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1 Introduction

1.1 Factor Graphs

A factor graph is a bipartite graph that expresses how a “global” function of many vari-
ables factors into a product of “local” functions. Suppose, e.g., that some real-valued
function g(x1, x2, T3, T4, x5) of five variables can be written as the product

(x4, 29, 23, 24, x5) = falz1) fB(22) fo (21, T2, 23) fo (23, T4) fE(23, T5) (1)

of five functions, fa, f5,..., fr. The corresponding factor graph is shown in Fig. 1(a).
There is a variable node for each variable, there is a function node for each factor, and
the variable node for xz; is connected to the function node for f if and only if x; is an
argument of f.

{17 {2} {1,2,3}{3,4} {3,5}
(a) (b)

Figure 1: A factor graph that expresses that a global function factors as the product of
local functions fa(z1)fB(x2)fc(x1, 29, 23) fo(2s, 24) fE(x3,25). (a) Variable/function view,
(b) index/subset view. Variable nodes are shown as circles; function nodes are shown as filled
squares.

We will use the following notation. Let Xs = {z; : ¢ € S} be a collection of variables
indexed by a finite set S, where S is linearly ordered by <. For each ¢ € S, the variable
x; takes on values from some set A;. Most often S will be a subset of the integers with
the usual ordering. If F is a subset of S, then we denote by Xg = {z;: 1 € E} to be the
subset of variables indexed by F.

A particular assignment of a value to each of the variables of Xg will be referred
to as a configuration of the variables. Configurations of the variables can be viewed as
being elements of the Cartesian product Ag = [[;cs Ai, called the configuration space.
For concreteness, we suppose that the components of configurations are ordered as in
S, so that if S = {i1,42,...,ix} with i3 < iy < -+ < iy, then a typical configuration
a is written as a = (a;,,as,,... ,a;,) with a;; € A;; for 7 = 1,... ,N. Of course, the
configuration a is equivalent to the multiple variable assignment z;, = a;,, z;, = a,,,

., and vice versa. By abuse of notation, if a is a particular configuration, we will
write Xg = a for this assignment. We will have occasion to view configurations both as
assignments of values to variables and as elements of Ag.



We will also have occasion to consider subconfigurations: it £ = {j1,j2,...,5m} C S,
with j; < jo <+ < jum,and ais any configuration, then the M-tuple ag = (a;,, ... ,a;,,)
is called the subconfiguration of a with respect to FE. The set {ag : a € As} of all
subconfigurations with respect to £ is denoted by Ag; clearly Ag = [[,c5 Ai. Again, by
abuse of notation, if ag is a particular subconfiguration with respect to E, we will write
Xg = ag for the multiple variable assignment z;, = a;,, z;, = a;,, etc.

Finally, if ¢’ C Ag is some set of configurations, we will denote by Cg the set of
subconfigurations of the elements of C' with respect to F, i.e., Cp = {ag : a € C}.
Clearly Cgp C Ag.

Let g: As — R be a function with the elements of Xg as arguments. For the moment,
we require the domain R of g to be equipped with a binary product (denoted ‘- ’) and a
unit element (denoted 1) satisfying, for all u, v, and w in R,
lru=w, w-v=v-u, (u-v)-w=u-(v- -w),
so that R forms a commutative semigroup with unity. The reader will lose nothing
essential in most cases by assuming that R is a field, e.g., the real numbers, under the

usual product. We will usually denote the product of elements z and y by the juxtaposition
xy, and only occasionally as x - y.

Suppose, for some collection ) of subsets of S, that the function ¢ factors as

9(Xs) =[] fs(Xn) (2)

EeQ

where, for each K € Q, fg: Ag — R is a function of the subconfigurations with respect to
E. We refer to each factor fg(Xg) in (2) as a local function. (If some E € () is empty, i.e.,
E = (), we interpret the corresponding local “function” fy with no arguments as a constant
in R.) Often, as is common practice in probability theory, we will use an abbreviated
notation in which the arguments of a function determine the function domain, so that,
e.g., f(x1,22) would denote a function from A; x Ay — R, as would f(x,21). In this
abbreviated notation, (2) would be written as g(Xs) = [[gcq f(XE).

A factor graph representation of (2) is a bipartite graph denoted F'(5, Q) with vertex
set SUQ and edgeset {{i, K} :1€ S, F € Q,1 € E}. Inwords, F/(S5,Q) contains an edge
{1, E} if and only if « € E, i.e., if and only if z; is an argument of the local function fg.
Those vertices that are elements of S are called variable nodes and those vertices that are
elements of () are called function nodes. For example, in (1), we have S = {1,2,3,4,5}
and Q@ = {{1},{2},{1,2,3},{3,4},{3,5}}, which gives the factor graph F(5,Q) shown
in Fig. 1(b). Throughout, we will translate freely between factor graphs labeled with
variables and local functions (the ‘variable/local function view’ of Fig. 1(a)) and the cor-
responding factor graph labeled with variable indices and index subsets (the ‘index/subset
view’ of Fig. 1(b)). To avoid the more precise but often quite tedious mention of functions



“corresponding to” function nodes, and variables “corresponding to” variable nodes, we
will blur the distinction between the nodes and the objects associated with them, thereby
making it legitimate to refer to, say, the arguments of a function node f, or the edges
incident on a variable z;.

It will often be useful to refer to an arbitrary edge of a factor graph. Such an edge
{v,w} by definition is incident on a function node and a variable node; the latter is called
the variable associated with the given edge, and is denoted by z(, ..

1.2 Prior Art

We will see in Section 2 that factor graphs subsume many other graphical models in
signal processing, probability theory, and coding, including Markov random fields [19, 21,
32|, Bayesian networks [20, 31] and Tanner graphs [35, 38, 39]. Our original motivation
for introducing factor graphs was to make explicit the commonalities between Bayesian
networks (also known as belief networks, causal networks, and influence diagrams) and
Tanner graphs, both of which had previously been used to explain the iterative decoding
of turbo codes and low-density parity check codes [11, 22, 25, 26, 30, 38, 39]. In that
respect, factor graphs and their applications to coding are just a slight reformulation of
the approach of Wiberg, et al. [39]. However, a main thesis of this paper is that factor
graphs may naturally be used in a wide variety of fields other than coding, including
signal processing, system theory, expert systems, and artificial neural networks.

It is plausible that many algorithms in these fields are naturally expressed in terms
of factor graphs. In this paper we will consider only one such algorithm: the sum-product
algorithm, which operates in a factor graph by passing “messages” along the edges of the
graph, following a single, simple, computational rule. (By way of preview, a very simple
example of the operation of the sum-product algorithm operating in the factor graph of
Fig. 1 is given in the next subsection.)

The main purpose of this essentially tutorial paper is to illuminate the simplicity
of the sum-product algorithm in the general factor graph setting, and then point out a
variety of applications. In parallel with the development of this paper, Aji and McEliece
[1, 2] develop the closely related “generalized distributive law,” an alternative approach
based on the properties of junction trees (and not factor graphs). Aji and McEliece also
point out the commonalities among a wide variety of algorithms, and furnish an extensive
bibliography. Forney [10] gives a nice overview of the development of many of these
algorithms, with an emphasis on applications in coding theory.

The first appearance of the sum-product algorithm in the coding theory literature is
probably Gallager’s decoding algorithm for low-density parity-check codes [14]. The op-
timum (minimum probability of symbol error) detection algorithm for codes, sometimes
referred to as the MAP (maximum a posteriori probability) algorithm or the BCJR algo-



rithm (after the authors of [4]) turns out to be a special case of the sum-product algorithm
applied to a trellis. This algorithm was developed earlier in the statistics literature [5]
and perhaps even earlier in classified work due to L. R. Welch [29]. In the signal pro-
cessing literature, and particularly in speech processing, this algorithm is widely known
as the forward-backward algorithm [33]. Pearl’s belief propagation and belief revision
algorithms, widely applied in expert systems and in artificial intelligence, turn out to be
examples of the sum-product algorithm operating in a Bayesian network; see [31, 20] for
textbook treatments. Neural network formulations of factor graphs have also been used
for unsupervised learning and density estimation; see, e.g., [11].

In coding theory, Tanner [35] generalized Gallager’s bipartite graph approach to low-
complexity codes and also developed versions of the sum-product algorithm. Tanner’s
approach was later generalized to graphs with hidden (state) variables by Wiberg, et
al. [39, 38]. In coding theory, much of the current interest in so-called “soft-output”
decoding algorithms stems from the near-capacity-achieving performance of turbo codes,
introduced by Berrou, et al. [7]. The turbo decoding algorithm was formulated in a
Bayesian network framework by McEliece, et al. [30], and Kschischang and Frey [22].

1.3 A Sum-Product Algorithm Example

As we will describe more precisely in Section 4, the sum-product algorithm can be used
(in a factor graph that forms a tree) to compute a function summary or marginal. For
example, consider the specific case in which the global function defined in (1) is real-valued
and represents the conditional joint probability mass function of a collection of discrete
random variables, given some observation y. We might be interested in, say, the marginal
function

p(z1]y) = ZZZngl,mg,J:g,x4,x5)
From the factorization given by (1), we write
plaily) = ZZZZfA (21)f5(22) fo (21, 22, 23) fp (25, 24) [s(xs, 5)
= fa(z ZfB 9 ch 1, Tg, T3 pr T3, T4 ZfE z3,75)  (3)

fp(zs,@q)lews fe(zs,@5)lzs

foe(zs,zq,x5)les

feepe(z1,w2,03,04,05) o1

where we write fpg(xs, T4, x5) for the product fp(xs, x4) fe(xs, x5), and feepr(r1, v2, T3, T4, T5)
for the product fu(zs) fo(r1, @2, 5) o (a5, 04 fu (22, 70).
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In (3) we have identified the various factors that need to be computed to obtain
p(x1|ly). We have used a notation for a summary operator that will be introduced in
Section 3. In this example, for ¢ € E, the notation f(Xg) | x;, called the summary of
f(XEg) for z;, is defined as the marginal function

JXp) bai= S f(Xp)

z;:j€E\{i}

obtained by summing over all possible subconfigurations of the arguments of f, other
than z;. In this notation, p(z1|y) = ¢(Xs) | z1.

Our primary observation is that g(Xs) | 1 can be computed knowing just f4(z1) and
feepr(x1) 4 ®1. The latter factor can be computed knowing just fg(zs), fo(x1,zq,23)
and fpr(rs,za,25) | xs3. In turn, fpg(xs, x4, x5) | 23 can be computed knowing just

fD($37 554) i x3 and fE(l’g, :54) i 4.

These products can be “gathered” in a distributed manner in the factor graph for g,
as shown in Fig. 2. Imagine a processor associated with each node of the factor graph,
capable of performing local computations (i.e., computing local function products and
local function summaries), and imagine also that these processors are capable of com-
municating with adjacent processors by sending “messages” along the edges of the factor
graph. The messages are descriptions of summaries of various local function products.
By passing messages as shown in Fig. 2, all of the factors necessary for the computation
of g(Xs) | x1 become available at x;.

fA(il?1)

fB(fL’2)
Figure 2: Computing g(x1,...,25) | 21 by the sum-product algorithm.

As we will make clear later, each processor needs only to follow a single, simple,
computational rule: the message passed from node v to node w on the edge {v,w} is
the product of the messages that arrive on all other edges incident on v with the local
function at v (if any), summarized for the variable z, .} associated with the given edge.
The reader may verify that precisely this rule was followed in generating the messages



passed in the factor graph of Fig. 2. In a tree, the algorithm terminates by computing at
a variable node (z1, in this case) the product of all incoming messages.

As an exercise, the reader may wish to verify that the various factors needed to
compute each marginal function can be obtained as products of the messages sent by the
sum-product algorithm, as is shown in Fig. 18 of Section 4. From this conceptually simple
computational procedure operating in the corresponding factor graph, we will be able to
derive the wide variety of algorithms mentioned in the Abstract.

1.4 Notational Preliminaries

We will need the following terminology and ideas from graph theory. Let G(V, F) be a
graph with vertex set V' and edge set E. Edges are not directed; an edge between two
vertices v and w is the unordered pair e = {v,w}, and e is said to be incident on v and
w. The degree d(v) of a vertex v is the number of edges incident on v. For every v, the
set n(v) of neighbors of v is n(v) = {w : {v,w} € E}, the set of vertices that share an
edge with v. Clearly v has d(v) distinct neighbors. If f is a function node in a factor
graph, then X, ;) is the set of arguments of f.

A path between vertices v and w in (G is defined, as usual, as a sequence of distinct
edges {v1,va2},{ve,v3},. .., {vr_1,vp} in E with v; = v, and v, = w. A cyecle in G is
a path between a vertex v and itself. If there is a path between v and w, then v and
w are sald to be connected in G. Since vertices are always considered to be connected
to themselves, connectedness is an equivalence relation on the vertices of G; the disjoint
equivalence classes induce disjoint subgraphs of GG called the (connected) components of
G. If G comprises a single component—as will be the case for the majority of factor
graphs considered in this paper—then G is said to be connected.

A graph G is a tree if it is connected and has no cycles. A graph G is a tree if and
only if there is a unique path between any pair of distinct vertices in G. In a tree, a vertex
v is said to be a leaf node if d(v) < 1. In any finite tree of more than one node, there are
always at least two leaf nodes. If v and w are two arbitrary but distinct vertices in a tree
(G, and v 1s a leaf node distinct from u and w, then the path from u to w does not pass
through v. Since u and w are arbitrary (though distinct from v) this means that if v and
the edge incident on v are deleted from G, the resulting graph is still a tree.

More generally, if G is a tree then the graph obtained by cutting (i.e., removing)
any edge {v,w} from G is the union of two components, one denoted (., (containing
v, but not w) and the other denoted G, (containing w but not v), both of which are
themselves trees. The notation is intended to be mnemonic: G,,_,, is the subgraph of G
as “viewed” from the edge {v,w} while facing in the direction of v.

Variables corresponding to nodes in distinct components of a factor graph F' are said



to contribute independently to the corresponding (global) function. More generally, two
variable subsets Xg and Xpg contribute independently to ¢g if £ and E’ are contained
in distinct components of F. If g is the joint probability mass or density function of a
collection of random variables, and if z; and z; are variables that contribute independently
to g, then the corresponding random variables are independent. (The converse is not
necessarily true.)

We will also need the following useful notation called “Iverson’s convention” [15,
p. 24] for indicating the truth of a logical proposition: if P is a Boolean proposition, then
P] is the binary function that indicates whether or not P is true, i.e.,

[P]:{l if P; (4)

0 otherwise.

We will use Iverson’s convention in formulas only in those contexts in which it is sensible to
have a {0, 1 }-valued quantity. We will occasionally use square brackets simply as brackets,
but this should cause no confusion since the enclosed quantity will in those cases not be
a Boolean proposition.

We will often have occasion to consider binary indicator functions, i.e., {0, 1 }-valued
functions of several variables. A convenient graphical representation for a binary indicator
function of three variables taking values in finite alphabets is a trellis section. If f(x,y, z)
is such a function, then there exists a set B C A, x A, x A, such that f(z,y,z) =
[(z,y,2) € B]. We take the set B as defining the set of labeled edges in a directed
bipartite graph, called a trellis section. We take the set A, as the set of “left vertices,”
the set A, as the set of “right vertices,” and the set A, as the set of “edge labels.” FEach
triple (z,y,z) € B defines an edge with left vertex x, right vertex z, and label y. For
example, for binary variables z, y, and z, (considered as elements of the field GF(2)) the
trellis sections corresponding to [z 4+ y = z] and [xy = 2| are shown in Fig. 3(a) and (b),
respectively. In this figure, as in all of our figures of trellis sections, we have placed the
left vertices on the left and the right vertices on the right, so that an arrow indicating the
orientation of an edge is not required.

0@ — 0 0 o.(iE;;)o
1
0

1
10— 0 1 16— 1 @1
(a) (b)

Figure 3: Trellis sections corresponding to binary indicator functions of three variables: (a)
[z +y = =] (b) [zy = 2].



1.5 Organization of the Paper

The remainder of this paper is organized as follows. In Section 2, to illustrate the broad
applicability of factor graphs, and to motivate the remainder of the paper, we provide a
number of examples of factor graphs in a variety of areas including coding theory, systems
theory, probability theory, neural networks and signal processing.

In Section 3, we study cross-sections and projections of functions, and formulate
the general notion of a “summary operator” that acts on a function projection to create
marginal functions.

The operation of the sum-product algorithm is described in Section 4. As we have
already briefly described, the sum-product algorithm operates using a local computational
procedure that is characterized by one conceptually simple computational rule. In a tree,
we prove that this procedure results in exact function marginalization. (In Appendix B
we provide a complexity analysis for the important case in which the summary operator
is defined in terms of a sum operation like that in the example of Section 1.3.)

In Section 5 we apply the sum-product algorithm to the factor graphs of Section 2,
and obtain a variety of well-known algorithms as special cases. These include the for-
ward /backward algorithm, the Viterbi algorithm, Pearl’s beliel propagation algorithms
for Bayesian networks, and the Kalman filter.

In Section 6, we describe some of the possible transformations that may be applied
to a factor graph without changing the function that it represents. This will be used
to motivate a procedure for exact marginalization in factor graphs with cycles. As an
application of this procedure, we derive a Fast Fourier Transform algorithm as a special
case of the sum-product algorithm.

Some concluding remarks are offered in Section 7.

2 Examples of Factor Graphs

Having defined the general concept of factor graphs, we now give some examples of the
way in which factor graphs may be used to represent useful functions. In Section 5, we
will describe some of the applications of the sum-product algorithm using these graphs.

Among all multi-variable functions that we might wish to represent by a factor graph,
two particular classes stand out: set membership indicator functions, whose value is either
0 or 1, and probability distributions. Such functions are often interpreted as models—
set theoretic or probabilistic, respectively—of a physical system. For example, Willems’
system theory [40] starts from the view that a “system” (i.e., a model) is simply a set



of allowed trajectories in some configuration space. Factorizations of such functions can
give important structural information about the model. Moreover, the structure of the
factor graph has a strong influence on the performance of the sum-product algorithm;
e.g., we will see in Section 4 that the algorithm is “exact,” in a well-defined sense, only
if the graph has no cycles. We shall see below that a number of established modeling
styles, both set theoretic and probabilistic, correspond to factor graphs with a particular
structure.

2.1 Indicating Set Membership: Tanner Graphs

We start with set membership indicator functions. As usual let S be an index set, and
let Ag denote a configuration space. In many applications, particularly in coding theory,
we work with a fixed subset C' of Ag, which we think of as the set of codewords or valid
configurations. In these applications, we will be interested in the set membership indicator
function

9(Xs): As — {0,1}
defined, for all a € Ag, by

1 ifaeC,

0 otherwise.

)= lae 1= {

Of course, in this paper, we will be interested in situations in which g(Xg) factors
as in (2). In particular, suppose that each factor, fg(Xg), is itself a binary indicator
function, that indicates whether a particular subconfiguration ag is “locally valid.” Both
the global function and all local functions take values in the set {0,1}, considered as a
subset of the reals under the usual multiplication. In this setup, a configuration a € Ag
is valid (i.e., g(a) = 1) if and only if fg(ag) = 1 for all £ € ). The product acts as a
logical conjunction (AND) operator: a (global) configuration is valid if and only if all of
its subconfigurations are valid.

In this context, local functions are often referred to as (local) checks, and the cor-
responding function nodes in the factor graph are also called check nodes. Given a code
C C As, we will often (somewhat loosely) refer to a factor graph representation for C;
what we strictly mean in such situations is a factor graph representation for the indicator
function g(a) = [a € C]. We will often refer to a factor graph for a set membership
indicator function that factors as a product of local checks as a Tanner graph.

Example 1. (Linear codes)
Of course, every code has a factor graph representation (and in general more than one). A



convenient way to construct a factor graph for a linear code is to start with a parity-check
matrix for the code.

To illustrate, consider the linear code C' over GGF(2), defined by the parity check
matrix

110010
H=]101100T1]/, (5)
101100
consisting of of all binary 6-tuples x = (71, 29,... ,7¢) satisfying HxT = 0. Since every

linear code has a parity-check matrix, this approach applies to all linear codes.

In effect, each row of the parity-check matrix gives us an equation that must be
satisfied by x, and x € ' if and only if all equations are satisfied. Thus, if a binary func-
tion indicating satisfaction of each equation is introduced, the product of these functions
indicates membership in the code.

In our example, H has three rows, and hence the code membership indicator function
p(x1,22,... ,26) can be written as a product of three local indicator functions:

pey, x2,...,26) = [(21,22,...,26) € C]
= [r11Dry D as = 0][12 D 23D w6 = 0[2) © 23 D 24 = 0],

where we have again used Iverson’s convention and where @& denotes the sum in GF(2).
The corresponding factor graph is shown in Fig. 4.

Figure 4: A factor graph for the binary linear code of Example 1.

In Fig. 4, we have used a special symbol for the parity checks (a square with a “+”
sign instead of a black square). In fact, we will freely use a variety of symbols for function
nodes, depending on the type of local function. Variable nodes will always be drawn as
circles; double circles (as in Fig. 6, described below) will sometimes be used to indicate
auxiliary variables (states).

Example 2. (Logic circuits)
Many readers may be surprised to note that they are already quite familiar with certain

10



factor graphs, for example, the factor graph shown in Fig. 5. Here, the local checks are
drawn as logic gates, to remind us of the definition of the corresponding binary indicator
function. For example, the AND gate with inputs vy and us and output x; represents the
binary indicator function f(uy,us, 1) = [z1 = uy AND ug].

Viewed as a factor graph, the logic circuit of Fig. 5 represents the global function
g(ur, ug, usg, wg, 1,9, y) = [X1 = uy AND ug][r2 = us AND uy)[y = 21 OR z3].  (6)

The function ¢ takes on the value 1 if and only if its arguments form a configuration
consistent with the correct functioning of the logic circuit.

In general, any logic circuit can be viewed as a factor graph. The local function corre-
sponding to some elementary circuit takes on the value 1 if and only if the corresponding
variables behave (locally) as required by the circuit. If necessary, auxiliary variables (not
directly observable as input or outputs) like z; and 5 in Fig. 5 may be introduced be-
tween logic gates. As we shall see in the next example, the introduction of such auxiliary
variables can give rise to particularly “nice” representations of set-membership indicator
functions.

@
>
@

Figure 5: A logic circuit—also a factor graph!

17 77

Example 3. (Auxiliary variables)

When dealing with binary functions indicating membership in some set C' C Ag of valid
configurations, it will often be useful to introduce auziliary or state or hidden variables.
By this, we mean the introduction of a set 7' > S, and a set Xp\g of variables indexed by
T but not by 5, called auxiliary variables.

In this setup, we view Ag as being the set of subconfigurations with respect to .S of the
enlarged configuration space Ar. We can then introduce a set D C Ar of configurations
in the enlarged space. Provided that Dg = (| i.e., that the subconfigurations of the
elements of D with respect to S is equal to €', we will consider a factor graph for D to be
a valid factor graph for C. Following Forney [10] we will sometimes refer to such a factor
graph—and any factor graph for a set membership indicator function having auxiliary
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variables—as as a TWL (Tanner/Wiberg/Loeliger) graph for C'. As mentioned earlier,
auxiliary variable nodes are indicated with a double circle in our factor graph diagrams.

To illustrate this idea, Fig. 6(b) shows a TWL graph for the binary code of Example 1.
In addition to the variable nodes xy, x3, ..., xg, there are also variable nodes for the
auxiliary variables sq, s1, ..., sg. The definition of the local checks, which are drawn as
generic function nodes (black squares), is given in terms of a trellis for the code, which is

shown in Fig. 6(a).

A trellis for C' is defined by the property that the sequence of edge labels encountered
in each directed path (left to right) from the leftmost vertex to the rightmost vertex in
the trellis is always a codeword in C', and that each codeword is represented by at least
one such path.

Here, the auxiliary variables sqg, ..., sg correspond to the trellis states, and each
local check represents one trellis section, i.e., the ith local function (counting from the
left) indicates which triples (s;_1,;,s;) are valid (state, output, next state) transitions
in the trellis, drawn according to our convention for indicator functions of three variables
introduced in Section 1.

0—.\
e e

1 1 1 —@— 1 0 1
.<0 1@71 1 o>.
el Do

1 1

Figure 6: A trellis (a) and the corresponding TWL graph (b) for the code of Fig. 4.

In this example, the second trellis section from the left in Fig. 6 consists of the
following triples (s1, xq, s2):

S, = {(0,0,0),(0,1,2),(1,1,1),(1,0,3)}, (7)

where the alphabet of the state variables s; and s, was taken to be {0,1} and {0,1,2,3},
respectively, numbered from bottom to top in Fig. 6(a). The corresponding check (i.e.,
local function) in the TWL graph is the indicator function f(sy, za,s2) = [(s1, 22, 82) € Sa.
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The method described in this example to obtain a factor graph from a trellis is
completely general and applies to any trellis. Since every code can be represented by
a trellis (see [36] for a recent survey of results in the theory of the trellis structure of
codes), this shows that a cycle-free factor graph exists for every code (in fact, for every
set membership function).

In general, the purpose of introducing auxiliary variables (states) is to obtain “nice”
factorizations of the global function that are not otherwise possible.

Example 4. (State-space models)

Trellises are convenient representations for a variety of signal models. For example, the
generic factor graph of Fig. 7 can represent any time-invariant (or indeed, time-varying)
state space model. As in Fig. 6, each local check represents a trellis section, an indicator
function for the set of allowed combinations of left state, input symbol, output symbol,
and right state. (Here, a trellis edge has two labels.)

For example, the classical linear state space model is given by the equations

z(i+1) = Az(j) + Bu(j),

. . 8

y(g) = Cz(j) + Du(y), ®)

where j € Z is the discrete time index, where u(j) = [u1(7), ... ,ux(J)] are the time-j input
variables, y(7) = [y1(J),- .- ,yn(7)] are the output variables, z(j) = [z1(J), ...,z ()] are

the state variables, and where A, B, (', and D are matrices of the appropriate dimensions.
The equation is over some (finite or infinite) field F'.

Any such system gives rise to the factor graph of Fig. 7. The time-j check function
F@(3),u(5),y(G), x(G+ 1) F™ x FEx F" x F™ — {0, 1} is

J(2(3),u(3),9(5),2(G + 1)) = [2(G + 1) = Az(5) + Bu(h)lly(5) = C(j) + Du(5)]-

In other words, the check function enforces the local behavior required by (8).

Figure 7: Generic factor graph for a time-invariant trellis.
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2.2 Probability Distributions

We turn now to another important class of functions that we will represent by factor
graphs: probability distributions. Since conditional and unconditional independence of
random variables is expressed in terms of a factorization of their joint probability mass or
density function, factor graphs for probability distributions arise in many situations. We
expose one of our primary application interests by starting with an example from coding
theory.

Example 5. (Decoding)

Consider the situation most often modeled in coding theory, in which a codeword (x4, ... , z,)
is selected with uniform probability from a code C of length n, and transmitted over a
discrete memoryless channel with corresponding output (yi,... ,y,). Since the channel is
memoryless, by definition the conditional probability mass or density function evaluated
at a particular channel output assumes the product form:

Plnsosalonso ) = [ ko).

The a priori probability of selecting a particular codeword is a constant, and hence the
a priori joint probability mass function for the codeword symbols is proportional to the
code set membership indicator function. It follows that the joint probability mass function
of {x1,... ., xn,y1,... ,yn} is proportional to

@1, Ty Yty yn) = (T4, .. 20) € C]Hf(yim). (9)

Of course, as described in the previous subsection, the code membership indicator
function itself may factor into a product of local indicator functions. For example if C' is
the binary linear code of Example 1, we have

f(ll’}l,...,ll’}g;,yl,...,y(g) = [$1@$2@$5:0]'[ZL’Q@Jfg@l’G:O]'[1’1@&’}3@1’4:0]'
6
IT 7 (wiles).
=1

whose factor graph is shown in Fig. 8(a). We see that a factor graph for the joint proba-
bility mass function of codeword symbols and channel output symbols is obtained simply
by augmenting the factor graph for the code itself.

In decoding, we invariably work with the conditional joint probability mass function
for the codeword symbols given the observation of the channel output symbols. As will be
discussed in more detail in Section 3.1, in general function terms we deal with a (scaled)

14



(b)

Figure 8: Factor graphs for (a) the joint probability density function of channel input and
output for the binary linear code of Fig. 4, (b) the cross-section after observation of a particular
channel output vector.

cross-section of the joint probability mass function defined in (9). It turns out that a
factor graph for a function cross-section is obtained from a factor graph for the function
simply by removing the nodes corresponding to the observed variables, and replacing all
local functions with their cross-sections; this is shown for our example code in Fig. 8(b).
The cross-section of the function f(y;|x;) can be interpreted as a function of z; with
parameter y;.

Example 6. (Markov chains, hidden Markov models, and factor graphs with arrows)
In general, let f(zq,...,2,) denote the joint probability mass function of a collection of
random variables. By the chain rule of conditional probability, we may always express
this function as

f(:ljlv"' 7$n) = Hf(x2|$17 7$i—1)-

For example if n = 4, we have

f(l’h s 731?4) = f($1)f($2|$1)f($3|3717xz)f($4|1?17$27$3)
which has the factor graph representation shown in Fig. 9(b).

Because of this chain rule factorization, in situations involving probability distri-
butions, we will often have local functions of the form f(z;|a(z;)), where a(z;) is some
collection of variables referred to as the parents of x;. In this case, motivated by a similar
convention in Bayesian networks [20, 31] (see example 8, below), we will sometimes indi-
cate the child, i.e., x;, in this relationship by placing an arrow on the edge leading from
the local function f to x;. We have followed this arrow convention in Fig. 9(b)—(d), and
elsewhere in this paper.
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Figure 9: Factor graphs for probability distributions: (a) the trivial factor graph, (b) the
chain-rule factorization, (c) a Markov chain, (d) a hidden Markov model.

In general, since all variables appear as arguments of f(z,|z1,...,2,-1), the factor
graph of Fig. 9(b) has no advantage over the trivial factor graph shown in Fig. 9(a). On
the other hand, suppose that random variables Xy, X,,...,X,, (in that order) form a
Markov chain. We then obtain the nontrivial factorization

f(l’h e 751?n) = Hf($i|$i—1)

whose factor graph is shown in Fig. 9(c).

If, in this Markov chain example, we cannot observe each X; directly, but instead
can observe only the output Y,; of a memoryless channel with X; as input, we obtain
a so-called “hidden Markov model.” The joint probability mass or density function for
these random variables then factors as

flor, oo syt Yn) = Hf zilzi1) fyile:)

whose factor graph is shown in Fig. 9(d). Hidden Markov models are widely used in
a variety of applications; see, e.g., [33] for a tutorial emphasizing applications in signal
processing.

The strong resemblance between the factor graphs of Fig. 9(c) and (d) and the factor
graphs representing trellises (Figs. 6(b) and 7) is not accidental; trellises can be viewed
as Markov models for codes.

Of course, factor graphs are not the first graph-based language for describing probabil-
ity distributions. In the next two examples, we describe very briefly the close relationship
between factor graphs and models based on undirected graphs (Markov random fields)
and models based on directed acyclic graphs (Bayesian networks).
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Example 7. (Markov random fields)

A Markov random field (see, e.g., [21]) is a graphical model based on an undirected graph
G = (V,E) in which each node corresponds to a random variable. The graph G is a
Markov random field (MRF) if the distribution p(vy,...,v,) satisfies the local Markov

property:
(Vo e V) p(o|V\{v}) = p(vln(v)), (10)

where, as usual, n(v) denotes the set of neighbors of v. In other words, G is an MRF if
every variable v is independent of non-neighboring variables in the graph, given the values
of its immediate neighbors. MRFs are well developed in statistics, and have been used
in a variety of applications (see, e.g., [21, 32, 19, 18]). Kschischang and Frey [22] give a
brief discussion of the use of MRF's to describe codes.

Recall that a cligue in a graph is a collection of vertices which are all pairwise
neighbors. Under fairly general conditions (e.g., positivity of the joint probability density
is sufficient), the joint probability mass function of an MRF can be expressed as the
product of a collection of Gibbs potential functions, defined on the set @) of cliques in the
MRF. (Indeed, some authors takes this as the defining property of an MRF.) What this

means is that the distribution factors as

p(vi,va, . yon) = 270 [ fe(Va) (11)

EeQ

where 77! is a normalizing constant, and each F € @ is a clique. For example (¢f. Fig. 1),
the MRF in Fig. 10(a) can be used to express the factorization

P(Uh Vg, U3, Vg, U5) = Z_lfc(vh V2, Us)fD(Uza’ U4)fE(U4, U5)-

(Although there are other cliques in this graph, e.g., {v1,v2}, we assume that any addi-
tional factors are absorbed in one of the factors given; for example, a factor of f(vy,vz)

would be absorbed by fe (v, vq,v3).)

Clearly (11) has precisely the structure needed for a factor graph representation.
Indeed, a factor graph representation may be preferable to an MRF in expressing such
a factorization, since distinct factorizations, i.e., factorizations with different @s in (11),
may yield precisely the same underlying MRF graph, whereas they will always yield
distinct factor graphs. (An example in a coding context of this MRF ambiguity is given
in [22].)

In the opposite direction, a factor graph F' that represents a joint probability distri-
bution can be converted to a Markov random field via a component of the second higher
power graph F? [22].

Let F'(S,Q) be a factor graph, and let F* be the graph with the same vertex set as
F, with an edge between two vertices v and v’ in F% if and only if there is there is a path
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Figure 10: Graphical probability models: (a) a Markov random field, (b) a Bayesian network,
(c) a factor graph.

of length two from v to v’ in F. Since F' is bipartite, F? decomposes into at least two
components: one component, F2, involving only variable nodes, and the other involving
only function nodes. Since the arguments of a function node in F' are connected by a
path of length two in F, these arguments form a clique in F?. For example, Fig. 10(a)
shows F2 for the factor graph F of Fig. 1.

The following theorem is proved in Appendix A.

Theorem 1 [f F(S,Q) is a factor graph that represents a probability distribution as a
product of non-negative factors, then F2 is a Markov random field.

This theorem can be interpreted as saying that, in a sense, a factor graph is the “square
root” of a Markov random field.

Example 8. (Bayesian networks)

Bayesian networks (see, e.g., [31, 20, 11]) are graphical models for a collection of random
variables that are based on directed acyclic graphs (DAGs). Bayesian networks, combined
with Pearl’s “belief propagation algorithm” [31], have become an important tool in expert
systems over the past decade. The first to connect Bayesian networks and belief propaga-
tion with applications in coding theory were MacKay and Neal [25], who independently
re-discovered Gallager’s earlier work on low-density parity-check codes [14] (including
Gallager’s decoding algorithm). More recently, at least two papers [22, 30] develop a
view of the “turbo decoding” algorithm [7] as an instance of probability propagation in a
Bayesian network code model.

Each node v in a Bayesian network is associated with a random variable. Denoting
by a(v) the set of parents of v (i.e., the set of vertices from which an edge is incident on
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v), the distribution represented by the Bayesian network assumes the form

p(v1,vg, ... 0,) = Hp(vﬂa(vi)), (12)

where, if a(v;) = 0, (i.e., v; has no parents) then we take p(v;|)) = p(v;). For example—
cf. (1)—Fig. 10(b) shows a Bayesian network that expresses the factorization

p(v1, v2, v3,v4,v5) = p(v1)p(v2)p(vs|vr, v2)p(vs|vs)p(vs|vs). (13)

Again, as do Markov random fields, Bayesian networks express a factorization of a
joint probability distribution that is suitable for representation by a factor graph. The
factor graph corresponding to (13) is shown in Fig. 10(c); ¢f. Fig. 1.

The arrows in a Bayesian network are often useful in modeling the “flow of causality”
in practical situations; see, e.g., [31]. Provided that it is not required that a child variable
take on some particular value, it is straightforward to simulate a Bayesian network, i.e.,
draw configurations of the variables consistent with the represented distribution. Starting
from the variables having no parents, once values have been assigned to the parents of
a particular variable z;, one simply randomly assigns a value to x; according the (local)
conditional probability distribution p(z;|a(z;)). Our arrow convention for factor graphs,
noted earlier, and illustrated in Fig. 10(c), allows us to retain this advantage of Bayesian
networks.

We note that factor graphs are more general than either Markov random fields or
Bayesian networks, since they can be used to describe functions that are not necessarily
probability distributions. Furthermore, factor graphs have the stronger property that
every Markov random field or Bayesian network can be redrawn as a factor graph without
information loss, while the converse is not true.

Example 9. (Logic circuits revisited)

Probability models are often obtained as an extension of behavioral models. One such
case was given in Example 5. For another example, consider the logic circuit of Fig. 5,
and suppose that {uq,...,us} are random variables that assume particular configurations
according to some a priort probability distribution. It is not difficult to see that, e.g., the
joint probability mass function of wy, uq, and z; is given by

flur,ug, zy) = f12(ur, uz)[xy = uy AND uy]

where fi2(u1,us) is the joint probability mass function for u; and wuy. In this example,
we will have

f(U17U27U37U47$17$27y) = f1,2,3,4(U17U27U37U4)9(U17U2,u3,u4,$1,l‘2,y)
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Figure 11: A factor graph representation for the joint probability mass function of the variables
in the logic circuit example.

where fi 23.4() is the joint probability mass function for the w;s and g(+) is the indicator
function defined in (6). The factor graph corresponding to the case where f(uy,ug, us, us)
itself factors as fi(u1)f2(uz2) f3.4(us, uq) is shown in Fig. 11.

Fig. 11 includes arrows, showing the “flow of causality” from the inputs to the outputs
of the logic gates. The pair of input variables us, uy are “clustered,” i.e., treated as a single
variable. (Variable clustering and other transformations of factor graphs is discussed in
Section 6.) In general, for subsystems with a deterministic input/output relationship
among variables, an output variable z; can be viewed as a child variable having the input
variables as parents; for each configuration of the parents, the corresponding conditional
probability distribution assigns unit mass to the configuration for z; consistent with the
given input/output relationship.

As discussed, the arrows in Fig. 11 are useful in simulations of the distribution rep-
resented by the factor graph, as it is relatively straightforward to go from “inputs” to
“outputs” through the graph. As we shall see, the sum-product algorithm will be useful
for reasoning in the opposite direction, i.e., computing, say, conditional probability mass
functions for the system inputs (or hidden variables) given the observed system output.
For example, given models for “faults” in the various subsystems, we may be able to
use the sum-product algorithm to reason about the probable cause of an observed faulty
output.

2.3 Further Examples

We now give a number of further examples of factor graphs that might be used in a variety
of fields, including artificial intelligence, neural networks, signal processing, optimization,
and coding theory.
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Example 10. (Computer vision and neural network models)

Graphical models have found an impressive place in the field of neural network models of
perception [18, 17,9, 12]. (See [11] for a textbook treatment.) Traditional artificial neural
networks called “multilayer perceptrons” [34] treat perceptual inference as a function
approximation problem. For example, the perceptron’s objective might be to predict
the relative shift between two images, providing a way to estimate depth. Initially, the
perceptron’s parameters are set to random values and the perceptron is very bad at
predicting depth. Given a set of training images that are labeled by depth values, the
perceptron’s parameters can be estimated so that it can predict depth from a pair of
images.

In the more realistic “unsupervised learning” situation, depth labels are not provided,
but the neural network is supposed to extract useful structure from the data. One fruitful
approach is to design algorithms that learn efficient source codes for the data. The
parameters of a probability model are adjusted so as to minimize the relative entropy
between the empirical data distribution and the distribution given by the model.

The graphical model (factor graph) framework provides a way to specify neurally
plausible probability models. In a neural network factor graph, we can associate one
local function with each variable such that the local function gives the probability of the
variable given the activities of its local input variables. For example, the probability that
a binary variable z; is 1, given its binary inputs {z; : j € I;} may take the form,

Plz; = 1{z; g € L}) = 1/(1 + exp[—) ;o wijz;]),
where w;; is the weight on the edge connecting x; and z;.

In the simplest case, we create one variable for each input variable. However, we
can also introduce unobserved “hidden” or “latent” variables into the graphical model.
Once the model is trained so that the marginal distribution over the visible variables is
close to the empirical data distribution, we hope the hidden variables will represent useful
features.

Although the details of these models and learning algorithms fall beyond the scope
of this paper, we present here a brief example. See [13] for the details of a model and a
learning algorithm for real-valued variables. In this example, we discuss a binary version
of this problem for clarity. Each image in the pair is one-dimensional and contains 6 binary
pixels. The training data is generated by randomly drawing pixel patterns for the first
image and then shifting the image one pixel to the right or left (with equal probability)
to produce the second image. Fig. 12(b) shows 4 examples of these image pairs, with the
pair of images placed to highlight the relative shift.

Fig. 12(a) shows the factor graph structure that can be learned from examples of
these image pairs. Initially, each variable was connected to all variables in adjacent layers
and the parameters were set to random values. After learning, the weights associated with
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Figure 12: (a) The factor graph for a neural-network model of depth perception. (b) Examples
of training cases for the simplified depth estimation problem.

unneeded edges (not shown) become close to zero. According to the remaining edges, each
middle-layer variable represents the dependence between a pixel from the first image and
another pixel from the second image. Also, the middle-layer variables can be separated
into two groups: in one group, each variable links a pixel from one image to the pixel on
its left from the other image; in the other group, right-shift relationships are represented.
The dependencies between the middle-layer variables are captured by a “depth variable”.
For one depth activation, all the middle-layer variables in one group are shut off, whereas
the middle-layer variables in the other group may or may not be active. Without labeled
training data, the unsupervised learning algorithm can extract an architecture that can
predict depth.

One challenging research problem is the development of algorithms that can learn
structures like the one described above, but on a much larger scale. In real-world data,
the images are 2-dimensional, there is a much larger number of pixels, the depth varies
across the image, and the network must interact with other feature detectors and other
sensory modalities.

Example 11. (The DFT kernel)

Next, we provide an example from the field of signal processing, where a widely used
tool for the analysis of discrete-time signals is the discrete Fourier transform. Let w =
(wo,...,wy_1) be a complex-valued N-tuple, and let @ = &2V with j = /=1, be
a primitive Nth root of unity. Recall that the discrete Fourier transform of w is the



complex-valued N-tuple W = (W, ..., Wx_1) where

N-1
We=> w, Q™™ k=0,1,...,N—1 (14)

n=0

Consider now the case where N is a power of two, e.g., N = 8 for concreteness. We
express variables n and k in (14) in binary; more precisely, we let n = 4z + 221 4+ x¢ and
let & = 4y; 4 2y; + yo, where z; and y; take values from {0,1}. We write the DFT kernel,
which we take as our global function, in terms of the z;s and y;s as

g(xo’ T1, T2, Yo, Y1, y2) — w4z2+2$1+I0Q—(4z2+2z1+zo)(4y2+2y1+y0)

= f($07 T1, 3;2)(_1)9621/0(_1)9511/1(_1)z0y2 (]')—1’03/1 (j)_l'lyoﬂ—l‘oyo

where f(zg,21,T2) = Wapy42:,42, and we have used the relations Q' = Q* =1, Q! = —1,
and Q? = j. We see that the DFT kernel factors into a product of local functions as
expressed by the factor graph of Fig. 13.

We observe that

Wi = Wiy, 42y, 440 = Z Z Zg($07$17$27y07y17y2) (15)
o 1 i)

so that the DFT can be viewed as a marginal function, much like a probability mass
function. When N is composite, similar prime-factor-based decompositions of n and k&
will result in similar factor graph representations for the DFT kernel. In Section 6, we
will see that such factor graph representations can lead to fast Fourier transform (FFT)
algorithms.

S
Figure 13: A factor graph for the discrete Fourier transform kernel function.

Example 12. (Nonserial dynamic programming)

In the field of optimization, in their formulation [8] of so-called nonserial dynamic pro-
gramming problems, Bertelé and Brioschi consider functions that are the additive com-
position of local functions. These types of problems fit naturally in the factor graph
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framework, provided that we view the ‘multiplication’ operation in R as real-valued ad-
dition. If; as in [8], we are interested in minima and maxima of the global function, we
will take as a summary operator the ‘min’ or ‘max’ operation.

It is interesting to observe the close relationship between the “interaction graph”
of a nonserial dynamic programming problem [8, p. 4] and the graph corresponding to a
Markov random field (see example 7): they are really the same object defined with respect
to a different binary operation: function addition in the nonserial dynamic programming
case and function multiplication in the Markov random field case. As in the the Markov
random field case, interaction graphs can be recovered from the second higher power of
the factor graph.

Example 13. (Weight enumerating functions)

Finally, we present a non-probabilistic example from coding theory. Let C' be a linear code
of length n and let [(z1,...,z,) € C] be the binary indicator function for membership in
C. Denote the Hamming weight of a codeword x € C by wt(x). Let z be an indeterminate.
Then the function

n

gy, .. x,) =[(21,... ,2,) € C]HZ[I#O]

i=1

takes on the value z““*) whenever x is a valid codeword, and zero otherwise. We can
think of ¢ as a modified indicator function that not only indicates whether x is a valid
codeword, but also returns the Hamming weight of x (as the z-exponent) whenever x
is a valid codeword. If we define a summary operator in terms of the usual addition of
polynomials in z, then ¢ | Xj is the Hamming weight enumerator for C.

A factor graph representation for g can be obtained by augmenting a factor graph
representation for the code membership indicator function with the local functions z[##%
for 2 = 1,... ,n. For the code of example 1, this would lead to a factor graph with the
structure of Fig. 8(b).

3 Function Cross-Sections, Projections, and Summaries

As in Section 1, let Xg be a collection of variables indexed by a set 5, let Ag be a
configuration space for these variables, and let g: As — R be a function of these variables
into a commutative semigroup R. If g factors as in (2), let F/(S, Q) be the corresponding
factor graph.
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3.1 Cross-Sections

Let £ C S be a subset of the variable index set S, let Xz be the set of variables indexed
by FE. and let ag be a particular subconfiguration with respect to E, viewed, as defined
in Section 1, as the multiple variable assignment Xz = ag. Every such assignment yields
a function cross-section

9 Xs\5|| XE = ag).

For example if g(xy, xq,23) = x12923, then g(x1, x2]|zs = 5) = bryay. If £ = S, then
9(Xp||XE = ag) is the constant g(ag).

A factor graph for the cross-section ¢(Xo\g||Xr = ag) is obtained from a factor
graph for g simply by

1. replacing each local function having an argument z; for any ¢ € £ with its corre-
sponding cross-section; and

2. omitting variable nodes indexed by K and any edges incident on them.

For example, let g(x1, z2, x3) = a(x1, 22)b(x2, x3), with factor graph shown in Fig. 14(a).
A factor graph for the cross-section g(z1,z3||z2 = a2) = a(z1]|z2 = a2)b(zs||z2 = a2) is

shown in Fig. 14(b).

@) () (@) ? ?

a(xy, x2) b(xq, x3) a(xy]|ze = ag) b(xs||ze = az)
(a) (b)

Figure 14: Factor graphs for (a) g(x1, x2,x3) = a(x1, x2)b(x2, x3), and (b) the cross-section

g(x1, x3]|z0 = az) = a(zq||x2 = a2)b(xs)|xe = az).

If g(Xs) is a probability mass or density function then its cross-section g(Xs\g|| X5 =
ag) is linearly proportional to the conditional probability mass or density function for the
variables indexed by S\ F, given the particular subconfiguration ap for the variables

indexed by F.

Two variables z; and z; contribute independently to the cross-section g(zs\g||Xg =
ag) if and only if z; and z; are contained in distinct components of the factor graph
for the cross-section. Thus, if z; and z; are in the same component of the factor graph
for ¢ to begin with, they contribute independently to the cross-section if and only if the
vertices of £ separate z; and z; in the factor graph for g. (In the probability case, we
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vy z|glz,y,2z) v |g(x.y,z)
0 0 0]g(0,0,0) 0] g(0,0,0)
0 0 1]g(0,0,1) 0]g(0,0,1)
0 1 0]g(0,1,0) 0] g(0,1,0)
0 1 1[g(0,1,1) 0]g(0,1,1)
1 0 0g(1,0,0) 1 |g(1,0,0)
1 0 1]g(1,0,1) 1]g(1,0,1)
1 1 0|g(1,1,0) 1]g(1,1,0)
11 1]g(1,1,1) 1]g(1,1,1)
(a) (b)

Table 1: (a) A function viewed as a relation. (b) The projection on its first coordinate.

would say that the corresponding random variables are conditionally independent given
those random variables indexed by F.)

If variable subsets Xz and Xg\ g contribute independently to a function g(Xs), then,
up to scale, the cross-section g(Xs\g||Xr = ag) for every configuration z; of X; “looks the
same.” More precisely, there exists a function f(Xg ;) = R such that every cross-section
g(zs\1|| X1 = ;) is a scalar multiple of f(Xg\1).

3.2 Projections and Summaries

A function g: As — R can be viewed as a relation (i.e., as a particular subset GG of Asx R)
in which, for every w € Ag, there is a unique element (w, g(w)) in G. The set As is the
domain of G and R is the codomain.

Consider now the projection of G on some set of coordinates in its domain. Unlike
a cross-section, the projection of a function results in a relation that in general is not
a function. For example, the projection of the function shown in Table 1(a) on its first
coordinate (z) is the relation shown in Table 1(b). This relation is not in general a function
f: A, — R since a particular z € A, can stand in relation to more than one element
of R. Nevertheless, such a projection can be converted to a function by introducing an
operator that “summarizes” in some sense the multiple function values associated with
each configuration of the relation domain.

For example, if g is real-valued, one way of summarizing the multiple function values
associated with each value of x would be to take their sum, i.e., define a new function
h(z) =3, . 9(z,y,2). If g were a probability mass function, then A would be a marginal
probability mass function. Another possible summary operation would be to take the
maximum of the multiple function values, i.e., define h(z) = max, . g(z,y,z). Clearly a
large number of summary operators are possible.
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We first introduce a notation for such an operator. If g(X¢): Ac — R is a function
and B C (', we denote by

g(XC)i«XB: AB — R

the new function—called the marginal or summary of g for Xg—obtained by “summa-
rizing,” for each fixed configuration of the variables in Xp, the multiple function values
associated with all possible configurations of those arguments not in Xg. For convenience
we will often refer the variables in X¢ \ Xp as being summarized; by this we mean, of
course, the summary of the corresponding function values. Thus, if ¢ is the function of
Table 1, the marginal of g for {z;}, i.e., the summary of the multiple function values in
Table 1(b), would be denoted as g(z1,x2,x3) | {x1}, or simply g(z1, 2, 23) | z1, and we
would refer to xy3 and z3 as having been summarized.

Although it would seem that a summary operator should apply only to the case where
B C €, we extend it to the general case where B and (' are arbitrary subsets of some
index set S by defining

g(XO) i XBZ ABﬁO — R
as

9(Xe) 1 X =9(Xe) | Xne- (16)

In other words, the marginal of g(X¢) for Xp is the function obtained by summarizing
those arguments of ¢ that are not in Xpg, i.e., by summarizing the variables indexed by
C' N (S\ B). Note that g(X¢) | Xp is a summary of all of the function values, i.e., a
summary of g(X¢) itself.

We now consider the properties that a summary operator should possess. For every
nonempty subset B of the index set S, let 45 denote the set of all functions from Ag to
R. We extend this notation to the case where B is empty by defining R4? = R. Suppose
we have a family of mappings such that for every pair { B, C'} of subsets of S, with C' C B,
there is a mapping | Ag: R4® — RA¢ in this family that associates an element of RA¢
(written in suffix notation as g(Xg) J Ac) with each element g(Xg) of BR45. We extend
this family of mappings to arbitrary B and C be defining | Ac: R4® — RABn¢ as in (16),
and denote the result by |.

A family of mappings | as defined in the previous paragraph will be called a summary
operator if, for all R-valued functions f and g and for all variable index sets B, (', and
D, the following axioms are satisfied:

I. BCC= f(Xp)l X =[f(Xp) | Xc] | XB;

2. BCC=[f(XB) 9(Xp)| | Xec = f(XB) [9g(Xp) | Xc];

27



3. BOC =0 = [f(Xs) g(Xe)] + Xp = [[(Xa) b Xp] - [9(Xc) | Xo).

These axioms are modeled on the properties of marginal functions in probability theory.

Axiom 1 implies that marginals can be obtained in a sequence of “stages” of ever
more restrictive summaries, and that any such sequence will yield the same function.
Thus, for the example of Table 1,

gz, 22, 23) Lar = (g(z1, 22, 23) L {ar,22}) L 2y
= (g(x1,22,23) | {z1,23}) | 21,
i.e., we can summarize r3 and then x; or vice versa and obtain the same marginal function
in either case. Axioms 2 and 3 describe how summary operators behave with respect to
function products. If B C (', then for every fixed configuration of the variables of X¢,
the function f(Xp) is a constant; Axiom 2 states that this constant can be factored out
from the marginal function. Axiom 3 says that if two functions do not “interact,” i.e.,
if they have no arguments in common, then the marginal of the product is the product
of the marginals. This axiom extends easily to the case of the product of more than two
functions with disjoint arguments.

The following Lemma will be important later.

Lemma 1 If X4 and Xp are disjoint and do not contain x, then

(2, Xa)g(z, Xp)] L & = [f(z, Xa) | 2] - [g(z, Xp) | «].

Proof: We write

[f(z, Xa)g(z, X)Lz = [(f(z, Xa)g(z, XB)) I {z} U X4] |z
[z, Xa)(g(z, Xp) } {z}UXa)] | =
[z, Xa)(g(z, XB) | z)] | =

( lg

[z, Xa) L 2] [g(x, XB) | 7]
where the first equality follows by applying Axiom 1, the second equality follows from

Axiom 2, and the third equality follows from the assumption that X4 and Xg are disjoint,
and the fourth equality follows from another application of Axiom 2. 1

[
[
[
[

This lemma can clearly be extended to the analogous situation involving the product
of more than two functions with arguments intersecting (pairwise) in {z}. For example,
if X4, X and X are pairwise disjoint and do not contain x, then

(2, Xa)g(z, Xp)h(z, Xo)l Lo = [(J(z, Xa)g(z, XB)) | 2] - [A(z, Xc) | 2]
= [f(z,Xa) L 2] - [g(z, XB) | 2] - [h(z, Xc) | 2].
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3.3 Summary Operators via Binary Operations

When all symbol alphabets A;, ¢ € S, are finite, we will often define a summary operator
in terms of a commutative, associative binary operation in R. We denote this binary
operation by ‘+’, thinking of “sum” for “summary.” As in [1, 2, 23, 28, 37, 38], we will
insist that the summary operator + satisfy the distributive law in R, i.e., for all z,y, z € R,

vy = (o y)+ (e 2), (7)

i.e., we will require that (R, +,-) form a semiring, where - is the multiplication operation
usually denoted in this paper by juxtaposition.

For arbitrary subsets B and C of S, we define the marginal function g(Xg) | X¢ as

9(XB) | Xo = Y. 9(Xa), (18)

z;€A; i€ BN(S\C)

i.e., by summing over all configurations of those variables not indexed by C'. When
BN (S\C) is empty, we take g(Xp) | X¢ = g(Xp). This definition clearly gives us a
family of mappings that associate with each element of B4# and element of R48n¢. For
example, the marginal of g with respect to z; for the function of Table 1(b) would be
computed as

g(x1, 9, 23) | 21 = Z Z g(z,y, z).

yeAy 2€EA;

From the distributive law (17) and the commutativity of the product operation in R,
it is clear that the summations in (18) can be performed in an arbitrary order, and hence
Axiom 1 for summary operators is satisfied. Furthermore, from the distributive law (17)
it follows that Axiom 2 is satisfied. Finally, if f and g have no arguments in common,
then the distribute law in R once more implies that Axiom 3 is satisfied. Therefore, we
have the following theorem.

Theorem 2 The family of mappings defined in (18) is a summary operator.

An important example of a summary operator arises in the case that R is the set of re-
als with the usual multiplication, and + is taken as ordinary real addition. When g(z,y, 2)
is the joint probability mass function of random variables X,Y,Z then g(z,y,2) | z is
the marginal probability mass function for X.

More generally, if g(z,y,z) represents a probability density function for the jointly
continuous random variables X, Y, Z, by replacing the sums in (18) with integrals, we

29



can define a family of mappings that take a function to the appropriate marginal function,
so that, e.g.,

g(r,y,2) L = =/ / g(w,y,2) dy dz.
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f tio o s withot ha gi gth goaf tio 1gr rs t afa tor gra h
f a ar th two o s 1 ggro si t a a a 11 t gs
fro th fa tor gra h i tro a w o r rs tigth airi gof a a
o t this w o to o sthatwr igh orsof or 1 th origi a gra h

h a ar aria so ra ha fts a rs ot th airl g
of a w a a w aria (, )o rth a ha t f
tio that ha sa as a arg ti1 th origi a gra h st o 1t 1itoa

ia tf tio that has ( , ) asa arg t hisisa o ish si
a igth ro tio o rator that as(, )to a writig ((, ),...)
(I G (,...) ot that sti has ss tia th sa s tofarg ts as

if is ota arg t of th os ot o h's gro ig aria s
os oti ras th o it ofth oaf tios

h a ar oaf tio s th airi gof a w a th ro tof

th oaf tios f a ar th arg tsof a th is

th s t of arg tsofth ro t ot thatgro i gf tios os oti ras th
o it of th aria s

g r
z
ro 1 g o s a 1 1 at si th gra hsothatth s ro tagorith
i th wgrahis at or a gro 1 gth o sassoilat with a =zi
th fa torgra hfrag tof ig (a)a o ti gth  igh orsof oth o stoth
W gro o w o tai th fa torgra hfrag tshow i ig () oti that
th oaf tio o o ti g a 21 th origi a fa tor gra ha ars with

st asi g g1 th wfatorgrah so oti thatthr ar two oa f tio s
o tigato( ,2)



h oa f tiosi th w fa tor gra h r tai th ir s fro th o
fa torgra h or a atho gh is o t toxa th airof aria s( ,z2)
it os otat a o z oth goaf tio forth wfa torgra his

(c..oh2) (2,) (x,2) (oo ) (,2) (z,...),
whi hisi tia toth goaf tio forth o fa torgra h

ig () thr issti o how r it a asi r o gro 1 g
f tio o s ig () w ha gro th oaf tios orrso igto

h wgoaf tio is

whi hisi tia toth origi a goaf tio

this as gro 1 g aria rti sa f tio rti sw ha r o th
s fro th fa tor gra h frag t fth r ai rofth gra his fr th

th s ro tagorith a s to o t at argi as oti thatth si s
of th ssag s1 thisr gio of th gra h ha 1 r as or a a z ha

a ha tsofsi a rs ti a iff tiosar r rs ¢ a ist of

thir a s th gth of th ssag ass fro to (,z) is a toth ro
wi asoa owth itro tio of ar itrar fa tors of it ss tia  if o

it fora st of aria s w a ti th goaf tio g afa torof

it () a 1 tro th orrso igf tio o a g si th fa tor

gra h for g

th o ratio ofth s ro tagorith 1 th ssag ass 0 a g

oaf tio r10 tsar s ari  for th aria = asso lat  withth g
tsi  ofthos gsi 1 to a arti ar aria o za f tio
o xisr rs t 1 s ar for 1 xis argi ai ot
r w owi 1 tro a fa tor gra h tra sfor atio that wi t th r gio 1

th gra ho rwhihzisr rs t withot 1 gs ari t (x) ot th



stof o sthat a rah fro  a athof gthtwoi h (x)isas t

of aria o s a fora () w a airza i r a with th  air
(z, ) hasi agro 1 g tra sfor atio h f tio o si i to wo

ha to o i as 1 agro 1 g tra sfor atio t as for this o 1 atio
os oti ras thir o it a thisa strt hi g tra sfor atio si w

1 agi o x 1g strth ao gth th athfro =zto

or ¢ ra w wi aowfrthrar itrar strt hi g ofz f isastof o s

to whi h z has strth w wi aowzto strth toa tof () th
s tof aria o sraha fro a o of a athof  gthtwo str t hi g
xi thiswa w rtai th fo owi g asi ro rt th stof o stowhi hzhas
air  (tog th rwithth o ti gf tio o s)i sa o t s gra hofth
fa tor gra h  his o t s grahg ratsaw stof gso rwhihuz
ist rs t withot 1gs ari 1 th o ratio of th s ro tagorith
ot thatth go a f tio is a t this tra sfor atio

ig  (a) shows a fa tor gra h a ig () shows a ia tfatorgra hi
whi h = has strth toa aria o s

g r x
T T x
h asi g aria isstrth 1 afatorgra h si a aria o st rs t
isti t arta s th o1 aria  sthatr s tfro astrt hi gtra sfor atio ar
a isti t ow rifw r it or tha o aria.  to strth this a o
ogrho ftr or a i th ar o hai fa torgra hof ig () if othu
a x ar strth toa aria s th rs twi a fa tor gra h with two rti s
r rs tigth air(z,z) h aigofs ha jar fa tor gra h r ai s
arhow 1 s th oaf tiosa h asoth goa f tio ar ss tia
a t th str t hi g tra sfor atio s that ha g s is th ha ior of th
s ro tagorith si i this a ithrz orz wi r argl ai
ot W wi r itth a ara  of ti aria o sforasi g aria
wh rth aris asth rs tofasrisofstrthi gtra sfor atio s

ig ()i stratsa i ortat otiatio foritro i gth strthigtras
for atio it a ossi  fora g ori a aria o to o



t aoaf tio t a gi 1 to a t th s tof aria s
O origi a fa tor gra h) asso iat wi is o tai i io o
f th origi a fa tor gra h iat ith i tai i th i f th

aria s tsasso iat withth gsi 1 to th isr at
r at g a t fro afa torgra h ( at gs st r o
o ati as itis ossi  fora g to r ati th rs of a oth r
r at g a o r ato th attr g isr o ) fa gsi i
t o a aria 0 a r o th  th aria o its fisr ata
a t
or a th o otaliige ao st ati g ()si ah oa
f  tio igh ori g hasa igh or (oth r tha =z ) to whi h z has str t h
this o a th gsi i to it a r o as show 1 ig ()
ot that w ar otr o1 gth x fro th grah trathr sta o
r rs tige r 1 swhr 1 this a r th isti tio tw 0o sa
aria s o si ortat
tz a aria o 1 o 1 a i forwhi hthr isa o tri ia ath
fro xztoits £ ¢t , , Lz th ast two g si for so aria 0
a so f tio o t sstrthzao ga ofth aria o si o i
h th g =z st ata h a t i othza (z, )ar
i1 to ( ta thr isasoa othrr at g orrso 1gtotra 1g
i th o osit ir tio ) thiswa th fro ztoits fis ro
s st atia strth g aria s aro sa th tigars tig
r at g to ra th itis ossi  to s th strt hi gtra sfor atio to
ra a s1 th gra h tra sfor 1 ga ar itrar fa tor gra hi toa ia t
fr fa tor gra h for whi h th s ro tagorith ro s at argias
his a o witho t1 rasi gth o it ofth oaf tios t o sat
th s ofa 1 ras i th o it ofth aria a ha ts
th ts s tio w rs ta tho for o1 g with th si a fa tor
grah as o for 1 gasa 1gtr forth grah ahsa 1gtr is ss tia
o tai str t hi g arla sa tigr at gs
a thatas a 1 gtr fora o t grah isa o t fr ' s gra h
of hai gth sa rt s tas g ra if is otits fatr thr ar a
sa 1gtr sfor a h of whi his o tai fro ti gso ofth g sof

(f has or tha o o o tth o o ostr tatr sa 1g ah
o o trs tigi a sa 1gforst for ow rt w wi ot o si rthis
o ios t sio frthr)



(, ) afatorgrahofo o o ta for 1t aria o xof
t (x) ot th s tof igh orsof zi i th stoff tio o shaigueas
a arg t ow t atr sa 1g i isatr thr isa i ath
tw a two o sof a i arti ar tw za T tof (z) ow
s os zisstrth toa aria o si o i ah athfro zto r t
of (z) a t th rs ti gtra sfor fa tor gra h

t a g of ot 1 t th s tof aria s asso iat with
a t th oaf tio o whih isi 1 t or r aria =z th r
isa athi fro tor a =xisstrth toa aria o sao gthis ath a
i arti arisstrth toa ighor(i )of i ah tofl a arsi
S0 igh ori g aria o ot1 o 1g isr at h r oaof os
ota tth r a tstat sofa othr g of ot i h a s h gs a
t  fro 1

histh or 1 1 sthatth s ro tagorith a s to o t argl a
f tios at i a sa 1gtr of ro 1 that a h aria zisstrth
ao ga arla o sa arigi ah athfro ztoa oa f tio hai gz as
a arg t t it x is ot argi ai oti th rgio of 1 whihaxis
i o o ara hras th aifor ia wi a rs ao w s ari o aria
for its ti

i orta to sr atio to 1a 1 is that ario s fast tra sfor
agorith s a 0 si gagra h as a roah this s tio w tra sat
th a roa hof ia i toth a g ag of fa tor gra hs

fa tor gra h for th r  wasgi i tio a osT
i () that th of th s o o tai asa argi a f tio

h fa tor gra hi ig (a) has s tw wishto arr ot at argi a
iatio sow for asa 1gtr hr ar a ossi s a 1gtr s of whih
o disshow i ig () (i r t hoi sforth sa igtr wi a to ossi

ir t agorith swh th i s agorith isa i ) fw st rth o a
f tio sasshow i ig () ss tia ig



g r

w arri atth sa igtr show i ig () h aria sthatrs tfro th
r ir  str t hi g tra sfor atio ar show tho gh th ar r at w ha
i aria o sTr a = st that ah ssag s tfro ft to right is
af tio ofthr 1 ar aria s whih a r rs t asa istof ight o
a titi s o g th ath fro to( , , ) wstax th =z a th 2 ar
argi ai ot as a ar a to th arg t ist of th f tio s
thr st s th f tio is o 1t toth f tio ar w ha o tai a
fast o ri rtra sfor asa 1 sta ofth s ro t agorith

a tor gra hs roi1 a at ra gra hia s i tio of th fa tori atio of a go a
f tio itoa ro tof oaf tios ss h fatorgra hs a a 1 1 awi
ra g ofa 1atio ar as asw ha 1 strat witha arg rof a s

aor ai of this a r was to o strat that a si g a gorith th s

ro tagorith o rati gi afa torgra hfo owi go asi g o t a si
o tatio a r a 0 assa or os arit of ratia agorith s sw
ha s th s 1 th forwar a war agorith th it r iagorith ar s
if ro agatio agorith th itrati tr o oigagorith th a a tr
a rtai fast o 11 r tra sfor agorith s arios t sio s of ths ago
rith s for a a a a trwithforwmar a war ro agatio oro rati gi
atr str tr siga o atho gh ot trat 1 this a r a ri 1 a



straightforwmar a r a igth 1 1 s iat 1 this a r

ha th s ro tagorith 1 tr softwo asi f tio o ratio s

tio ro ta f tio s ar h f tio ro t was i g ra

tr si o 1iga ar itrar s igro with it 1 wis th s ar o ratio was

i g ratr sasa o rator that o rtsth 1o tio ofaf tio o a

s stofth ooriatsofits o ai 1toaf tio i ortat o tri tio of

this a risa arstofaio sthats has ar o rator sho oss ss  h

11it o tai fro igths o tsi g ra tr siso 7t aso for th
roa a 1a 11t ofth s ro tagorith

ha hasi that th s ro t agorith a a 1 to ar itrar

fa tor gra hs fr or ot th frr as w ha show that th s
ro tagorith a s to o t £ tio s ari s wh th fa tor
gra his it so a 1atios g 1 7r10o ssi g ar o hai sa hi ar o
o s th r 1 gfa tor gra his at ra frr whi 1 othra i atios
g i o1 gof ow sit arit h o sa tro o sitis ot th att r
as  as ssf strat g has si to a th s ro tagorith witho t
r gar to th s rth  ss 1 so as s it ight i ortattoo tai a
ia t fr - r rs tatio a w ha g a rof gra h tra sfor atio s

that a s toahi s hr rs tatios

oth r aor oti atio 1 writi gthis a 1 was agogi a w f that a of

th toi1s rs t 1 this a r a a sho ta ghti a 1 a r sigth

fra wor rs t 1 this a r ftr arigtoa asi g si 0 tatio a

o r th st t1 iat  hasa sstoawli arit ofagorith si 1 r t
a 1 atio ar as

a tor gra hs a or gr at 1iit 1 o 1gsst s oth 1 s ha iora
a roahtosst sa th traitioai tot ta roah t at ra 1 th fa tor
gra h fra wor h g rait of a owi gar itrar f tio s ( ot st ro a iit

istri tios)to r rs t frthr ha sth i 11t of fa tor gra hs a tor
gra hsasoha th ot tiato if o 1ga siga ro ssi gtas sthatar oft

tr at s arat i rr tsst s o iatio s st s for a ha
o 1ga sti atio s aratio of ti s TS a o1g a trat 1 a
i wa sl gasi g gra hia o thatr rs tsth it ratio sofths ario s
ts f thatth f ot tia ofthisa roa hhas ot t rai a W

s gg st that f rth r oratio ofth o 1 g ow roffa torgra hsa a 1 atio s
of th s ro tagorith wi i fr itf



SS that () fa torsasi () i () () forso o tio

of s s tsofth i st whr ( )isa o gati Ta a f tio fora
t (, ) th orrso igfatorgrah st show that satis s
th oa aro 1o 1t ( ) ot (x)th s tof igh orsofzx i
o ti gth 1 s st iwofafatorgra h w o s ra ar itrar t
o t th s tof igh orsof i a t th
s st o sthatar igh ors of 1 or T os otha =z as

a arg t th  writ

h attr ait is show asfo ows t a i s t for th aria s oth rtha
z a thos i (z)a ost thatfor T has o aria of as a

arg t h

(z (¢)) )

t r ati w a arg as fo ows st that th aria si for a
i a that () a ta asa 1 s ot tia f tio o rthis i
assig i ga it ot tia f tio toa 1 sof that o ot orrs o to
SO w otal a o tio of 1 s ot tiaf tioso ra ofth 1 s
of tis w ow (s g Jthat a s h o tio of o  gati i s

ot tia f tio sis 1 ar ro ortio a toa rto a 1it istri tio that satis s th
oa aro ro rt ( )a h sa aro ra o |



h o it of th s ro tagorith is 1 ttoa a i g ra ig
asit oso 1 tatio t taiss hasth a ri whihoaf
tiosar r rs t th a 1gfro ssag s tof  tio s a a th aala
storag th o it of ti 1g tsi a of a ati gas ar t

wa to as Tt O it wo si to o t ssags i whih as th

o it ofth s ro tagorith wo i atr with gs ow T
this os ota o tforth (i g ra high aria ) o it to o t
th a softh ssag s thiss tio w gi asi isti o it a a sis for th
s ro tagorith o rati gi a it tr

Wi ass thata aria a ha tsar it oti gth si ofth a ha t
for wi  ass that a oa f tio ( )ist rs t a ta
of a s a thatf tio a atio is rfor ta 00
rthr or w wi ass that a ssag s ass th s ro t agorith
sti th orrso 1gf tio a or r istoff tio a s Wi ass
that th s ar o ratoris i tr sofa 1 ar a itio o ratio i as irl g
(, ) wi  ass o a a iit tostor artia rs tsata o oth rtha th
artia Ts ts1 o i th o tatio of a arti ar  ssag ta o w
ot () () a () th rofa itio s ti 1atio sa oaf tio
a atios(ta oo s)r ir at tog rat a ssag s o rth o s
of o ratio of th s ro tagorith

ta aria o =z th ssag s ttoa igh or is fro ( ) si
th o o twis ro tof ssagsr i o a othr gs arti  ar o
a itio sor oa f tio a atio s to rfor h

()  (2)

or r otgoig ssag thrar ( () )i o ig ssags ahof gth

f (z) ths a ti i togthr sig (z) tiis r o o ¢
or ( () ) ti isi tota ( thrwis if (z) 0 wor s to 0
at th aria o th o tgoi g ssag is atoth i o ig ssag ) r th
o rs ofo ratio ofth s ro tagorith thiso ratio is o for igh or
a sl W ass o storag of artia r s ts th r of ti 1s rfor to
o t ssag ss tfro =z is
(@) ) @)
whr w ha s rso s O tio s 11 i tio to rssth o itio

o th gr of z h argia f tio forz a o t ti 1 gth



ssag ss ta r 1 o a gi g at z this a o si ga othr
ti 1s soth tota r of ti 1satz is

(%) (@t @) ) (=) () .

taf tio o w st rfor ti 1atios a itios a oa f
tio a atiosa origto( ) orth ssag (x) w st st o t
ata of a sr rs tigth ro t ( ) (x) whih a
o t sig o or tha () ( ) ti is a () oaf tio a
atio s (i ssag st 1 fro af aria o sar triia th at a r
of o tatio s a sstha this a ) i  this st o for ah igh or

) ) ()

a
() () ()

st th s ari  th ti f tio a sfor ah arti ar a that =

a ta o thisr irs a itos 1T o o t or a 1tio s

i tota 1 this st r at for ah igh or w gt

a 1tio o ratio s1 tota

fw th ()a o as if T a if
th th r of ti 1 atio s rfor at s a sas

() () )

a wh isaf tio o
() ) 0y
or arti ar o 1iga 1iatios th g i ati gr s( )a () a oft
s sta tia s i trathr o th i ortat as whr a aria sar

iar a a f tio s( tsi g aria f tio s)ar arit h s(asi ig ()
a 1 ig )  hisi s 1 arti ar ow sit arit h o s of th

r ioss s tio gi th orrso 1gsi 1 atio sfor othth s ro t
a th 1 s rsio s of th a gorith oth of whi h w r oW 0 g ago

gi with th att r



h i s at T orr s o 1 gto( )forth ssag s tfro a it
toa h is

() ()
() () )

wh , ,...ar th 1 tsito fro a arit 'h sa whr s
a ar itrar o sta t
h at orr s o i gto( )forth ssag s tfro a arit h
toa it isasfo ows orth sa of arit w ass that h stwooth r its

si s h th r is

() 0 OO0 ()
() S N O O

toth ar itrar a iti o sta t T ssag tor a oas to
asig T a T

() ) ()

h sig of this roa iw asa isio aotth a ofth orrso ig
it ( ositi  for a gati for ) whi th ag it  of this roa iw
asa sti at of th r ia iit of this  isio h itto h at r ( )th
o s

h h toitr () o s

sig ()i : ()

wh r w ha ir t stat th g ra as fora ar itrar rof h its
h rstfatori ( ) whihisra a si o ratio fo ows fro oti g
that th ast ost o g ratio iso tai algli 11 a isio a o tth othr
itsa th s tti g as h s o fatorfo owsfro oti gthatth h a st
atrati witha 1 r t a for iso tai i 1gth astr ia othr it
h s ro t at + ( )forth f tio fro a it to arit h is

() ()
() () )



wh , ,...ar th i tsito fro a arit 'h sa whr s
a ar itrar o ros a fa tor

h at () for th f tio fro a arit h to a it is as
fo ows or si 11t w ass that h stwoothr its si s

() OO 00 )
() O 0 0 0

a s of th (ar itrar t o ro)sa fator r f tio a 0
as 1toasig ra r

h itto h at () o s
()
ofar th a aog tw th 1 s 1t sa th s ro tr sis rf t
hat is issi gisth s ro taaogto( )i th for atio ofth h to it
at v ()i tr sof owar s that w rsto st thatth o ratio (
o th or ai T

is (forth g ra as)gi

th sir  h to it at t 1 tr sof o sistsi tra sfor 1 ga 1 ts
ito or ai it s a ig( )a trasfor ig a to



h at r softh s ro tagorith ta a arti ar 1trstigfor (
Jwh writt i tr sof og i ihoo s

og () () ()
og( ), ()
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1T a rss as

a th h to it at () o s

ta h~ ta h( ) . ()
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at i that i th a thors or r ott
a a i a T a 1 rg tt  gr at fro th
a is ssio s o this to 1 that too a i wish to tha or
r for a h f o tso arir rsio softhis a r
h wor of s his ha g too a whi o sa atia a atth as
sa h s tts stit t of h oog a wass ort 1 art th of aa
s ar h r rat o a th r s ar h a orator r
oo rati gr t h hos itait of rof or of
is grat f a ow g r a a ow at th a stit t
of a i a h oog i rsit of 1 oisat r aa ha alg was

s ort agra tfro th ro a a a o atio
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