Technical Report No. 0101 , Department of Statistics, University of Toronto

Improving Markov chain Monte Carlo Estimators by

Coupling to an Approximating Chain

Ruxandra L. Pinto * Radford M. Neal t
February 23, 2001

Abstract. We show how large improvements in the accuracy of MCMC estimates for posterior
expectations can sometimes be obtained by coupling a Markov chain that samples from the posterior
distribution with a chain that samples from a Gaussian approximation to the posterior. Use of
this method requires a coupling scheme that produces high correlation between the two chains. An
efficient estimator can then be constructed that exploits this correlation, provided an accurate value
for the expectation under the Gaussian approximation can be found, which for simple functions
can be done analytically. Good coupling schemes are available for many Markov chain samplers,
including Gibbs sampling with standard conditional distributions. For many moderate-dimensional
problems, the improvement in accuracy using this method will be much greater than the overhead
from simulating a second chain.

1 Introduction

Bayesian inference problems require calculation of the expectations of various functions of the
model parameters with respect to their posterior distribution. If the posterior density, f(y), is easy
to sample from, the expectation of a(y) with respect to f can be estimated using Monte Carlo
integration by @, = (1/n) Yi-; a(y;), where y1,...,y, is a sample of n independent points drawn
from f.

Drawing samples directly from the posterior distribution is not feasible in most Bayesian infer-
ence problems because the posterior distribution, f, is usually too complicated. One of the early
solutions for this problem was to find a Gaussian approximation, g, for f and use E4(a(y)) as
an approximation to Er(a(y)). This reduces the problem to calculating the expected value of the
function a with respect to a Gaussian distribution, which, depending on the function a, may be
doable analytically, or by Gaussian quadrature (Thisted 1996, ection . ), or by efficient Monte
Carlo techniques. Another possible solution is importance sampling (Tanner 199 , ection . . ),
perhaps using the Gaussian approximation to the posterior distribution. A sample from the Gaus-
sian distribution is drawn and the points of the sample are reweighted to account for the fact that
the sample is not from the correct distribution.




In many problems, the Gaussian approximation will be close to the posterior distribution, but
not close enough to provide sufficiently accurate estimates. If the posterior distribution has heavier
tails than the Gaussian approximation, even importance sampling will not provide good estimates,
as in this case the importance sampling weights will be very variable, and only a few points from the
sample drawn from the Gaussian approximation will contribute to the estimate. For this reason,
Markov chain Monte Carlo techniques are now commonly used to estimate expected values with
respect to complex or high-dimensional posterior distributions.

In this paper, we will use the Gaussian approximation to the posterior distribution to improve the
accuracy of Markov chain Monte Carlo estimates. The mean of the Gaussian approximation is taken
to be the mode of the posterior distribution. The mode can be found using the ewton- aphson
algorithm, for example, perhaps using as an initial value the sample mean, 7 = (1/n) > vi,
where y1,...,Y, is a sample generated by simulating a Markov chain that converges to f. The
variance-covariance matrix for the Gaussian approximation is chosen to be minus the inverse of the

essian (matrix of second derivatives) of the logarithm of the posterior density, evaluated at the
mode of the posterior distribution.

The Markov chain used to generate the sample y1,...,y, from f will be coupled with a chain
that converges to the Gaussian approximation, g, producing a sample 1,..., , . We hope that
these two samples will be highly correlated. To take advantage of this correlation, we construct new
estimators for Et(a(y)) that depend on both the y s and the s and which make use of Eg(a( )),
which is assumed to be accurately known.

One such estimator is

ay (@  Eg(a())), (1)

where @ = (1/n) Y7 ,a( ;). For = (@y,a )/ a (@ ), this is the best unbiased linear
estimator. In practice, will have to be determined from the data, introducing some small bias.
This new estimator is sometimes much more accurate than @,, due to the information provided by
the sample drawn from the Gaussian approximation, which for problems of moderate dimensionality
can be found with little computational e ort.

In the context of simple Monte Carlo estimation from simulation data, a similar technique has
been used to reduce variance using control variates ( elinen 19 , ection IIL ipley 19 ).
Cheng (19 ) investigates the properties of estimators of type (1) when the oint distribution for
and y is Gaussian, an assumption that seems to be reasonable in their queueing system context, but
perhaps not for our application. avenberg, Moeller and Welch (19 ) discuss the loss of variance
reduction due to estimating from the data. Another use of coupling to improve estimation is due
to Frigessi, Gasemyr and ue ( ), who use antithetic coupling of two chains sampling from the
same distribution.

In ection , we introduce the coupling procedure and show how it can produce correlation
between chains. ection presents the estimator (1) and discusses its properties and efficiency. In
ection , this estimator is seen as the simplest of a larger class of estimators that can also model
more complex relationships between the two chains. ection presents an example based on the
data on pump failures from Gelfand and mith (199 ). We conclude, in ection 6, by discussing
possible further extensions and applications.



ou in Cc ni u

Two chains are coupled when their transitions are determined by the same random numbers.
uppose we have two distributions, ¢ and f, from which we want to draw samples ( 1,..., )
and (y1,...,Yn), respectively. We will start with = y . At each iteration we randomly draw
from some distribution  and generate the updates for the two chain by = ,( 1, ) and
y = f(y 1, ). The transitions functions, ; and , take two inputs, the state at time 1
and some randomness , and return the state at time . These transition functions are chosen
to keep the target distributions, f and g, invariant. From the chains obtained, an initial burn-in
period that depends on how fast the chains converge to their oint stationary distribution will be
discarded.

Coupling is used in  ropp and Wilson s (1996) coupling from the past method of exact sampling.
In this context, chains are started from all possible starting points and are run using the same
transition probability function. Under certain assumptions, if we start the chains far enough back
in the past, they will all coalesce by time ero.

We couple two chains using di erent transition functions, sampling from similar but di erent
distributions. We start both chains from the same initial state and hope the chains will stay close
together for the whole run, producing high correlation between the states of the two chains. The
success of coupling in producing chains that move together depends on the Markov chain Monte
Carlo methods used to sample from the distributions, and on the way they are expressed in terms
of functions.

To illustrate how coupling works, and later the properties of the estimators we introduce, we
consider a toy example in which a gamma, distribution is approximated with a Gaussian distribution.
In Figure 1, we can see the e ect of coupling a chain sampling from the Gamma(1 , ) distribution
with a chain sampling from its Gaussian approximation. If we denote by f the density of the
Gamma distribution, then the parameters of the Gaussian approximation, g, are the mean , set
to the mode of f, and the variance = log f( )/ ! evaluated at the mode. We used
the Metropolis algorithm to sample from the Gamma and Gaussian distributions. The proposal
used by the Metropolis algorithm was a Gaussian distribution centered at the current point and
with standard deviation three. The coupling for this example is done by using the same Gaussian
random numbers for the proposals and the same uniform numbers for the accept-re ect decisions.
The random noise = (n, ) has two components, n (, )and Uniform( ,1), and the
two deterministic functions ; and 4 are defined by

_ oy 1on it fly 1 n)/fly 1)
f(y 1, (n ) )) - Y o1 otherwise ( )
and similarly
_ 1ono i g 1 n)/g( 1)
o 1)) = 1 otherwise 0)
where f is the gamma density f( , )= ( ! ) ( () ) with parameters =1 and
= , and g is the Gaussian density with = ( 1)and = ( 1).

ow high the correlation between chains will be depends on the coupling technique and on how
close the Gaussian approximation is to the posterior distribution. In this example, the coupling is
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Figure 1 Coupling of chains sampling from Gamma( , ) and the Gaussian approximation with
mean = ( 1) andvariance = ( 1). ere =1 and = . very hundredth point
of a long run of the Metropolis chains is plotted for each distribution. The solid line is the sample
from the Gamma distribution and the dotted line is the Gaussian approximation.

good because the step si e is small  smaller than would be optimal if only one chain were being
simulated. For realistic problems, methods that produce good coupling at less cost are needed, as
illustrated in the example of ection

i ti tor oitin ou in t n o in
Assume we have samples from two coupled chains, (yi,...,y,) from the distribution f, and
( 15.--5 n) from g, the Gaussian approximation to f. The usual estimator for Et(a(y)) would

be @, = (1/n)Yi; a(y;). To exploit the correlation of the two chains, we can construct a new
estimator for Ef(a(y)) of the form

ay (@ Eyla()), )

where@ = (1/n) > 7, a( ;). This estimator is unbiased for any fixed . It has minimum variance
( ipley, 19 , ection . ) when

— (Eyaﬁ ) ( )
a@)
If the pairs of points from the two chains were independent, the appropriate estimate for would
be
Yizi(a(y) ay)(a( ) @)

N Pl @) )




For samples of dependent pairs obtained using Markov chains, we will still use estimator (6), since
it is close to optimal.

For notational simplicity, assume we are interested in ; = Ef(y) and we know , = E,( ).
The first estimate for ; we will look at is

1 _ _
;=7 ) ()
where, applying (6),

- Zznzl (yz y)( i _) ( )
= = - }
i (i )
stimator ( ) is unbiased if is not estimated from the data. When is estimated from the data,
we can still prove that the estimator is consistent. If the two chains are ergodic, the ergodic theorem
helps us establish the following

(9)
N 9 (1)
il 7)

n

<
~

Ey(C 9)) (11)

n

=L By( ) (1)

The last statement is ustified if the oint coupled chain ( ,y) is ergodic. owever, for the purpose
of this proof, all that is required is that the oint coupled chain converges to some distribution, such
that (1 ) converges to some constant. From (9) to (1 ) it follows that converges to a constant
and that

; ;- (1)

The asymptotic efficiency of this estimator can be investigated by considering to be constant. If
we write the estimator ( ) as fl =(1/n)>% i, where ;=9 (i ), we can estimate its
variance by

1 =1 1 f
(1)

where is the estimated autocorrelation time, which is obtained by summing the autocorrelations
of (1,..., ») at all positive and negative lags up to the lag past which the autocorrelations seem
to be nearly ero.

For the example presented in ection , we ran two coupled chains 1 iterations long and
found that the autocorrelations were close to past lag . The correlation between the two chains
is .9 66 and =.99 6. The parameter estimated here is the mean of Gamma(1 , ), which is
The estimate using ( ) is . 1 with standard error of . and the traditional estimate is 9.
with standard error of .6 . These results show that exploiting the correlations between chains
improves the efficiency of the estimator by a factor of ( .6 / . )
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States from the Gaussian Distribution with p=45 and 0=15
Figure very  th point of the chains from Gamma(l , ) and the Gaussian approximation
with = and =1 , along with the regression lines for first and third order models.
ou d ti tor donr r ion od
The relationship between the samples y1,...,y, and 1,..., 5, could be modeled by a simple linear

regression

Yi = (i g) (1)

The estimator ( ) is exactly the least square estimator for the intercept in this simple linear re-
gression model. This observation leads us to consider new estimators for ; based on higher-order
regression models. The samples based on the two coupled chains in ection will not be linearly
related because the upper tail of the Gamma distribution is heavier than that of the Gaussian
distribution. In Figure we can see that a third-order regression model fits better than the linear
model.

Assume we fit the following model for how (y1,...,y,) relates to ( 1,..., )
yi = (i o (i o) (i g (16)
If , 1, , aretheleast square estimates for the regression coefficients, we propose the following

estimator for f

;=7 al 9) 9 ( 9) ( 9) (1)

where = E (4 , (o =0/nE5L(: o, o =0/mZL(: o,
and ( g) =(1/n)>0—( i 4) . By using the ergodic theorem, we can establish that the



coefficients, ;, converge to some constants, and that

It follows that 7 i

etting ; =9; 1( i ) g (i o) (i ) ,wecanwrite , =(1/n)35L, i
and estimate its variance by

n .
=1 1 f

a f ==

S|

n
where is the estimated autocorrelation time for the ;.

We expect this estimator to be better because the ; s are the residuals of the model plus the
constant 1 g- The better the model we fit, the smaller the variance of the residuals and hence
the smaller the variance of . ote, however, that the estimators based on these methods are
valid even when the regression model is not correct.

For the gamma example presented in ection , this third-order regression estimator, Fo gives
an estimate for ;of . with standard error .1 . This estimator is about 1. times better than

the linear regression estimate, fl , and about 1 times more efficient than the standard estimator
based on one chain.

u t

To illustrate the performance of the new coupled estimators we will consider the model for data on

pump failures from Gelfand and mith (199 ). The data consists of counts, 1,..., , that rep-
resent the number of failures for pumps over known periods of time, 1,..., . It is assumed that
conditionally on unknown failure rates {,..., ,thecounts 1,... are independent and oisson

distributed with means ; ;. Given , the unknown , are independent, and each has a gamma
distribution with a known shape parameter and unknown scale factor . The hyperparameter
is assumed to have an inverse gamma distribution with a known shape parameter and a known
scale parameter

The densities for this hierarchical Bayesian model are given by

(i)




The oint conditional distribution of the parameters of interest, , 1,... , given the observed
1y---5 and 1,..., is

( 3 Loy Tyo-- ) ( I S I E I ) (6)

: i 1
i=1 ¢ i=1

It is more convenient to work in terms of =1/ . The oint conditional density for , 1,...,

which we will denote by f, is
f(7 1y---» 1y--- ) (ZZ) 1 ! ! (9)

i=1 i=1

We will use Gibbs sampling to sample from the posterior distribution of , 1,..., . The
conditional distribution for given the ;s is Gamma( ,1/( X,—1 i))- The conditional
distribution for each ; given and all —; is Gamma( ; ,1/(3 ))- One step of Gibbs
sampling at time is done by generating yenes from the Uniform( ,1) distribution and

applying the following deterministic transition functions

i = i % [ | :13"'7 ) (1)

where ! is the inverse cumulative distribution function for the gamma distribution with shape
and scale parameters as specified. This method of generating gamma, variates is not the fastest,
but it is used to produce good coupling.

The Gaussian approximation, g, for the oint posterior distribution ( 9) has mean equal to
the mode of the posterior distribution and variance-covariance matrix  equal to minus the inverse
of the essian of the logarithm of the posterior density evaluated . To do Gibbs sampling for

the Gaussian approximation, consider =( , 1,...,, ), a 1 dimensional Gaussian random
vector with mean and variance-covariance matrix . Denote by  the inverse of the variance-
covariance matrix , with elements ; , , = ,1,..., . The conditional distribution of ; given
the other components —; i1s Gaussian with mean ; (1/ ;) > —; 4 ( ) and variance

1/ 4. The coupling of the two chains in this example is done by using at each step the same
Uniform( ,1) random numbers. One Gibbs sampling step at time for the Gaussian approximation
is

i = ! i i T ’L( ) Z( ' )’f’:w'" ()

where 1 is the inverse cumulative distribution function for the Gaussian distribution with mean
and variance as specified.



Following Gelfand and mith (199 ), we set the known parameters to =1, =1, = .1,
and =" /( 1_2121 i 1): where ; = i/, " =(1/)¥;2 iyand =(1/)3(: 7).

We draw a sample from the posterior distribution using fixed starting values =land , =

i/ i- Based on this sample we find Monte Carlo estimates for means of the parameters and use
them as starting values for the ewton- aphson method to find the mode, which is used as the
mean of the Gaussian approximation. stimating the parameters of the Gaussian approximation
is computationally inexpensive in this example ewton- aphson converges to the mode of the

posterior distribution in 11 steps using the starting value mentioned.

We are interested in estimating the expected value of each of the parameters , 1,..., with
respect to the posterior distribution. We ran coupled chains 1 iterations long and discarded the
first 1  states of each chain as burn-in, which is more than adequate for this problem, for which the
autocorrelations are close to ero by lag . The results for three estimators and their standard errors
are presented in Table 1. The estimators evaluated are ¥, the traditional Markov chain estimator
based on only one chain, estimator ' presented in ection , and estimator introduced in

ection . The last three columns of Table 1 present the relative efficiencies of the estimators as
ratios of their estimated variances. For this problem the estimates based on third-order regression
are all much more efficient than the estimates based on one chain, or even those based on simple
linear regression. articularly striking is the estimate for 1 based on third-order regression, which
is approximately times more efficient than the estimate based on one chain. This is because
the relationship between the two chains is very tight, with little variation unexplained in the third-
order model, as seen in Figure . From Table we can see that the correlations between ; and
all 1 other components in the Gaussian approximation are close to ero. For the parameter , the
third-order model still the provides the most efficient estimate, but as we can see in Figure , the
relationship between the coupled chains is not as tight as for .

Table 1 shows one more estimate labeled recise stimate , which is obtained by running
pairs of coupled chains for 1 iterations and discarding the first 1  states. We fit a third order
model for the first pair of chains and with these fixed coefficients we find 199 estimates based on
the other chains using (1 ). Due to the fact that the coefficients are fixed, these 199 estimates are
unbiased. The precise estimate is taken to be the average of these 199 unbiased estimates, and
the standard error for this estimate is found using their sample variance. The result is much more
accurate than any of the three estimates, and hence can be used to evaluate their accuracy.

For the pairs of coupled chains we also calculated the estimates and standard errors for all the
parameters based on simple linear regression and on third-order regression. For each parameter,
we constructed 9 and 9  confidence intervals around these estimates by taking as margin
of error the estimated standard error multiplied by the corresponding quantile for the standard
normal distribution. We then found the coverage probabilities for these confidence intervals, as
the proportion of intervals that contain the precise estimate. As seen in Table , these coverage
probabilities are close to the desired values of 9 and 9 , confirming that the estimators are
close to being unbiased and that their standard errors are close to being correct.

As we reduce the length of the chains, we would expect that bias may be present. Also, since
the procedure for estimating the standard errors doesn t take into account the variability of the
regression coefficients, the standard errors will be underestimated for short chains. ince these
problems are expected to be worse when there are many regression coefficients, we recommend
using the estimates based on simple linear regression when the chains are short.
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stimate ase on Relative ciency
arameter recise ne hain irst or er Thir r er | ~ vs. T vs. VvS.
stimate (@) o el o el !
9 1 .6 6 1
696 6 19 19
1 69 161 69
. . 16 . 6 9
d 19 1 1 1 1
. . 91 6 1 19 1
1 1 19 1 1
11 . . 1 1 1 9
1 19 1 1 1 d 16
. 1 1 . 1 1
.6 6 6 919 6 196 66 1
. 9 9 . 199 . 9 9
.61 6 96 1 .61 6 61 69
61 1 9 1 1
9 1 9 6 169
1 1916 9 19 1 1 9 9
1 9 1
199 . 19 . 16 . 16 11
1. 919 1.1 1] 1. 966 1 1. 9 96
. 9 . 61 6 1 1
1 1. 1. 1169 | 1. 16 9 1. 119
9 .11 119 69 6

Table 1 The estimates based on 9

with the relative efficiencies rounded to two significant digits.

states of the coupled chains and their standard errors,along

1

Table
approximation.

Correlations between

( )and 1 ( 1) and all the other the components of the Gaussian

11




Coverage probabilities
imple inear egression | Third Order egression

arameter 9 9 9 9

.9 . 9 .9

1 9 . 6 9 91
9 9 .

9 9 9 91

.9 91 .96 9

.9 9 .96 9

.9 9 9 9

96 9 .96 9

91 . 6 .96 91

9 .9 9 .9

1 9 . .96 .9

Table The fractionof 9 and 9  confidence intervals that contain the precise estimate. ach
confidence interval was determined from an estimate based on a pair of chains 9  iterations long.
The standard errors for the coverage probabilities for the 9  confidence intervals are . 1 for
the 9  confidence intervals, the standard errors are . 1.

icu ion

We have shown that estimators based on coupling to a chain that samples from a Gaussian ap-
proximation can be much more precise than the traditional Markov chain Monte Carlo estimators
based on one chain. This method is applicable to those Bayesian problems for which the poste-
rior distribution can be approximated reasonably well with a Gaussian distribution. The success
of this method is related to the coupling technique used. The two sampling techniques used in
this paper, Gibbs sampling and the Metropolis algorithm, both have computational drawbacks.
Gibbs sampling seems to produce samples that are highly correlated, but at the expense of hav-
ing to compute inverse cumulative distribution functions, which for some conditional distributions
might be expensive. Moreover, for more difficult problems, the conditional distributions will not
be available, and therefore Gibbs sampling will not be applicable. For the Metropolis algorithm,
the inefficiency is introduced by the small step si e needed to keep the re ection rate small and
therefore the correlation between chains high. These inefficiencies can be avoided by using other
sampling techniques, such as higher-order angevin methods, which can produce very low re ection
rates using reasonable step si es.

Finding the mean and the variance-covariance matrix for the Gaussian approximation requires
time of order  , where is the number of parameters, and one step Gibbs sampling requires time
of order . The methods of this paper are therefore probably not useful when is more than a
few hundred.

Methods similar to those we have presented can be applied to problems where samples from
several similar distributions are needed. These problems occur when assessing the e ect on the
posterior distribution of deleting observations ( eruggia 199 ) or changing the prior or likelihood
(Gelman, 199 , Chapter 1 ). These authors use importance sampling to obtain estimates for
expected values with respect to all distributions by drawing a sample from one of the distributions,



and then reweighting these sample points to re ect the other distributions. Unfortunately, the
importance weights can vary wildly when the distributions are too di erent. We propose the
following strategy for sampling from many di erent, but similar, distributions. imulate a long
Markov chain converging to one of the distributions, from which a precise estimate for the expected
values of the parameters with respect to this distribution can be found. For the other distributions,
run short chains coupled with the first part of the long chain, and then use the methods presented
in ections and to find accurate estimates of the expected values of the parameters with respect
to these other distributions, taking advantage of the precise estimates from the long chain.
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