5 minutes. For the test imagesused, this translated to a total time for denoisingan
imageon the order of seweral hoursin a MATLAB implemertation run on a 3 GHz CPU
doing onepatch at atime, whereasa good implemertation of NL-meanswould take a few
minutes. Although, the time complexity of our method is within the limits of feasibility,

future work in acceleratingour method would increaseits generalusefulness.
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(a) noiseadded

(b) NL means

(c) GP method

Figure 5.3: Lenaimageresults. SNR left to right: 2, 5, 10.
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(a) noiseadded

(b) NL means

(c) GP method

Figure 5.4: Barbara imageresults. SNR left to right: 2,5, 10.
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(a) noiseadded

(b) NL means

(c) GP method

Figure 5.5: Boat imageresults. SNR left to right: 2, 5, 10.
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Concluding remarks

6.1 Summary of thesis

In this thesis, we have treated microarray spatial artefact/trend removal and image de-
noising as essetially the sameproblem { the decompsition of data into spatially in-
dependert and dependert componerts. We shaved that both problems can be solwed
using very similar methods. We presened a method using Gaussianprocessesor regres-
sion with a new type of covariance function, which can be usedwith any grid dataset.
Through experimerts in both application domains,we have shavn that our method per-

forms favourably comparedto well-establishedmethods in the both literatures.

Howewer, we nd that our method performs best in the caseof medium-to-lov en-
ergy in the spatially-independert componert relative to the dependen componert; this
correspndsto the caseof (more realistic) medium-to-low level of noisein imagedenois-
ing. The performanceimprovemert over other methods is lessimpressiwe for microarrays
with low-energyspatial artefacts and imageswith high noiselevels, wherethe indepen-
dent componern plays a more signi cant role in the data. It may be that the problemis
simply too di cult, and that little can be done beyond small improvemerts, which are

achievable by simple algorithms. One can justify this intuition by asking probably the
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best image denoiser,the human mind, how well it can distinguish the image from noise

in the Lenaimagewith an SNR=1 (seeFigure 6.1).

Figure 6.1: The Lenaimagewith an SNR=1. The imageis arguably di cult to visually

disertangle from the noise.

6.2 Future work

One possibleimprovemen to our Gaussianprocessmethod may reducethe pixelation
e ects experiencedat high-noiselevels in image denoisingresulting from discortinuities
betweenthe predictions of adjacert patches. When processingead patch/partition of
an image (or microarray), instead of ignoring all the data outside of the patch, one
could incorporate certain statistics computedfrom all other patches. Presumably global
trends (in the spatially-dependert componert) extending beyond single patches could

then be more easilyinferred, without increasingthe amourt of training data signi cantly.
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Pixelation might be reducedascortinuity acrosspatchesmight be moreencouraged.One
possibly useful statistic would be the meanof ead other patch. The covariancebetween
meansand single grid points needsto be handled slightly di erently than betweentwo
grid points.

Speeding up our algorithm for large image/microarray datasetsis of considerable
practical importance. There are a number of directions one could take to achiewe this.
One is to appraximate the inverseof the covariance matrix, whosecomputation is very
time-consumingwhen learning the hyperparameters,the dominart step with respect to
time complexity. To this end, onemay usea low-rank appraximation to the covariance
matrix asin the Nystrom appraximation [22], or appraximate the Choleskyfactorization
asin [6]. A seconddirection is to usea subsetof the data selectedby somereasonable
criteria to train the hyperaparameterswe adchieved a similar reduction in training data
using our medianssheme when applying our algorithm to microarray data, but more
generalmethodsexist. A reviewof thesemethods canbefoundin Chapter 8 of Rasnussen
and Williams' book ([14]).

On the theoretical side, further analysisof our useof pseudo-inputsin our covariance
function can be conducted. Our pseudo-inputsin fact are a subsetof the noisy-outputs.
Having the covariance betweenoutputs depend on other (noisy) outputs may be viewed
with suspicion. Howeer, the fact that our method performswell in experimerts suggests
something has beengained. A new interpretation of what we are doing may lead to a
more principled framework and allay our anxieties.

Finally, a comparisionof the image denoisingperformancewith state-of-the-art com-

mercial applications sud as NoiseNinja and Neat Image would be interesting.
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