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Abstract

The links between Buss’s hierarchy S2 and Kraj́ıček–Pudlák’s quan-
tified propositional proof system G were shown by Steven Perron to be
stronger than what had been known before. Perron’s theorem states that
S
i
2 proves the soundness of the treelike system G

⋆
i with respect to Σ

q

i+1

tautologies. Previously this was known only for Σq

i tautologies. The theo-
rem is proved by first proving a kind of Herbrand theorem for G⋆

i . Perron
statement of the latter theorem contains a subtle error which does not
affect the overall correctness of his main result. To fix this error turns
out to require some new subsystems of G that we call G⋆

B,i: for each i,
G

⋆
B,i is the subsystem where the cut formulas are allowed to be boolean

combinations of Σq

i and Π
q

i formulas (instead of being in Σ
q

i ∪ Π
q

i as it
is the case for G

⋆
i ). In this paper we discuss the Herbrand theorems for

these systems, and observe that when the boolean combinations in ques-
tion are just conjunctions or disjunctions (of arbitrary arity), then G

⋆
B,i is

p-equivalent to G
⋆
i for proving Σ

q

i+1 tautologies. This observation follows
from a slight extension of Perron’s theorem. However, such an equiva-
lence is not known if the boolean combinations have depth two or more.
Finally, and independently, we present a “faithful” formalization of truth
definition in V

i for a restricted class of quantified boolean formulas.

1 Introduction

The sequent calculus G and its subsystems Gi, G
⋆
i , developed in [KP90, KT92,

Kra95], are proof systems for quantified propositional formulas. Gi and G⋆
i

are associated with the first-order theories TVi and Vi (two-sorted versions of
Buss’s theories Ti

2 and Si
2 [Bus86]): first-order proofs are translated, by the

Paris-Wilkie translation, to families of polynomial-size proofs in the associated
subsystems, and the soundness of the subsystems is provable in the associated
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theories. In this paper we discuss some issues related to proving the soundness
of these systems.

In particular, it is known that the soundness of G⋆
i with respect to proving

Σ
q
i formulas is provable in Vi [KT92, Kra95] (see [CN10, Theorem X.2.17] for

the outline of a different proof). Originally Gi and G⋆
i are defined to prove

only tautologies in Σ
q
i ∪Π

q
i ; under the revised definition of Gi and G⋆

i by Cook
and Morioka [CM05] we can now talk about the soundness of these systems
with respect to proving formulas of higher complexity, e.g., Σ

q
i+1, Σ

q
i+2, etc.

The provability of these systems’ soundness then becomes more interesting, and
this has been investigated by Steven Perron in [Per08a, Per08b]. He proves,
in particular, that the soundness of G⋆

i with respect to proving Σ
q
i+1 formulas

is provable in Vi. This implies that Vi can be axiomatized using an axiom
formulating the soundness of G⋆

i with respect to proving Σ
q
i+1 formulas, over

the base theory V1 [Per08a] [Per08b, Chapter 5]. By combining this with a
simple, but perhaps surprising, result [Per08a, Lemma 7.1] (see also [CN10,
Theorem X.2.27]) he also shows that proving the soundness of G⋆

i , or even of
cut-free G⋆, with respect to Σ

q
j formulas, where j ≥ i + 2, already requires

Vj−1.
Perron gave a detailed proof of the special case where the soundness is stated

for prenex formulas in [Per08a, Theorem 6.1] (reproduced in [Per08b, Theorem
5.1.1]). The general case is proved as Theorem 5.1.2 of [Per08b]. The cur-
rent author’s original motivation in this work is to understand the latter proof.
Along the way, we identify some new subsystems of G that are required to
correctly state Perron’s Herbrand theorem for G⋆

i which is needed for his main
result: for each i, GB,i is the subsystem of G where cut formulas are in Bi,
the set of boolean combinations of Σq

i and Π
q
i formulas (B stands for boolean

combination). It follows from several results in the area that GB,i and Gi are
p-equivalent for proving Σ

q
i formulas (or even Bi formulas). On the other hand,

the situation for G⋆
B,i and G⋆

i is much less clear, and we conjecture that G⋆
B,i

is p-equivalent to G⋆
i (for proving Σ

q
i formulas). We observe that this holds for

depth-1 G⋆
B,i, the subsystem of G⋆

B,i where the cut formulas are disjunctions
or conjunctions of Σq

i ∪Π
q
i formulas, i.e., where the boolean combinations have

depth 1. Our observation follows from a slight extension of Perron’s theorem
which is proved by extending the Herbrand theorem for G⋆

i . We will also prove
a Herbrand theorem for G⋆

B,i, but this does not allow us to settle the conjecture.
Perron’s technically involved proof of the general case [Per08b, Theorem

5.1.2] contains a (nonessential) gap which can be fixed, for example, using our
notion of direct variable (see Definition A.2 and the paragraph above it). For
completeness, we will reproduce, with necessary modifications, Perron’s proof
in the appendix.

The usual way of formalizing truth that we know of suffers from a subtle
problem which arises when provability in theories not containing the Replace-
ment axioms is concerned.1 Informally, the problem is in the formalization of

1I am indebted to an anonymous referee who points this problem out and also gives the

example that I use here.
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truth definitions for non-prenex formulas. Consider, for example, formalizing
truth definition for a given Σ

q
1 formula. This is usually done by stating collec-

tively the existence of all existentially quantified variables. But this is the same
as implicitly assuming the Replacement axioms for ΣB

1 formulas, and it might
be problematic somewhere else if we work in a theory that does not prove these
axioms. This fortunately does not affect Perron’s theorem (note that for V1

Perron’s theorem is about the Σq
2 formulas, so the soundness principle is ΣB

2 ,
and that as far as we know V1 does not prove the Replacement axioms for this
class.) Nevertheless, we think that the problem is worth discussing, and we will
give a short discussion in Section 2.3.

1.1 Proving soundness of G⋆
i for Σ

q

i+1 formulas

To prove the soundness of G⋆
i with respect to proving Σ

q
i+1 formulas is to prove

that any Σ
q
i+1 formula A that has a G⋆

i -proof is valid. Let π denote the proof
of A. One way is to extract from π the witnessing values for the outermost
existential variables in A. Perron’s idea is to do so by first transforming π

into a proof π′ where there are explicit defining formulas for the variables to be
witnessed. This proof involves extension variables, similar to the extended Frege
system. (In fact, such a transformation generalizes the one used for showing that
extended Frege p-simulates G⋆

1.) The transformation gives a so-called Herbrand
theorem for G⋆

i . Perron then proceeds to show how to compute the witnesses
from the sequent given by the Herbrand theorem. Furthermore, in order to
show that the principle is provable in Vi, these steps need to be formalized in
Vi.

Both steps are technically involved. The first step gives a kind of KPT
theorem for quantified propositional proof systems. The original KPT theorem,
named after the authors of [KPT91], is a special form of Herbrand’s theorem
and is stated for first-order theories of bounded arithmetic. (For a survey on
Herbrand’s theorem, see [Bus95a].) The KPT theorem states, for example, that
for any ΣB

2 theorem ∃Y ∀Zϕ(X,Y, Z) of a universal theory T (here implicitly
X is universally quantified), there are a constant k and k terms

T1(X), T2(X,Z1), . . . , Tk(X,Z1, . . . , Zk−1),

such that T proves

∀X∀Z1∀Z2 . . . ∀Zk

k∨

i=1

ϕ(X,Ti(X,Z1, . . . , Zi−1), Zi).

These terms can be used in an interactive procedure to compute strings Y that
satisfy the existential quantifier in the formula. In essence, a proof-theoretic way
to prove this is to display explicitly the terms that have been used to derive the
(outermost blocks of) existentially quantified variables in the proven formula;
this enables us to compute values that satisfy these quantifiers.

Perron states a version of Herbrand’s theorem for the proof systems G⋆
i and

gives a proof-theoretic proof for it. The situation for propositional proof systems
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is slightly different from first-order logic. First of all, there are no functions in
propositional logic. Therefore the “witnessing” terms are given in the form of
extension variables; each of these variables is given a defining formula. Another
difference is that for first-order logic the Herbrand theorem is stated for universal
theories, hence any quantifier introduction rule is applied to a subformula of the
formula being proved. On the other hand, for G⋆

i where i ≥ 1 the quantifier
introduction rules can be applied to cut formulas (and there is no equivalent
notion of universal theories).

Moreover, unlike the first-order setting where the KPT theorem gives a dis-
junction of constant size, for G⋆

i we must use a complicated notion of expansion
of the original formula ϕ. In the simple case where ϕ is in prenex form, this
expansion is just a disjunction of instances of ϕ (where the outermost quantifiers
have been replaced by extension variables). When we are given a family of G⋆

i

proofs π, the number of disjuncts in such disjunctions can grow with the size of
π.

The statement of the Herbrand theorem for G⋆
i in [Per08a, Theorem 3.16]

contains a subtle error (but this does not affect other results in the paper). In
particular, to state the theorem correctly requires the systems G⋆

B,i mentioned
earlier. To our knowledge, these have not been studied before.

The first step as outlined above can indeed be formalized in VPV, because
there is a polytime algorithm that transforms a given proof into the form re-
quired by the Herbrand theorem. On the other hand, formalizing the second
step in Vi requires formalizing a complicated student–teacher computation.
This computation is easy to describe when the reflection principle is stated for
prenex formulas. However, for general formulas this becomes more technical,
because of the structure of the expansion that results from the Herbrand theo-
rem.

To see the second step, consider for example the case i = 1: here we need
to argue in V1 that some witnesses exist that satisfy a Π

q
1 formula. In other

words, we need to prove in V1 the existence of a string that satisfies some
ΠB

1 condition. This is done by formalizing a kind of student–teacher game
where there are two players: a student and a teacher. The student tries to
learn a string that satisfies the ΠB

1 condition by proposing candidates for the
string, and the teacher helps by providing some counter-examples, if possible,
to the candidates proposed by the student. The game is played in rounds. In
the first round, the student announces a candidate for the witnesses, and the
teacher responds by either admitting that the witnesses are indeed valid, or
providing a counter-example showing that the ΠB

1 condition is violated. In
the next round, using the counter-example the students announces the next
candidate, and the teacher responds as before, and so on. The game is played
in at most polynomially many rounds. If in some round the student obtains
a correct value then the computation stops and outputs the witness that the
student gets. Otherwise the computation fails to produce an output. Here the

student can compute polytime functions; in general, he can compute FPΣP
i−1

functions, i.e., functions computable by polytime, oracled Turing machines that
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can query oracles in the level ΣP
i−1 of the polynomial hierarchy. The teacher is

always all-powerful.
Basically, in order to compute the next set of candidate, the student needs

to use the expansion, which is obtained in the first step, of the Σ
q
i+1 tautology

that is being proved. He also needs to refer to a dependence relation between
the eigenvariables and extension variables. The complicated structure of the
expansion together with the dependence relation render the argument rather
nontrivial.

Organization. In Section 2 we define G and its subsystems, and present
a “faithful” formalization of truth definitions for the class of what we call well
structured formulas. In Section 3 we give the corrected statement of the Her-
brand theorem for G⋆

i . In Section 4 we prove the Herbrand theorem for the new
system G⋆

B,i, and show that depth-1 G⋆
B,i is p-equivalent to G⋆

i with respect
to proving Σ

q
i+1 formulas. Section 5 concludes with some open questions. The

proof of Perron’s theorem, that Vi proves the soundness of G⋆
i w.r.t. Σ

q
i+1

formulas, is presented in Appendix A.

2 Preliminaries

2.1 G and its subsystems

We refer to [CN10, Section VII.3] for definitions of quantified propositional
formulas (or just formulas) and the sets Σ

q
i , Πq

i of formulas. For i ≥ 1, a Σ
q
i

formula is said to be proper if it does not belong to Π
q
i . Similarly for proper Πq

i

formulas. Also, we write Bi for the boolean closure of Σq
i and Π

q
i .

The proof system G extends Gentzen’s propositional sequent calculus PK

to include introduction rules for the quantifiers. The axioms of G are

−→ ⊤; ⊥ −→ ; A −→ A

where A is any atomic formula. See [CN10, Section II.1.1] for the rules of PK.
Here we will use the “multiplicative” form for the binary rules (∨-left, ∧-right
and the cut rules):

B,Γ1 −→ ∆1 C,Γ2 −→ ∆2
∨-left

B ∨ C,Γ1,Γ2 −→ ∆1,∆2

Γ1 −→ B,∆1 Γ2 −→ C,∆2
∧-right

Γ1,Γ2 −→ B ∧ C,∆1,∆2

D,Γ1 −→ ∆1 Γ2 −→ D,∆2
cut

Γ1,Γ2 −→ ∆1,∆2

The reason is to avoid implicit contraction. (In subsequent sections we do not
have to transform the given proofs into multiplicative form. Formally, we treat
the cases ∨-left and ∧-right as we do there followed by a series of contractions.)

The quantifier-introduction rules are as follows:

∀-left:
A(B),Γ −→ ∆

∀xA(x),Γ −→ ∆
∀-right:

Γ −→ ∆, A(p)

Γ −→ ∆, ∀xA(x)
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∃-left:
A(p),Γ −→ ∆

∃xA(x),Γ −→ ∆
∃-right:

Γ −→ ∆, A(B)

Γ −→ ∆, ∃xA(x)

In the rules ∀-right and ∃-left, p is a free variable called an eigenvariable that
must not occur in the bottom sequent. For the rules ∀-left and ∃-right, A(B) is
the result of substituting B for all free occurrences of x in A(x). The formula
B is called the target formula and may be any quantifier-free formula (with no
bound variables).

Definition 2.1. Let π be a proof of a sequent S. A free variable appearing in
S is called a parameter variable of π. We say that π is in free variable normal
form if (i) no free variable is completely eliminated from any sequent in π by
any rule except possibly ∀-right and ∃-left, and in these case the eigenvariable
which is eliminated is not a parameter variable, and (ii) every nonparameter
variable in π is used exactly once as an eigenvariable.

A proof can be viewed as a directed graph whose nodes are labeled by se-
quents in the proof, and there is an edge from S1 to S2 if the former is used in
the inference resulting in the latter. The treelike subsystem of a proof system
P is always denoted by P⋆. The systems Gi, GB,i are subsystems of G defined
by restricting the set of cut formulas:

Definition 2.2 (The systems Gi and GB,i). For i ≥ 0 Gi is the subsystem of
G where all cut formulas are in Σ

q
i ∪Π

q
i , and GB,i is the subsystem of G where

all cut formulas are in Bi.

A (quantified) propositional proof system P2 is said to p-simulate P1 if there
is a polytime function F such that for any P1-proof π of a tautology, F (π) is a
P2-proof of the same tautology. P1 and P2 are said to be p-equivalent if they
p-simulate each other.

It was shown recently [JN10] that Gi is p-equivalent to Ĝi, the subsystem
of Gi where all cut formulas are prenex Σ

q
i formulas. For treelike systems G⋆

i

and Ĝ⋆
i this had been proved by a different method by Morioka [Mor05] (see

also [CN10, Theorem VII.4.7]).
Note that GB,0 is the same as G0, and G⋆

B,0 is the same as G⋆
0. For i ≥ 0,

the proof that G⋆
i+1 p-simulates Gi for Σ

q
i and Π

q
i formulas, (see e.g. the

proof given in [CN10, Theorem VII.4.3]) actually shows that G⋆
i+1 p-simulates

GB,i for Bi formulas. Perron shows that for i > 0, Gi p-simulates G⋆
i+1 for

all formulas [Per08b, Theorem 4.2.3] (see also [CN10, Theorem VII.4.8]). As a
result, we have:

Corollary 2.3. For i ≥ 1, Gi, GB,i and G⋆
i+1 are p-equivalent for formulas in

Bi. For other formulas, GB,i p-simulates Gi, which in turns p-simulates G⋆
i+1.

2.2 Two-sorted theories of bounded arithmetic

We use Zambella’s two-sorted setting for theories of bounded arithmetic. The
theories Vi and TVi are the two-sorted versions of Buss’s theories Si

2 and Ti
2,
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respectively. We will also use VPV, the two-sorted version of Cook’s theory
PV. Note that VPV has a symbol for every (two-sorted) polytime function,
and is a conservative extension of TV0. Other theories that we use are VTC0

and VNC1. Note also that in our setting, there are two kinds of induction
axioms: number induction (or just induction) and string induction. Similarly,
the maximization and minimization principles also have two versions, one for
numbers and one for strings. See [CN10, Chapters V, VIII and IX] for more
details.

Recall that two-sorted formula in ΣB
i and ΠB

i have all their string quantifiers
precede the number quantifiers and boolean connectives. Here we will use also
the larger sets gΣB

i and gΠB
i (see [CN10, Definition VI.3.1]), which correspond

respectively to Σb
i and Πb

i in single-sorted setting. Thus, in gΣB
i formulas the

bounded number quantifiers can mix with bounded string quantifiers. Note that
Vi proves the comprehension and number induction axioms for gΣB

i formulas
(see [CN10, Corollary VI.3.8]).

For Perron’s theorem (Theorem 2.4) we use the usual formalization of truth
definition, for example, as in [Per08a] or [CN10, Chapter X]. However, in the
next subsection we will discuss the notion of faithful formalization which might
be of independent interest.

2.3 Faithful formalization of truth definitions

This subsection is independent of the rest of the paper.
The way truth definitions are formalized in [Per08a], or similarly in [CN10,

Section X.2.1], is rather nonintuitive for non-prenex formulas, as illustrated
by the following example.2 The reader is referred to [CN10, Section X.2] for
notations.

Consider a gΣB
2 formulas ϕ(a) of the form:

ϕ(a) ≡ ∀x ≤ a∃X ≤ a∀Y ≤ aψ(x,X, Y )

where ψ(x,X, Y ) is a ΣB
0 formula. Let An denote the propositional translation

ϕ(a)[n]:

An ≡
n∧

i=0

∃p0∃p1 . . . ∃pn−2

n∨

k=0

Bn,k(p0, p1, . . . , pk−2)

Here

Bn,k(p0, p1, . . . , pk−2) ≡ ∀q0∀q1 . . . ∀qn−2

n∧

j=0

Cn,k,j(p0, p1, . . . , pk−2, q0, q1, . . . , qj−2)

is the translation ∀Y ≤ aψ(x,X, Y )[n; k]; note that Bn,k is Π
q
1.

Now, suppose further that there is a model of V1 where ϕ(a) holds, but

∃Z∀x ≤ a∀Y ≤ aψ(x, Z [x], Y ) (1)

2This example is suggested by the referee.
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does not hold. This is possible for some ϕ under the hypothesis that V1 6⊢
ΠB

1 -REPL. Intuitively, in this model, An should be true, because it is the
translation of a true first-order formula. However, according to the usual for-
malization of truth definition, it is not. This is because to say that An is true
is the same as to say that the formula (1) is true.

To resolve this issue we need a formalization in bounded arithmetic of truth
definitions which is “faithful”, in the sense that it does not collect at once, say,
all outermost existentially quantified variables of a non-prenex formula. Here
we are able to do this for only the class of well structured formulas, which is
defined inductively as follows.

A quantifier-free formula is by default well structured. A Σ
q
i+1 formula F is

well structured if it is a boolean combination of formulas of the forms

∃x1∃x2 . . . ∃xmA(~x) or ∀y1∀y2 . . . ∀ymB(~y)

where A ∈ Π
q
i and B ∈ Σ

q
i , and both A, B are well structured. For example,

the following Σ
q
1 formula is not well structured:

∃x1(∃x2B(x1, x2) ∧ ∃x3C(x1, x3))

Obviously, if F ∈ Σ
q
i+1, then the occurrences of formulas of the first form in

F must be positive, i.e., they are inside the scope of an even number of ¬’s,
while the occurrences of formulas of the second form must be negative. A well
structured Π

q
i+1 formula is defined similarly. We denote by wΣ

q
i and wΠ

q
i the

sets of well structured Σ
q
i and well structured Π

q
i formulas, respectively.

Notice that well structured formulas include the propositional translations
of all formulas in ∪i≥0Σ

B
i (see [CN10, Chapter VII]), while other formulas,

e.g., those in gΣB
1 − ΣB

1 may not translate into well structured propositional
formulas.

Recall a suitable encoding of (quantified) propositional formulas in our two-
sorted vocabulary, such as in [CN10, Section X.1]. Note that valid encodings
can be recognized in TC0, and the same holds for well structured formulas. In
addition, propositional translations of bounded arithmetic formulas can also be
computed in TC0. The encoding of a propositional formula A is often denoted
by Â.

We use the formulas Z |=Σ
0 X and Z |=Π

0 X from [CN10, Lemma X.2.1].
Informally, Z |=Σ

0 X (resp. Z |=Π
0 X) is a ΣB

1 (resp. ΠB
1 ) formula stating that

the truth assignment specified by Z satisfies the formula encoded by X. Let
Z |=

wΣ
q
0
X be Z |=Σ

0 X, and Z |=
wΠ

q
0
X be Z |=Π

0 X. Then for i ≥ 0 the
formulas Z |=

wΣ
q

i+1
X and Z |=

wΠ
q

i+1
X are defined inductively; below we will

informally describe the inductive definition.
Suppose that we are given a formula A ∈ wΣ

q
i+1. (We do not display the

free variables in A.) Then, by definition, A has the form B(C0, C1, . . . , Cm),
where B(p0, p1, . . . , pm) is a quantifier-free formula, and each Ck (0 ≤ k ≤ m)
is of one of the forms

∃x0∃x1 . . . ∃xnD(~x) or ∀y0∀y1 . . . ∀ynF (~y)
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where D ∈ wΠ
q
i , and F ∈ wΣ

q
i . (The former kind must appear positively in A,

and the latter negatively.) Without loss of generality, suppose that all Ck’s are

of the former kind, and thus appear positively in A. Then (Z |=
wΣ

q

i+1
Â) states

that there exists a setting of p0, p1, . . . , pm that satisfies B(~p), and such that for

all 0 ≤ k ≤ m, pk = 1 implies that Ck is true. Thus, essentially (Z |=
wΣ

q

i+1
Â)

is equivalent to

∃Y
(
(Z, Y |=Σ

0 B̂(~p)) ∧ ∀k ≤ m, Y (k) ⊃ (Z |=
wΠ

q

i
Ĉk)

)

Here (Z, Y |=Σ
0 B̂(~p)) is the ΣB

1 formula stating that the truth assignment
specified by Z and Y satisfies B(~p).

The formal definition of (Z |=
wΣ

q

i+1
Â) requires additional ∃- and ∀-string

quantifiers to extract B̂ and Ĉk from Â. In particular, in order to extract B̂
from Â we need another ∃-string quantifier, while if i ≥ 1 then to extract Ĉk we
need an additional ∀-string quantifier, and if i = 0 then we need an additional
∃-string quantifiers to extract Ĉk. We omit the details here.

The formula (Z |=
wΠ

q

i+1
Â) is defined similarly: basically, it is equivalent to

∀Y
((
∀k ≤ m, (Z |=

wΣ
q

i
Ĉk) ⊃ Y (k)

)
⊃ (Z, Y |=Σ

0 B̂(~p))
)

It can be seen that for i ≥ 1, (Z |=
wΣ

q

i
X) and (Z |=

wΠ
q

i
X) are respectively

in gΣB
i and gΠB

i . Because Vi proves number induction for gΣB
i and gΠB

i

formulas (see [CN10, Corollary VI.3.8]), it follows that known provability of
the Reflection principles (see the next subsection) whose proofs use number
induction, such as Vi ⊢ Π

q
i -RFNGi−1

(see [CN10, Theorem X.2.17]), continues
to hold for the class of well structured formulas.

Finally, note that for any well structured formula Σ
q
i formula A,

VNC1 ⊢ (Z |=Σ
q

i
Â) ⊃ (Z |=

wΣ
q

i
Â)

where (Z |=Σ
q

i
Â) is the formalization from [CN10, Section X.2]. Here we

need VNC1 for arguing about the correctness of the algorithm for the Formula
Evaluation problem.

2.4 The Reflection principle

The Reflection principle for a proof system P states that P is sound, i.e., that
any formula that has a P-proof is valid. This is usually formulated for sets
of formulas of certain complexity, such as Σ

q
i . From now on we use the usual

formalization of truth definitions, see, for example, [CN10, Section X.2].
For a set Φ of formulas the Reflection principle for P with respect to proving

formulas in Φ, denoted by Φ-RFNP , is the statement saying that if A is a
formula in Φ and A has a P-proof π, then A is valid. For i ≥ 1, Σ

q
i -RFNP

is a ∀gΣB
i sentence, while Σ

q
0-RFNP is a ∀ΣB

1 sentence, and for systems P of
interest here Π

q
0-RFNP is equivalent to the consistency statement of P.
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The provability of the Reflection principles for a propositional proof system
P can be used to prove p-simulation for P. For example, with respect to Σ

q
i

formulas G⋆
i is the strongest system whose Reflection principle is provable in

Vi. Moreover, some principle for P can be used to derive all axioms of the
first-order theory associated with P. As a result, it is known, e.g., that TV0

does not prove Σ
q
2-RFNG⋆

1
unless the polytime hierarchy collapses. This is

because Σ
q
2-RFNG⋆

1
together with TV0 prove all axioms of V1, so if TV0

proves Σ
q
2-RFNG⋆

1
, then TV0 = V1, and this implies that the polynomial

time hierarchy PH provably (in TV0) collapses to the boolean closure of NP

[KPT91, Bus95b, Zam96, Jeř09]. So it is natural to ask whether or not the next
theory in the Vi hierarchy proves Σ

q
2-RFNG⋆

1
, and Steven Perron answers this

question affirmatively:

Theorem 2.4 (Perron). For i ≥ 1, Vi ⊢ Σ
q
i+1-RFNG⋆

i
.

As mentioned in the introduction, the proof of this theorem requires first
the Herbrand theorem for G⋆

i , which we present in the next section. Using this,
a student–teacher algorithm can be constructed to compute the witness for the
Σ

q
i+1 tautologies being proved in G⋆

i . The algorithm will be given in Appendix
A.

3 The Herbrand theorem for G⋆
i

The Herbrand theorem for G⋆
i is given in Theorem 3.4 below. The proof of

this theorem will be almost a reproduction of Perron’s proof of his Theorem
3.16 in [Per08a], although our analysis contains more cases. In particular, in
the proof of Theorem 3.4, Cases 3c, 4d, 4e (and their dual cases) are places
where we correct the complexity of the cut formulas (to be in Bi−1 rather than
Σ

q
i−1∪Π

q
i−1). Perron’s statement of the Herbrand theorem for G⋆

i also includes
an ordering of the variables; in Subsection 3.2 we will analyze such an ordering
in more detail and prove several important properties that will be needed for
the student–teacher computation.

Understanding the Herbrand theorem for G⋆
i is important for designing the

algorithm for the second step of proving Perrons’ theorem, which will be pre-
sented in the appendix. In the next section we will give a Herbrand theorem for
G⋆

B,i which will require the same case analysis as in the current section.
Let π be a G⋆

i -proof of a Σ
q
i+1 formula A. Recall that our ultimate goal

is to compute some witnessing values for the (outermost) existentially bound
variables in A. Basically, the role of the Herbrand theorem is to display explicitly
the target formulas that are used to derive the variables. These target formulas
can be used to compute the desired witnesses.

The statement of the theorem involves the notions of extension variables and
expansion of a formula. To explain these notions, the best way is perhaps to see

10



where we need them. First, consider the ∃-right rule:

S1

S
=

Γ −→ D(F ),∆

Γ −→ ∃xD(x),∆

Here F is the target formula that is used to introduce x. We will focus on the
case where D has high complexity, for example in G⋆

i proofs we will focus on
the case where the formula D does not belong to Σ

q
i . Then ∃xD(x) cannot be

a cut formula, and hence must be part of the final formula. In this case a new
variable e (called an extension variable) is introduced, the formula ∃xD(x) in S
is replaced by D(e), and we add a “definition” e↔ F for e to the antecedent of
S. Thus, extension variables play the role of the witnessing terms in first-order
logic. (Extension variables are used for defining extension Frege proof systems
[CR79], and the idea of using extension variables for computing witnessing for
existential variables has been used to show that extended Frege can p-simulate
G⋆

1.)
The above changes lead to several issues that need to be handled, and the

notion of an expansion of a formula deals with the issue involving the contraction
rule. Consider a contraction right, where the formula involved is the formula
∃xD(x) above, e.g.,

S1

S
=

Γ −→ ∃xD(x), ∃xD(x),∆

Γ −→ ∃xD(x),∆

Now the two copies of ∃xD(x) in S1 have been replaced by D(e1) and D(e2),
for two distinct extension variables e1 and e2. It is not possible to identify e2
with e1 so that the contraction rule can be applied (to the new S1), because
e1 and e2 have different definitions. In this case the formula ∃xD(x) in S is
replaced with the disjunction D(e1) ∨ D(e2). In other words, we modify S by
substituting the extension variables e1, e2 for the bound variables x and x′ in
∃xD(x) ∨ ∃x′D(x′) and removing the corresponding quantifiers.

For simplicity we will be working only with formulas where the quantifiers are
not in the scope of any ¬. Without this assumption, the notions defined below
need to distinguish between positive and negative occurrences of the quantifiers.

In general, we want to replace certain subformulas B of a given formula A
by B ∨B′, where B′ is the same as B except for the bound variables which are
renamed. In the following definition we require that such subformulas B must
not belong to a certain set of formulas Φ.

Definition 3.1. For a class Φ of formulas (e.g., Σq
i or Π

q
i ) and any formula

A, a Φ-expansion of A is any formula that can be obtained by finitely many
applications of the following operation on A: take a subformula B such that
B 6∈ Φ, and replace B by B ∨ B′, where B′ is obtained from B by renaming
every bound variable.

We write i-expansion instead of (Σq
i ∪Π

q
i )-expansion.

11



We are mostly concerned with Bi-expansion. Note that a Bi-expansion of a
formula A is less “deformed” than its i-expansions in the sense that Bi subfor-
mulas of A are intact in the former while they can be modified in the latter.
For example, suppose that

A = ∃x1(∃x2B(x1, x2) ∧ ∀yC(x1, y))

where B and C are quantifier-free. Consider

A1 =
(
∃x1(∃x2B(x1, x2) ∧ ∀y1C(x1, y1))

)
∨
(
∃x3(∃x4B(x3, x4) ∧ ∀y2C(x3, y2))

)

A2 = ∃x1
((
∃x2B(x1, x2) ∧ ∀y1C(x1, y1)

)
∨
(
∃x3B(x1, x3) ∧ ∀y2C(x1, y2)

))

A3 = ∃x1((∃x2B(x1, x2) ∨ ∃x3B(x1, x3)) ∧ (∀y1C(x1, y1) ∨ ∀y2C(x1, y2))).

Here A1 is a B1-expansions of A (and hence also an 1-expansion of A). A2 is a
1-expansion, but it is not a B1-expansion of A, because the subformula that is
duplicated is B1. Finally, A3 is a 0-expansion of A.

Another issue arising from keeping the target formulas F around (as ex-
plained above for the ∃-right rule) is the fact that the conditions for eigenvari-
ables required for the ∃-left and ∀-right rules are no longer satisfied. In fact, the
∀-right inferences that introduce outermost universal quantifiers of proper Π

q
i

formulas will be skipped; in effect, these quantifiers are replaced by the eigen-
variables that introduce them. In general, transformations of formulas in the
given proof is given in the following definition.

Definition 3.2 ((Φ, Q,E)-instance). For set Φ of formulas (e.g., Φ = Σ
q
i or

Φ = Π
q
i for some i ≥ 0) and sets E and Q of distinct variables, a (Φ, Q,E)-

instance of a formula A is a formula obtained from A by applying the following
operations on its subformulas whenever possible, starting from the outermost
quantifier:

• for a subformula ∃xB(x) such that ∃xB(x) 6∈ Φ, replacing x by a distinct
variable e in E, and removing the quantifier,

• for a subformula ∀yB(y) such that ∀yB(y) 6∈ Φ, replacing y by a distinct
variable q in Q, and removing the quantifier.

When Φ = Σ
q
i ∪Π

q
i we write (i, Q,E)-instance for (Φ, Q,E)-instance. Note

that an (i, Q,E)-instance of a formula is always a formula in Bi. Also, for
Φ = Π

q
i or Φ = Σ

q
i , a (Φ, Q,E)-instance of a formula is always a formula in Φ.

Finally, note that some variables in Q, E may not be used for replacing bound
variables in A.

For example, let Q = {q1, q2, . . .} and E = {e1, e2, . . .}, then the following
formula is a (1, Q,E)-instance of the formula A1 above:

(∃x2B(e1, x2) ∧ ∀y1C(e1, y1)) ∨ (∃x4B(e3, x4) ∧ ∀y2C(e3, y2)).

The next formula is a (0, Q,E)-instance of A2:

(B(e1, e2) ∧ C(e1, q1)) ∨ (B(e1, e3) ∧ C(e1, q2)).

12



The following formula is a (Πq
1, Q,E)-instance of A3:

(B(e1, e2) ∨B(e1, e3)) ∧ (∀y1C(e1, y1) ∨ ∀y1C(e1, y2)).

Definition 3.3. Let E, K be disjoint sets of variables, E = {e1, e2, . . . , em}.
Let Φ be a set of formulas. We say that a cedent

e1 ↔ F1, e2 ↔ F2, . . . , em ↔ Fm

is a Φ-cedent defining E in terms of K if each Ft is a formula belonging to Φ
whose free variables are among e1, e2, . . . , et−1 and variables in K. (In particu-
lar, the free variables of F1 are from K.)

Notice that a Bi-cedent can be turned into a Σ
q
i -cedent (or Π

q
i -cedent) by

using new extension variables. For example, if e has a B1-definition

e↔ (A ∧B) ∨ C (2)

where A is Σ
q
1 and B,C are Π

q
1. Then we can introduce three new extension

variables e1, e2 and e3 with Σ
q
1 definition as follows:

e1 ↔ A, e2 ↔ B′, e3 ↔ C ′, e↔ (e1 ∧ ¬e2) ∨ ¬e3 (3)

where B′ and C ′ are obtained from ¬B and ¬C respectively by using De Mor-
gan’s laws to push ¬ inside the scope of all quantifiers. In most cases, the proof
using e with definition in (2) can be replaced by a proof using e1, e2, e3, e with
definitions in (3).

Theorem 3.4 (The Herbrand theorem for G⋆
i ). Let i ≥ 1. Let π be a G⋆

i proof
of a formula A. Then there is a G⋆

B,i−1 proof π′ of a sequent

Λ −→ A′ (4)

where A′ is an (i − 1, Q,E)-instance of a Bi-expansion A
⋆ of A, for some sets

Q, E of new distinct variables, and Λ is a Σ
q
i−1-cedent defining E in terms of

Q and the free variables in A. Moreover, π′ is provably in VPV computable by
a polytime function.

Although Theorem 3.2.16 of [Per08b] states that π′ is a G⋆
i−1 proof, the

construction there actually gives a G⋆
B,i−1 proof. This is because the cut formula

in Case 3 on pages 50–51 of [Per08b] is in Bi−1.
Perron only states that A′ is an (i−1, Q,E)-instance of an (i−1)-expansion

of A. So our statement here is slightly stronger, because a Bi-expansion is also
an (i− 1)-expansion. He also provides a total order on the variables in E ∪Q.
By examining the proof of Theorem 3.4 given below we will point out that a
partial order exists and we will analyze this order in Subsection 3.2. This partial
order can be made total in the way stated in [Per08b]. However, it is easier to
describe the algorithm in Subsection A.3 and argue for its correctness using the
partial order rather than using the total order of [Per08b].
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To prove the soundness of G⋆
i with respect to proving Σ

q
i+1 tautologies, the

transformation we obtain in Theorem 3.4 seems to be optimal. For example,
we cannot make π′ a G⋆

i−1 proof, or give lower complexity defining formulas for
extension variables, or make A⋆ a Σ

q
i+1 expansion of A. However, to prove the

soundness of G⋆
i with respect to Σ

q
i formulas we can improve this transformation

a little, see Theorem 4.7.

Proof of Theorem 3.4. Recall that, for simplicity, we assume that in A there
are no quantifiers in the scope of any ¬. Without this assumption we have
to consider separately positive and negative occurrences of ∃ and ∀. By this
assumption, no quantified ancestors of A appear in the antecedents of the proof.
In addition, we will regard each cedent as a multi-set of formulas as opposed
to an ordered list of formulas (so effectively we do not mention the weakening
and exchange rules). We will assume furthermore that all cut formulas in π

are prenex Σ
q
i formulas. (This is possible by Morioka’s theorem [Mor05], see

also [CN10, Theorem VII.4.7].) Our last assumption is that π is in free variable
normal form. This is because π can be transformed in polytime into such a
form. In other words, each eigenvariable in π is used exactly once in a quantifier
introduction rule. We denote by QS the set of eigenvariables of the ∀-right and
∃-left inferences in the subproof ending in sequent S.

Let S be any sequent in π. Then S is of the form

Γ,Υ −→ ∆,Ω

where Γ and ∆ consist of all ancestors of a cut formula in S, and Υ, Ω consist of
all ancestors of the final formula. Note that all quantified formulas in Γ and ∆
are prenex Σ

q
i . Also, by our assumptions (that quantifiers do not appear in the

scope of ¬), all formulas in Υ are quantifier-free. We will prove by induction on
S that there is a sequent S ′ of the form

Λ,Γ′,Υ −→ ∆′,Ω′ (5)

with a polynomial size G⋆
B,i−1 proof and a set ES of extension variables, such

that

(A1) Γ′ is obtained from Γ by replacing each proper Σ
q
i formula ∃~yD(~y) by

D(~q), for ~q ∈ QS ,

(A2) ∆′ is obtained from ∆ by replacing each proper Σ
q
i formula ∃~xD(~x) by

D(~e), for ~e ∈ ES ,

(A3) Ω′ is obtained from Ω by replacing each formula B by an (i− 1, QS , ES)-
instance of a Bi-expansion of B,

(A4) Λ is a Σ
q
i−1-extension cedent defining ES in terms of QS and the free

variables in S,

(A5) each variable in QS ∪ ES appears in at most one formula in Γ′, ∆′, Ω′.
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When S is the final sequent in π:

S = −→ A

(here Γ, Υ and ∆ are empty) the new sequent S ′ is what is required by the
theorem.

For the base case S is an axiom. We can take S ′ = S and there is nothing
to do. For the induction step, we consider the cases depending on how S is
derived from previous sequents. In each case below we can give an appropriate
numbering of the extension variables so that they satisfy the condition of Defi-
nition 3.3 (i.e., each et is defined using only e1, e2, . . . , et−1). However to show
that such a numbering is correct we need a rigorous argument, using the fact
that the dependence relation (Definition 3.6) is a partial order on the variables
in QS ∪ ES . We will not discuss the numbering here, but in Subsection 3.2 we
will show various properties of the dependence relation that are useful for the
correctness of the algorithm presented in Subsection A.3.

For the case where S is derived by the ∨, ∧ or ¬ rules, the same rule can be
applied to obtain S ′ (and it is clear what S ′ should be). So we focus on other
cases. We will describe what S ′ is in each case, and leave it to the reader to
verify that it satisfies the five items listed above.

In Cases 2a, 4c and 4d below, although the defining formulas for the new
extension variables are Bi−1, by the remark following Definition 3.3 (adapted
to each case appropriately) the Bi−1-cedent can be turned into a Σ

q
i−1-cedent

without requiring new cut formulas.

Case 1: S is derived by a cut. Consider the interesting case where the cut
formula is a proper (prenex) Σ

q
i formula:

S1 S2

S
=

∃~zD(~z),Γ1,Υ1 −→ ∆1,Ω1 Γ2,Υ2 −→ ∃~zD(~z),∆2,Ω2

Γ1,Γ2,Υ1,Υ2 −→ ∆1,∆2,Ω1,Ω2

Here D is Π
q
i−1. By the induction hypothesis, we have G⋆

B,i−1 proofs of the
sequents

S ′
1 = Λ1(~q), D(~q),Γ′

1,Υ1 −→ ∆′
1,Ω

′
1

S ′
2 = Λ2(~e),Γ′

2,Υ2 −→ D(~e),∆′
2,Ω

′
2

Note that ~q do not appear in the proof of S2 and hence do not appear also in
the proof of S ′

2. We modify S ′
1 and its proof by replacing ~q by ~e, and obtain the

following sequent by a cut on D(~e):

S ′ = Λ2(~e),Λ1(~e),Γ′
1,Γ

′
2,Υ1,Υ2 −→ ∆′

1,∆
′
2,Ω

′
1,Ω

′
2

This is the sequent we need for S.

Case 2a: S is inferred by ∀-right where the principal formula is Π
q
i−1:

S1

S
=

Γ,Υ −→ D(q),∆,Ω

Γ,Υ −→ ∀yD(y),∆,Ω
(6)
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where ∀yD(y) is Π
q
i−1. By the induction hypothesis, there is a G⋆

B,i−1 proof of

S ′
1 = Λ(q),Γ′,Υ −→ D(q),∆′,Ω′ (7)

Although q does not appear in Γ′, Υ, ∆′ or Ω′ because it is used as an eigenvari-
able in (6) and hence cannot appear in Γ, Υ, ∆ or Ω, it can appear in Λ(q), so
we cannot apply the ∀-right rule to S ′

1. Perron handles this by showing [Per08b,
Lemma 3.1.3] that for a new variable e there is a G⋆

i−1 proof of

e↔ D(⊥), D(e) −→ ∀yD(y)

and replacing q by e so that S ′
1 becomes

Λ(e),Γ′,Υ −→ D(e),∆′,Ω′

The sequent

S ′ = e↔ D(⊥),Λ(e),Γ′,Υ −→ ∀yD(y),∆′,Ω′

is derived from the two sequents above by a cut on D(e).

Case 2b: S is inferred by ∀-right rule for other formulas. That is, S is derived
as in (6) but here ∀yD(y) is not Π

q
i−1. Therefore ∀yD(y) must be an ancestor

of the final formula A. By the induction hypothesis there is a G⋆
B,i−1 proof of

a sequent S ′
1 of the form (7). We simply take S ′ = S ′

1.

Case 3a: S is derived by the ∃-right rule where the principal formula is Σ
q
i−1:

S1

S
=

Γ,Υ −→ D(F ),∆,Ω

Γ,Υ −→ ∃xD(x),∆,Ω
(8)

where ∃xD(x) is Σ
q
i−1. The target formula F is quantifier-free and does not

contain any variables in QS1
∪ES1

(although some free variables in F may later
be used as eigenvariables). By the induction hypothesis, there is a G⋆

B,i−1 proof
of a sequent S ′

1 of the form

S ′
1 = Λ,Γ′,Υ −→ D(F ),∆′,Ω′

We define
S ′ = Λ,Γ′,Υ −→ ∃xD(x),∆′,Ω′

It can be obtained from S ′
1 by ∃-right.

Cases 3b and 3c below are handled in the same way, but we treat them
separately because we will refer to them individually later.

Case 3b: S is derived by the ∃-right rule where the principal formula is a
proper (prenex) Σ

q
i ancestor of a cut formula. That is, S is derived as in (8),

but here ∃xD(x) = ∃~xC(~x, F ) where C is a proper Π
q
i−1 formula. We have

S ′
1 = Λ,Γ′,Υ −→ C(~e, F ),∆′,Ω′
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Define
S ′ = e↔ F,Λ,Γ′,Υ −→ C(~e, e),∆′,Ω′

for a new extension variable e. The following sequent has a cut-free G⋆ proof
of polynomial size:

e↔ F,C(~e, F ) −→ C(~e, e)

(See for example [CN10, Lemma VII.4.11].) S ′ can be obtained from S ′
1 and

the above sequent by a cut on C(~e, F ). (Here we cut a Π
q
i−1 formula.)

Case 3c: S is derived by ∃-right where the principal formula is a non-Σq
i−1

ancestor of the final formula. Thus

S ′
1 = Λ,Γ′,Υ −→ D′(F ),∆′,Ω′

where D′(F ) is an (i − 1, QS1
, E)-instance of a Bi-expansion of D(F ). In par-

ticular, D′(F ) is in Bi−1.
Define

S ′ = e↔ F,Λ,Γ′,Υ −→ D′(e),∆′,Ω′

for a new extension variable e. As in the previous case, the following sequent
has a cut-free G⋆ proof of polynomial size:

e↔ F,D′(F ) −→ D′(e)

Therefore S ′ can be obtained from S ′
1 and the above sequent by a cut on D′(F ).

(Here we cut a formula in Bi−1.)

Case 4a: S is obtained by contraction-right on a formula in Bi−1:

S1

S
=

Γ,Υ −→ D,D,∆,Ω

Γ,Υ −→ D,∆,Ω
(9)

where D ∈ Bi−1. Here D remains the same in S ′
1, so S ′

1 has the form

Λ,Γ′,Υ −→ D,D,∆′,Ω′

Define
S ′ = Λ,Γ′,Υ −→ D,∆′,Ω′

It can be derived from S ′
1 by contraction-right.

Cases 4b and 4c are actually subcases of 4d, but we treat them separately
to make 4d easier to follow.

Case 4b: S is obtained by contraction-right on a proper Π
q
i formula. So S is

obtained from S1 as in (9), but here D is a proper Π
q
i formula. For simplicity,

assume that D is a prenex formula, i.e.,

D = ∀~yB(~y)
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where B is a proper Σ
q
i−1 formula. Because D is Π

q
i , the only Bi-expansion of

D is D itself. Therefore S ′
1 has the form

Λ(
−→
q1 ,

−→
q2),Γ′,Υ −→ B(

−→
q1), B(

−→
q2),∆′,Ω′

We modify S ′
1 and its proof by replacing

−→
q2 by

−→
q1 ; from this we can obtain the

sequent S ′ defined below by a contraction-right:

S ′ = Λ(
−→
q1 ,

−→
q1),Γ′,Υ −→ B(

−→
q1),∆′,Ω′

Case 4c: S is obtained by contraction-right on a proper Σ
q
i formula. That is,

S is derived as in (9), but here D is a proper Σq
i formula. For simplicity assume

that D is a prenex formula, i.e.,

D = ∃~xC(~x)

where C is a proper prenex Π
q
i−1 formula. As above, D is the only Bi-expansion

of itself, so by the induction hypothesis, we have a G⋆
B,i−1 proof of a sequent

S ′
1 = Λ(

−→
e1 ,

−→
e2),Γ′,Υ −→ C(

−→
e1), C(

−→
e2),∆′,Ω′

Intuitively, there are two sets
−→
e1 and

−→
e2 of witnesses for ∃~xC(~x). We compute

one set of witnesses
−→
e3 by defining

e3i ↔
(
(C(

−→
e1) ∧ e1i )) ∨ (¬C(

−→
e1) ∧ e2i )

)

Let Fi denote (C(
−→
e1) ∧ e1i )) ∨ (¬C(

−→
e1) ∧ e2i ). We define the sequent S ′ to be

(here ℓ is the length of
−→
e1):

Λ(
−→
e1 ,

−→
e2), e31 ↔ F1, . . . , e

3
ℓ ↔ Fℓ,Γ

′,Υ −→ C(
−→
e3),∆′,Ω′

Note that here the definition of the extension variables
−→
e3 are Bi−1; these can

be turned into Σ
q
i−1 definitions as in the remark following Definition 3.3. The

sequent S ′ can be obtained from S ′
1 and the following sequents

e31 ↔ F1, . . . , e
3
ℓ ↔ Fℓ, C(

−→
e1) −→ C(

−→
e3) (10)

e31 ↔ F1, . . . , e
3
ℓ ↔ Fℓ, C(

−→
e2) −→ C(

−→
e1), C(

−→
e3) (11)

These two sequents can be derived in G⋆
i−1, e.g., see [CN10, Lemma VII.4.11].

Here we need to use the cut rule on Π
q
i−1 formulas.

Case 4d: S is obtained by contraction-right on other Bi formulas. This case
can be seen as a combination of Cases 4b and 4c. Although this case is more
complicated, it can be handled in the same way as before. Suppose for simplicity
that

D = ∀~yB(~y) ∧ ∃~xC(~x)
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where B is a proper Σ
q
i−1 formula, and C is a proper Π

q
i−1 formula. Because

D is in Bi, it is the only Bi-expansion of itself. So S ′
1 has the form

Λ(
−→
q1 ,

−→
q2 ,

−→
e1 ,

−→
e2),Γ′,Υ −→ B(

−→
q1) ∧ C(

−→
e1), B(

−→
q2) ∧ C(

−→
e2),∆′,Ω′

We proceed first as in Case 4b, rename the
−→
q2 so that they become

−→
q1 . Thus

S ′
1 becomes

Λ(
−→
q1 ,

−→
q1 ,

−→
e1 ,

−→
e2),Γ′,Υ −→ B(

−→
q1) ∧ C(

−→
e1), B(

−→
q1) ∧ C(

−→
e2),∆′,Ω′

Now we proceed as in Case 4c, i.e., we introduce new extension variables
−→
e3

with definitions e3i ↔ Fi where

Fj =
(
C(

−→
e1) ∧ e1j

)
∨
(
¬C(

−→
e1) ∧ e2j

)

(As remarked earlier, although the defining formulas Fj are in Bi−1 we can
introduce new extension variables and make all defining formulas Σ

q
i−1.) As in

Case 4c we can prove sequents (10) and (11). From these we can derive

e31 ↔ F1, . . . , e
3
ℓ ↔ Fℓ, B(

−→
q1) ∧ C(

−→
e1) −→ B(

−→
q1) ∧ C(

−→
e3)

e31 ↔ F1, . . . , e
3
ℓ ↔ Fℓ, B(

−→
q1) ∧ C(

−→
e2) −→ B(

−→
q1) ∧ C(

−→
e1), B(

−→
q1) ∧ C(

−→
e3)

(In general we need to prove this by induction on the structure of D.) Then we
can obtain the following sequent S ′:

Λ(
−→
q1 ,

−→
q1 ,

−→
e1 ,

−→
e2), e31 ↔ F1, . . . , e

3
ℓ ↔ Fℓ,Γ

′,Υ −→ B(
−→
q1) ∧ C(

−→
e3),∆′,Ω′

(here ℓ is the length of
−→
e1). Note that in this case to derive the sequent S ′ we

need to cut on Bi−1 formulas (e.g., in the example above we need to cut the

formulas B(
−→
q1) ∧ C(

−→
e1) and B(

−→
q2) ∧ C(

−→
e2)).

Note also that we could have defined Fj as

Fj =
(
(B(

−→
q1) ∧ C(

−→
e1)) ∧ e1j

)
∨
(
¬(B(

−→
q1) ∧ C(

−→
e1)) ∧ e2j

)

However, this creates undesirable dependence of
−→
e3 on

−→
q1 which is problematic,

e.g., for the proof of Theorem 4.4.

Case 4e: S is obtained by contraction-right on other formulas. Here S is
obtained as in (9), but D is not in Bi. By the induction hypothesis, S1 can be
transformed to a sequent S ′

1 of the form

Λ,Γ′,Υ −→ D′
1, D

′
2,∆

′,Ω′

where D′
1 and D′

2 are (i − 1, QS1
, ES1

)-instances of some Bi-expansions of D.
We define

S ′ = Λ,Γ′,Υ −→ D′
1 ∨D

′
2,∆

′,Ω′

19



It is derived from S ′
1 by ∨-right. Because D is non-Bi and because each (QS1

∪
ES1

)-variable appears in at most one formula D′
1, D′

2 (condition A5), D′
1 ∨D

′
2

is also a (i− 1, QS1
, ES1

)-instance of a Bi-expansion of D.
(Note that although we can handle Case 4e as in Case 4d and still have

a valid proof, doing so will create unwanted dependencies between variables.
Dependencies between variables are discussed in Section 3.2.)

Other cases are handled similarly to the cases above. In particular, the
case ∃-left, where the principal formula is Σ

q
i−1, is handled as in Case 2a; if the

principal formula is in Σ
q
i −Π

q
i−1 we proceed as in Case 2b, even though here the

principal formula must be an ancestor of a cut formula (and not a subformula
of A). The case ∀-left is handled as in Case 3a. (Note that by our assumptions,
here the principal formula must be in Π

q
i−1.) The case contraction-left on Bi−1

formulas is similar to Case 4a, and contraction-left on proper Σ
q
i formulas is

similar to Case 4b. (Again, by our assumptions, there are no contraction-left
inferences on other formulas.)

Finally, in each case there is at most an additional factor increase in size
that is polynomial in the size of a sequent in the original proof. Furthermore, in
each case the transformation can be done by a polytime function and is indeed
formalizable in VPV. As a result, the proof π′ is provably in VPV computable
by a polytime function. �

3.1 A special case

In this paper we focus on quantified propositional proofs of general formulas.
However, we will show here that the Herbrand theorem for G⋆

i above can be
improved slightly if, for example, the formula being proved is prenex. The
improvements include a slightly lower complexity of the cut formulas (so we
have a G⋆

i−1 proof π′, instead of a G⋆
B,i−1 proof) and a simpler form of the

succedent of the final sequent (we have a sequence of instances of A instead of
an instance of some expansion of A).

Theorem 3.5. Let i ≥ 1 and π be a G⋆
i proof of a prenex formula A(~p). Then

there is a G⋆
i−1 proof π′ of a sequent

Λ −→ A1, A2, . . . , At

where each Aj is an (i− 1, Q,E)-instance of A. Here Q = Qπ and E is a set of
new distinct variables, and Λ is a Σ

q
i−1-cedent defining E in terms of Q and the

free variables in A. Moreover, π′ is provably in VPV computable by a polytime
function.

The theorem can be extended a little to allow for slightly more general
formulas A. More specifically, if i ≥ 3 the theorem holds for formulas A(~p) of
the form

Q1

−→
x1Q2

−→
x2 . . . Qj

−→
xjB(

−→
x1,

−→
x2, . . . ,

−→
xj , ~p)

where B is a formula in Bi−2, and Q1, Q2, . . . , Qj are either ∃ or ∀.
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Proof of Theorem 3.5. The proof is similar to the proof of Theorem 3.4. We
will prove by induction on sequent S of the proof π that there is a G⋆

i−1 proof
π′ of a sequent S ′ as in (5), but here (A3) is replaced by (A3’) and (A5) is
replaced by (A5’):

(A3’) Ω′ is obtained from Ω by replacing each non-(Σq
i−1 ∪Π

q
i−1) ancestor B of

A by a list LB of (i− 1, QS , ES)-instances of B,

(A5’) each variable in QS ∪ ES appears in at most one formula in Γ′,∆′, or in
at most one list LB for some B ∈ Ω (but not both).

The proof is the same as before except for some modifications. We focus on the
cases where there are changes to be made. These consist of cases where a cut
on a Bi−1 formula is required, and cases involving a non-(Σq

i−1∪Π
q
i−1) ancestor

of A. Note that Case 4d does not happen here, because all Bi formulas that
appear in π are prenex and are either proper Π

q
i or proper Σ

q
i . There remain

Cases 3c and 4e.
In Case 3c:

S1

S
=

Γ,Υ −→ ∆,Ω, D(F )

Γ,Υ −→ ∆,Ω, ∃xD(x)

where ∃xD(x) is a non-Σq
i−1 ancestor of the final formula. Here we have

S ′
1 = Λ,Γ′,Υ −→ ∆′, LD(F ),Ω

′

where LD(F ) is a list of the form

D′(
−→
q1 ,

−→
e1 , F ), D′(

−→
q2 ,

−→
e2 , F ), . . . , D′(

−→
qt ,

−→
et , F )

These are (i− 1, QS1
, ES1

)-instances of D(F ), so in particular D′ is either Σq
i−1

or Π
q
i−1 (depending on the formula A). Define L∃xD(x) to be

D′(
−→
q1 ,

−→
e1 , e), D′(

−→
q2 ,

−→
e2 , e), . . . , D′(

−→
qt ,

−→
et , e)

for some new extension variable e. Define

S ′ = e↔ F,Λ,Γ′,Υ −→ ∆′, L∃xD(x),Ω
′

Then S ′ can be obtained from S ′
1 by combining with the following sequents by

repeated applications of the cut rule (the cut formulas are in Σ
q
i−1 ∪Π

q
i−1):

e↔ F,D′(
−→
qj ,

−→
ej , F ) −→ D′(

−→
qj ,

−→
ej , e).

As before, these sequents have polysize cut-free G⋆ proofs.
Case 4e does not require the cut rule. Here the two copies of D give two

lists L1 and L2 of instances of D. We define

S ′ = Λ,Γ′,Υ −→ L,∆′,Ω′

where L is the concatenation of L1 and L2. �
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3.2 Partial orders on the variables

An important property of the G⋆
B,i−1 proof π′ given in Theorem 3.4 is the de-

pendence relation between extension variables and other variables. For example,
in the student–teacher argument (Appendix A), the value of an extension vari-
able will be adjusted once the counter-examples are given for the Q-variables
that it depends on. We will look at this relation now. We will need to verify,
for example, that an E-variable does not depend on any other variable appear-
ing inside its scope (see formal definitions below). The proofs of the results in
this subsection usually require rigorously examining the cases considered in the
proof of Theorem 3.4.

The dependence relation defined in Definition 3.6 is also used by Perron
(denoted by ≺ in his notation). Note that in our notation (Definition 3.12),
e1 ≺ e2 is a weaker than “e2 depends on some Q-variables in the scope of e1,”
see Lemma 3.14.

Definition 3.6. Consider the proof π′ constructed in the proof of Theorem 3.4.
Define recursively in polytime a dependence relation between the variables in
E ∪ Q as follows. We say that an extension variable e ∈ E, with defining
formula F , depends on another variable v in E ∪Q if (i) F contains v, or (ii)
F contains another extension variable that depends on v.

Lemma 3.7 (Provable in VPV). The dependence relation is a partial order
and is computable in polytime.

Proof. The proof is straightforward by examining the proof of Theorem 3.4. To
show that the dependence relation is a partial order, we show that it does not
contain cycle. We look at the following cases where the dependence relation is
updated:

• Case 1: some Q-variables ~q are renamed to be extension variables ~e. The
variables in the subproof of S ′

1 that depend on ~q will now depend on ~e.
No cycle is produced because the subproof of S ′

1 and S ′
2 have disjoint sets

of Q-variables as well as extension variables.

• Cases 2a, 3b, 3c, 4c: new extension variables are introduced. Here the
only new dependence is of the new variables on the existing ones.

• Case 4b:
−→
q2 are renamed to

−→
q1 , but the Q-variables do not depend on

other variables, so this renaming does not create cycles.

• Case 4d: some Q-variables
−→
q2 are renamed

−→
q1 , and new extension variables

are introduced. The renaming of Q-variables does not create cycle because
Q-variables do not depend on other variables. The introduction of new
extension variables is as in Cases 2a, 3b, 3c, 4c above.

The fact that the dependence relation is computable in polytime is straightfor-
ward. �
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Definition 3.8. Consider the formulas A⋆ and A′ given in Theorem 3.4, and
let v be a variable in E∪Q. Suppose that v replaces x in ∃xB(x) or y in ∀yB(y)
(these are subformulas of A⋆), then the scope of v, denoted by Bv, is the formula
in A′ corresponding to B(x) (respectively B(y)) in A⋆. Also, denote by πv the
subproof of π′ that is rooted at the sequent where v is introduced.

Note that Bv contains all variables in the scope of v, and it may contain
some variables whose scope contains v.

The following lemma is as expected from the fact that a bound variable does
not depend on other bound variables that appear in its scope.

Lemma 3.9 (Provable in VPV). Let v ∈ E ∪Q and e ∈ E both appear in A′.
Suppose that v is in the scope of e. Then e does not depend on v.

Proof. In Lemma 3.10 below we prove that e does not depend on any other
extension variable appearing in A′. So it remains to prove that e does not
depend on Q-variables that appear in its scope. We prove by induction on the
sequent S in π that for the corresponding sequent S ′ in π′, for any extension
variable e that appears in the succedent of S ′, e does not depend on any Q-
variable that appears in its scope.

For the induction step we go through the cases in the proof of Theorem 3.4
to see how the dependence relation is updated. Case 3c is the only case where
an extension variable e with some Q-variable in its scope is introduced. In this
case the definition of e is the target formula F . As a target formula, F does
not contain any bound variable, so it does not contain any variable in QS1

and
ES1

. Therefore e does not depend on any variable in QS1
∪ ES1

. Also, there is
no change in the dependence relation for other variables.

For other cases we verify that the dependences between existing variables are
not updated in such a way that makes an e depend on a q in its scope. In Case 1
the only new dependences are between ES1

and variables in ES2
∪QS2

. Clearly
the latter do not appear in the scope of the former. In Cases 2a, 3b and 4c
new extension variables are introduced but they do not change the dependence

relation on the existing variables. In Case 4b some variables that depend on
−→
q2

now depend on
−→
q1 . However

−→
q1 do not appear inside the scope of any extension

variable. (Note that each variable in QS ∪ ES appears in at most one formula
in Γ′, ∆′, Ω′.) Case 4d is similar. In other cases the dependence relation does
not change. �

We observe furthermore that:

Lemma 3.10 (Provable in VPV). For any two extension variables e1, e2 that
appear in A′, e1 does not depend on e2.

Proof. We prove by induction on a sequent S of π that there is no dependence
between any two extension variables in ES that appear in the succedent of S ′.

The base case (S is an axiom) is obvious. For the induction step, consider
first the cases where some new extension variables are introduced to the succe-
dent: Cases 3b, 3c, 4c and 4d. In Cases 3b and 3c, the defining formula F is
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the target formula and hence cannot contain any variable in QS1
∪ES1

, because
target formulas do not contain bound variables. In Cases 4c (and hence also 4d),

the defining formulas for the new extension variables
−→
e3 contain only extension

variables
−→
e1 and

−→
e2 . These appear in the succedent of the sequent S ′

1 and are
moved to the Λ part in S ′. (Note that these variables appear in exactly one

formula, i.e., either C(
−→
e1) or C(

−→
e2), in the succedent of S ′

1.) This proves the
induction step for Cases 3b, 3c, 4c and 4d.

Now consider Case 1. Here some extension variables in ES1
may become

dependent on ~e. However, ~e do not appear in the succedent of S ′, and by the
induction hypothesis for S2 ~e do not depend on other extension variables in the
succedent of S ′

2. Therefore the conclusion for the induction step follows.
Other cases do not change the existing dependence between extension vari-

ables in S ′. �

Although the above lemma shows that the dependence relation is not ap-
plied directly to any two extension variables that appear in A′, these variables
may depend on each other in an indirect way. For example, suppose that the
expansion A⋆ of A is

A⋆ ≡ ∃x1∀y1B(x1, y1) ∨ ∃x2∀y2B(x2, y2)

and
A′ ≡ B(e1, q1) ∨B(e2, q2)

Then e2 may depend on q1. In the student–teacher argument for this case the
student finds (and fixes) a value for e1 first. Now if a counter-example is given
for q1, then this gives a value for e2 which will be used for the next round. In
other words, e2 depends indirectly on e1.

We will introduce a binary relation ≺ which we can use to check whether e2
depends indirectly on e1 as discussed above. First, we need some terminologies.
(See also Definition 3.18 below.)

Definition 3.11. Let u, v be two distinct variables in E ∪ Q. The joint of
two subproofs πu, πv is defined to be their least common superproof. The two
subproofs are said to meet at the root of their joint. In addition, they are said
to meet at an inference rule (such as ∧-left, etc) if this is the very rule that is
used to derive the root of their joint.

Definition 3.12. Let e1 and e2 be two E-variables that appear in A′. We say
that e1 ≺ e2 (also e2 ≻ e1) if

• either πe1 contains πe2 as a subproof, or

• πe1 and πe2 meet at a cut where the cut formula is a proper Σ
q
i formula

as in Case 1, and πe1 is on the right branch (subproof of S ′
2) and πe2 is

on the left branch (subproof of S ′
1).
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Observe that this definition only applies to extension variables that are in-
troduced as in Case 3c. (Observe also that all extension variables that might
remain in the succedents of π′ are introduced in Cases 3b, 3c, 4c and 4d.)

Lemma 3.13 (Provable in VPV). The ≺-relation is transitive.

Proof. The proof is straightforward. �

Lemma 3.14. Let e1, e2 be two E-variables appearing in A′.

(a) Suppose that e2 depends on some Q-variable in the scope of e1, then e1 ≺
e2.

(b) Suppose that e1 ≺ e2, then e1 does not depend on any Q-variable in the
scope of e2.

Proof. (a) Suppose that e2 depends on a Q-variable q in the scope of e1. First
we show that πe1 is not a subproof of πe2 . Suppose for the contrary that πe2
contains πe1 . Note that e1 and e2 must be introduced as in Case 3c (see the
remark after Definition 3.12). Now the defining formula F for e2 (as in Case 3c)
does not contain any variable inQS , and in fact at the time when e2 is introduced
it does not depend on any variable in QS . The only way the dependence relation
between e2 and q can change (so that e2 becomes dependent on q) is for q to
be involved in contraction as in Cases 4b or 4d. However in S the formula
containing q is already not in Bi (it is at least Σq

i+1) so these cases do not apply.
Now suppose that πe1 and πe2 are disjoint. Let π0 denote their least common

superproof. The last inference in π0 must be a binary rule. If the last inference
in π0 is not a cut, then in π0 e2 does no depend on q, and as in the previous
paragraph it remains so throughout the proof. The same argument applies
if that inference is a cut but πe1 belongs to the left branch and πe2 belongs
to the right branch, because as in Case 1 only variables in the left branch
become dependent on variables on the right branch, and so e2 can never become
dependent on q.

(b) The argument is similar to (a). First, suppose that πe1 contains πe2 .
Then at the time e1 is introduced as in Case 3c, its defining formula does not
contain any variable in QS ∪ ES . Now we prove by induction on subsequent
sequents of the original proof that the dependence relation between e1 and the
Q-variables in the scope of does not change.

The case where πe1 is joined with πe2 by a cut is similar. �

Lemma 3.15 (Provable in VPV). Let e1, e2 be two extension variables that
appear in A′. If e2 appears in the scope of e1, then e1 ≺ e2.

Proof. The proof is straightforward by examining the cases where e1 is intro-
duced (Cases 3b, 3c, 4c, 4d). �

Theorem 3.16 (Provable in VPV). The relation ≺ is a partial order on the
extension variables and is computable in polytime.
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Proof. The fact that ≺ is computable in polytime follows from the facts that
the transformation of π is done in polytime. It remains to show that ≺ is a
partial order. Suppose for a contradiction that there are extension variables
e1, e2, . . . , ek so that

e1 ≻ e2 ≻ . . . ≻ ek ≻ e1

We can prove by induction on 1 ≤ i ≤ k that πei either contains πe1 or is
to the right of πe1 . In particular, πek either contains πe1 or is to the right of it.
But this contradicts the fact that ek ≻ e1. �

Corollary 3.17 (Provable in VPV). There are ≺-minimal variables in E, and
every such a variable does not depend on any Q-variable.

Proof. Follows from Theorem 3.16 and Lemma 3.14 (b). �

The next definition is useful for stating an important connection between
the dependence relation and the structure of A′. See also Definition 3.11.

Definition 3.18. Let u, v be two distinct variables in E ∪Q. The least super-
formula of Bu and Bv is called the joint of u and v. We say that u and v meet
at an ∧-gate (resp. an ∨-gate) if their joint is a conjunction (resp. disjunction).

For example, suppose that A⋆ is

∃x1
(
∃x2∀y1C(x1, x2, y1) ∨ ∃x3∀y2C(x1, x3, y2)

)

and suppose that
A′ = C(e1, e2, q1) ∨ C(e1, e3, q2)

Then Be1 = A′, Be2 = C(e1, e2, q1), Be3 = C(e1, e3, q2), and e2, e3 meet at an
∨-gate. Generally, observe that the only variables in E ∪ Q that can appear
in Bv are those whose scope contains v, and those which are contained in v’s
scope.

Lemma 3.19. Let e1, e2 be two extension variables appearing ing A′. Suppose
that e1 ≺ e2, then they meet at an ∨-gate.

Proof. By definition, e1 ≺ e2 implies that the two subproofs πe1 and πe2 meet
at a quantifier introduction or a cut. In particular, in the sequent where they
meet, the two corresponding scopes, namely Be1 and Be2 , appear as separate
formulas in the succedent. Therefore the joint of e1 and e2 must be formed by
an ∨-right inference, which implies that they meet at an ∨-gate. �

4 The Herbrand theorem for G⋆
B,i

First, we show that it suffices to work with some simplified version of G⋆
B,i.

This is defined using the following notion. A monotone boolean combination
(or just monotone combination) of some formulas is a boolean combination of
the formulas that does not involve ¬. For example, a monotone combination
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of atoms is a monotone formula. The next theorem allows us to simplify G⋆
B,i

proofs so that all cut formulas are monotone combinations of prenex Σ
q
i and

Π
q
i formulas.

Theorem 4.1. Let Ĝ⋆
B,i be G⋆

B,i with cut formulas restricted to monotone

boolean combinations of prenex formulas in Σ
q
i ∪ Π

q
i . Then Ĝ⋆

B,i p-simulates
G⋆

B,i.

Proof. This theorem is proved in the same way as a theorem of Morioka [Mor05,
Theorem 5.13], see also [CN10, Theorem VII.4.7]. The idea is first to walk down
the proof and show, for example, that a cut with cut formula of the form ¬(B∧C)
can be replaced by a cut whose cut formula is (¬B∨¬C), etc. This gives a proof
where all cut formulas are monotone combinations of Σq

i and Π
q
i formulas. A

similar idea can be used to show that such cuts can be further replaced by cuts
where all Σq

i and Π
q
i subformulas of the cut formulas are prenex. �

Now we prove the Herbrand theorem for G⋆
B,i similar to Theorem 3.4. It

should be compared to Theorem 3.4 where i is replaced by i+ 1.

Theorem 4.2 (The Herbrand theorem for G⋆
B,i, provable in VPV). Let i ≥ 1.

There is a polytime function that given a G⋆
B,i proof π of a formula A outputs

a G⋆
i proof π′ of a sequent of the form

Λ −→ A′ (12)

where A′ is an (Πq
i , Q,E)-instance of a Bi+1-expansion A

⋆ of A; Q, E are some
sets of new distinct variables; and Λ is a Σ

q
i -cedent defining E in terms of Q

and the free variables in A. Moreover, the dependence and ≺ relations, defined
exactly as in Subsection 3.2, satisfy the properties proved there.

We modify the proof of Theorem 3.4 to obtain a proof of the current theorem.
We are not able to reduce the complexity of the cedent Λ, e.g., to Σ

q
i−1. If we

could do this, we would be able to show that Vi proves the soundness of G⋆
B,i

with respect to Σ
q
i formulas, and this would mean that G⋆

i p-simulates G⋆
B,i.

Informally, the main difficulty is that here we need to keep intact all Πq
i formulas

in the proof. This is because of the way that we handle the cut rule (Case 1).
Consequently, in Case 2a below we need to use extension variables with Π

q
i (or

Σ
q
i ) definitions.

Consider, for example, an instance of the cut rule in a G⋆
B,1 proof π:

S1 S2

S
=

F,Γ1 −→ ∆1 Γ2 −→ F,∆2

Γ1,Γ2 −→ ∆1,∆2

Suppose that F is a B1 formula of the form
(
∃x1C1(x1) ∧ ∀y1D1(y1)

)
∨
(
∃x2C2(x2) ∧ ∀y2D2(y2)

)

where C1, C2, D1, D2 are quantifier free. Suppose also that we try to transform
π by replacing the copy of F in S1 by an instance

(C1(q1) ∧D1(e1)) ∨ (C2(q2) ∧D2(e2))
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and replacing the copy in S2 by

(C1(e′1) ∧D1(q′1)) ∨ (C2(e′2) ∧D2(q′2))

Now, it may happen that e1 depends on q1, and e2 depends on q2, while e′1
depends on q′2 and e′2 depends on q′1. As a result, we cannot unify these two
copies by replacing qt by e′t and q′t by et (for t = 1, 2), because this creates a
cyclic dependence in the following order: e′1, e2, e

′
2, e1, e

′
1.

Before proving Theorem 4.2, observe that in the example given above we need
an F which is a depth-2 boolean combination of Σq

1 and Π
q
1 formulas. This is

because the assumption on the dependences between et and qt and between e′t
and q′t imposes certain structure on F which forces it to have depth at least 2.
(see also Lemma 3.19). In fact, we can show that depth-1 G⋆

B,i is p-equivalent
to G⋆

i w.r.t. proving Σ
q
i+1 tautologies. First we need a formal definition.

Definition 4.3. For d ≥ 0, depth-d GB,i (or just d-GB,i) is the subsystem
of GB,i where all cut formulas are depth-d monotone combinations of formulas
from Σ

q
i ∪Π

q
i .

In particular, 0-G⋆
B,i is G⋆

i , while 1-G⋆
B,i is the subsystem of G⋆

B,i where all
cut formulas are conjunctions or disjunctions of Σq

i ∪Π
q
i formulas.

Theorem 4.4 (Herbrand theorem for 1-G⋆
B,i). Theorem 3.4 continues to hold

even if π is a 1-G⋆
B,i proof. Moreover, the dependence and ≺ relations on Q∪E

continue to satisfy the properties listed in Subsection 3.2.

Corollary 4.5. For i ≥ 1 the theory Vi proves the Reflection principle for
1-G⋆

B,i with respect to Σ
q
i+1 formulas. With respect to proving Σ

q
i+1 formulas,

1-G⋆
B,i and G⋆

i are p-equivalent.

Proof. The fact that Vi proves the reflection principle for 1-G⋆
B,i with respect

to Σ
q
i+1 tautologies is exactly the same as for the proof of Perron’s theorem; see

also the appendix. It then follows by a standard argument that G⋆
i p-simulates

1-G⋆
B,i for Σ

q
i+1 formulas. �

Now we prove the theorems.

Proof of Theorem 4.2. We will modify the transformation of π given in the proof
of Theorem 3.4 by keeping intact all Πq

i formulas. (Previously, these are replaced
by their Π

q
i−1 instances.) This leads to changes in Cases 1, 2b, and the cases

for contraction rule.
Recall Definition 3.2 for the notion of (Πq

i , Q,E)-instances of a formula. In
short, a (Πq

i , Q,E)-instance of a Σ
q
i+1 formula B is a Π

q
i formula obtained from

B by replacing the outermost ∃-quantifiers by extension variables from E.
We will replace each formula in the succedent of S by a (Πq

i , QS , ES)-
instance of a Bi+1-expansion of it. Note that for an (ancestor of a) cut formula
B the Bi+1-expansion of B is B itself. For a formula in the antecedent, the
roles of ∀ and ∃ switch, so we will replace an ancestor of a cut formula by a
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(Πq
i , ES , QS)-instance of it. Note the swap of QS and ES . To avoid confusion,

we will call an (Φ, E,Q)-instance a negative (Φ, Q,E)-instance.
Formally, by Theorem 4.1 we can assume that all cut formulas in π are

monotone combinations of prenex Σ
q
i and Π

q
i formulas. As in the proof of

Theorem 3.4, we will assume also that π is in free variable normal form. Finally,
for simplicity we assume that in A no quantifier appears in the scope of any ¬.

Note that by our assumptions the quantified formulas that appear in the
antecedents of π must be ancestors of cut formulas and must be monotone
combinations of prenex formulas in Σ

q
i ∪Π

q
i .

We will prove by induction on sequents of π that for each S as above there
is a sequent S ′ that has a polynomial size G⋆

i proof. Suppose that S is of the
form

Γ,Υ −→ ∆,Ω

where Γ and ∆ consist of all ancestors of cut formulas in S, and Υ, Ω consist
of all ancestors of the final formula A. Then S ′ is of the following form:

Λ,Γ′,Υ −→ ∆′,Ω′

where for some set ES of new distinct variables (and recall that QS is the set
of eigenvariables that have been used to introduce quantifiers in the subproof of
S):

(B1) Γ′ is obtained from Γ by replacing each formula by a negative (Πq
i , QS , ES)-

instance of it,

(B2) ∆′ is obtained from ∆ by replacing each formula by a (Πq
i , QS , ES)-

instance of it,

(B3) Ω′ is obtained from Ω by replacing each formula by a (Πq
i , QS , ES)-

instance of a Bi+1-expansion of it,

(B4) Λ is a Σ
q
i -cedent defining ES in terms of QS and the free variables in S,

(B5) each variable in QS ∪ ES appears in at most one formula in Γ′, ∆′, Ω′.

The fact that the dependence and ≺ relations satisfy the properties listed
in Subsection 3.2 is proved as before. Indeed, the case by case analysis is
exactly the same. Thus, in each case considered in the induction step below
an appropriate numbering of the extension variables (so that the condition of
Definition 3.3 is satisfied) can be obtained using the dependence relation.

Now we present the inductive argument. The base case is straightforward.
For the induction step, almost all cases are the same as in the proof of Theorem
3.4; the only cases that require modification are the cases for the cut, ∀-right,
and contraction rules.

Case 1: S is derived by a cut:

S1 S2

S
=

D,Γ1,Υ1 −→ ∆1,Ω1 Γ2,Υ2 −→ D,∆2,Ω2

Γ1,Γ2,Υ1,Υ2 −→ ∆1,∆2,Ω1,Ω2

(13)
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For simplicity, assume that D has the form

∃~xB(~x) ∧ ∀~yC(~y)

where B is proper prenex Π
q
i−1, and C is proper prenex Σ

q
i−1.

By the induction hypothesis we have polynomial size G⋆
i proofs of:

S ′
1 = B(~q) ∧ ∀~yC(~y),Λ1(~q),Γ′

1,Υ1 −→ ∆′
1,Ω

′
1

S ′
2 = Λ2(~e),Γ′

2,Υ2 −→ B(~e) ∧ ∀~yC(~y),∆′
2,Ω

′
2

In order to unify the two instances of the D we will replace ~q by ~e. Then by a cut
(on the Π

q
i formula B(~e) ∧ ∀~yC(~y)) we obtain proofs of the following sequent:

S ′ = Λ1(~e),Λ2(~e),Γ′
1,Γ

′
2,Υ1,Υ2 −→ ∆′

1,∆
′
2,Ω

′
1,Ω

′
2

The ∀-right rule is handled by the following cases:

Case 2a: S is inferred by ∀-right where the principal formula is a Π
q
i formula.

This is handled exactly as in Case 2a in the proof of Theorem 3.4, except
that here the formula D(e) is Π

q
i , and the defining formula D(⊥) for the new

extension variable e is also Π
q
i .

Case 2b: S is derived from S1 by ∀-right where the principal formula is a
non-Πq

i ancestor of the final formula A. Here we simply take S ′ = S ′
1.

The contraction-right rule is handled as follows.

Case 4a: Contraction right on a Π
q
i formula. This case is handled in the same

way as Case 4a in the proof of Theorem 3.4. (No cut nor extension variable is
required.)

Case 4b: Contraction right on a Π
q
i+1 formula. Suppose that S is derived from

S1:
S1

S
=

Γ,Υ −→ ∀~y∃~zB(~y, ~z), ∀~y∃~zB(~y, ~z),∆,Ω

Γ,Υ −→ ∀~y∃~zB(~y, ~z),∆,Ω

Here by the induction hypothesis S ′
1 has the form

Λ(
−→
e1 ,

−→
e2),Γ′,Υ −→ B(

−→
q1 ,

−→
e1), B(

−→
q2 ,

−→
e2),∆′,Ω′

We proceed as in Case 4d in the proof of Theorem 3.4, first rename
−→
q2 to

−→
q1 , then introduce new extension variables

−→
e3 that take the value of

−→
e1 or

−→
e2

depending on B(
−→
q1 ,

−→
e1). Details are left to the reader. Note that here

−→
e3 have

Σ
q
i−1 definitions, and we need to cut Π

q
i−1 formulas.

Case 4c: Contraction right on a Σ
q
i+1 formula. This is handled as Case 4c

in the proof of Theorem 3.4. Here we need to use extension variables with Σ
q
i

definitions, and cut on Π
q
i formulas.

Case 4d: Contraction right on other Bi+1 formulas. This is similar to Case 4c
above. Here we introduce new extension variables with Σ

q
i definitions, and cut

on Π
q
i formulas.
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Case 4e: Contraction right on other formulas. This is the same as Case 4e in
the proof of Theorem 3.4. �

Proof of Theorem 4.4. Suppose that S is of the form

Γ,Υ −→ ∆,Ω

where Γ and ∆ consist of all ancestors of cut formulas in S, and Υ, Ω consist
of all ancestors of the final formula A. Then we transform S into a sequent S ′

of the following form:
Λ,Γ′,Υ −→ ∆′,Ω′

where, for some set ES of new distinct variables,

(C1) Γ′ is obtained from Γ by replacing each formula by a negative (i−1, QS , ES)-
instance of it,

(C2) ∆′ is obtained from ∆ by replacing each formula by a (i − 1, QS , ES)-
instance of it,

(C3) Ω′ is obtained from Ω by replacing each formula by a (i − 1, QS , ES)-
instance of a Bi-expansion of it,

(C4) Λ is a Σ
q
i−1-cedent defining ES in terms of QS and the free variables in S,

(C5) each variable in QS ∪ ES appears in at most one formula in Γ′, ∆′, Ω′.

We proceed exactly as in the proof of Theorem 3.4, except for Case 1 and
Case 4c. Case 4c now handles also ancestors of cut formulas and is dealt with
just as before. For Case 1, we consider the cut rule where the cut formula is a
depth-1 combination of Σq

i ∪Π
q
i formulas:

S1 S2

S
=

F,Γ1,Υ1 −→ ∆1,Ω1 Γ2,Υ2 −→ F,∆2,Ω2

Γ1,Γ2,Υ1,Υ2 −→ ∆1,∆2,Ω1,Ω2

Suppose without loss of generality that F is of the form

∃~xB(~x) ∧ ∀~yC(~y)

By the induction hypothesis, there are G⋆
B,i−1 proofs of

S ′
1 = Λ1(−→e ,−→q ), B(−→q ) ∧ C(−→e ),Γ′

1,Υ1 −→ ∆′
1,Ω

′
1

S ′
2 = Λ2(

−→
e′ ,

−→
q′ ),Γ′

2,Υ2 −→ B(
−→
e′ ) ∧ C(

−→
q′ ),∆′

2,Ω
′
2

We replace −→q by
−→
e′ and

−→
q′ by −→e , then combine the two sequents by a cut

(on the Bi−1 formula B(
−→
e′ ) ∧ C(−→e )) to obtain the desired sequent S ′:

S ′ = Λ2(−→e ,
−→
e′ ),Λ1(

−→
e′ ,−→e ),Γ′

1,Γ
′
2,Υ1,Υ2 −→ ∆′

1,∆
′
2,Ω

′
1,Ω

′
2
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To verify that the dependence and ≺ relations still satisfy the properties
proved in Subsection 3.2, the main task is to verify that the dependence relation
does not become cyclic. We need an additional lemma which says that no cycle
is created because of the cut rule; for simplicity we will state it for the above
scenario:

Lemma 4.6. For the proof of S ′
2 in the example considered in Case 1 above,

−→
e′ do not depend on

−→
q′ .

Note that if F was a disjunction, then we would have −→e not depending on
−→q .

Proof. We exploit the fact that F is a conjunction. At the time when B(
−→
e′ ) ∧

C(
−→
q′ ) is formed (by the ∧-right rule),

−→
e′ and

−→
q′ belong to two disjoint proofs,

so there is no dependence between them. It can be verified that this remains so
by looking at each of the cases. �

This completes the proof of Theorem 4.4. �

Theorem 4.2 actually follows from the following “strengthening” of Theorem
3.4, using i+1 in place of i. Theorem 4.7, however, is not useful in proving Theo-
rem 2.4, because there the extension variables have Σ

q
i definitions, which makes

it impossible to formalize in Vi the student–teacher computation as described
in Section A.3.

Theorem 4.7. Let i ≥ 1. There is a polytime function that given a G⋆
i proof

π of a formula A outputs a G⋆
i−1 proof π′ of a sequent of the form

Λ −→ A′

where A′ is an (Πq
i−1, Q,E)-instance of a Bi-expansion A

⋆ of A; Q, E are some
sets of new distinct variables; and Λ is a Σ

q
i -cedent defining E in terms of Q

and the free variables in A. Moreover, the dependence and ≺ relations, defined
exactly as in Subsection 3.2, satisfy the properties proved there.

Proof. The theorem is proved by slightly modifying the proof of Theorem 3.4.
We prove by induction sequents S of π that a sequent S ′ of the form (5) has a
G⋆

i−1 proof, where here condition (A3) is replaced by

(A3”) Ω′ is obtained from Ω by replacing each formula B by a (Πq
i−1, QS , ES)-

instance of a Bi-expansion of B.

The proof is exactly the same as before, except for the following cases. In Case
3c the formula D′(F ) is now a Π

q
i−1 formula, so the cut formula is Π

q
i−1.

In Case 4b, if i ≥ 2 then D has the form

∀~y∃~zB(~y, ~z)
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where B is a proper Π
q
i−2 formula. Therefore S ′

1 has the form

Λ(
−→
q1 ,

−→
q2 ,

−→
e1 ,

−→
e2),Γ′,Υ −→ B(

−→
q1 ,

−→
e1), B(

−→
q2 ,

−→
e2),∆′,Ω′

We handle this case as in Case 4c, by renaming
−→
q2 to

−→
q1 and introducing new

extension variables
−→
e3 with definitions

e3j ↔
(
(B(

−→
q1 ,

−→
e1) ∧ e1j ) ∨ (¬B(

−→
q1 ,

−→
e1) ∧ e2j )

)

Here the cut formulas are Bi−2. Note that
−→
e3 now depend on

−→
q1 , but this should

not be a problem since
−→
e3 are in the scope of

−→
q1 .

Case 4d is as before, taking in to account the changes in Case 4b above. The
cut formulas are Π

q
i−1. �

5 Some open problems

We mention here several questions regarding the systems Gi, G
⋆
i and the new

systems G⋆
B,i. Most of these questions grow out of curiosity and answering them

may not have significant implications. Nevertheless we find them intriguing.
First, although Vi+1 is ΣB

i+1 conservative over TVi, we do not know whether
G⋆

i+1 p-simulates Gi with respect to Σ
q
i+1 formulas. Note that Gi p-simulates

G⋆
i+1 with respect to all formulas, and G⋆

i+1 p-simulates Gi with respect to Bi

formulas. Similarly, we do not know whether Gi p-simulates GB,i with respect
to formulas outside Bi.

Also, in the definition of Gi the target formulas are required to be quantifier-
free. We know that with respect to proving Σ

q
i ∪Π

q
i formulas Gi and G⋆

i can
be defined such that all target formulas are constants (⊥ or ⊤). However we do
not know whether with respect to proving other formulas, such as Σ

q
i+1, they

can be so defined without superpolynomial blow-up in the size of the proofs.
Putting a proof in free variable normal form is important in some arguments,

for example, in the proof that extended Frege p-simulates G⋆
1. Although any

treelike proofs can be put in this form, we do not know whether the same is true
for daglike proofs. In particular, we do not even know whether a Gi proof of a
Σ

q
i formula can be put into free variable normal form with only a polynomial

increase in size.
In this paper we introduce G⋆

B,i but we are not able to prove that G⋆
i p-

simulates G⋆
B,i, even with respect to Σ

q
i formulas. The facts that Gi p-simulates

GB,i with respect to Bi formulas, and that G⋆
i p-simulates 1-G⋆

B,i with respect
to Σ

q
i+1 formulas strongly suggest that this is indeed the case. However, the

Herbrand theorem for G⋆
B,i that we give does not allow us to prove such a

simulation. As a result, we do not know the complexity of the Witnessing
problem for G⋆

B,i, except for the trivial upper bound provided by the Witnessing
problem for G⋆

i+1.
Finally, we have not found a first-order theory that translates to G⋆

B,i in the

same way that Vi translates to G⋆
i .
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A Proving soundness of G⋆
i in Vi

We give an algorithm that computes the values of the outermost existential
variables in the Σ

q
i+1 tautologies given their G⋆

i proofs. As a warming-up, we
will first consider the soundness of proofs of Σq

i formulas (Subsection A.1) and of
prenex Σ

q
i+1 formulas (Subsection A.2). There are relatively simple algorithms

for these cases. The case of Σq
i+1 formulas, where all difficulties lie, is discussed

in Subsection A.3.
Finally, in order to show that the soundness principles are theorems of Vi,

we need to show that the algorithms can be formalized and proved correct in
Vi. We refer to [Per08a] and [Per08b, Chapter 5] for details. Essentially, we
need the fact that the (number) maximization principle for ΣB

i formulas are
provable in Vi.

A.1 Soundness for proving Σ
q

i formulas

In this subsection we give a proof of a well known fact that the soundness of G⋆
i

with respect to proving Σ
q
i tautologies is provable in Vi. We follow the outline

given in [CN10, Theorem X.2.17]. Here we benefit from the transformation
given in Theorem 3.4.

Theorem A.1. For i ≥ 1 the theory Vi proves Σ
q
i -RFNG⋆

i
.

Proof. Let π be a G⋆
i proof of a Σ

q
i formula A. We need to argue in Vi that A

is valid. Reasoning in Vi as follows. By Theorem 3.4 we can transform π into
a G⋆

B,i−1 proof π′ of a sequent of the form

Λ −→ A′

as in (4). Here because A is Σq
i , the only Bi-expansion of A is A itself. Therefore

A′ is an (i− 1, Q,E)-instance of A.
Now we use the fact that we can prove the soundness of G⋆

B,i−1 with re-

spect to proving Bi−1 sequents. This follows from the fact that Vi proves the
Σ

q
i−1-RFNGB,i−1

principle. The latter is already proved by the same proof of
[Kra95, Theorem 9.3.16] (see also [CN10, Theorem X.2.17]). Thus we can con-
clude that the above sequent is valid. We can now compute recursively the
values for all extension variables using their definitions given in Λ. These val-
ues make Λ true, so they must also make A′ true. Therefore we obtain some
witnessing values for the outermost existential variables in A as required. �

A.2 Soundness for proving prenex Σ
q

i+1 formulas

The next simple case of Theorem 2.4 is for proving prenex Σ
q
i+1 tautologies.

Unlike the previous case, here we already need to provide a student–teacher
computation, but this computation is very much easier to describe than the
computation for the general case of arbitrary Σ

q
i+1 formulas. For simplicity, we
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will consider the case i = 1. The argument for i > 1 is similar. Thus, suppose
that we have a G⋆

1-proof π of a prenex Σ
q
2 formula A(~p) of the form

A(~p) ≡ ∃~x∀~yB(~p, ~x, ~y)

where B is quantifier-free. We need to argue in V1 that A(~p) is valid.
By Theorem 3.5 there is a proof π′ of some sequent of the form:

Λ −→ B(~p,
−→
e1 ,

−→
q1), . . . , B(~p,

−→
et ,

−→
qt ) (14)

for some t ≥ 1, where Λ is a 0-cedent defining the extension variables in some set

E (that contains all
−→
ej ) in terms of Qπ and ~p. In V1 we know that this sequent

is valid, because V1 proves the RFN principle for G⋆
1 w.r.t. Σ

q
1 formulas (all

formulas in (14) are quantifier-free).

By Theorem 3.16 we can assume that the
−→
ej have been ordered in such a way

that
−→
ej do not depend on any Q-variables among

−→
qj

′

, for j′ > j. In particular,

by combining with Lemma 3.9,
−→
e1 do not depend on any

−→
qj , and

−→
e2 may depend

only on
−→
q1 , etc.

This facilitates a simple student–teacher computation of a witness for ~x that
makes ∀~yB(~p, ~x, ~y) true. The student starts by initializing all the Q-variables to
⊥ and evaluating the E-variables accordingly. These make Λ true. The student

sends the values for
−→
e1 as a candidate to the teacher. Now the counter-example

−→
q1 provided by the teacher (if there is any) makes B(~p,

−→
e1 ,

−→
q1) false, but does not

change the value of
−→
e1 . The student updates the values of other E-variables, and

sends
−→
e2 as new candidate to the teacher, etc. The computation must stop in at

most t rounds, because in the t-th round Λ is true while all B(~p,
−→
ej ,

−→
qj ) evaluate

to ⊥, for j < t, so the teacher cannot provide counter-example
−→
qt , because

otherwise the sequent (14) is not valid. Therefore the candidate provided by
the teacher must be correct.

The above reasoning can be carried out in V1, using the principle for max-
imizing the length of a string that satisfies a ΣB

1 formula. This can be done
in the same way as described in [Per08a, Theorem 6.1] (reproduced in [Per08b,
Theorem 5.1.1]).

A.3 Soundness for proving Σ
q

i+1 formulas

Now we prove Theorem 2.4. As above we will consider the case i = 1. Let π
be a G⋆

1 proof of a Σ
q
2 formula A. Recall our assumption that the quantifiers

in A do not appear inside the scope of any ¬. Let π′, A⋆ and A′ be as in the
Herbrand theorem for G⋆

1 (Theorem 3.4); so, in particular, A⋆ is a B1-expansion
of A and A′ is the (0, Q,E)-instance of A⋆. To show that A is valid, we will
show that A⋆ is valid, and then use the fact that the equivalence A ↔ A⋆ is
provable in V1 [Per08a, Lemma 6.3].
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The fact that A⋆ is valid will be proved by exhibiting a student–teacher
algorithm that, given π′, computes the witnesses for the existentially quantified
variables in A⋆. To show that this fact is a theorem of V1 we will prove the
correctness of the algorithm in V1. The idea of the algorithm is almost as before.
Here the student will compute in each round the values for all E-variables by
setting all Q-variables to ⊥ in the first round and using the counter-examples
from the teacher for Q-variables in subsequent rounds. For the computation to
stop, the student needs to make progress in each round. This is achieved by
fixing at least one E-variable in each round.

We will now consider the first round. Basically, we need to show that if
the teacher is able to give counter-examples, then there must be a formula
Be (recall Definition 3.8) that is evaluated to FALSE under the setting of Q-
variables given by the current counter–examples. Furthermore, all extension
variables appearing in Be do not depend on any Q variables, so that the value
of Be will not be changed later.

It is necessary that such an e does not depend on any Q-variable, but this
is not sufficient, because the formula Be may contain other E-variables: these
are variables which are in the scope of e, or variables whose scope contains e.
In particular, the extension variables whose scope are inside the scope of e may
depend on some Q variables. For this reason, we will in fact need to argue that
there is a direct variable e (see Definition A.2 below) that satisfies the above
conditions. The student will then fix e and all variables whose scope contains e.

Definition A.2. An E-variable e that appears in A′ is called a direct (exten-
sion) variable if it replaces x in ∃xD(x) for some proper Π

q
i formula D. An

E-variable e that replaces x in ∃xD(x) for a proper Σ
q
i+1 formula D is said to

be indirect.

Consider, for instance, the following example,

A = ∃x1
(
∃x2∃x3∀y1B(x1, x2, x3, y1) ∧ ∀y2C(x1, y2) ∧ ∃x4D(x1, x4)

)

(we do not display the free variables in A). Suppose that A⋆ is

∃x11
(
(∃x12∃x

1
3∀y

1
1B(x11, x

1
2, x

1
3, y

1
1) ∨ ∃x22∃x

2
3∀y

2
1B(x11, x

2
2, x

2
3, y

2
1))

∧ ∀y12C(x11, y
1
2) ∧ ∃x14D(x11, x

1
4)
)
∨

∃x21
(
∃x32∃x

3
3∀y

3
1B(x21, x

3
2, x

3
3, y

3
1) ∧ ∀y22C(x21, y

2
2) ∧ ∃x24D(x21, x

2
3)
)

So A′ has the form

(
(B(e11, e

1
2, e

1
3, q

1
1) ∨B(e11, e

2
2, e

2
3, q

2
1)) ∧ C(e11, q

1
2) ∧D(e11, e

1
4)
)
∨

(
B(e21, e

3
2, e

3
3, q

3
1) ∧ C(e21, q

2
2) ∧D(e21, e

2
4)
)

(Here each variable xj is duplicated multiple times to x1j , x
2
j , . . . , x

tj
j .) In this

case, e11 is indirect, while e13 is direct.
Now we make some assumptions to simplify the discussion. First, we will

treat the E-variables that have the same non-empty set of Q-variables in their
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scope together as a single block. In the example above, e12, e13 form one block,
e22, e23 form another, e11 is itself a block, etc. We will simply assume that each
such block consists of exactly one variable. (So this allows us to define the ≺
on blocks.) In other words, we assume that no two E-variables in A′ have the
same non-empty set of Q-variables in their scope.

Similarly we can define blocks of Q-variables: two Q-variables q1, q2 belong
to the same block if for every E-variable e either they both belong to the scope
of e, or they both do not. Also, we can assume that each Q-block consists of
exactly one variable.

Note that the E-variables in A′ whose scope does not contain any Q-variable
are neither direct nor indirect. However, we will simply assume that these are
direct by assigning to each of them a new, distinct “dummy” Q-variable. We
will assume in addition that every Q-variable appears in the scope of some
direct E-variable, by introducing new, distinct “dummy” direct E-variable if
necessary. Thus, for example, in the formula A⋆ above, ∀y12C(x11, y

1
2) becomes

∃x1C∀y
1
2C(x11, y

1
2) (here x1C is the new variable introduced only for this subfor-

mula). Similarly, ∃x24D(x21, x
2
3) becomes ∃x24∀y

2
D(x21, x

2
3).

Note that the corresponding new E- and Q-variables (e.g., e1C , q
2
D) do not

appear in A′, nor in the proof π′. However, for a technical reason, if e is a new
direct variable which is introduced because of a Q-variable q, then we will let
πe and Be be the same as πq and Bq, respectively. As a result, although the
new “dummy” variables do not participate in the dependence relation, the new
direct variables do participate in the ≺ relation by this convention. It can be
verified that the results in Section 3.2 (regarding ≺) remain true even when the
new variables are taken into account.

Lemma A.3. Suppose that e is a direct variable which is ≺-minimal among all
direct variables. Then e and all extension variable e′ whose scope contains e do
not depend on any Q-variable in A′.

Proof. Because every Q-variable appears inside the scope of some (direct) ex-
tension variable, by Lemma 3.14 (a) e does not depend on any Q-variable that
appears in A′. Now let e′ be any extension variable whose scope contains e. By
Lemma 3.15, e′ ≺ e. The variable e′ cannot depend on any Q-variable in A′,
because such a variable q belongs to the scope of some direct variable e′′, and
if e′ depends on q, then this implies that e′′ ≺ e′, and hence e′′ ≺ e (by Lemma
3.13), a contradiction to the choice of e. �

A.3.1 The first round

Now the first round of the student–teacher computation is as follows. The
student sets all Q-variables to ⊥, and then compute the E-variables using their
defining axioms in proper order. He sends the values of E-variables (that appear
in A′) to the teacher as candidates for the existentially quantified variables in
A⋆. If these are in fact valid witnesses, then the computation halts and the
student has succeeded. Otherwise, the teacher sends a setting of Q-variables
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that falsifies A′. The following theorem is crucial for arguing that in this case
the student makes some progress.

Theorem A.4 (Provable in VPV). There is some direct variable e such that e
is ≺-minimal among all direct variables, and that Be is false under the counter-
example provided by the teacher.

The following corollary follows from the above theorem and lemma.

Corollary A.5. There is some direct variable e such that (i) e and all extension
variables whose scope contains e do not depend on any Q-variable, and (ii) Be

is false under the counter-example provided by the teacher.

Proof of Theorem A.4. We will use the usual tree structure of A′, i.e., the root
of the tree is labelled with A′, and each inner node is labelled with a subformula
of A′ so that if a node is labelled with, e.g., B = C ∨ D, then it has two
children which are labelled with C and D, etc. We will prune the tree so that
all leaves are labelled with subformulas of the form Be, where e is an direct
variables. Note that the nodes on a path from A′ to a leave Be are labelled
with superformulas of Be. Note also that originally there can be some root–leaf
paths in A′ whose nodes are not labelled by any subformula of the form Be;
these paths are pruned, because the values of the formulas labelling their nodes
stay the same in all rounds.

Lemma A.6. For each node B in the tree A′ there is a path from B to some
leaf which is a descendant of B so that all formulas on the path evaluate to the
same value as B.

Proof. The lemma is true because of our assumption that no quantifier appears
inside the scope of ¬. �

The next definition is important for the following discussion.

Definition A.7. We say that a subformula B of A′ is involved in making A′

false if B as well as all its superformulas in A′ are false. In other words, all
subformulas on the path from B to A′ evaluate to FALSE.

Notice that when all Q-variables are ⊥ (as the student sets them at the
beginning of the round), and E-variables are as computed by the student, then
A′ evaluates to TRUE. (And this is provable in V1, because A′ is a quantifier-
free formula that has a G⋆

0 proof, namely π′.) So the reason why A′ becomes
false under the counter-example from the teacher is that at least one Bq formula
as well as all of its superformulas become false because q gets a new value. By
our assumption that every Q-variable is inside the scope of some direct variable,
it follows that there must be some direct variable e such that Be is involved in
making A′ false. Let E1 be the set of all such direct variables e.

We prove the theorem by contradiction. So assume that for all direct vari-
ables e such that Be evaluates to FALSE, there is some direct variable e′ ≺ e.
For each e ∈ E1 let e′ be the direct variable that satisfies the following condi-
tions:
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(E1) e′ ≺ e,

(E2) e′ is ≺-minimal among all direct variables satisfying (E1),

(E3) e′ is lexicographically first among all direct variables satisfying (E1) and
(E2).

(Here we fix in advance an arbitrary lexicographical ordering on the extension
variables.) Under the hypothesis that the theorem is false, these two conditions
force Be′ to be true. Also, by Lemma 3.19 e and e′ meet at an ∨-gate, i.e., the
joint of Be and Be′ is a disjunction.

Now from e′ we compute another direct variable e′′ ∈ E1 as follows. Starting
from Be′ , walk towards the root A′, and stop at the last formula which is true.
Such formula must exist because Be′ is itself true. Call this formula C, then the
immediate superformula of C must have the form C ∧D. Note that this must
happen before we meet the joint of Be′ and Be. (See Figure 1.) Now D must
evaluate to FALSE, and we deterministically take e′′ to be a direct variable that
is

(E4) involved in making A′ false,

(E5) ≺-minimal among all direct variables satisfying (E4),

(E6) lexicographically first among all direct variables satisfying (E4) and (E5).

The fact that such an e′′ exists which satisfies (i) follows from our choice of C
and from Lemma A.6. The relationship between Be, Be′ and Be′′ is roughly as
depicted in Figure 1. (In particular, it can be shown that e′′ 6= e.)

Observe that the subproof πe′ and πe′′ meet at the ∧-right rule that intro-
duces the formula C ∧ D, and that their joint contains both of them. On the
other hand, because e′ ≺ e, by definition, either πe is a subproof of πe′ , or πe
and πe′ meet at a cut (whose cut formula is proper Σ

q
1) and πe is on the left

branch while πe′ is on the right branch. Consequently, either πe and πe′′ meet
at the ∧-right rule that introduces C ∧D, or they meet at a cut rule where πe is
on the left branch and πe′′ is on the right branch. Moreover, in the latter case,
πe and πe′ meet at that same place.

Now we consider a sequence of variables from E1 as follows. Start with
an e1 ∈ E1, then obtain e′1, e

′′
1 , C1, D1 as above. Let e2 = e′′1 , and obtain

e′2, e
′′
2 , C2, D2 as above. Let e3 = e′′2 , etc. This sequence must repeat itself, so

without loss of generality, suppose that we obtain a sequence of the form

e1, e2, . . . , em, em+1 = e1

where all ej , 1 ≤ j ≤ m are distinct. We have m ≥ 2, because it can be shown
that e2 = e′′1 6= e1. We obtain a contradiction by proving the following:

Claim: The joints of the pairs

(πe1 , πe2), (πe2 , πe3), . . . , (πem , πe1)
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FALSE

Be′TRUE Be′′ FALSE

FALSE

Be FALSE

∨ FALSE

∧ C ∧D: FALSE

FALSE

FALSE

FALSE

C: TRUE D: FALSE

Figure 1: e, e′ and e′′. Be and Be′′ are involved in making A′ false.

are pairwise distinct.
This gives a contradiction, because πe1 , πe2 , . . . , πem are subproofs of a tree-

like proof.
To prove the claim, recall that πej and πej+1

meet either at the ∧-right
inference that introduce Cj∧Dj , or at the cut where πej and πe′

j
meet. (Here j+1

is taken modulo m.) Now, suppose that for some j, t such that 1 ≤ j < t ≤ m,
the pairs (πej , πej+1

) and (πet , πet+1
) have the same joint. (Again, t+ 1 stands

for (t+ 1 mod m).) There are two cases to consider, and to prove the claim we
will show that they are both impossible.

The first case is where the meeting places of the pairs (πej , πej+1
) and

(πet , πet+1
) are the same ∧-right inference that introduces Cj ∧Dj . This means

that either Cj = Ct and Dj = Dt, or Cj = Dt and Dj = Ct. Notice that
if Dj = Dt, then because of the way ej+1 = e′′j and et+1 = e′′t are computed
(see conditions (E4,E5,E6)), we must have ej+1 = et+1. This, however, violates
the condition that e1, e2, . . . , em are distinct. On the other hand, because Cj is
evaluated to TRUE and Dj is evaluated to FALSE, we cannot have Cj = Dt.

The second case is where πej and πej+1
, as well as πet and πet+1

, meet at
a cut (of a proper Σ

q
1 formula), and πej and πet are on the left branch, while

πej+1
and πet+1

are on the right branch. In this case, πej and πe′
j
, as well as

πet and πe′t , meet at the same inference. It implies that we have et′ ≺ ej . Now
the algorithm that computes e′j (from ej) implies that e′j is lexicographically
before e′t. (See conditions (E1,E2,E3).) A symmetric argument shows that e′t is
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lexicographically before e′j . Thus e′j and e′t are the same. But this implies that
ej+1 = et+1, a contradiction. �

A.3.2 Subsequent rounds

In the next round the student takes a direct variable e as in Theorem A.4, and
fixes the value of e and all other E-variables whose scope contains e as he has
computed in the previous round. He also fixes the values of all Q-variables in
Be as given by the counter-examples from the teacher. This makes Be false,
and we say that Be is fixed to false. Basically, the student makes progress as
more subformulas of A′ are fixed to false, because A′ is true (provable in V1),
which implies that not all subformulas of A′ can be fixed to false. This definition
extends inductively to other subformulas in a natural way: if D1 is fixed to false,
then D1 ∧D2 is also fixed to false, and if both D1, D2 are fixed to false, then
so is D1 ∨D2. In addition, if D is fixed to false, then we also say that all of its
subformulas are fixed to false. (Thus a subformula is “fixed to false” here if it
is either “fixed to false” or “irrelevant” as in [Per08b, Proof of Theorem 5.1.2].)

For example, suppose that

A⋆ =

n∨

k=0

∃xk

mk∧

j=0

∃xk,j∀yk,jCk,j(xk, xk,j , yk,j)

A′ =
n∨

k=0

mk∧

j=0

Ck,j(ek, ek,j , qk,j)

Suppose that e0,0 is a ≺-minimal among all direct variables ek,j , and that in
the first round the counter-example q0,0 falsifies C0,0(e0, e0,0, q0,0). Then C0,0 is
fixed to false, and hence

∧m0

j=0 C0,j(e0, e0,j , q0,j) as well as all C0,j(e0, e0,j , q0,j)
are fixed to false. Thus, after this round, e0, e0,j and q0,j (for 0 ≤ j ≤ m0) are
fixed by the students.

Now the second round (and all subsequent rounds) are exactly the same as
the first round, except that we have to take into account the fact that several
variables and subformulas of A′ are fixed to false.

Theorem A.8 (Provable in V1). The student succeeds in finding witnesses for
A⋆ at most |QE | many rounds.

Proof. In each round the student is able to fix at least one new direct variable,
and hence falsify at least one new subformula of A′. Because A′ is true, the
computation must halts in at most |QE | many rounds.

The fact that the theorem is provable in V1 follows from the fact that we
can formalize the whole computation by a ΣB

1 formula ϕ(m) which says that
the computation lasts for (at least) m rounds. Then the number ΣB

1 maximiza-
tion principle (provable in V1) gives us the maximal number of rounds that
can happen. At this point we obtain the witnesses for A′. For details of the
formalization, see [Per08a]. �
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