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Recent work in the object recognitioncommunity hasyieldeda classof interest point-

basedfeaturesthat are stable under signi�cant changesin scale,viewpoint, and illumi-

nation, making them ideally suited to landmark-basednavigation. Although many such

featuresmay be visible in a given view of the robot's environment, only a few such fea-

tures are necessaryto estimate the robot's position and orientation. In this thesis, we

addressthe problem of automatically selecting,from the entire set of featuresvisible in

the robot's environment, the minimum (optimal) set by which the robot can navigate

its environment. Speci�cally, we decomposethe world into a small number of maximally

sizedregionssuch that at each position in a given region, the samesmall set of features

is visible. We introduce a novel graph theoretic formulation of the problem and prove

that it is NP-complete. Next, we introduce a number of approximation algorithms and

evaluate them on both synthetic and real data.
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Chapter 1

In tro duction

A very important issuein mobile robotics research is that of robot navigation. For an

autonomousmobile robot to be able to accomplishthe tasks it has beengiven, without

the intervention of humans,it needsto have a way to determineits current pose(i.e., its

position and orientation) in the environment aswell asbeingable to determinethe steps

to take in order to move to another desiredposition. Hencethe navigation problem has

beensummarizedby Leonardand Durrant-Whyte [21] with three questions:\Where am

I?", \Where am I going" and \How do I get there?". The term localization refersto the

set of methods for answering the �rst question, i.e., the robot's poseestimation. The

secondand third questionsrefer to the goal identi�c ation and path-planning problems,

respectively.

Borenstein et al. [5] classify robot localization solutions into two main categories.

The �rst is relative position measurement, which includesodometry, consistingof mea-

suring the wheel rotation and steeringorientation of the robot. The problem with this

approach is that due to wheel slippage, collisions, etc., the error in the measurement

increaseswithout bound, and thereforethere is a needto periodically usesomeindepen-

dent referenceto correct the error [10]. Inertial navigation is the other approach also

included under this category. It consistsof the useof gyroscopesand accelerometersto

1



Chapter 1. Intr oduction 2

estimate the robot displacements and changesin orientation. These deviceshave the

drawback that they are not suitable for accuratepositioning over an extendedperiod of

time sincesensordata drifts with time, increasingthe error in the estimation without

bound.

The other main group of robot localization methods identi�ed by Borensteinet al. is

that of absoluteposition measurement, which includes the useof: active beacons, land-

mark recognition, and model matching. In the �rst approach, the robot usesthe direction

of incidenceof (or the measureddistanceto) three or more beacons,which are transmit-

ted from known locations, to estimate its absoluteposition. The landmark recognition

approachescanbe subdivided into thosethat usearti�cial landmarks,and thosethat use

natural landmarks. The �rst methods place arti�cial landmarks, designedto be highly

distinctive and easilydetectable,in known locationsof the environment. Poseestimation

is achieved when three or more landmarks are recognized,just as in the active beacons

method. This approach hasthe advantage that errors are bounded. When using natural

landmarks,natural distinctive featuresin the environment are selectedas landmarks. In

the caseof a visual approach, landmarks are interesting locally unique image features

with particular characteristicswhich the robot is capableof quickly recognizingin images

of the environment under di�erent environmental conditions(e.g.,changesin perspective,

illumination, etc.).

Localization using natural landmark recognition is a lessreliable method than the

previousone,but it has the advantage that it doesnot require an arti�cial modi�cation

of the environment, which is not always possibleor desirable. In model matching, or map

positioning, as it is alsoknown, the data acquiredby the robot sensorsis comparedto a

model of the environment. The location canbeestimatedif featuresfrom the senseddata

and the map match. There are two classesof maps: geometric and topological. A global

coordinate systemis usedto represent the world in geometricmaps,while in topological

maps, the environment is represented as a graph.
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There are several good reasonsto use vision for navigation. Camerasare low cost

sensorsthat capture a large amount of distinctive information. Also being passive sen-

sors, they do not su�er from interferenceproblems,such as those experiencedby light-

or sound-basedproximit y sensors.Additionally , if robots are to navigate populated en-

vironments, it seemsreasonableto basetheir perceptualskills for localization on vision,

just as humansdo.

In a natural landmark recognition approach for robot localization using vision, two

possibleapproachesarepossible.One is object-based,in which the model of the environ-

ment consistsof a databasewith the computed3D location of each landmark. The second

is a view-basedapproach, in which the databasecontains a collection of (landmarks ob-

served in) 2D imagesof the environment and the position and orientation from which

each imagewas acquired. Although in this thesiswe focuson the problem of automatic

optimal landmark selectionfor robot localization using a view-basedapproach, our idea

can also be applied to object-basedlocalization as a meansto organizethe landmark's

databaseto allow for e�cien t landmark storageand retrieval.

1.1 A Framew ork for View-Based Navigation

A view-basednavigation framework involves three stages,as shown in Figure 1.1: an

o�-line exploration of the world, the construction of a landmark database,and on-line

localization. In the o�-line exploration phase,imagesof the environment are collectedat

discretepoint locations, and the position and orientation at which they are acquired is

computed. Image featuresare extracted from each image,and correspondencebetween

featuresfrom di�erent imagesis computed at this point. Image featuresfrom di�erent

imagescorresponding to the samescenefeatureareassignedthe samefeature id. Finally,

usingthe featurecorrespondences,a feature visibility vector is generatedfor each sampled

pose,specifying what scenefeaturesare visible from that pose.
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Exploration Localization

Off-line On-line

Construction

Landmark

Database

Figure 1.1: View-basedlocalization framework.

The landmark databaseconstruction phaseusesas its input the collection of images

and the setof featurevisibilit y vectorsobtainedin the previousstage.The purposeof this

phaseis to createa databaseof landmarksuseful for reliable navigation. (A landmark is

de�ned as a set of features.) The generateddatabasehas to specify which landmark is

to be usedfor localization at each pose,and the locations of all the featuresthat form

that landmark in two model views. A model view for a particular landmark is oneof the

imagescollectedin the previousstagein which all the featuresthat form the landmark

are simultaneously visible. The databasemust also record the position and orientation

at which each model view was acquired.

Finally, the on-line localization processis that in which the robot estimatesits actual

3D location usingasits input the databaseof landmarksproducedin the previousstage.

Featuresvisible in the current robot's imagehave to bematchedto thosein the database.

The locations of the matched features in the two corresponding model views are then

used as input to a method to estimate the 3D position and orientation of the robot,

relative to that of the model views.

This thesis will primarily focus on the secondstageof the framework, namely, the

problem of constructing the databaseof landmarks. Our main contribution is a practical

and optimal solution to the problem of landmark selection,and it assumesthat we have

obtained the set of feature visibilit y vectorsfrom a previouso�-line exploration process.

We include chapters in which we proposemethods to accomplishthe tasks involved in

the o�-line exploration and on-line localization phases,as to o�er the whole picture of a

practical framework. However, we do not provide experimental results for the methods
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that we proposeto realizethesetasks. The experiments performedin the Resultschapter

in this thesis will only include tests of our proposedsolution to the problem of optimal

landmark selection.

1.2 In terest-P oin t Based Features as Landmarks

Several natural imagefeatureshave beenusedasnatural visual landmarks, ranging from

very simple featuressuch as points and lines [30, 40], to more complexpatterns [29] or

3D models of world objects. In the domain of exemplar-based(as opposedto generic)

object recognition,the computervision community hasrecently adopteda classof interest

point-basedfeatures,e.g.,[25,14, 8]. Such featurestypically encodea descriptionof image

appearancein the neighbourhood of an interest point, such asa detectedcorneror scale-

spacemaximum. The appeal of thesefeaturesover their appearance-basedpredecessors

is their invarianceto changesin illumination, scale,imagetranslation and rotation, and

minor changesin viewpoint (rotation in depth). Theseproperties therefore make them

ideally suited to the problem of landmark-basednavigation. If we can de�ne a set of

invariant features that uniquely de�ne a particular location in the environment, these

featurescan, in turn, de�ne a visual landmark.

To usethesefeatures,we could, for example,adopt a localization approach proposed

by Basri and Rivlin [2] and Wilkes et al. [46], basedon the LC (linear combination

of views) technique. (Seesection 7.3.) During a training phase,the robot is manually

\shown" two views of each landmark in the environment by which the robot is to later

navigate. These views, along with the positions at which they were acquired, form a

databaseof landmark views. At runtime, the robot takesan imageof the environment

and attempts to match the visible featuresto the various landmark viewsit hasstored in

its database.Given a match to somelandmark view, the robot can computeits position

and orientation in the world.
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1.3 Selection of an Optimal Set of Landmarks

Therearetwo major challengeswith this approach. First, from any givenviewpoint, there

may be hundredsor even thousandsof such features. The union of all pairs of landmark

viewsmay thereforeyield an intractable number of distinguishablefeaturesthat must be

indexed in order to determinewhich landmark the robot may be viewing.1 Fortunately,

only a small number of featuresare required(in each model view) to computethe robot's

pose.Therefore,of the hundredsof featuresvisible in a model view, which small subset

should we keep?

The secondchallenge is to automate this processand let the robot automatically

decideon an optimal set of visual landmarks for navigation. What constitutes a good

landmark? A landmark should be both distinguishable from other landmarks (a single


o or tile, for example,would constitute a bad landmark sinceit's repeatedelsewhereon

the 
o or) and widely visible (a landmark visible only from a single location will rarely

be encountered and, if so,will not be persistent). Therefore,our goal can be formulated

aspartitioning the world into a minimum number of maximally sizedcontiguous regions,

such that the sameset of featuresis visible at all points within a given region.

There is an important connectionbetween these two challenges. Speci�cally, given

a region, inside of which all points seethe sameset of features(our secondchallenge),

what happenswhenwe reducethe set of featuresthat must be visible at each point (�rst

challenge)?Sincethis represents a weaker constraint on the region, the sizeof the region

can only increase,yielding a smaller number of larger regionscovering the environment.

As mentioned earlier, there is a lower bound on the number of featuresthat can de�ne

a region, basedon the poseestimation algorithm and the degreeto which we want to

1Worst-caseindexing complexity would occur during the kidnapped localization task, in which the
robot hasno prior knowledgeof whereit is in the world. Under normal circumstances,giventhe currently
viewed landmark and the current heading, the spaceof landmark views that must be searched can be
constrained. Still, even for a small set of model views (landmarks), this may yield a large search space
of features.
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overconstrain its solution.

Combining these two challenges,we arrive at the main problem addressedby this

thesis: from a set of viewsacquiredat a set of sampledpositions in a given environment,

partition the world into a minimum set of maximally sized regions, such that at all

positions within a given region, the sameset of k featuresis visible, wherek is de�ned

by the poseestimation procedure(or someoverconstrainedversionof it).

1.4 Outline

This thesisis organizedasfollows: In Chapter 2, we present a discussionof related work

for robot navigation using visual landmarks. The de�nition of the optimal landmark

selectionproblem, the main focus of this thesis, is presented in Chapter 3, where we

introducea novel, graph theoretic formulation of this problem. Its intractabilit y is proven

in Chapter 4. In the absenceof optimal, polynomial-time algorithms, in Chapter 5, we

introduce six di�erent approximation algorithms for solving the problem. Methods for

estimating robot poseduring the o�-line imagecollection phaseand computing feature

correspondencesbetween imagesare presented in Chapter 6. In Chapter 7, we discuss

methods for view-basedlocalization. We have constructeda simulator that can generate

thousandsof worlds with varying conditions,allowing us to perform exhaustive empirical

evaluation of the six algorithms. In Chapter 8, following a comparisonof the algorithms

on synthetic environments, weadopt the moste�ectivealgorithm, and test it on realworld

imagery of a real environment. Finally, in Chapter 9, we concludewith a discussionof

the main contributions madeand possibledirections for future work.



Chapter 2

Related Work

In this section, we brie
y discusssomeprevious work done for robot localization using

landmark recognition.

2.1 Lo calization from Landmark Recognition

If a robot is provided with an a priori map of the 3D locationsof known model landmarks,

its pose can be estimated through a triangulation processafter the correspondences

between the model landmarks and those sensedby the robot are found. Betke and

Gurvits [3] presented an e�cien t solution to this problem, when the robot is navigating

on a plane, in which they estimate the position and orientation of the robot from an

overdeterminedset of bearingsof the sensedlandmarks. By representing the landmark

locations using the complex-domain,they cameup with an algorithm that runs in time

linear in the number of visible landmarks.

2.2 Dealing With Uncertain t y

Since,in the estimatedrobot's position, there is always present a certain amount of uncer-

tainty, someauthorshaveconsideredthe problemof landmark selectionfor the purposeof

8
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minimizing uncertainty in the computed poseestimate. Sutherland and Thompson [42]

demonstratethat the precisionof a poseestimate derived from point features in 2D is

dependent on the con�guration of the observed features,and provide an algorithm for

selectingan appropriate set of observed featuresfrom which to computea poseestimate.

Methods have also beendeveloped to combine multiple unreliable observations into

a more reliable estimate. Measurements from various sensors,data acquired over time,

and previous estimatesare integrated to compute a more accurateestimate of the cur-

rent robot's pose. In every sensorupdate, previous data is weighted according to how

accurately it predicts the current observations. This technique, called sensor fusion,

hasgenerallybeenimplemented through the useof Kalman �lters and Extended Kalman

Filters (EKF) . It hasbeenappliedto the problemof localizationby LeonardandDurrant-

Whyte [21] from sonar data obtained over time. A disadvantage of Kalman �lters and

EKF is that sincethey realizea local linear approximation to the exact relationship be-

tweenthe position and observations, they depend on a good a priori estimate, therefore

su�ering from robustnessproblems.

Markov localization is a statistical localization approach utilizing Kalman �ltering

which models uncertainty using a probability distribution over posespace.As evidence

is collectedfrom the sensors,it is usedto update the current state of belief of the robot's

pose. In [44], Thrun presents an approach basedon Markov localization in which neu-

ral networks are trained to discover landmarks that will minimize the localization error.

The proposedalgorithm has the advantage of being widely applicable, since the robot

customizesits localization algorithm to the sensors'characteristicsand the particular en-

vironment in which it is navigating. The localization error achieved by the automatically

selectedlandmarks is shown to outperform the error achieved with landmarks carefully

selectedby human experts. On the other hand, this approach has the drawback that

the training of the neural networks can take several hours, though this processgenerally

needsto be performedonly oncein an o�-line stage.
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Another set of approachesthat make useof Kalman Filtering is that of Simultaneous

LocalizationandMapping (SLAM), in which after each newmeasurement, it is attempted

to not only improve the estimation of the current robot's pose,but also reducethe un-

certainty of the 3D map of landmarks computedso far. Davison's work in this direction

basicallycomputesa solution to the structure-from-motion problem on-line [11]. A prob-

lem with this technique is that the time complexity of each sensorupdate step increases

with the squareof the number of landmarksin the database.To dealwith this scalability

problem, someauthors suggesteddividing the global map into sub-maps,within which

the complexity can be bounded[6, 39]. Other researchers [23, 20, 9, 13] have proposed

hierarchical approachesto SLAM, in which a topological map is maintained, organizing

the landmarks in smaller regionswherefeature-basedmapping strategiesare applied.

2.3 Natural vs Arti�cial Landmarks

The landmarkscan be either natural distinctive featuresin the environment, or arti�cial

landmarks designedto be easily recognizedand distinguished. Numerous researchers

have taken this latter approach, e.g., [22, 34, 43, 7]. However, it has the drawback that

an arti�cial modi�cation of the environment to include the landmarks,besidesrequiring

a prior and generallyhuman intervention, is not always possibleor desirable.

Someresearchershave chosenasnatural landmarkssimple featuressuch aslines. For

example, Moon et al. [30] used vertical lines, under the assumption that they can be

reliably extracted from imageedgeinformation, and if using a cameravertically aligned,

vertical structures will be observed as vertical lines from all viewpoints. Although these

featuresremain invariant to changesin perspective, they lack distinctiveness.Further-

more, theseassumptionscanbreakdown if the terrain is not 
at, the camerais not �rmly

mounted, or if there is a scarcity of straight, vertical structures.

Recent work in the object recognitioncommunity hasyieldeda classof interest point-
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basedfeaturesthat arestableunder signi�cant changesin scale,viewpoint, and illumina-

tion, making them ideally suited to landmark-basednavigation [25, 8, 4]. Lowe, Seand

Little [36] have usedscale-and rotation-invariant featuresas landmarks,extracted using

Lowe's scale-invariant feature transform (SIFT) [25]. The robot automatically updates

a 3D landmark map with the reliable landmarks seenfrom the current position using

Kalman �ltering techniques. The position of the robot is estimatedusing the odometry

of the robot as an initial guess,and is improved using the map. Trinocular vision is

usedto estimate the 3D locations of landmarks and their regionsof con�dence, with all

reliable landmarks stored in a densedatabase.

2.4 View-Based Approac hes to Lo calization

Navigation by landmark recognition is still possiblewithout knowledgeof the locations

of the landmarks in a map of the environment. Localization can be accomplishedin a

view-basedfashion, in which the robot knows only the imagelocation of the landmarks

in a collection of model viewsof the environment acquiredat known positionsand orien-

tations. Onesuch approach is the linear combination of views(LC) technique,which was

�rst introducedby Ullman and Basri for object recognition, and later applied to vision-

basednavigation by Basri and Rivlin [2]. (Seesection7.3.) The authors proved that if a

sceneis represented as a set of 2D views, each novel view of the scenecan be computed

as a linear combination of the model views. From the value of the linear coe�cien ts, it

is possibleto estimate the position from which the novel view was acquired, relative to

that of the model views. Wilkeset al. [46] described a practical robot navigation system

that usedthe LC technique. Their method consistsof decomposingthe environment into

regionswithin which a set of model views of a particular pieceof the environment may

be usedto determine the position of the robot. In theseoriginal applications of the LC

method, the featurescomprisingthe model viewsweretypically linear featuresextracted
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from the image.

The view-basedapproach of Sim and Dudek [37] consistsof an o�-line collection of

monocular imagessampledover a spaceof poses.The landmarks consistof PCA encod-

ings of the neighborhoods of salient points in the images,obtained using an attention

operator. Landmarks are tracked between contiguous posesand added to a database

if stable through a region of reasonablesizeand su�cien tly useful for poseestimation

accordingto an a priori utilit y measure.Each stored landmark is parameterizedon the

basisof a set of computedlandmark attributes. The localization is performedby �nding

matchesbetweenthe candidate landmarks visible in the current imageand those in the

database. A position estimate is obtained by merging the individual estimatesyielded

by each computedattribute of each matched candidate landmark.

While all of theseapproachesdemonstratehow robot localization can be performed

from a set of landmark observations, noneconsiderthe issueof eliminating redundancy

from the landmark-basedmap, which at times can grow to contain tens of thousandsof

landmark models. Additionally , little or no attention has beengiven to the number of

landmark look-ups required for localization. In this thesis,we will study the problem of

automatically selectinga minimum sizesubsetof landmarkssuch that reliable navigation

is still possible. While maximizing precisionis clearly an important issue,in this thesis

we are concernedprimarily with selectinglandmarks that are widely visible.1

1The algorithms presented in this work can be easily extended to select sets of features that ful�ll
any given additional constraints.



Chapter 3

Landmark Selection Problem

De�nition

In this chapter, wepresent a de�nition of the particular problemof view-basednavigation

that we try to solve in this thesis. We would like to addressthe question: What is an

optimal set of visual landmarksby which a mobile robot can reliably navigate in a given

environment?

3.1 Optimal Landmark Selection

This section starts by explaining the processesinvolved in a view-basednavigation ap-

proach: the collectionof imagesof the environment, and how the view-basedlocalization

processmakesuseof those images. Finally, we introduce the problem that is the main

focus of this thesis: how to select an optimal set of landmarks for practical, reliable,

view-basednavigation.

13
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Figure 3.1: (a) A simpleworld with a squareperimeter(in green),a square(blue) obstacle
in its center and eight features(red circles on its perimeter). (b)-(g) Visibilit y areasof
somefeatures,(h) A covering of the world using 4 features. (i) A covering of the world
using 2 features.

3.1.1 O�-line Image Collection

In view-basednavigation, there is an o�-line training phase, in which imagesare �rst

collectedat known discretepoints in posespace,e.g., the accessiblevertices (points) of

a virtual grid overlaid on the 
o or of the environment. During collection, the known

poseof the robot is recordedfor each image, and a set of interest point-based features

are extracted and stored in a database. For each of the grid points, we therefore know

exactly which features in the databaseare visible. Conversely, for each feature in the

database,we know from which grid points it is visible. Consider the example shown

in Figure 3.1. Figure 3.1 (a) shows a simple 2-D world having a squareperimeter, a

squareobstaclein its center, and eight featuresevenly distributed along its perimeter.

In �gures 3.1 (b) - 3.1 (g), the area of visibilit y of someof the features is shown as a

colouredregion. The feature visibilit y areas,computed from a set of imagesacquiredat

a set of grid points in the world, constitute the input to our problem.
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3.1.2 View Based Lo calization

In a view-basedlocalization approach, the current poseof the robot is estimated using,

as input, the locations of a small number of features in the current image matched

against their locations in the training images.This set of simultaneouslyvisible features

constitutesa landmark. The minimum number of featuresnecessaryfor this task depends

on the method employed for poseestimation. For example,three featuresare enoughfor

localization in Basri and Rivlin's linear combination of views technique [2], which usesa

weak perspective projection imaging model. (Seesection 7.3 for a detailed explanation

on this localization method.) The essential matrix method [48], that properly models

perspective projection in the imaging process,requiresat least eight featuresto estimate

pose.

To reducethe e�ect of noise,a larger number of featurescanbe usedto overconstrain

the solution. This presents a trade-o� between the accuracyof the estimation and the

size(in features)of the landmark. Requiring a larger number of featuresfor localization,

will yield better pose estimation. However, the more constrained a landmark is, the

smaller its region of visibilit y becomes.We will de�ne the parameterk as the number of

featuresthat will be employed to achieve poseestimation with the desiredaccuracy, i.e.,

the number of featuresconstituting a landmark.

3.1.3 An Optimal Set of Landmarks for View-Based Navigation

Robot localization from a given position is possibleif, from the featuresextracted from

an image taken at that position, there exists a subset of k features that exist in the

databaseand that are simultaneously visible from at least two known locations. For a

large environment, the databasemay be large, and such a search may be costly. For

each imagefeature, we would have to search the entire databasefor a matching feature

until not only k such matcheswere found, but that thosek featuresweresimultaneously



Chapter 3. Landmark Selection Pr oblem Definition 16

visible from at least two separatepositions (grid points).

Recallingthat k is typically far lessthan the number of featuresin a given image,one

approach to reducing search complexity would be to prune features from the database

subject to the existenceof a minimum of k featuresvisible at each point, with thosesame

k featuresbeing visible at oneor more other positions. Unfortunately, this is a complex

optimization problem whosesolution still maintains all the featuresin a singledatabase,

leading to a potentially costly search. A more promising approach is to partition the

posespaceinto a number of regions, i.e., sets of contiguous grid points, such that for

each region, there are at least k features simultaneously visible from all the points in

the region. Such a partitioning of the world, in turn, partitions the databaseof features

into a set of smaller databases,each corresponding to what the robot seesin a spatially

coherent region. In this latter approach, sincek is small, the total number of features

(corresponding to the union of all the databases)that needto be retained for localization

is much smaller than that of the unique databasein the previous approach. Therefore,

even without prior knowledge of the region in which the robot is located, the search

results to be far lesscostly.

Let's return to the simple world depicted in Figure 3.1. In this example, we will

assume,for sakeof clarity, that a single(k = 1) featureis su�cien t for reliablenavigation.

However the readermust note that in practice a k greaterthan 1 is generallyrequiredfor

localization, its particular minimum value depending on the method employed. Under

this assumption,onepossibledecomposition of the world into a set of regions(such that

each poseof the world seesat least one feature) is achieved using features2, 4, 6, and

8, as shown in Figure 3.1 (h). It is clear that all four featuresin this set are neededto

cover the world, sinceremoving any oneof them will yield someportion of the world from

which the remainingthree featuresarenot visible, meaningthat the robot is blind in this

area. However, this decomposition is not optimal, sinceother decompositionswith fewer

regionsare possible.Our goal is to �nd the minimum decomposition of the world which,
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Figure 3.2: Exampleof a world with with four poses(A, B, C, D), in which the minimum
decomposition in regionswith two featureseach, doesnot correspond to minimizing the
total number of active features.

in this case,has only two regions,corresponding to the areasof visibilit y of features1

and 5, (or its symmetric solution using features3 and 7), asshown in Figure 3.1 (i). This

minimum set of maximally sizedregionsis our desiredoutput, and allows us to discard

from the databaseall but features1 and 5. Sinceat leastoneof thesetwo featuresis seen

from every point in posespace,reliable navigation through the entire world is possible.

3.1.4 Adv antages of This Approac h

Besidesreducingthe total number of featuresto bestored,a partitioning of the world into

regionso�ers additional advantages. While navigating insidea region, the corresponding

k featuresare easily tracked betweenthe imagesthat the robot sees.If the expected k

features are not all visible in the current image, this may indicate that the robot has

left the region in which it was navigating and is entering a new region. In that case,the

visible featurescanvote for the regionsthey belongto, if any, accordingto a membership

relationship computedo�-line. The new region(s) into which the robot is likely moving

will be those with at least k votes. Input featureswould therefore be matched to the
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k model featuresde�ning each of the candidate regions. This approach also provides a

solution to the kidnapped robot problem, i.e., if the robot is blindfolded and releasedat

an arbitrary position, it can estimate its current pose.

3.1.5 Minimizing Regions 6= Minimizing Features

From the examplein Figure 3.1, it may seemto somereadersthat the problem of min-

imizing the number of regions is equivalent to that of minimizing the total number of

usedfeatures. However, although thesetwo problemsare equivalent when the number of

featuresrequired per regionsis k = 1, that is not the casewhen k > 1. In Figure 3.2, we

show a world with four poses(A, B, C, D) and six featureswhoseregionsof visibilit y are

pictured as Venn diagrams,numbered from 1 to 6. We attempt to �nd a decomposition

of this world into regionsthat seeat least k = 2 featuresper region. There is a unique

decomposition into four regions(one per pose), if features1 through 5 are used. How-

ever, if all 6 featuresare employed, we can achieve a decomposition with three regions

(featuresC and D belongto the sameregion now, commonly seeingfeatures5 and 6.)

3.2 A Graph Theoretic Form ulation

In this section, we introduce a novel, graph theoretic formulation of the problem of

optimal landmark selection.

3.2.1 De�nition of Terms

Before we formally de�ne the minimization problem under consideration,we will intro-

ducesometerms.

De�nition 3.1. The set of positions at which the robot can be at any time is called the

posespace. The discrete subsetof the pose space from which imageswere acquired is

modeled by an undirected planar graph G = (V; E), where each node v 2 V corresponds
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to a sampled pose,and two nodesare adjacent if the corresponding posesare contiguous

in 2D space.

De�nition 3.2. Let F be the set of computed features from all collected images. The

visibilit y-set of v is the set F v � F of all features that are visible from posev 2 V.

De�nition 3.3. A world instance consists of a tuple hG = (V; E); F; fF vgv2 V i , where

the graph G modelsa discrete set of sampled poses,F is a set of features, and fF vgv2 V

is a collection of visibility-sets.

De�nition 3.4. A set of posesR � V is said to be a region i� for all posesu; v 2 R,

there is a path between u and v completelycontained in R, i.e.,

8u; v 2 R : 9f u = v0; : : : ; vh = vg � R, suchthat (vi ; vi +1 ) 2 E for all 0 � i < h.

De�nition 3.5. A set of regions D = f R1; : : : ; Rdg � 2V is said to be a decomposition

of V i�
S

1� i � d Ri = V.

De�nitions 3.1 to 3.5 de�ne the set of inputs and outputs of interest to our problem.

In view of our optimization problem, for a givenworld instancehG = (V; E); F; fF vgv2 V i ,

one would like to createa minimum cardinality D. In addition, it will be desirablefor

a given solution to the optimization problem to satisfy a variety of properties. One

property of interest is that of ensuring a minimum amount of overlap between regions

in the decomposition. The purposeof overlap is to ensuresmooth transitions between

regions, as di�erent sets of features becomevisible to the robot. When one region's

featuresstart to fade at its border, the robot can be assuredto be within the boundary

of someother region, where the new region's landmark is clearly visible. The following

de�nitions formalize this property:

De�nition 3.6. The � -neighborhood of a pose v 2 V is the set N � (v) = f u 2 V :

� (u; v) � � g, where � (u; v) is the lengthof the shortestpath between nodesu and v in G.

De�nition 3.7. A decomposition D = f R1; : : : ; Rdg of V is said to be � -overlapping i�

(8v 2 V)(9i ) : N � (v) � Ri .
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3.2.2 The Minim um Overlapping Region Decomp osition Prob-

lem

With thesede�nitions in hand, the problem can now be formally stated as follows:

De�nition 3.8. Let k be the number of features required for reliable localization at each

position, according to the localization method employed. The � -Minimum OverlappingRe-

gion Decomposition Problem(� -MORDP) for a world instance hG = (V; E); F; fF vgv2 V i

consistsof �nding a minimum-size � -overlappingdecomposition D = f R1; : : : ; Rdg of V

into regions, suchthat 8i : j
T

v2 R i
F v j � k.

Note that given a solution of sized to this problem, the total number of featuresneeded

for reliable navigation is boundedby d � k.



Chapter 4

Complexit y Analysis

In the previouschapter, weintroduceda novel, graphtheoretic formulation of the problem

of optimal landmark selection. In the present chapter, we will proceed to prove its

intractabilit y.

4.1 � -MORDP = 0-MORDP

Beforewe considerthe complexity of � -MORDP, we will present two theoremsindicating

that � -MORDP canbe reducedto 0-MORDP (� = 0), and that a solution to the reduced

0-MORDP can be transformedback into a solution of the more general� -MORDP. The

�rst of the following two theoremsstates that if there is a � -overlapping decomposition,

such that k featuresare visible in each regionfor a certain world instance,then there is a

0-overlapping decomposition for the related problem alsowith k featuresvisible in each

region. This theorem guaranteesthat if a solution exists for the � -MORDP, then there

is alsoa solution to the related 0-MORDP.

The secondtheorem states that whenever the related 0-MORDP has a solution ~D,

then the � -MORDP hasa solution too, and it presents the method to construct it from ~D.

The theoremsdepend on three lemmaswhich will be proven below. It should be noted

that while the transformation from � -MORDP to 0-MORDP and back to � -MORDP

21
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may createa di�erent � -overlapping decomposition, the cardinality of the decomposition

under this two-step transformation will remain the same,hencethe optimalit y will not

be a�ected.

Theorem 4.1. If D = f R1; : : : ; Rdg is a � -overlappingdecomposition of V for a world

instance hG = (V; E); F; fF vgv2 V i , such that j
T

v2 R i
F v j � k for all i = 1; : : : ; d, then

~D = f ~R1; : : : ; ~Rdg, where ~Ri = f v 2 Ri : N � (v) � Ri g, is a 0-overlappingdecomposi-

tion for a world instance hG = (V; E); F; f ~F vgv2 V i , where ~F v =
T

w2 N � (v) Fw, such that

j
T

v2 ~R i
~F v j � k for all i = 1; : : : ; d.

Proof: According to Lemma 4.1, we know that ~D is a 0-overlapping decomposition

of V . By Lemma4.3, we know that
T

v2 R i
F v �

T
v2 ~R i

~F v, for all i = 1; : : : ; d. Therefore,

j
T

v2 ~R i
~F v j � j

T
v2 R i

F v j � k, for all i = 1; : : : ; d. � .

Theorem 4.2. If ~D = f ~R1; : : : ; ~Rdg is a solution to 0-MORDP for a world instance

hG = (V; E); F; f ~F vgv2 V i , then D 0 = f R0
1; : : : ; R0

dg, where R0
i =

S
v2 ~R i

N � (v), is a solution

to � -MORDP for the world instance hG = (V; E); F; fF vgv2 V i .

Proof: We have to show that:

1. D' is a � -overlapping decomposition of V , i.e., (8v 2 V)(9i ) : N � (v) � R0
i . (This is

direct from Lemma 4.2.),

2. j
T

v2 R0
i
F v j � k for all i = 1; : : : ; d. (Direct from Lemma 4.3 and the facts that ~D

is a 0-MORDP solution, and R0
i =

S
v2 ~R i

N � (v).), and

3. D' is minimum size.

(We'll prove this by contradiction. We'll supposethat there is solution D 00to � -

MORDP that hassizelessthan D 0, and will show that from this, we can construct
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a 0-MORDP decomposition ~D 00for the original problemof sizesmallerthan ~D with

the property j
T

v2 ~R00
i

~F v j � k. This is a contradiction, since ~D wasa decomposition

of minimum sizewith that property.

SupposeD 00= f R00
1; : : : ; R00

hg is a decomposition for the original � -overlappingprob-

lem such that h < t and j
T

v2 R00
i

F v j � k for all i = 1; : : : ; h.

Let ~D 00= f ~R00
1; : : : ; ~R00

hg, where ~R00
i = f v 2 R00

i : N � (v) � R00
i g for all i = 1; : : : ; h.

By Lemma 4.1, we know that ~D 00 is a 0-overlapping decomposition of V , and by

Lemma 4.3, we can a�rm that j
T

v2 ~R00
i

~F v j � j
T

v2 R00
i

F v j � k.)

� .

Lemma 4.1. f R1; : : : ; Rdg is a � -overlappingdecomposition of V if andonly if f ~R1; : : : ; ~Rdg

is a 0-overlapping decomposition of V , where ~Ri = f v 2 Ri : N � (v) � Ri g for all

i = 1; : : : ; d.

Proof: f R1; : : : ; Rdg is a � -overlapping decomposition of V ( ) (8v 2 V)(9i : 1 �

i � d)N � (v) � Ri
(� )

( ) (8v 2 V)(9i : 1 � i � d)v 2 ~Ri ( ) (8v 2 V)(9i : 1 � i �

d)N0(v) � ~Ri ( ) f ~R1; : : : ; ~Rdg is a 0-overlapping decomposition of V .

In (*) we usethe de�nition of ~Ri .

� .

Lemma 4.2. f ~R1; : : : ; ~Rdg is a 0-overlappingdecomposition of V if andonly if f R0
1; : : : ; R0

dg

is a � -overlappingdecomposition of V, where R0
i =

S
v2 ~R i

N � (v) for all i = 1; : : : ; d.

Proof: First, observe that R0
i is a region, since ~Ri is a region and N � (v) is path con-

nected, as it can be inferred from its de�nition. Now, f ~R1; : : : ; ~Rdg is a 0-overlapping

decomposition of V ( ) (8v 2 V)(9i ) : N0(v) � ~Ri ( ) (8v 2 V)(9i ) : v 2 ~Ri
(� )

( )

(8v 2 V)(9i ) : N � (v) � R0
i

(�� )
( ) f R0

1; : : : ; R0
dg is a � -overlapping decomposition of V .
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In (*) we usethat (8v 2 ~Ri ) : N � (v) � R0
i , which is a direct implication of the de�nition

of R0
i . In (**) we usethat R0

i is a region.

� .

Lemma 4.3. If f R1; : : : ; Rdg is a � -overlapping decomposition of V, ~Ri = f v 2 Ri :

N � (v) � Ri g for all i = 1; : : : ; d, and ~F v =
T

w2 N � (v) Fw, then for all i = 1; : : : ; d :
T

v2 R i
F v �

T
v2 ~R i

~F v, with equality holding if Ri =
S

v2 ~R i
N � (v).

Proof: From the de�nition of ~Ri , we know that (8v 2 ~Ri ) : N � (v) � Ri , and hence
S

v2 ~R i
N � (v) � Ri . Therefore

T
w2 R i

Fw �
T

w2
� S

v 2 ~R i
N � (v)

� Fw, and the equality holds

when Ri =
S

v2 ~R i
N � (v). Now,

T
w2

� S
v 2 ~R i

N � (v)
� Fw =

T
v2 ~R i

� T
w2 N � (v) Fw

�
=

T
v2 ~R i

~Fw.

� .

The transformation applied in Theorem 4.1 from a � -overlapping to a 0-overlapping

solution e�ectively shrinks the regionsof D by � , and reducesthe visibilit y-set of each

vertex v to correspond to only thosefeaturesthat arevisible over the entire neighborhood

N � (v) of v.1 Theorem 4.2 assumesthat the collection of visibilit y-sets ~F input to 0-

MORDP is de�ned by a reduction of the � -overlapping instance of the problem to a

0-overlapping instanceusing the transformation described in Theorem4.1.

4.2 Complexit y of 0-MORDP

We will now show that 0-MORDP is NP-complete. The proof is by reduction from the

Minimum Set Cover Problem.

De�nition 4.1. Given a setU, and a setof subsetsS = f S1; : : : ; Smg of U, the Minimum

Set Cover Problem (MSCP) consists of �nding a minimum set C � S such that each

1Strictly speaking, the region reduction is impervious to boundary e�ects at the boundary of G, due
to the de�nition of N � (v).
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U = f A; B ; C; Dg

S = ff A; B g; f Cg;

f A; Dg; f C; Dgg

Figure 4.1: An instanceof the Minimum Set Cover Problem

elementof U is covered at least once, i.e.,
S

Si 2 C Si = U.

Figure 4.1 presents an instance of MSCP. The optimal solution for this instance is

C = ff A; Bg; f C; Dgg and, in fact, this solution is unique. An instancehU;S;r i of the

Set Cover decision problem, wherer is an integer, consistsof determining if there is a set

cover of U, by elements of S, of sizeat most r . The decisionversionof SCP was proven

to be NP-completeby Karp [19], with the sizeof the problem measuredin terms of jSj.

Theorem 4.3. The decision problemh0-ORDP, di is NP-complete.

Proof: It is clearthat 0-MORDP is in NP, i.e., givena world instancehG = (V; E); F; fF vgv2 V i

and D = f R1; : : : ; Rdg, it can be veri�ed in time polynomial in max(jV j; jF j) if D is a

� -overlapping decomposition of V such that 8i : j
T

v2 R i
F v j � k. We now show that any

instance of SCP can be reducedto an instance of 0-ORDP in time polynomial in jV j.

Given an instancehU;S = f S1; : : : ; Smgi of the Minimum Set Cover Problem, we con-

struct a 0-ORDP for the world instancehG = (V; E); F; fF vgv2 V i in the following way:

� Let v� be an element not in U; then V = U [ f v� g

� E = f (u; v� ) : u 2 Ug (Note that the graph G thus generatedis planar.)

� F = f f 1; : : : ; f mg wheref i = Si [ f v� g

� F v = f f 2 F : v 2 f g

� k = 1

The introduction of the dummy vertex v� will be used in the proof to ensurethat

elements of U that belong to the samesubsetSi can be part of the sameregion in the
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decomposition, by virtue of their mutual connectionto v� . Each visibilit y-set F v in the

transformed problem instance corresponds to a list of the sets Si in the SCP instance

that element v is a member of.

Now we show that from a solution to 0-ORDP of sized, we can build a SC of sized.

Let D = f R1; : : : ; Rdg be a solution to the transformed0-ORDP instance,i.e.,

1. Ri � V is a region, for i = 1; : : : ; d,

2.
S

1� i � d Ri = V, and

3. j
T

v2 R i
F v j � k = 1, for i = 1; : : : ; d.

Claim: C = f C1; : : : ; Cdg, with Ci = �rst lex(
T

v2 R i
F v) � f v� g is a Set Cover for the

original problem, where�rst lex(A) returns the �rst element in lexicographicalorder from

the non-empty setA. (For each Ci , the choiceof an element f from
T

v2 R i
F v is arbitrary in

that any such f yieldsa valid solution.) Note that Ci is well-de�ned, sincej
T

v2 R i
F v j � 1.

Proof: We must show that:

1. 8i = 1; : : : ; d : Ci 2 S:

From the de�nition of Ci we cana�rm that (9j ) : [1 � j � m and Ci = f j � f v� g].

HenceCi = Sj 2 S.

2.
S

1� i � d Ci = U:

From the de�nition of F v:

\

v2 R i

F v =
\

v2 R i

f f 2 F : v 2 f g

= f f 2 F : Ri � f g
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Therefore,from the de�nition of Ci :

Ci = �rst lexf f 2 F : Ri � f g � f v� g

=) Ri � Ci [ f v� g

=) V =
[

1� i � d

Ri �
[

1� i � d

Ci [ f v� g � V

=)
[

1� i � d

Ci [ f v� g = V

=)
[

1� i � d

Ci = V � f v� g = U;

Finally, we have to show that if there is a set cover of sized, then there is a decom-

position of sized for the 0-ORDP. Let C0 = f C0
1; : : : ; C0

dg be a set cover for the original

SCP instance.

Claim: D 0 = f R0
1; : : : ; R0

dg, whereR0
i = C0

i [ f v� g, is a 0-overlapping region decom-

position such that j
T

v2 R0
i
F v j � 1.

Proof: We must show that:

1. Each R0
i � V is a region2:

8i : 1 � i � d, sinceC0
i � U, then R0

i = C0
i [ f v� g � V.

R0
i is a regionbecausev� 2 R0

i and, by the de�nition of the graph G, v� is connected

to all other nodesin Ri .

2.
S

1� i � d R0
i = V:

[

1� i � d

R0
i =

[

1� i � d

C0
i [ f v� g = U [ f v� g = V

2Recall that a region corresponds to a subsetR of vertices in V for which a path exists betweenany
two vertices in R that lies entirely within R.
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3. j
T

v2 R0
i
F v j � 1:

C0
i is a set cover

=) C0
i 2 S

=) 9j = 1; : : : ; m : C0
i = Sj

=) R0
i = Sj [ f v� g = f j 2 F

=) 1 � jf f 2 F : R0
i � f gj

= j
\

v2 R0
i

f f 2 F : v 2 f gj = j
\

v2 R0
i

F v j

� .



Chapter 5

Searching for an Appro ximate

Solution

The previouschapter establishedthe intractabilit y of our problem. Fortunately, the full

power of an optimal decomposition is not necessaryin practice. A decomposition with a

small number of regionsis su�cien t for practical purposes.We thereforedeveloped and

tested six di�erent greedyapproximation algorithms, divided into two classes,to realize

the decomposition.

5.1 Limitations in the Real World

In real world visibilit y data, there are usually sampledposesat which the count of visible

featuresis lessthan the required number k. This is generally the casefor posesthat lie

closeto walls and object boundaries,as well as for areasthat are located far from any

visible object and are therefore beyond the visibilit y range of most features. For this

reason,the set of posesthat should be decomposedinto regionshas to include only the

k-coverableposes,i.e., thosesampledposeswhosevisibilit y-set sizesare at least k.

29
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5.2 Gro wing Regions From Seeds

The A.x classof algorithms decomposesposespaceby greedilygrowing newregionsfrom

posesthat are selectedaccordingto three di�erent criteria. Oncea new region hasbeen

started, each growth stepconsistsof adding the posein the vicinit y of the regionthat has

the largest set of visible featuresin commonwith the region. This growth is continued

until adding a new posewould causethat region'svisibilit y set to have a cardinality less

than k.

The pseudocode of this classof algorithms is shown in Figure 5.1. Algorithms A.1,

A.2 and A.3 implement each of three di�erent criteria for selectingthe posefrom which

a new region is grown. Thesethree algorithms di�er only in the implementation of line

3 (Figure 5.1):

� A.1 selectsthe posev 2 U at which the least number of features is visible, i.e.,

v = argminu2 U jF u j.

� A.2 selectsthe posev 2 U at which the greatestnumber of featuresis visible, i.e.,

v = argmaxu2 U jF u j.

� A.3 randomly selectsa posev 2 U.

In casesof ties in line 3, they are broken randomly.

The set U, which is initialized in line 1 of the algorithm, contains the k-coverable

poseswhich are still unassigned to someregion. The set D that will contain the regions

in the achieved decomposition, is also initialized to be empty. The main loop starts in

line 2, and it is executedwhile there are unassignedposes. In lines 3 and 4, a posev

is selectedfrom U accordingto the criteria given above, and a new region R containing

only v is created. The loop that starts in line 5 adds neighboring posesto the region

R, until the addition of a new posewould causethe set of featurescommonly visible in

the region to have cardinality lessthan k. An iteration of this loop is realized in the
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Input: world hG = (V; E ); F; fF v gv 2 V i
Output: decomposition D
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: Select v 2 U (See text)
4: R = f vg
5: rep eat
6: W = f u 2 f N 1 (v) : v 2 Rg � R : jF u \ [

T
v 2 R F v ]j � kg

7: if W 6= ; then
8: if W \ U 6= ; then
9: W := W \ U
10: end if
11: u = arg maxw 2 W jF w \ [

T
v 2 R F v ]j

12: R = R [ f ug
13: end if
14: un til W = ;
15: U = U � R
16: D = D [ f Rg (See Section 5.5)
17: end while

Figure 5.1: Algorithm A.x

following way: In line 6, the set W is formed by all posesu in the vicinit y of the region

R (i.e., the set of posesnot in R that are at distanceexactly 1 from a posein R), such

that u together with the posesin R commonly seeat least k features.

In lines 8 through 10, if W contains unassignedposes,then W is restricted to those

poses. Since the region R is going to grow with a poseselectedfrom W, this step is

intended to give priorit y to the growth of R with posesthat still have not beenassigned

to any other region. In lines 11 and 12, the posefrom W that together with the posesin

R commonly seesthe maximum number of features,is addedto R. In caseof a tie, it is

broken randomly. Finally in lines 15 and 16, the posesin R are removed from the set of

unassignedposesU, and the new region R is addedto the decomposition set D.

5.3 Shrinking Regions Un til k Features are Visible

Algorithms B.x and C take an incremental approach to de�ning the k features, start-

ing with a large region that \sees" one feature, and iterativ ely shrinking the region as

additional features (up to k) are added. The resulting region is added to the decom-

position, a new region is started, and the processcontinued until the world is covered.

These algorithms select as a new region the set of posesfrom which the most widely
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Input: world hG = (V; E ); F; fF v gv 2 V i
Output: decomposition D
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: R = U; L = ;
4: for i = 1 to k do
5: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
6: R = f v 2 R : f 2 F v g
7: L = L [ f f g
8: end for
9: R = f v 2 V : L � F v g
10: U = U � R
11: D = D [ f Rg (See Section 5.5)
12: Purge D (See text)
13: end while

Figure 5.2: Algorithm B.x

visible feature, taken from a set F , is seenamongthe posesthat are not yet assignedto

a region. Algorithms B.x and C di�er in the criteria by which F is de�ned, as shown

in Figures 5.2 and 5.3, respectively. In the caseof algorithm B.x, F is just the set of

all features,while algorithm C systematically selectsas F the set of featurescommonly

visible in a circular areacentered at each posev 2 V. If the number of unassignedposes

in the circular areais lessthan a certain fraction � of the sizeof the circular area,or the

sizeof F is lessthan k, then no further processingis performedfor posev, and the next

poseis processed.

The classB.x comprisestwo algorithms, B.1 and B.2, that di�er only in their treat-

ment of the decomposition D after addingto it a newregionR (line 12). While Algorithm

B.1 leaves D as it is, Algorithm B.2 greedily eliminates regionsfrom D as long as the

total number of posesthat becomeunassigned,after the regionsare removed from D,

is lessthan the number of cells that the recently added region R has covered but were

unassignedbefore.1 This algorithm is adapted from the algorithm \Altgreedy", appear-

ing in [17], whereit is empirically shown to achieve very good approximation results for

the set cover problem.

In line 1 of algorithm B.x, the setsU and D are initialized as in algorithm A.x. The

1Notice that this discarding rule ensuresthat the number of posesassignedto regionsstrictly increases
with each iteration, so that the algorithm always terminates.
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main loop starts in line 2, and it is executedwhile there are unassignedposes.In line 3,

a new region R is initialized containing all unassignedposes,and the set L, which will

contain features that all posesin the region commonly see,is initialized to be empty.

Each iteration of the for-loop in lines 4 to 8 greedily selectsthe feature f not in L that

is most widely visible in the region R, shrinks R to be formed only by thoseposes,and

extendsL to include f . At the exit of the for-loop, which is executedk times, R contains

at least onepose,(sinceR entered the loop containing k-coverableposes),and the set L

contains the k featuresthat greedily decreasedthe least the sizeof the region R. In line

9, R is set to be the set of all poses(not only the unassignedones)that at least seethe

k featuresin L. Finally, in lines 10 and 11, the posesin R are removed from the set of

unassignedposesU, and the region R is addedto the decomposition D.

Algorithm C, in line 1 initializes the set of unassignedposesU and the decomposition

setD, in the sameway that algorithms A.x and B.x do. In line 2, the variabler is assigned

the maximum natural number such that at least half of the k-coverableposeshave a r -

neighborhood such that the k-coverableposesof the neighborhood commonlyseeat least

k features. The main loop of this algorithm starts in line 3 and is executedfor every

posev 2 V. In line 4, C is assignedthe set of unassignedposesin the r -neighborhood of

v, and in line 5, F is assignedthe set of featurescommonlyvisible in all posesof C. The

condition veri�ed in line 6 is if the proportion of unassignedposesin the r -neighborhood

of the current posev is greater or equal than a constant � (de�ned by the user), and if

the number of featurescommonlyvisible from all unassignedposesin the r -neighborhood

of v is at least k. If this condition is true, then the processcontinues in a way similar

to lines 3 to 11 of algorithm B.x: a for-loop greedily selectthe k \most visible features"

from the set of unassignedposes,and �nally a region containing all posesseeingthose

k features is created. The only di�erence is in the fact that in this algorithm, in the

for-loop, the featuresare greedily selectedfrom the set F � L, while in algorithm B.x

such featuresare selectedfrom F � L. With this di�erence, algorithm C ensuresthat
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Input: world hG = (V; E ); F; fF v gv 2 V i
Output: decomposition D
1: U = f v 2 V : jF v j � kg; D = ;
2: r = maxf � 2 N : jf u 2 U : j

T
w 2 N � ( u ) \ U F w j � kgj � j U j

2 g

3: for all v 2 V do
4: C = N r (v) \ U
5: F =

T
u 2C F u

6: if jC j
j N r ( v ) j � � and jF j � k then

7: R = U; L = ;
8: for i = 1 to k do
9: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
10: R = f v 2 R : f 2 F v g
11: L = L [ f f g
12: end for
13: R = f v 2 V : L � F v g
14: U = U � R
15: D = D [ f Rg (See Section 5.5)
16: end if
17: end for

Figure 5.3: Algorithm C

the for-loop will exit with a region R that hasa minimum number (which dependson r

and � ) of newly assignedposesthat are in N r (v). This algorithm may terminate leaving

someposesunassignedto a region. A process(not shown in the pseudocode) is therefore

applied to cover those areas. Such a processis equivalent to Algorithm B.1, but with

line 1 making U equal to the set of unassignedposes.

Algorithms B.x and C are basedon the assumptionthat the set of posesfrom which

each feature is visible form a connectedregion, and that the intersectionof such feature

visibilit y areasis alsoa connectedregion. This assumptionis true if all feature visibilit y

areasare simple and convex. In our experiments with real data, we have observed that

the feature visibilit y regionsare not always convex or connected,and they sometimes

have somesmall holes. Since the number of extracted features is quite large, we can

a�ord to excludefrom the decomposition processthosefeatureswith signi�cant holesin

their visibilit y regions. Visibilit y regionswith many concavities can also be trimmed to

the setof posesthat have a moreor lessconvex shape. Also, if a visibilit y regionhasmore

than oneconnectedcomponent, each component of signi�cant sizecan be consideredto

be the visibilit y region of a di�erent feature.
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5.4 Elimination of Redundan t Regions

All algorithms, except B.2, can terminate with a solution that is not minimal. Re-

dundancy is therefore eliminated from their solutions by discarding regionsone by one

until a minimal solution is obtained. This processgreedily selectsfor elimination the re-

gion R from the solution D with the largest minimum-overlapping-count ! value, where

! = minfjf R0 2 D : v 2 R0gj : v 2 Rg, i.e., it is the minimum number of regions that

overlap at a posecontained in the region. The worst-caserunning time complexity of

algorithm A.x is bounded by O(jV j2jF j), while algorithms B.x and C are bounded by

O(kjVj2jF j).

5.5 Relaxing the Requiremen t for a Complete De-

comp osition

A decomposition that tries to cover all k-coverableposesmay include a large number of

regionsin total, sincemany regionswill serve only to cover small \holes" that could not

beotherwisecoveredby larger regions.Theseholesgenerallylie in areasfor which the size

of the visibilit y-set is very closeto k, leaving very few featuresto choosefrom. In order

to avoid the inclusion of regionsthat are only covering small holes,our implementations

of the algorithms add a region to the decomposition only if its number of otherwise

uncoveredposesis greater than a certain value � .2

2The presenceof a few small holes does not prevent reliable navigation. In general, whenever the
robot is at a point for which the number of visible features is lessthan k, advancing a short distance in
most directions will get it to a point that is assignedto someregion.
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O�-line Exploration

The o�-line exploration stageconsistsof the following tasks:

� Imagesamplingat discretelocations on the 
o or.

� Computation of cameraposition and orientation at each sampledlocation.

� Extraction of imagefeaturesand their classi�cation accordingto what scenefeature

gave rise to them, and construction of a feature visibilit y vector for each sampled

position, specifying the scenefeaturesvisible from that location.

In this chapter, we suggestmethods to perform the last two tasks. We refer the inter-

estedreader to [38] for a discussionof methods for automatically performing the image

collection task and links to related work on this topic.

6.1 Pose Estimation of Collected Images

View-basedlocalization consistsof estimating the current robot's position given image

point correspondencesbetween the image currently seenby the robot and two model

views that were acquired at known positions and orientations. The set of model views

usedin the on-line localization stagearea subsetof the imagescollectedduring the o�ine

36
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exploration phase.The particular selectionof imagesthat will be usedasmodel viewsis

done during the landmark databaseconstruction phase. In order to build the database

of landmarks, the databaseconstruction phasealso needsto know the topology of the

posespaceof sampledimages,and the set of scenefeaturesvisible at each pose. These

requirements of the successive stagesof the view-basedframework justify the needfor

computing the position and orientation at which each samplingimagehasbeenacquired,

and the generationof a feature visibilit y vector at each sampling pose.

Several methods have been proposed to compute the camera pose for each of the

sampledimages.Oneis simply using the robot's odometry to measurepose,but asit has

beenmentioned in the introduction chapter to this thesis,this approach hasthe problem

that the error in the estimate grows limitless. Another possibility is using range data,

but this approach only works in restricted environments, generally indoors, wherewalls

and obstaclesare within the sensorrange. Interferencesare alsoa causeof measurement

error for this type of sensor.Collaborative exploration hasalsobeensuggestedby some

authors, e.g., [33, 32], in which two or more robots that seeeach other act together to

reduceodometry errors.

All theseapproacheshave the problem that either their measurements are unreliable,

the proposedmethods are restricted to particular environments, or more than onerobot

or non-standardsensorsare required for the task. In this section,we proposea method

to estimate the cameraposeusing nothing elsebut the set of collectedimages,when the

cameracalibration parametersare known.

A set of approachesthat is related to the problem of computing the poseof the robot

during image collection is that of SimultaneousLocalization and Mapping (SLAM). In

SLAM, a map of the environment is built on-line at the sametime that robot localiza-

tion is performed. Most of the work available in this area addressesthis problem by

performing data fusion (generally via Kalman �ltering) of the information provided by

all the available robot sensors.Theseapproachessolve the problem of map construction
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from an object-basedpoint of view, wherethe 3D position of each landmark is estimated.

Recent work in this areacan be found in [11, 35, 12, 32].

In our case,we needto solve a lessambitious problem, namely, an o�-line estimation

of the locations and orientations from which each image was taken. Since, in images

taken from closelocations, there is redundant visual information, we can take advantage

of that redundancyto �nd the best set of cameraposesthat minimizesthe total residual

error. Here, we proposea rather simple methodology to construct the map of sampled

imageswithout the needto compute the 3D positions of the landmarks. Our proposal

is basedon a weighted least squaresapproximation of the cameraposeof each collected

image,by minimizing the total residualerror when taking into account all the landmark

data from all images.

6.1.1 Noise Filtering

In chapters3 and 5, we showed how the robot environment canbe decomposedinto a set

of overlapping regions,such that a certain number (k) of featuresare commonly visible

from any point in a region. An extra bene�t from the clustering of featuresinto regions

that we can take advantage of is the fact that the locations of the k features in all the

imagesof the region are correlated. Therefore,we can exploit lower rank approximation

techniquesto de-noisethe location measurements of featuresin each region. Stewart [41]

presents an analysisof the e�ects of noiseon the singular valuesand singular vectorsof

a matrix. It is shown that small singular valuestend to grow under perturbation.

Basedon the fact that in the absenceof noise,a matrix of highly correlatedmeasure-

ments is rank de�cient and noisein the measurements hasthe e�ect of increasingthe rank

of such a matrix, Muijtjens et al. [31] usedlower rank approximation to de-noiseimage

data measurements. They wereinterestedin de-noisingimagedata usedto perform a 3D

reconstructionof the motion of a wall of a live heart. They tracked radiopaquemarkers

implanted on a live heart through a sequenceof imagesacquired in a time interval. A
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matrix was then createdcontaining the measuredimage locations of the markers. Each

row of the matrix corresponded to a particular marker, and each column corresponded

to the imagetaken at a particular instant in time. Here, we follow their sameidea, but

instead of dealing with imagesof a dynamic object acquired over time, we are working

with imagesof a rigid 3D object (the \landmark" formed by the k features) taken from

di�erent locationsand orientations. Our problem is equivalent to theirs in the sensethat

the imagesof the featurescould be thought as being acquiredfrom a �xed camerawith

the 3D structure of scenefeatureschanging posethrough time.

Hereis the de-noisingprocedure.Assumethe number of imagesin a given regionis r .

We needto createa block matrix P such that Pij = �!p j
i , with �!p j

i being the 2D location

of the i -th feature in the j -th image,wherei = 1; : : : ; k and j = 1; : : : ; r . Formally, let

U �

0

B
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B
B
B
B
B
B
@

s1 0 : : : 0 0

0 s2 : : : 0 0
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� V t = P

be the singular value decomposition of P. The \de-noised" version of P will be the

matrix

eP = U �

0
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B
B
B
B
B
B
B
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B
B
@

s1 0 : : : 0 0 : : : 0
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: : : : : : : : : : : : : : : : : : : : :

0 0 : : : sr � h 0 : : : 0
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� V t ,

whereh determinesthe rank reduction.
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Input: Set of images f I i gi =1 ;:::;n
Output: A set Y of indices of pairs of images for which motion parameters were computed, a set of rotation matri-

ces f R ij g( i;j ) 2 Y , and a set of unitary translation vectors f
� !
T̂ ij g( i;j ) 2 Y encoding the camera motion between pairs of

views.
1: Y = ;
2: for i = 1, . . . , n do
3: Compute set of feature points F v i from image I i

4: end for
5: for 1 � i < j � n do
6: Compute correspondences F v i ^ v j = F v i \ F v j between features in images I i and I j

7: if jF v i ^ v j j � m then

8: Estimate motion parameters R ij and
� !
T̂ ij using the locations of F v i ^ v j in I i and I j .

9: Y = Y [ f (i; j )g
10: end if
11: end for

Figure 6.1: Algorithm to compute the motion parametersbetweenall pairs of collected
images.

6.1.2 Motion Parameters Bet ween Views

We will �rst use weighted least squaresto �nd the set of rotations between all pairs

of views that minimize the total rotation error of the whole set of images. Then we

will useweighted least squaresagain to �nd the set of cameralocations that minimizes

the total translational error of the complete set. To apply these ideas we �rst need,

given a set of calibrated sampledimagesf I i gi =1 ;:::;n corresponding to samplingpositions

v1; : : : ; vn , respectively, to estimate the rotation and translation of the camerabetween

pairs of images. Depending on the method used and the desired accuracy, there is a

minimum number m of point correspondencesneededto estimatethe motion parameters.

Algorithm 6.1computesand storesthe motion parametersbetweenall pairs of viewsthat

commonlyseeat least m feature points. In line 8 of this algorithm, a robust method has

to be employed to estimate the motion parameters(a rotation matrix R ij and unitary

translation vector
�!
T̂ ij ) in the presenceof outliers, i.e., wrong point correspondences

betweenviews. In chapter 7, we present several methods to estimate theseparameters

from the locations of feature point correspondencesin both views.
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6.1.3 Best Fit of Rotations Bet ween Views

The set of estimated parameters,although redundant, is also inconsistent due to the

presenceof noiseand outliers in the measurements. In this section,we present a method

for computing an estimate of the camera rotations that minimizes the total residual

error. The set of resulting rotations that minimizes the error will be the solution to a

linear systemof equationswith its elements in the set of quaternions, subject to a certain

constraint.

Quaternionsarea non-commutativ e extensionof the complexnumbers. A quaternion

q canbe represented by a real number � and a vector �!v 2 R3, and is noted asq = � + �!v

or q = (� ; �!v ). � is called the real part of q, and �!v is called the imaginary part of

q. The conjugate of a quaternion q is de�ned as q = � + (� �!v ). If q1 = � 1 + �!v 1 and

q2 = � 2 + �!v 2 are two quaternions,the sum and product betweenquaternionsare de�ned

asq1+ q2 = (� 1+ � 2)+ (�!v 1+ �!v 2), andq1�q2 = (� 1� 2� �!v t
1
�!v 2)+ (� 1

�!v 2+ � 2
�!v 1+ �!v 1� �!v 2),

respectively. The norm of q is de�ned as kqk =
p

aa =
p

aa =
p

� 2 + �!v t �!v .

The set of quaternionsH with the sum and product de�ned over them hH; + ; �i form

a division algebra,that is, a non-commutativ e �eld. SincehH; + ; �i is a division algebra,

and in particular a non-commutativ e ring, then hHn ; + ; �i is a module over H. A module

over a ring is a moregeneralalgebraicstructure than a vector spaceover a �eld, in which

most of the desirablepropertiesof linear algebraon vector spacesalsowork. This means

that we can solve systemsof linear equationswith its variablesand vectors in Hn using

the samemathematical tools usedto solve systemsof equationsover R or C, taking care

of replacingsumand product by the appropriate de�nition of thoseoperationsin H. And

sincealsohH; + ; �i is isomorphic to the subspace

*
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B
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B
B
B
@
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(through isomorphismh : H ! R4� 4 de�ned by

h((a; (b;c;d)t ) =

0

B
B
B
B
B
B
B
@

a � b d � c

b a � c � d

� d c a b

c d b a

1

C
C
C
C
C
C
C
A

),

all matrix operations involving quaternionscan be realizedusing block matricesof reals.

An interesting fact that we will exploit is that rotations canbe represented by quater-

nions of norm 1. This meansthat there is an isomorphismbetweenthe set of rotations

in 3D and the set of quaternionslying on the four-dimensionalunitary sphereS3. This is

a continuous mapping, i.e., closepoints on the spherecorrespond to closerotations and

vice versa. The rotation of angle� around the axis �!v 2 R3 is represented by the unitary

quaternion:

qv = cos�
2 + sin �

2

�!v
k�!v k .

To rotate a 3D vector �!x using the quaternion qv, we must compute qvexqv, where ex is

a quaternion with real part zeroand imaginary part �!x . The bene�t of representing 3D

rotations using quaternionsis that only onenon-linear constraint has to be enforcedon

a quaternion in order for it to correspond to a rotation, i.e., its norm being 1. When

rotations arerepresented using3� 3 matricesof reals,there aresix non-linearconstraints

that a matrix hasto satisfy in order to correspond to a rotation, i.e., the orthonormality

of its rows and columns. Since our problem can be posedas the solution to a linear

systemof equationsin which the unknowns are rotations, using quaternionsmeansjust

solving the systemsubject to the constraint that each unknown hasnorm 1.

We then proposethe following method to �nd an estimate of the orientation of the

camerasduring the imagecollectionphasethat minimizesthe total residualerror of all the

computedrotations betweenpairs of views. Let qij be a unitary quaternion encoding the

3D rotation Rij betweencamerasi and j , obtained, for example,from the factorization of
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the essential matrix E ij [28]. Let qi be a unitary quaternion representing the orientation

of the i -th cameraduring the imagecollection phase. We wish to obtain an estimate of

qi , for i = 1; : : : ; n. From each measuredrotation qij betweencameras,we can createthe

equation

qij � qi � qj = 0 (6.1)

We create a vector of unknowns �!q = (q1; : : : ; qn)t 2 Hn , and a matrix Q with

all the equationsgeneratedfrom each R ij , weighted by a scalar inversely proportional

to the uncertainty of the estimation of Rij . (See next section for an explanation of

how to compute this weight.) The solution to our problem is therefore the minimizer

vector �!q 2 Hn of kQ�!q k2 subject to the constraints kqi k = 1, for i = 1; : : : ; n. Since

the constraints are in the Cartesian product of the four-dimensionalunit sphere,they

form a compact set. (It is closedbecauseeach component is de�ned by an equality

of a continuous function, and it is boundedbecauseeach component is a unit sphere.)

Therefore,sincekQ�!q k2 is a continuous function, then it must achieve its minimum on

the constraint set.

An iterativ e minimization method is not guaranteedto convergeto a global minimum

in our problem, due to the non-linearity of the function being optimized. However, the

minimization processwould at least be guaranteed to improve on the current solution,

and if we could start from a fairly good initial guessof the solution �!q , it could eventually

convergeto the global minimum. We actually can construct such a fair initial guessfrom

the measurements we have for the rotations betweencameras.We can set an arbitrary

orientation for the �rst camera,e.g.,q1 = 1, and then set all other orientations in terms

of this one by meansof an arbitrary selectionof a consistent subsetof constraints, as

de�ned by Equation 6.1, until all orientations qi have beeninitially assigned.
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6.1.4 Best Fit of Translations Bet ween Views

Each estimatedtranslation
�!
T̂ ij is expressedin the coordinate frameof camerai . We need

to expressall translations usingthe samecoordinate frame,e.g.,the onecorresponding to

camera1. This canbeaccomplishedby
�!
T ij = R1i t

�!
T̂ ij . If the measurements had beenfree

of error, then the unitary translation vector
�!
Tij has the direction of translation between

locationsvi and vj . That is, there existsa magnitudeaij 2 R, such that aij
�!
T ij = �!vj � �!vi .

We would like to recover a good approximation of theseimage locations from the noisy

measurements of the translation vectors that we have. So we proposeto usea weighted

least squaresapproach to do this, taking advantage of the redundancy present in the

relationship betweenall the measuredtranslations betweenimages.

For each (i; j ) 2 Y we createthe vector equation

�!vj � �!vi � aij

�!
T ij =

�!
0 ; (6.2)

which givesrise to three linear equations,one per vector component. We chooseone of

the imagelocations, e.g., �!v1 , as the center of our coordinate frame, i.e., we �x �!v1 =
�!
0 .

Our unknownsarethen the locations�!vi ; 1 < i � n, and the magnitudesof the translation

vectorsaij ; (i; j ) 2 Y . We set the unknowns as components of a vector

�!x = (vx
2 ; vy

2; vz
2; vx

3 ; vy
3; vz

3; : : : ; vx
n ; vy

n ; vz
n ; ay1 ; : : : ; ayr )

t 2 R(3(n� 1)+ jY j) ,

with Y = f y1; : : : ; yr g From the system of equations6.2, we create a matrix A of size

(3jY j) � (3(n � 1) + jY j), such that rows 3k + 1; 3k + 2; and 3k + 3 of A encode the three

components of vector equation (i; j ) = yk+1 ; k = 0; : : : ; r � 1. The linear systemto be

solved becomesthen A�!x =
�!
0 .

Knowledge of the uncertainty present in the the estimation of T ij from the image

point correspondencescan be used to weight the equations in the system, giving a

heavier weight to those equations that come from more reliable measurements. The

uncertainty can be computed from somemeasureof the residual error in the estima-
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tion of the translations from the inliers (i.e., the point correspondencesthat agreed

on the value of the estimated translation), and from the proportion of inliers in the

set of point correspondences. If wij ; (i; j ) 2 Y , are weights inversely proportional to

the uncertainty in the estimation of T ij , the solution to the weighted system is the

vector �!x that minimizes
P 3r

k=1 wydk =3e
(Ak

�!x )2, subject to the constraint k�!x k = 1,

where Ak is the k-th row of matrix A. The solution to this weighted least squares

system lies in the null spaceof bA = WA, where W is a diagonal matrix such that

W3k+1 ;3k+1 = W3k+2 ;3k+2 = W3k+3 ;3k+3 = p wyk +1 , k = 0; : : : ; r � 1.

The null spaceof bA will have dimensionone in the caseof the existenceof a unique

solution to the system,up to a scalefactor. The vector spanningthe null spaceof the

matrix can be obtained from its singular value decomposition bA = UDV t , as the last

column of V corresponding to the smallestsingular value in the diagonalof D. Although

the matrix of the systemis large, it is sparse,sinceeach equation only relatesunknown

position betweentwo imagesthat commonlyseea certain minimum number of 3D points.

Yet this will only happen between imagesacquired from closelocations and looking at

the samescene.Thereforethe matrix can be built in a band diagonalshape, and sparse

linear algebraalgorithms can be employed to solve the system[1].

An incremental method to computethe translation betweencamerasis the following:

Start by estimating the translation direction between two arbitrary cameras,e.g.,
��!
T1;2

between cameras1 and 2, and create the set I = f 1; 2g containing the indexesof the

camerasfor which translations were already computed. Then, iterativ ely compute a

set of translations T = f
� � !
T k;i 1 ; : : : ;

� � !
T k;i h g between a new camera k =2 I and cameras

i1; : : : ; ih 2 I , such that the dimensionof the spacegeneratedby the vectors in T is at

least 2; and then add k to I .

It is a su�cien t condition for the existenceof a unique solution, up to a scalefactor,

(in the absenceof noise), to generate the system of equations from the translations

between camerascomputed in this incremental way. This can be proven inductively:
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It is obvious that for the basecaseof two camerasrelated by a translation, there is a

unique solution, up to scaling, for the magnitude of the translation and location of the

camera centers. Inductively, assumethe property is true for the system of equations

corresponding to the structure S of translations and cameralocations so far computed,

and now at least two non-parallel translations arecomputedbetweena newcamerak and

camerasi; j in S. A changein scaleto any of the translations or cameralocationsin S, by

inductive hypothesis,will proportionally scalethe distancebetweenthe locations �!vi and

�!vj , and thereforethe vertex �!vk and the other two sidesof the triangle �!vi

M�!vk
�!vj , (i.e., the

translations with directions
��!
T k;i and

��!
T k;j ), will have to be proportionally scaledin order

to preserve their directions. Analogously, if the cameralocation �!vk or the translations

with directions
��!
T k;i or

��!
T k;j changetheir magnitude, then the triangle �!vi

M�!vk
�!vj will have

to be proportionally scaledin order to preserve the directions of its sides,and hencethe

cameralocation �!vk and the translations
��!
T k;i and

��!
T k;j will be scaled,and alsothe distance

between �!vi and �!vj will changeproportionally, which will in turn scaleall translations

and cameralocations in S. � .

As evidencethat the way that this method computesthe translations is not a neces-

sary condition for the existenceof a unique solution, seeFigure 6.2. In the graph shown

in this �gure, the nodesrepresent cameralocations,and the edgesrepresent translations

betweencameras.The translations of this examplecannot be computedin the suggested

incremental way, however, there is a unique solution for the translation magnitudesand

cameralocations,up to a scalefactor. It is easyto seethat if the magnitudeof oneof the

edgesis changed,then all other edgeshave to changetheir magnitudesproportionally, in

order to preserve their directions and still remain with the sameadjacencyrelationship.
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Figure 6.2: Example of a cameralayout that hasa unique solution, up to a scalefactor,
for cameralocations (nodes) and magnitude of the translations (edges),but cannot be
computedusing the suggestedincremental method.

6.2 Generation of the Feature Visibilit y Vectors

The feature visibilit y vector of a posespeci�es the scenefeaturesthat are visible from

the imagetaken at that pose. In order to build thesevectors,we needto createclasses

of images features. Each class will group the image features that correspond to the

samescenefeature. In order to realizethis classi�cation, we have to be able to compute

reliable correspondencesbetween image features of di�erent views, and to discard the

imagefeaturesthat are ambiguous,that is, thosethat may seemto belongto more than

oneclass.This sectionproposesa method to do thesetasks.

6.2.1 Computing Feature Corresp ondences

For a particular family of imagefeaturesto be useful,a function �̂ (�; �) hasto be provided

to measurethe \similarit y" betweentwo features. The similarity accounts for how likely

the two features are of being imagesof the same scenefeature, i.e., the smaller the

value of �̂ is, the more likely the samescenefeature gave rise to both image features.

(Ideally �̂ should be a distance function in a metric space; in particular it should be

positive, commutativ e, �̂ (f ; f ) = 0 for all imagefeaturesf , and the triangular inequality
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shouldhold.) For example,in the caseof Lowe'sSIFT features[25], and the phase-based

featuresof Carneiro and Jepson[8], an image feature is implemented as a vector in a

high dimensionalspace.Similarity betweenSIFT featuresis measuredby the Euclidean

distancebetween feature-vectors, while for phase-basedfeatures,similarity is measured

using phase-correlation.

We want to group the imagefeaturesf into classesf , such that there is exactly one

classper scenefeature, and such that all imagefeaturesdue to that scenefeature belong

to that class. However, not only do we want to separateimagefeaturesinto classes,we

likewisewant to discardall the featuresthat are not distinctive enough,i.e., that can be

easily confusedas belonging to a di�erent class. This, in turn, suggeststhat all image

featuresbelonging to a classfor which there is at least one ambiguous feature have to

be discardedaswell. We take this drastic approach, becauseduring on-line localization,

we will match visible features to those in the databaseand we want to keep only one

exemplar imagefeature representing the class.

Other lessstrict approachesto matching arepossible,e.g.,insteadof just retaining one

imagefeature per class,the databasecan keepa representativ e collection of the various

appearancesthat the scenefeaturehasin posespace.The correspondencebetweenimage

features in the sample imagescan be done via tracking the features between adjacent

viewpoints, in which their changesin appearancearesmall. Such an approach will achieve

larger areasof visibilit y for each scenefeature than the method proposedhere,but it will

be more susceptibleto incorrect matchings during on-line localization. We aim to study

theseideasas future work to this thesis.

In the proposedmethod that follows, we will assumethat there is exactly one image

per sampling position. If two or more imagesare available at a particular position,

they should all be integrated into a unique panorama,to guarantee that for each scene

feature, at most one corresponding image feature is visible at each sampling position.

Let G = (V; E) be an undirected planar graph describing the topology of the set of
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samplingposes,with each posebeing a node of the graph. Let F̂ be the set of all image

features. Let F̂ v � F̂ be the set of imagefeaturesvisible from the imageacquiredat pose

v 2 V. Two di�erent imagefeaturesfrom the sameimagehave to necessarilycorrespond

to di�erent scenefeatures. Then it is reasonableto specify that the equivalencerelation

betweenimagefeaturessatisfy the local uniquenessproperty:

(8v 2 V)(8f ; g 2 F̂ v) : f = g ( ) f = g; (6.3)

wherethe notation f means\the classof f ", and = refersto identit y. If more than one

scenefeaturehaving the sameappearancearevisible from the samepose,it is possibleto

have repeatedidentical imagefeaturesin the image. And sincewe will enforcethe above

property on the equivalencerelation, those featureswill be excludedfrom the relation,

although they do correspond to di�er ent scenefeatures.That is actually somethinggood,

sincein our localization framework, weareinterestedonly in imagefeaturescorresponding

to scenefeaturesthat are rather unique.

Wewill now de�ne a relation betweenimagefeaturesthat usesthe notion of similarity

de�ned by �̂ and with the property speci�ed by (6.3). Given a threshold � 2 R> 0, we

de�ne the relation = F betweentwo imagefeaturesf 2 F̂ and g 2 F̂w by

f = F g ( ) �̂ (f ; g) � � ^ g = argmin
� 2 F̂ w

�̂ (f ; � ) (6.4)

This is not an equivalencerelation over all F̂ , but just a nearest-neighbor relation. Al-

though it is clearly re
exive, it is not symmetric or transitive, in general. We will turn

it into an equivalencerelation by restricting it to the maximal subsetof image features

eF � F̂ for which the symmetry and transitivit y properties hold. Clearly, the features

that break the property of symmetry and/or transitivit y are ambiguousin the sensethat

they can be confusedas belonging to a di�erent classthan the one that they actually

belongto, dependingon the \direction" in which the relation is veri�ed, or to what par-
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ticular feature in the classthey are comparedto. We therefore are interested in using

only the imagefeaturesin eF for localization.

Although the set eF will contain only thoseimagefeaturesthat are distinctive enough

amongall imagescollected during the o�-line phase, there is no guarantee that symmetry

will hold when a feature f 2 eF is matched, using = F in one direction, to an image

feature g visible in a novel view during localization. However, sincewe only retain in eF

the featuresthat statistically belong to clearly de�ned classesamongall image features

visible in posespace(whereour samplewasthe set of imagescollectedduring the o�-line

exploration phase),it is more likely that g will belongto the sameclassas f . (Actually,

for the purposeof matching veri�c ation during on-line localization, we could even retain

all imagefeaturesvisible in each model view, to usethem to verify the symmetry of = F

betweenf and g. If symmetry doesnot hold, then g shouldbe discardedasambiguous.)

Algorithm 6.3 computes eF by verifying the symmetry of = F betweenimagefeatures

from di�erent poses,and by computing the transitive closureof = F over F̂ . Whenever

two featuresare found such that = F is not symmetric, all the elements in the classesto

which they both belongareexcludedfrom eF . Finally, after transitiveclosure,all elements

in the classesof featuresfor which 6.3 doesnot hold are excludedfrom eF . The algorithm

takesas input a collection f F̂ vgv2 V of setsof image featuresextracted from the images

acquiredat each pose,and outputs a collectionof feature classidenti�ers fF vgv2 V , where

F v is the set of classidenti�ers of the imagefeaturesin eF that are visible from the image

taken at posev.

To soften the drastic nature of the suggestedapproach to compute the equivalence

classes,we introduced a parameter 
 2 Z> 0 in our algorithm. This parameter speci�es

to what extent violations to the symmetry and transitivit y properties of the equivalence

relation are going to be checked. The symmetry and transitive closurebetweenfeatures

is not veri�ed for all pairs of poses, but this veri�cation is realized only between the

posesthat are separatedat most by a distance 
 , where the distancebetweenposesis
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Input: f F̂ v gv 2 V

Output: A set eF , over which = F is a relation of equivalence; and a collection fF v gv 2 V , where
F v = f class(f ) : f 2 F̂ v \ eF g.

1: ? = F̂
2: classesToExcl ude = ;
3: for all v; w 2 V : � (v; w) � 
 do
4: for all f 2 F̂ v do
5: if f 2 ? then
6: class(f ) = new class
7: ? = ? � f f g
8: end if
9: f 0 = arg min � 2 F̂ w

�̂ (f ; � )

10: if �̂ (f 0; f ) � � then
11: if f = arg min � 2 F̂ v

�̂ (f 0; � ) then
12: if f 0 2 ? then
13: class(f 0) = class(f )
14: ? = ? � f f 0g
15: else if class(f 0) 6= class(f ) then
16: if class(f ) 2 classesToExcl ude _ class(f 0) 2 classesToExcl ude then
17: classesToExcl ude = classesToExcl ude � f class(f ); class(f 0)g
18: Merge class(f ) and class(f 0) into a unique class.
19: classesToExcl ude = classesToExcl ude [ f class(f )g
20: else
21: Merge class(f ) and class(f 0) into a unique class.
22: end if
23: end if
24: else
25: classesToExcl ude = classesToExcl ude [ f class(f )g
26: if f 0 2 ? then
27: class(f 0) = new class
28: ? = ? � f f 0g
29: end if
30: classesToExcl ude = classesToExcl ude [ f class(f 0)g
31: end if
32: end if
33: end for
34: end for
35: for all v 2 V do
36: classesToExcl ude = classesToExcl ude [ f class(f ) : f 2 F̂ v ^ (9g 2 F̂ v ) : f 6= g ^ class(f ) = class(g)g
37: end for
38: eF = f f 2 F̂ : class(f ) =2 classesToExcl udeg
39: for all v 2 V do
40: F v = f class(f ) : f 2 F̂ v \ eF g
41: end for

Figure 6.3: Algorithm to compute imagefeaturesequivalence.

measuredin terms of the shortest distance function � (�; �) between nodes in the graph

G. The greater 
 is, the lower the probability of having a classwith ambiguous image

featuresin eF at the endof the algorithm's execution,with that probability beingzeroif 


is greater or equal to the maximum distancebetweentwo posesin posespace.Actually,

to achieve an exact solution, it su�ces that 
 is as large as the radius of the maximum

feature visibilit y region. On the other hand, if 
 = 1 is used, the equivalenceclasses

are computed by relating similar features from imagesacquired at adjacent poses(i.e.,
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tracking image features between adjacent poses),with the symmetry and transitivit y

checked only for features extracted from imagesacquired from sets of posesin which

each poseis at distance1 from any other posein the set.

This morerelaxedapproach to computethe equivalenceclassesis reasonable,because

we expect the image features to tend to preserve their appearancein imagesacquired

from a set of contiguous poses.There is a trade-o� betweenthe computational cost and

the accuracyof the solution, sincethe approximate computation is O( jV j

 2 ) times faster

than the exact one. In our Results chapter, we applied this algorithm and obtained

excellent results. We used
 = 5 to computethe correspondencesbetweenSIFT features

extracted from imagesacquiredon a 6m by 3m samplinggrid at intervals of 25 cm, i.e.,

a lattice of 25 by 12 poses.In a visual analysisof the results, we wereable to determine

that only oneclass,out of a total of 897,contained an incorrectly classi�ed imagefeature

from oneparticular imageout of a total of 1152images.

6.2.2 Retaining Only Go od Features

If the number of available featuresis large,which is generallythe case,we can a�ord the

luxury of discarding featuresthat are not suitable for our needs.Oncethe classi�cation

of image features by scenefeature correspondencehas been performed, not all of the

obtained features have desirableproperties when using our proposedmethod to build

the landmark database.A bad feature is onewhich is not widely or consistently visible,

i.e., either it is not visible from a large number of contiguous poses,or its region of

visibilit y is too narrow, it hasmany holes,or it is fragmented into several non-connected

components.

We have to avoid using featureswith thesebad visibilit y properties in our decompo-

sition method. Sincea region in the decomposition is obtained from the intersection of

the visibilit y regionsof individual features,the result of the intersectionof a regionwith

the mentioned characteristics with another arbitrary region, is a region with generally
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the samebad characteristics,which is not good for our proposedmethod of navigation.

Featureswith almost convex and wide visibilit y regionsshould be preferredover others

to be usedin the region decomposition stage.



Chapter 7

On-line Lo calization

This chapter explains how to perform the on-line localization stage of the view-based

navigation framework. We discusshow to use the decomposition of the environment

in regions that commonly seek features to achieve e�cien t robot localization. The

localization stageinvolvestwo main tasks: the robot needsto recognizethe featuresthat

constitute a landmark in the current view, and basedon the recognizedlandmark, it has

to compute its posein the world. We start this chapter with a high-level explanation of

the stepsinvolved in the landmark recognitionand posecomputation tasks,and then we

discussin depth di�erent techniquesto compute the robot's position and orientation.

7.1 Recognition of Landmarks

The landmark recognitionin the current view canbeperformedin two possiblescenarios:

it is either the casethat the robot knows in what region it is located, or it simply does

not, i.e., it is starting navigation, or it was kidnapped. If the robot does not know in

what region it is, the featuresvisible in the current imagecan vote for the regionsthey

belongto, if any, accordingto a membership relationship computedo�-line. The region

in which the robot is will be assumedto be oneof thosewith at least k votes.

On the other hand, whenthe robot is navigating insidea known region, the k features

54
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that form the landmark commonly visible from all locations inside that region can be

easily tracked between the imagesthat the robot sees. If at any point the expected k

featuresare not all visible in the current image,this may indicate that the robot hasleft

the region in which it was navigating and is entering a new region. In that case,using a

graph map of the regions,and knowing the direction of movement of the robot, we can

constrain the number of possibleregionsto which the robot might have moved. In the

worst case,the samevoting schemementioned above, using all regions,can be applied.

The region overlapping can also be exploited to avoid the voting scheme,when the

robot is approaching the boundary of the current region,by switching to the overlapping

region to which it is headed.Beforea motion commandis executed,the current location

and direction of motion of the robot should be usedto predict the position to which the

robot will arrive after the execution of the motion step. If such a position is near the

boundary of the current regionor outsideof it altogether, the robot shouldswitch, before

moving, to a regionthat contains both the current and the predictednewposition. Such a

region is guaranteed to exist if the overlapping value � usedfor the regiondecomposition

is greater than or equal to the magnitude of the motion stepsof the robot. If more than

oneregion containing both positions exist, the onethat spansmost of the path that the

robot will follow should be selected.

7.2 Computation of the Rob ot's Pose

Each region has associated with it two model views, i.e., two imagesacquired at two

extremesof the region, in which all k featuresthat form the landmark corresponding to

the region are simultaneously visible. To compute the robot's position and orientation,

the locationsof each of the k featuresin each of the model viewsand their locationsin the

current imageare usedas input to a method that estimatesthe position and orientation

of the current view relative to that of the model views.
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When two or more calibrated model views are available, and the position and orien-

tation at which each imagewasacquiredis known, there are several possibleapproaches

to estimatethe position and orientation of a calibrated novel view, relative to that of the

model viewsthat seethe samescene.(By calibrated view, wemeanthat the intrinsic cam-

eraparametersat the moment of imageacquisition areknown.) In the following sections,

we discussdi�erent techniquesto solve this problem: Basri and Rivlin's linear combina-

tion of views approach, methods that usethe essential matrix, and a technique that we

devisedfor the caseof panoramic imageswhen the robot undergoesplanar motion.

7.3 Lo calization Using Linear Com bination of Views

Hereweexplain Basri and Rivlin's schemefor localizationusingtheir Linear Combination

of Views approach. The material in this sectionis taken from [2]. From a list of feature

points in an image,two view vectorsare constructedcontaining the x and y coordinates

of the points in the image, in order of correspondence.The environment is modeledby

a set of such views. The location of a feature point in a novel view can be obtained asa

linear combination of its locations in the model views. The position and orientation at

which the novel view wasacquired,with respect to that of the model views, is recovered

from the coe�cien ts of the linear combination. Formally: Let pi = (x i ; yi ; zi ), 1 � i � n

be a set of n object points. The position p0
i of thesepoints in an image I , under weak-

perspective projection is given by

x0
i = sq11x i + sq12yi + sq13zi + tx (7.1)

y0
i = sq21x i + sq22yi + sq23zi + ty ; (7.2)

whereqij are the elements of a 3 � 3 matrix Q, and s is a scalefactor.

Let x; y ; z; x0; y 0 2 Rn be the vectors of x i ; yi ; zi ; z0
i and y0

i coordinates respectively,
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and 1 = (1; 1; : : : ; 1). Then Equations 7.1 and 7.2 can be rewritten in vector form as:

x0 = sq11x + sq12y + sq13z + tx1

y 0 = sq21x + sq22y + sq23z + ty1:

Thereforex0; y 0 2 spanf x; y ; z; 1g, i.e., x and y belongto a subspaceof Rn of dimension

four. This subspaceis spannedby any four linearly independent vectorsin the subspace.

Let I 1 and I 2 be two viewsof the scene.Let x1; y1 and x2; y2 be the location vectorsof

the n featurepoints in I 1 and I 2, respectively. Thesefour vectorsarelinearly independent

and belongto the subspacein question;therefore,there exist coe�cien ts a1; a2; a3; a4 and

b!; b2; b3; b4, such that

x0 = a1x1 + a2y1 + a3x2 + a41

y 0 = b1x1 + b2y1 + b3x2 + b41:

Note that vector 1 is a generatorof the four-dimensionalsubspace,so we only need

three other linearly independent vectors to have a complete basefor it. Therefore we

chose to disregard vector y2. Assume that I 2 is obtained from I 1 by a rotation R,

translation T = (Tx ; Ty; Tz), and scalings. The previousequationscan then be rewritten

as

x0 = a1x1 + a2y1 + a3(sr11x1 + sr12y1 + sr13z1 + Tx ) + a41

y 0 = b1x1 + b2y1 + b3(sr11x1 + sr12y1 + sr13z1 + Tx ) + b41:

Re-arrangingthoseequations,we arrive at

x0 = (a1 + a3sr11)x1 + (a2 + a3sr12)y1 + (a3sr13)z1 + (a3Tx + a41) (7.3)

y 0 = (b1 + b3sr11)x1 + (b2 + b3sr12)y1 + (b3sr13)z1 + (b3Tx + b41): (7.4)
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AssumingI was obtained from I 1 by a rotation U, translation tn , and scalingsn , we

have

x0 = snu11x1 + snu12y1 + snu13z1 + tnx 1 (7.5)

y 0 = snu21x1 + snu22y1 + snu23z1 + tny 1; (7.6)

and due to the orthonormality of the rows in U, we can derive the following constraint

from Equation 7.3:

s2
n = (snu11)2 + (snu12)2 + (snu13)2

= (a1 + a3sr11)2 + (a2 + a3sr12)2 + (a3sr13)2

= a2
1 + a2

2 + a2
3s2 + 2a3s(a1r11 + a2r12): (7.7)

Analogously, from Equation 7.4, we can derive

s2
n = b2

1 + b2
2 + b2

3s2 + 2b3s(b1r11 + b2r12): (7.8)

And due to orthogonality, we can alsoderive from 7.3 and 7.4 the constraint

0 = (snu11)(snu21) + (snu12)(snu22) + (snu13)(snu23)

= (a1 + a3sr11)(b1 + b3sr11) + (a2 + a3sr12)(b2 + b3sr12) + (a3sr13)(b3sr13)

= a1b1 + a2b2 + a3b3s2 + (a1b3 + a3b1)sr11 + (a2b3 + a3b2)sr12: (7.9)

If the weakperspective approximation is valid, Equations7.7 and 7.8 shouldgive similar

results, and Equation 7.9 should hold.

Comparing Equation 7.5 with 7.3, and Equation 7.6 with 7.4, we can derive the x

and y components of the translation tn between the position where the model view I 1



Chapter 7. On-line Localiza tion 59

was acquiredand the position from which imageI was taken:

tnx = a3Tx + a41

tny = b3Tx + b41:

The z component of this translation can be computed from the z component of the

translation T, betweenmodel views I 1 and I 2, in a value proportional to the changein

scalebetweenthe object in imageI and I 2:

tnz =
1 � 1

sn

1 � 1
s

Tz:

ComparingEquation 7.5with 7.3,and Equation 7.6with 7.4,and becauseU is a rotation

matrix, we infer

u11 = a1+ a3sr 11
sn

u12 = a2+ a3sr 12
sn

u13 = a3sr 13
sn

u21 = b1+ b3sr 11
sn

u22 = b2+ b3sr 12
sn

u23 = b3sr 13
sn

(u31; u32; u33) = (u11; u12; u13) � (u21; u22; u23).

U, tn and sn are recovered in terms of R, T and s, assuminga calibrated camera

model. Erroneouscorrespondencesand/or bad orthographic approximations will yield

erroneousalignment coe�cien ts, which will result in incorrect solutionsto the positioning

problem. tnx and tny dependlinearly on the errorsin the coe�cien ts, while tnz is inversely

dependent on them. A better estimateof the coe�cien ts canbe achieved by usinga large

number of point correspondencesin the computation.

7.4 Lo calization from the Essential Matrix

In contrast to the linear combination of views method, which approximates perspective

projection using a scaledorthographic projection camera model, we can estimate the
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Figure 7.1: Basic geometryof the cameramotion problem.

position and orientation of a novel view with respect to that of the model views using

an exact perspective projection cameramodel. Most of the approachesto compute the

relativeposition betweencamerasfrom a setof point correspondencesexploit the so-called

epipolar constraint, which relatesthe locationsof the feature points in both images.The

basicgeometryof the problemunder discussionconsistsof two cameraswith their optical

centers located at 3D points c1 and c2, as shown in Figure 7.1. The secondcamerahas

been translated T from the �rst camera,and has been rotated R with respect to the

orientation of the �rst camera.A 3D scenepoint p is projected onto the imageplanesof

both camerasat locations p1 and p2, respectively, measuredin the coordinate frame of

each camera.

We'll assumethat the imagesare calibrated, i.e., pi = P � 1
i int

pi im
; i = 1; 2, wherePi int

is the projection matrix of intrinsic coordinate parametersof the i -th camera,and pi im
is

the location of the projection of p on the non-calibratedimage. As seenon the schematic

of Figure 7.1, the points p;c1 and c2 de�ne a plane, called the epipolar plane. The

vector T � Rp1 is normal to the plane, and hencewe can derive the epipolar constraint

pt
2(T � Rp1) = 0. For all vectors �!x we can write T � �!x as the product T � � �!x , where

T � =

0

B
B
B
B
@

0 � Tz Ty

Tz 0 � Tx

� Ty Tx 0

1

C
C
C
C
A

.
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Then, the epipolar constraint can be rewritten as pt
2(T � � Rp1) = 0. The matrix E =

T � � R is called the essential matrix. There is a vast literature on how to compute

the essential matrix from point correspondencesand how to factor it in its corresponding

rotation and translation; see,for example,[28]. It must beobservedthat the translation is

computedup to a scalefactor, sincein the imageprojection processthe depth information

is lost.

We can estimate the position and orientation of a novel view I u with respect to that

of the model viewsvia estimating the essential matricesE vu and E wu betweenthe novel

view and each of two model views I v and I w , respectively, from the correspondenceof

point-features betweenthe images.Each of the two essential matrices E vu and E wu can

then be factoredinto a rotation matrix (Rvu and Rwu) and a translation vector (
�!
T vu and

�!
T wu) representing the cameramotion between the model imagesI v, I w and the novel

view I u.

Since the position and orientation of the model views is known, the position �!u of

the novel image I u can be computed as the intersection of the lines that go through �!v

and �!w , with directions given by the translation vectors
�!
T vu and

�!
T wu, respectively,

when both vectors are expressedin the same coordinate system. Such intersection

�!u = (�!v + �
�!
T vu) \ (�!w + � (Rvw)t �!T wu), (expressedin the coordinate system of image

I v), where�; � 2 R and Rvw is the rotation betweenimagesI v and I w , can be computed

from the solution of the linear systemof equations

0

B
B
B
B
@

�!
T vu � (Rvw )t �!T wu

1

C
C
C
C
A

2

6
4

�

�

3

7
5 = �!w � �!v :

Sincethis method accuratelymodelsperspective projection, it hasthe advantageover

the linear combination of viewsthat there is no possibility of errorsdue to cameramodel
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approximation when the cameradistanceto objects in the sceneis too small. However,

this approach is still very sensitive to noisein the valuesof the coordinatesof the matched

points. Several methods have beenproposedfor the computation of the essential matrix.

(See[27, 48] for a description and comparisonof several algorithms.) Among all the

algorithms, the method introducedby Longuet-Higgins[24]is the most remarkably simple

one. The eight-point algorithm, as it is called, computesthe components of the essential

matrix by solving a linear systemof equations.

For many years, this algorithm was highly criticized for its excessive sensitivity to

noisein the coordinatesof the matched points. In 1997,Hartley [18] presented a mecha-

nism to normalizethe coordinatesbeforerunning the eight-point algorithm, and showed

that the results soachieved are comparablewith the onesobtained using the best itera-

tive algorithms. Robust estimation methods such as RANSAC (Random sampling and

consensus)[16], or M-estimators [47, 45] can alsobe employed in the computation of the

essential matrix to overcomethe e�ect of outliers due to incorrect point correspondences.

Recently, Fengand Hung [15] presented a robust method that �nds inliers using random

minimum sets,and the estimatedmatrix is evaluated over the entire data set using the

2D re-projection error as a measure. Their method is shown to perform better than

previousrobust methods.

A drawback of using the essential matrix for localization, however, is the fact that a

larger number of point correspondencesareneededto apply it, in contrast with just three

required for the linear combination of views approach. (At least eight correspondences

are neededto apply the eight point algorithm, although there is an algorithm that only

uses�v e points, but it requiressolution of the roots of a 10th degreepolynomial and is

quite sensitive to noise.) In practice, the algorithms should be applied using more than

the minimum number of points required so as to reducethe e�ects of noise. In the next

section,we present a localization method using the essential matrix, in which only three

point correspondencesare neededwhen the camerais restricted to motion on a plane.
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7.5 Estimating Camera Motion on a Plane

When the cameramotion is restricted to the hx; zi plane, i.e., translations have a zero

y component and rotations are limited to be around the y-axis, we can estimate the

motion parametersusing as few as three imagepoint correspondences.In the following

sections,we present two solutionsto this problem, dependingon the imaging model used

to acquirethe images.In the �rst approach we assumethat imageswereobtainedusinga

pinhole cameraand we proposea method to estimatea simpli�ed versionof the essential

matrix under this kind of motion, including a simple way to extract the translation

and rotation parametersfrom it without any ambiguities. We as well proposea novel

approach to estimate the motion parameterswhen the imageswere acquired using 360

degreepanoramiccameras.

7.5.1 Pinhole Camera Mo del

The essential matrix E encodesthe motion betweentwo calibrated imagesasE = [T]� � R,

where

[T]� =

0

B
B
B
B
@

0 � Tz Ty

Tz 0 � Tx

� Ty Tx 0

1

C
C
C
C
A

.

In the caseof planar motion on the hx; zi plane, since Ty = 0 and R is a rotation

around the y-axis, it follows that

E =

0

B
B
B
B
@

0 � Tz 0

Tz 0 � Tx

0 Tx 0

1

C
C
C
C
A

�

0

B
B
B
B
@

cos� 0 sin�

0 1 0

� sin� 0 cos�

1

C
C
C
C
A

(7.10)

=

0

B
B
B
B
@

0 � Tz 0

Tz cos� + Tx sin� 0 Tz sin� � Tx cos�

0 Tx 0

1

C
C
C
C
A

: (7.11)
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Let pi and p0
i be the location of the i -th imagepoint in the calibrated model images

I 1 and I 2, respectively, for i = 1; : : : ; n. The epipolar constraint given by the essential

matrix is p0t
i Epi = 0 for i = 1; : : : ; n. With four points, we can �nd an estimate of

E by solving a linear systemof equations, following the sameidea behind the\8-point

algorithm", as follows:

0 = p0t Ep

= (p0
xp0

yp0
z)

0

B
B
B
B
@

e11 e12 e13

e21 e22 e23

e31 e32 e33

1

C
C
C
C
A

0

B
B
B
B
@

px

py

pz

1

C
C
C
C
A

= p0
x (pxe11 + pye12 + pze13) + p0

y(pxe21 + pye22 + pze23) + p0
z(pxe31 + pye32 + pze33):

Hence,each constraint gives rise to a linear equation that has the form �!c t �!e = 0,

where

�!c =
�

p0
xpx p0

xpy p0
xpz p0

ypx p0
ypy p0

ypz p0
zpx p0

zpy p0
zpz

� t

�!e =
�

e11 e12 e13 e21 e22 e23 e31 e32 e33

� t

:

In our planar motion model e11 = e13 = e31 = e33 = 0, therefore we can reducethe

constraint vector �!c and the unknown vector �!e to

�!c =
�

p0
xpy p0

ypx p0
ypz p0

zpy

� t

�!e =
�

e12 e21 e23 e32

� t

:
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From Equation 7.11,we know that

e12 = � Tz

e21 = Tz cos� + Tx sin�

e23 = Tz sin� � Tx cos�

e32 = Tx :

From the components of E, we can obtain T = (e32; 0; � e12), and compute sin� and

cos� as follows:

e32e21 � e12e23

e2
32 + e2

12
=

Tx (Tz cos� + Tx sin� ) + Tz(Tz sin� � Tx cos� )
T2

x + T2
z

=
TxTz cos� + T2

x sin� + T2
z sin� � TzTx cos�

T2
x + T2

z

=
T2

x sin� + T2
z sin�

T2
x + T2

z
= sin�

�
e32e23 + e12e21

e2
32 + e2

12
= �

Tx (Tz sin� � Tx cos� ) � Tz(Tz cos� + Tx sin� )
T2

x + T2
z

= �
Tx Tz sin� � T2

x cos� � T2
z cos� � TzTx sin�

T2
x + T2

z

= �
� T2

x cos� � T2
z cos�

T2
x + T2

z
= cos� :

Observe that, in reality, our problem only has three unknowns (Tx ; Tz and � .) We

therefore could express�!c t �!e = 0 as a non-linear system of equations by replacing �!e

with its de�nition in terms of Tx ; Tz and � , obtaining

0 = � p0
x pyTz + p0

ypx (Tz cos� + Tx sin� ) + p0
ypz(Tz sin� � Tx cos� ) + p0

zpyTx .

We could attempt to solve this systemwith asfew asthree independent equations.How-

ever, it doesn't seemreasonablefor the sake of just usingonelesspoint correspondenceto

embark on this path that not only requiresmuch morecomplexminimization techniques,

but alsofor which there is no guarantee of converging to the optimal solution due to the
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Figure 7.2: Two panoramic camerascentered at points c1 and c2. The secondcamera
hasbeentranslated T, and has rotated an angle� with respect to the orientation of the
�rst camera. The point p is seenwith a deviation angle of � 1 from the orientation of
camera1, and with a deviation angle � 2 from the orientation of camera2.

presenceof local minima in the function under consideration.

7.5.2 Panoramic Cameras

The epipolar constraint, as explained in section7.4 can be applied to the caseof cylin-

drical panoramic cameras,by noting that a point with cylindrical coordinates (� ; y) on

a panoramiccamerahas3D coordinates(cos� ; y; sin� ). In this section,we introducean

alternative method to compute the relative motion betweena pair panoramic cameras.

Let C1 and C2 be two cylindrical panoramiccameraslocatedon the planehx; zi centered

at points c1 and c2, respectively, such that there exists a rotation � around the y-axis

betweenthem. Each camerade�nes a camera direction that corresponds to its azimuth

0. SeeFigure 7.2.

Let I 1 and I 2 be the imagescorresponding to camerascentered at c1 and c2, respec-

tively. The projection of the 3D point p in each image is de�ned by a pair of angles

(� i ; 
 i ); i = 1; 2, where � i corresponds to the azimuth of the projection of p on the i -th

camera,and 
 i measuresthe elevation of the projection of p over the horizon of the i -th

camera.

Given a point correspondence(� 1; 
 1); (� 2; 
 2), we can deducethe relationship be-
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tween the anglesand the translation and rotation in the following way: Let p0 be the

projection of p onto the plane < X ; Z > . Let A 2 < be the length of the ray betweenc1

and the 3D point p. The distancebetweenc1 and p0 is D1 = A � cos
 1, and the distance

betweenp and p0 is py = A � sin
 1. The distancebetweenp0 and c2 is D2 = py � cot 
 2.

Therefore,the translation betweencameracenters (in the coordinate systemof c1) is

�!
T = D1(cos� 1; sin� 1)t � D2(cos(� 2 � � ); sin(� 2 � � )) t

= A cos
 1(cos� 1; sin� 1)t � A sin
 1 cot 
 2(cos(� 2 � � ); sin(� 2 � � )) t

= A sin
 1(cot 
 1(cos� 1; sin� 1)t � cot 
 2(cos(� 2 � � ); sin(� 2 � � )) t )

/ cot 
 1(cos� 1; sin� 1)t � cot 
 2(cos(� 2 � � ); sin(� 2 � � )) t : (7.12)

Computing
�!
T and �

We will present in this sectiona method for computing the translation
�!
T and rotation

angle� betweencameras.It will be shown that two point correspondencesdetermine, in

a closedform, two possiblesolutions for the value of � . The proposedmethod consistsof

computing thesesolutions for each pair of correspondences,and then robustly deciding

for the more likely estimate of � , given the set of computed values. Finally,
�!
T can be

computed from the valuesof � and the point correspondences.

Let f (( � j
1; 
 j

1); (� j
2; 
 j

2))gj =1 ;:::;n be a set of point correspondencesbetween imagesI 1

and I 2. Let �!v j = cot 
 j
1(cos� j

1; sin� j
1)t and �!w j = � cot 
 j

2(cos� j
2; sin� j

2)t . With these

de�nitions, Equation 7.12can be written as

�!
T / �!v j + R�

�!w j 2 R2; (7.13)

where R� is a 2 � 2 rotation matrix of angle � , with
�!
T and � being the unknowns.

Equation 7.13statesthat if we knew � and computedthe vectors �!v j + R�
�!w j 2 R2, they

would all have the sameorientation, that is, the orientation of
�!
T . That suggeststhat �
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can be computedas the angleof rotation � that makesall vectors �!v j + R�
�!w j to be the

closestin orientation. A set of vectors can be tested for their agreement in orientation

by normalizing them and setting them as rows of a matrix A � , and checking how close

A � is to having rank one. In our particular case,becausethe vectors are in R2 n f
�!
0 g,

this is equivalent to measuringhow closeA � is to being rank de�cient, i.e., its null space

having dimensionone.

Oneway to measurethis is by evaluating how closeto zerothe smallestsingular value

of A � is, which can be computed through a singular value decomposition of the matrix.

However, this processis not robust in the presenceof outliers in the form of incorrect

imagepoint correspondences.An approach that is lessa�ected by outliers is onein which

the likelihood of an angle � to be the correct camerarotation is measuredin terms of

the number of vectors that get aligned (within a certain threshold) when using such an

angle. Therefore,we search for the anglethat maximizesthe number of vectorsagreeing

on a direction.

Formally, given a threshold � , � could be found as

� = argmax
�

j (f �!v i + R�
�!w i gi =1 ;:::;n )j;

where the function  � : 2R2
! 2R2

, when applied to a set of vectors, returns the largest

subsetof vectors in the set that agreeon a direction within the threshold � . Even more

sophisticatedtechniquescould be applied to robustly measurethe agreement in direction

between the vectors. For example, if an adequatedistribution is assumedfor outliers

and inliers, Expectation Maximization could be utilized, and the agreement would be

measuredby the estimated standard deviation of the distribution of inliers in the mix.

Once� is estimated, the orientation of
�!
T can be computedas the principal direction of

the set  (f �!v i + R�
�!w i gi =1 ;:::;n ) via SVD.



Chapter 7. On-line Localiza tion 69

There is a problem that makesthis approach impractical: a search via steepest ascent

is doomedto fail to �nd the global maximum of the function being optimized, due to its

high non-linearity. A possibleway around this problem,sincewe know that � 2 [0; 2� ), is

to initially exhaustively sweepthe wholeinterval at a certain arbitrary precision,and then

perform a local search in the vicinit y of the minimum point(s) (within a certain threshold)

found during the exhaustive search. The total running time of this whole processcan

be easily calculated to be O(k(n2 + 7n) + t), where k is the number of discrete points

in which the interval was discretized,t is the running time of the �nal local search, and

O(n2) is the running time of the proposedmethod to measureagreement at a particular

� . Yet, we'll present an alternative way to estimate � that has a total running time of

37n2 + O(n2), and sincek would typically needto be fairly greater than 37 to apply the

exhaustive search idea, it doesn't make senseto apply this approach at all.

To derive the proposedmethod that e�ectively computesthe motion parameters,we

model the planehx; zi by meansof the complexplane. Hence,vectorsare represented by

complexnumbers,and a rotation matrix is modeledby a complexnumber with absolute

value one. Thus, Equation 7.13becomes

eT / evj + fR� ewj 2 C; (7.14)

where eT; evj ; fR� and ew are complex numbers de�ned as eT = Tx + iTy, evj = vj
x + iv j

y ,

fR� = cos� + i sin� and ewj = wj
x + iw j

y.

Given the imagepoint location corresponding to two point correspondencesj and k,
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from Equation 7.14we know that 9r 2 R such that

evj + fR� ewj = r (evk + fR� ewk) ,

evj � r evk = fR� (r ewk � ewj ) ) (7.15)
�
�evj � r evk

�
�2

=
�
�r ewk � ewj

�
�2

,
�
�evj

�
�2

� 2(vj
xvk

x + vj
yvk

y )r +
�
�evk

�
�2

r 2 =
�
� ewk

�
�2

r 2 � 2(wk
x wj

x + wk
y wj

y)r +
�
� ewj

�
�2

,

0 = (
�
�evk

�
�2

�
�
� ewk

�
�2

)r 2 + 2((wk
x wj

x + wk
y wj

y) � (vj
xvk

x + vj
yvk

y ))r + (jevj j2 � j ewj j2).

Solving this quadratic polynomial yields two solutions for r which, in turn, de�nes two

possiblevaluesfor fR� . From Equation 7.15,we seehow to compute fR� from r :

fR� =
evj � r evk

r ewk � ewj
=

(evj � r evk)(r ewk � ewj )

jr ewk � ewj j2
: (7.16)

There are two possiblevaluesfor fR� from each pair of imagepoint correspondences,

but only one of those two values is the correct estimate. To �nd it, robust estimation

has to be applied to the set of all pair of values computed from each pair of point

correspondences. We know that at least half of the values are \outliers", for which

we can assumea uniform distribution. The remainder are the inliers and should be

concentrated around the correct value of the parameter � , so we can assumethat they

have a normal distribution. The measuredanglesbelongto a mixture distribution with

known proportions, andhencewecould try to estimatethe meanof the Gaussianapplying

Expectation Maximization. We can easilycomputethe running time of this approach as

37n2 + t + O(n2), wheret is the running time of the �nal robust estimation of � (t ypically

O(n2)). Once� is estimated,
�!
T can be computedas the principal direction of the set of

vectors  (f �!v i + R�
�!w i gi =1 ;:::;n ).
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Conditions for the Existence of Solutions

We will study here under what conditions a pair of imagepoint correspondencesis suf-

�cient to estimate the motion parameters between cameras. According to Equation

7.16, two solutions for fR� can be obtained from two imagepoint correspondenceswhen
�
�r ewk � ewj

�
�2

6= 0. When this condition does not hold, there are an in�nite number of

solutions for the motion parameters,sinceEquation 7.15will hold for any rotation angle

� . Let's analyzewhat particular relation between the image point locations will make

this condition hold, and thereforeproduceexactly two solutions. First, observe that

�
�r ewk � ewj

�
�2

= 0 ( ) r ewk = ewj : (7.17)

And sincer is such that
�
�r ewk � ewj

�
�2

=
�
�evj � r evk

�
�2

, then

0 =
�
�r ewk � ewj

�
�2

=
�
�evj � r evk

�
�2

( ) r evk = evj : (7.18)

From Equations 7.17and 7.18, it must be the casethat

ewj

ewk
=

evj

evk
:

And usingthe de�nitions of evj ; evk ; ewj and ewk , and the fact that r 2 R, this in turn means

that

cot 
 j
2

cot 
 k
2

=
cot 
 j

1

cot 
 k
1

: (7.19)

Pairs of image point correspondencesthat satisfy Equation 7.19 should be avoided.

A particular exampleof a con�guration of two 3D points that satis�es this equation is

one in which both points have the samex and z value, but di�erent y > 0. It is easyto

mentally picture this con�guration and intuitiv ely seethat any translation and rotation
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betweentwo camerasthat seethesepoints is possible.Let pj = (x; y; zj ); j = 1; 2 be the

two 3D points seenfrom both cameras,such that zj > 0. Let dj
i be the distancefrom the

i -th cameracenter to the projection of pj onto the hx; zi plane for i = 1; 2. (Note that

d1
i = d2

i becausethe x and z components of p1 and p2 are the same.) Then cot 
 j
i = dj

i
zj

.

Equation 7.19for this point and cameracon�guration thereforebecomes

cot 
 1
2

cot 
 2
2

=
cot 
 1

1

cot 
 2
1

( )

�
d1

2
z1

�

�
d2

2
z2

� =

�
d1

1
z1

�

�
d2

1
z2

�

which holds,sinced1
1 = d2

1 and d1
2 = d2

2. In practice, this is not a problem, sinceit is very

unlikely that many imagepoint correspondenceswould satisfy Equation 7.19.

Analysis of Numerical Stabilit y

Note that points having an image location with a null elevation angle cannot be used

becausein that casecot 
 would be 1 , and therefore Equation 7.12 wouldn't be well

de�ned. In generalit should be avoided to usepoints with 
 closeto 0, sinceas we will

show, the errors in the computed equations(7.12) relating � and
�!
T rapidly grow as 


tends to 0.

The absolutedi�erence betweenthe cotangent of an angle 
 and itself perturbed by
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a small value � is

jcot(
 ) � cot(
 + � )j =

�
�
�
�
cos

sin


�
cos(
 + � )
sin(
 + � )

�
�
�
�

=

�
�
�
�
cos

sin


�
cos
 cos� � sin
 sin�
sin
 cos� + sin� cos


�
�
�
�

=

�
�
�
�
sin
 cos
 cos� + sin� cos2 
 � sin
 cos
 cos� + sin2 
 sin�

sin
 (sin 
 cos� + sin� cos
 )

�
�
�
�

=

�
�
�
�

sin� (sin2 
 + cos2 
 )
sin2 
 cos� + sin� sin
 cos
 )

�
�
�
�

=
1�

�
� sin2 
 cos� +sin � sin 
 cos


sin �

�
�
�

=
1�

�sin2 
 cot � + sin
 cos

�
�

If the amount � of error in the measuredangle is bounded, then cot � is bounded, and

hence

lim

 ! 0

jcot(
 ) � cot(
 + � )j = lim

 ! 0

1�
�sin2 
 cot � + sin
 cos


�
� = + 1 : (7.20)

By de�nition, �!v j = cot 
 j
1(cos� j

1; sin� j
1)

t , therefore

k�!v j k = k cot 
 j
1(cos� j

1; sin� j
1)

tk =
�
�cot 
 j

1

�
� : (7.21)

In a similar manner, �!w j = � cot 
 j
2(cos� j

2; sin� j
2)t , and hence

k�!w j k =
�
�cot 
 j

2

�
� : (7.22)

Equation 7.20tells us that for small measuredvaluesof 
 , even a small error canproduce

an unboundeddi�erence betweenthe cotangent of the measuredangleand the cotangent

of the real angle 
 . According to equations7.21 and 7.22, theseunboundeddi�erences
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will translate into unboundedchangesin the valuesof k�!v j k or k�!w j k.

Let's consider the casein which the measuredvalue of 
 1 is closeto 0, while the

measured
 2 is not. A large increasein k�!v j k due to errors in the measurement of 
 1 will

make the orientation of vector �!v j + R�
�!w j to be highly in
uenced by the direction of �!v j

itself, while a signi�cant decreaseof k�!v j k will make the orientation of �!v j + R�
�!w j close

to that of R�
�!w j . In either case,the orientation of �!v j + R�

�!w j will be quite di�erent from

the correct one. Therefore, the angle � that aligns �!v j + R�
�!w j to

�!
T will di�er greatly

from the correct one.

Adv antages of Using Panoramic Cameras with Planar Motion

Besidesthe obvious fact that a larger number of featurecorrespondencesbetweenimages

can be computedwhen using panoramiccameras(sincethe �eld of view in a panoramic

camerais 360 degrees,several times the �eld of view of a perspective camera), there is

an even greater advantage to using this type of camerawhen the planar motion model

can be applied. In this case,if the focal length and y-scaling factor of both cameras

is the same,then the only image calibration parameter that needsto be known is the

y-coordinate y0 corresponding to elevation 0 in the image, i.e., the level of the horizon.

To computethe azimuth of an imagepoint, a particular imagex-coordinate hasto be

chosenas azimuth 0, i.e., the orientation at which the camerais \heading", e.g., x = 0.

Sincethe width w of the panoramic imagecorresponds to a �eld of view of 360degrees,

the azimuth of an imagepoint (px ; py) is � = 360px
w degrees.When the focal length f and

the y-scalingfactor sy is the samein both cameras,(which is the casewhenboth images

where acquired by the samerobot cameraat di�erent locations), we can compute the

motion between cameraswithout explicitly knowing those calibration parameters. Let


 i be the elevation angleof an imagepoint pi = (pi x ; pi y ). Then cot 
 i = f
sy (pi y � y0) , and
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so f and sy can be extracted as part of a commonfactor in Equation 7.12:

�!
T / cot 
 1(cos� 1; sin� 1)t � cot 
 2(cos(� 2 � � ); sin(� 2 � � )) t

/
f

sy(p1y � y0)
(cos� 1; sin� 1)t �

f
sy(p2y � y0)

(cos(� 2 � � ); sin(� 2 � � )) t

/
f
sy

�
1

p1y � y0
(cos� 1; sin� 1)t �

1
p2y � y0

(cos(� 2 � � ); sin(� 2 � � )) t

�

/
1

p1y � y0
(cos� 1; sin� 1)t �

1
p2y � y0

(cos(� 2 � � ); sin(� 2 � � )) t

/ (p2y � y0)(cos� 1; sin� 1)t � (p1y � y0)(cos(� 2 � � ); sin(� 2 � � )) t :

As a result, y0 is the only calibration parameter that needsto be known in order to

estimate � and
�!
T .
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Results

In this thesis,we haveproposedmethods to accomplishthe three main tasksinvolved in a

view-basednavigation system,i.e., o�-line exploration, landmark databaseconstruction,

and on-line localization. We are only going to demonstrate the results obtained for

what has been the main contribution of this work, namely, our proposedmethod for

optimal landmark selectionby region decomposition. We start by brie
y describingthe

simulator that we usedto generatesynthetic worlds and to run decomposition algorithms

on visibilit y data. We �nish by commenting on the resultsobtained whenwe applied the

heuristic algorithms presented in previouschapter to decomposeboth synthetic and real

worlds.

8.1 Simulator Description

Synthetic visibilit y data wasproducedusinga simulator wedeveloped. A world consistsof

a 2-D top view of the posespacede�ned by a polygon, with internal polygonalobstacles,

and a collection of featureson the polygons(both external and internal). Each feature

is de�ned by two parameters,an angle (visibility angleextent), and a rangeof visibilit y

(visibility range), determining the spanof the areaon the 
o or from which the feature is

visible. An exampleof a randomly generatedworld and the visibilit y areaof someof its

76
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Figure 8.1: A randomly generatedworld. The greenpolygon de�nes the perimeter of the
world. The blue polygonsin the interior de�ne the boundariesof obstacles. The small
red circles on the polygons are the features. As an illustration, the visibilit y areasof
selectedfeaturesare shown as colouredregions.

featuresis illustrated in Figure 8.1.

The worlds caneither bedesignedmanually through a graphicaluserinterfaceshown,

in Figure 8.2,or generatedrandomly. In the latter case,a mixture probability distribution

has to be speci�ed for each of the de�ning parametersof the world, which are shown in

Table 8.1. Given a samplinggrid, the simulator createsthe visibilit y data of a synthetic

world by consideringthat a feature is visible from a grid vertex if the line connectingthe

vertex to the feature doesnot intersect an obstacleor the perimeter, and if that line is

entirely contained in the visibilit y region of the feature. The simulator provides,aswell,

an object-oriented framework, in which a decomposition algorithm can be built asa new

class, implementing a classmethod that returns the decomposition that the algorithm

achieves for the visibilit y data provided as its input. Such visibilit y data can either be

the one computed in a synthetic world, or comefrom real world imagery. Finally the

simulator includesa visualization tool that allows the user to display the decomposition

producedby an algorithm on a particular world by selectinga set of regionsto display.
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(a)

(b)

Figure 8.2: Simulator graphic user interface. (a) World edition. (b) Visualization of a
region decomposition.
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8.2 Decomp osition of Synthetic Worlds

Independent tests of the algorithms on synthetic data were performedfor four di�erent

world settings. The settingscombined di�erent featurevisibilit y propertieswith di�erent

shape complexities for the world and obstacleboundaries. Two types of featureswere

used,having visibilit y ranges:N (0:65; 0:2) to N (12:5; 1)m with anangularrangeN (25; 3)

degreesfor Type 1, and N (0:65; 0:2) to N (17:5; 2)m with an angular range N (45; 4)

degreesfor Type 2 (whereN (�; � ) is normally distributed with mean� and variance� 2).

Two classesof shapesweretested for the world and obstacles:irregular and rectangular.

For the caseof irregular worlds, the number of sidesof its perimeter wasgeneratedfrom

the mixture distribution fU (4; 4) with p = 0:1; N (5; 0:5) with p = 0:45; N (7; 2) with

p = 0:45]g, and the number of obstaclesfrom the distribution fU (5; 9) with p = 0:5;

N (8; 2) with p = 0:5g. The number of obstaclesin each rectangularworld wasgenerated

from the mixture distribution fU (6; 9) with p = 0:5; N (10; 2) with p = 0:5g. The

generatedworlds had an averagediameter of 40m, and feature visibilit y was sampledin

posespaceat points spacedat 50cmintervals.

Table 8.1: Averagenumber of featuresvisible from a pose
Comp onent Parameters

Perimeter
� Sidescount

� Vertex radius

Obstacles

� Total obstaclescount

� Sidescount

� Vertex radius

Features

� Total featurescount

� Visibilit y angular extent

� Visibilit y range
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Figure 8.3: Resultsfor Experiments on Synthetic Data. The x-axesof the charts represent
the four world settingsusedin the experiments. (Rectangularworlds wereusedin settings
1 and 2, while irregularly shaped worlds in settings 3 and 4. Type 1 featureswere used
in settings 1 and 3, and Type 2 featuresin settings 2 and 4.) The y-axescorrespond to
the averagevalue of 300experiments for the total number of regions,averagenumber of
posesper region, and total number of usedfeaturesin each decomposition. From left to
right, the bars at each setting correspond to Algorithms A.1, A.2, A.3, B.1, B.2, and C.

The parametersusedin the experiments were overlapping � = 1, and featurescom-

monly visible per region k = 4. (Basri and Rivlin [2] showed that reliable localization

can be accomplishedusing their linear combination of model views method with as few

as three point correspondencesbetweenthe current imageand two stored model views.)

The allowed maximum areaof a hole was set to � = 9 poses,i.e., on average,a hole has

a diameter of at most 1:5m. The parameter � of algorithm C was set to 0.85.

Figure 8.3 shows the results of the experiments on synthetic data. The performance

of each algorithm in the four settingsdescribed above is comparedin terms of the number

of regionsin the decomposition, the averageareaof a region in a decomposition, and the

sizeof the set formed by the union of the k featurescommonly visible from each region

in a decomposition. Each value in the �gure is the averagecomputed over a set of 300

randomly generatedworlds. The decomposition of each world took only a few seconds

for each algorithm.

Unsurprisingly, the averagesizeof a region is strongly dependent on the stabilit y of
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its de�ning featuresin posespace.Also asexpected,the total number of regionsin each

decomposition increasesas the averagesizeof the regionsdecreases.Tables8.2 and 8.3

show the number of regionsand the averagenumber of posesin a region, respectively,

achieved by each algorithm and setting, averagedover all the randomly generatedworlds.

In the caseof worlds with widely visible features(settings 2 and 4), the best results, in

terms of minimum number of regionsin the decomposition, are achieved by Algorithm

B.2, closely followed by algorithms B.1 and C. For the worlds with lessvisible features

(settings 1 and 3), Algorithm B.2 outperformedthe rest.

Table 8.2: Averagenumber of regionsin a decomposition
Setting A.1 A.2 A.3 B.1 B.2 C

1 173.81 156.96 154.97 127.76 112.63 140.10
2 59.30 56.45 54.72 44.74 42.10 44.17
3 112.40 100.46 98.97 82.11 73.08 82.29
4 44.71 40.00 39.11 31.99 30.02 31.11

Table 8.3: Averagenumber of posesper region
Setting A.1 A.2 A.3 B.1 B.2 C

1 70.76 76.49 75.74 80.60 80.99 71.85
2 253.88 276.37 272.83 281.63 279.81 251.86
3 69.04 74.60 73.95 78.63 79.29 71.61
4 215.15 237.68 234.67 244.44 241.26 218.56

In our simulations, we obtained fairly big regions,as seenin Table 8.3. Each pose

corresponds to a sampledarea of 0.25m2 (50cm by 50cm), so the averagesachieved by

the best algorithm correspond to region areasof 20m2 for featuresof Type 1, and 65m2

for featuresof Type 2. Theseresults were achieved with only a few featuresvisible per

pose,asshown in Table8.4,wherethe averagenumber of featuresvisible per posewason

the order of a hundred. In real imagedata, however, the number of stablefeaturesvisible

per poseis on the order of several hundred, and each feature hasa visibilit y rangeclose

to that of our simulated featuresof Type 1 (see[25], for example). These�ndings lead
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us to predict that this technique will successfully�nd decompositions useful for robot

navigation in real environments.

Table 8.4: Averagenumber of featuresvisible from a pose
Setting Av erage Num ber

of Features
1 30
2 95
3 41
4 117

8.3 Region Decomp osition Using Real Data

We took Algorithm B.2, the algorithm that achieved the best results on synthetic data,

and asa further evaluation we applied it to two real datasetsof real imagery.

8.3.1 Decomp osition of a 2m by 2m World

We�rst appliedAlgorithm B.2 to visibilit y data collectedin a 2m by 2m spacesampledat

20cm intervals, with a total of 46visible features. All imagesweretakenwith the camera

in a �xed orientation (looking forward), and featureswere extracted using the Kanade-

Lucas-Tomasi (KLT) operator [4] and tracked betweenimages. The parametersusedin

the decomposition were k = 4, � = 0, � = 3. The four regionsof the decompositions

can be seenin �gure 8.4. The larger gray area present in each one of the imagesof the

regionscorresponds to the set of k-coverableposes.As can be seenfrom the �gure, the

union of the four regionscovers almost completely the k-coverableareaof the world.

8.3.2 Decomp osition of a 6m by 3m World

Our next experiment involved visibilit y data acquiredin a 6m by 3m grid sampledat 25

cm, (i.e., a lattice of 25 by 12 poses),from Room 408,McConnell EngineeringBuilding,
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(a) (b) (c) (d)

Figure 8.4: (a)-(d) The 4 regionsof the decomposition of real visibilit y data collectedin
a 2m by 2m space,sampledat 20 cm intervals.

in McGill University. Imagesweretakenwith the robot's cameraorientation �xed in four

di�erent orientations at 0, 90, 180and 270degrees.Each image'sposition wasmeasured

using a laser tracker and a target mounted on the robot [32]. Figure 8.5 shows some

imagesof the employed dataset wherethe variations in imagescalecan be appreciated.

The imagesshown for 0 and 180degreeorientations correspond to posesthat are furthest

back along the orientation. The imagesat 90 and 270degreeorientations correspond to

posesthat are furthest front, center, and furthest back along the orientations.

We extracted SIFT featuresfrom the imagesin the dataset using David Lowe's im-

plementation [26]. On average,about 420SIFT featurevectorswereextracted from each

image. We then usedthe method that we proposedin section6.2.1to match the feature

vectors from di�erent images,and to discard those that were ambiguous. We endedup

with a total of 897 classesof image features that are visible from at least 16 di�erent

poses.An exampleof the typical feature visibilit y regionsthat we obtained after we ran

Algorithm 6.3 can be seenin Figure 8.6. Each of these imagesrepresents the visibil-

it y region of a particular feature in the 25 by 12 posesampling grid. Each thumbnail

corresponds to the appearanceof a (30 by 30 pixels) context around the feature point

extracted from the imagetaken at the corresponding grid position in posespace.

Following our suggestionsin section 6.2.2, from the set of distinctive features that

remained after the grouping into classes,we only retained those that were widely and

consistently visible, that is, thosethat werevisible from at least16poses,whosevisibilit y

regionshad few small holes,and that contained at least oneconnectedcomponent of at
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 8.5: Examplesof the imagesusedin the experiments on visibilit y data collected
at a 6m � 3m space.The imagesshown wereacquiredin orientations: (a) 0 degrees;(b)
180degrees;(c), (e), (g) 90 degrees;and (d), (f ), (h) 270degrees.
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(a) (b) (c)

(d) (e) (f )

Figure 8.6: Typical examplesof feature visibilit y regionsobtained after executingAlgo-
rithm 6.3.
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Figure 8.7: Distribution of Feature Visibilit y Regionsby Size(i.e., number of poses).

least 3 by 3 poses.The set of posesof each of thesefeature visibilit y regionswas further

reducedto a subsetthat had a fairly convex shape. This was achieved by �rst retaining

only the posesin the largest connectedcomponent of the visibilit y region. Secondly,

poseswere then removed from this component which did not have a neighbor with at

least7 out of 8 of its neighbor posesin the region. After thesesteps,the featurevisibilit y

regionsof each classnot only reducedin size,but alsothe total number of imagefeature

classesdecreasedto 554,sincemany of the visibilit y regionsbecameempty asa result of

the mentioned operations. Figure 8.7 shows the distribution of feature visibilit y regions

by sizebeforeand after this �ltering process.The visibilit y regions,after �ltering, had

an averagesizeof 33 poses,and a median of 23.

In Figure 8.8 we can seethe 7 regionsobtained in the decomposition when we used

thesevisibilit y regionsas input to Algorithm B.2, using parameteresk = 4, � = 0, and

� = 3. The decomposition obtained using thesesameparametersbut with � = 1 has 9
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(a) (b) (c) (d)

(e) (f ) (g)

Figure 8.8: Regiondecomposition of the 6m by 3m Real world for k = 4 and � = 0 using
Algorithm B.x.
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(a) (b) (c) (d) (e)

(f ) (g) (h) (i)

Figure 8.9: Regiondecomposition of the 6m by 3m Real world for k = 4 and � = 1 using
Algorithm B.x.
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(a) (b) (c) (d)

(e) (f ) (g) (h)

Figure 8.10: Region decomposition of the 6m by 3m Real world for k = 6 and � = 0
using Algorithm B.x.
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(a) (b) (c) (d)

(e) (f ) (g) (h) (i)

(j) (k) (l) (m)

Figure 8.11: Region decomposition of the 6m by 3m Real world for k = 6 and � = 1
using Algorithm B.x.
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(a) (b) (c) (d)

(e) (f ) (g) (h)

(i) (j) (k) (l)

Figure 8.12: Region decomposition of the 6m by 3m Real world for k = 8 and � = 0
using Algorithm B.x.
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(a) (b) (c) (d) (e)

(f ) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

(p) (q) (r) (s) (t)

Figure 8.13: Region decomposition of the 6m by 3m Real world for k = 8 and � = 1
using Algorithm B.x.
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regions,as shown in Figure 8.9. The decompositions obtained when using valuesof 6, 8

and 10for k, and 1 and 2 for � canbeseenin Figures8.10,8.11,8.12,8.13,8.14,and 8.15.

As expected,the decompositions for larger valuesof k contain a larger number of regions

of smaller size. As an exampleof this, notice that someof the regionsin Figure 8.14are

too small or irregularly shaped, and therefore not likely useful for navigation purposes.

It can alsobe observed in the �gures that the 1-overlapping decompositionshad a larger

number of regionsthan whenno overlapping wasrequired,which is a reasonablething to

expect. Also it is interesting to note that the regionsof the 1-overlappingdecompositions

are generally more regularly shaped than their 0-overlapping counterparts. This is a

natural consequenceof the method usedto obtain thesetype of decompositions, which

imposesa minimum diameter to the obtained regions. As an examplecompareFigures

8.12 and 8.13, and Figures 8.14 and 8.15, in which the regions in the 1-overlapping

decomposition seemmore suitable for navigation than thoseobtained for � = 0.

Theseresults, using real feature visibilit y data, appear to be satisfactory for robot

navigation, sinceregionsof acceptablesizeand without many holeswereachieved in the

decompositions for su�cien tly large valuesof k. As mentioned earlier, the size of the

regions in the decomposition is strongly in
uenced by the size of the feature visibilit y

regions. From the results that we obtained in our experiments, we can assert that if

distinctive featuresthat remain stable through larger areasof posespaceare available,

and it is employed a matching method that achieves larger visibilit y regions without

compromisingfeature distinctivenessduring the on-line localization stage,then the pro-

posedmethod of decomposition into regions is a promising and practical technique to

accomplishreliable view-basedrobot navigation.
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(a) (b) (c) (d) (e)

(f ) (g) (h) (i) (j) (k)

(l) (m) (n) (o) (p)

Figure 8.14: Region decomposition of the 6m by 3m Real world for k = 10 and � = 0
using Algorithm B.x.
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(a) (b) (c) (d) (e)

(f ) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

(p) (q) (r) (s) (t)

Figure 8.15: Region decomposition of the 6m by 3m Real world for k = 10 and � = 1
using Algorithm B.x.



Chapter 9

Conclusions

We concludethis thesis reviewing the main contributions madeand we discusspossible

directions for future research.

9.1 Con tributions

The main contributions of this thesiscan be outlined as follows:

1. We have presented a novel graph theoretic formulation of the problem of auto-

matically extracting an optimal set of landmarks from an environment for visual

navigation.

2. We have analyzedits complexity and shown that the problem is intractable.

3. Wehavedevelopedsix algorithms to solve for approximate solutionsto the problem.

4. We have developed a simulator on which thesesix, and any other such algorithm,

can be evaluated.

5. We have evaluated the algorithms on both synthetic and real data.

6. We have developed a technique for computing the input grid graph, including a

feature tracking method and a grid point localization method.

96



Chapter 9. Conclusions 97

7. Wehave developed a techniquefor computing the position and orientation at which

a novel view was acquired, i.e., for localizing the robot.

9.2 Future Work

There are a number of extensionsto this work that we plan to pursue:

� Integrating the imagecollection phasewith the region decomposition stageinto a

uniqueon-line processasthe robot is exploring its environment, as in a view-based

SLAM fashion.

� Path planning through decomposition space,minimizing the number of regiontran-

sitions in a path.

� Extend the proposedframework to detect and cope with environmental change.

� Compute the performanceguarantee of our heuristic methods and provide tight

upper boundson the quality of our solution comparedto thoseof optimal decom-

positions.

� Study the useof featuretracking during the imagecollectionstage,to achieve larger

areasof visibilit y for each feature,sincetracking the featuresbetweenimagestaken

from adjacent viewpoints allows for tracking small variations of appearance(which

may integrate to large onesover large areas). Such a framework would require

maintaining equivalenceclassesof featuresin the database.
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