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Universal Turing machines

Assumptions about TMs

Assumption #1: All languages are over the alphabet {0,1}, and all
TMs have input alphabet {0,1}

Theorem: For every language L over an alphabet X, there exists a lan-
guage Lo C {0,1}* s.t.

1. L is recognizable iff Ly ; is recognizable
2. L is decidable iff Lo ; is decidable

Proof: the idea is to use a fixed-length binary encoding of the symbols in
¥, i.e. represent each symbol in & € ¥ by a string in ¢(x) € {0,1}*. The
encoding function ¢ should be 1 — 1, and satisfy that |¢(z)| = k, for all
x € X. The details of the proof are omitted, but are very similar to the
proof of the next theorem.

Definition: For an “object” Z, we will use (Z) to denote some represen-
tation of Z over the alphabet {0,1}. For several objects Zi,...,Z; we
will write (Z1,..., Z;) to denote a representation over {0, 1} of all of the
objects. For example, if G is a graph we may let (G) denote the adjacency
matrix of G, i.e. a list of n? entries in {0,1} such that the entry jn + i
(i, €{0,...,n—1}) is 1 iff (4,7) is an edge of G.

Assumption #2: All TMs have tape alphabet {0,1,L}.

Theorem: TMs with tape alphabet {0, 1, U} recognize/decide the same
class of languages as ordinary TMs (with arbitrary tape alphabets)

Proof: again, the idea is to use a fixed-length binary encoding of I'. Let
M be a TM with arbitrary tape alphabet I'. Pick an encoding function
¢ : T — {0,1}* with the following properties:

1. ¢isl—1,ie Ve £y el ¢(x) # o(y)

2. For some k € N, |¢p(z)| = k for all z € T (i.e. ¢ is a fixed-length
encoding)

3. ¢(U) = UF (i.e. U is encoded by a string of k LI’s)
Define a TM M’ which does the following on input w € {0, 1}*:
— Replace each input symbol w; with ¢(w;), so that the tape contains
P(wr)p(wz) -+ G(wn)

— Notice that since we defined ¢(L) = LI¥, the entire tape of M’ is now
an encoding of the entire tape of M

— Move to the left-most non-blank symbol

— Initially, remember the state gy of M as part of our state



CSC363 Lecture Notes 4 Spring 2005

— To simulate a step of M, read k symbols to the right starting from
the current symbol and remember them in the state. If the symbols

are xi,...,Tk, and ¢ is the state of M that is currently remembered,
and y = ¢ Yy 1), and e.g. Sa(q,y) = (¢, 2, D), then write
@(z) over the symbols z1, ...,z that were just read and change the

remembered state to ¢’. Finally, move to the cell that is & spaces in
direction D from the cell we were scanning at the beginning of this
step. Accept if ¢ = qaccept, r€ject if ¢’ = Greject, Otherwise continue
the simulation.

Representing TMs

e Proposition: A Turing machine M can be represented by a string over

{0,1}

e There are many ways to do this. Here is one way. Let M = (@, {0, 1}, {0, 1,1}, g0, Gaceepts Grejects 0)
be a TM. Assign a unique number #(q) to each state ¢ € @, such that

— #(q) =1
- #(Qaccept) =2
- #(qreject) =3

e Similarly, we will assign a number to each alphabet symbol:

- #(0)=1
- #(1) =2
- #()=3
e Finally, assign a number to each direction:
- #(L)=1
- #(R) =2

e Now we will represent a transition §(q, z) = (¢, y, D) by the string
0# (D) 10# @) 10# (@) 10# @) 10#(D)
e And we will represent the TM M by a string consisting of the representa-

tion of each transition (in any order), separated by the string 11 and with
11 preceding the first transition and following the last transition.
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Example
STATE | SYMBOL || STATE | SYMBOL | DIRECTION
qo 0 7 1 R
qo 1 qo 1 L
q0 U Gaccept u R
q1 0 Qreject 0 R
q1 1 Qreject 1 R
q1 u qo 0 L

e We need to choose #(q1). It doesn’t matter as long as it’s not 1,2, or 3,
so choose #(q1) = 4.

e The first transition, 6(qo,0) = (g1, 1, R), is represented by the string

01010000100100

e Similarly, the representations of the other transitions (in order), are:

01001010010
010001001000100
000010100010100
00001001000100100
00001000101010

e So, the representation (M) of M is:

11010100010010011010010100101101000100100010011000
0101000101001100001001000100100110000100010101011

A Universal Turing machine

e Theorem: There exists a “universal” Turing machine U that, on input
(M, w) where M is a TM and w € {0,1}*, simulates the computation of
M on input w. Specifically:

1. U accepts (M, w) iff M accepts w
2. U rejects (M, w) iff M rejects w
e Proof: Define a TM U with three tapes.
— The first tape will hold a copy of (M)

— The second tape is the “simulation” tape; it corresponds exactly to
M’s tape
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The third tape contains 0%(9) where ¢ is the current state of M

e Initially, copy w to the second tape (and erase it from the first tape), and
write a single 0 on the third tape. Reset all tape heads to the left-most
non-blank symbol on each tape.

e To simulate a step of M, move through the description of M, and for each
transition 0%(9)10#(*)10#(4)10#®)10#(P) do the following:

Compare 0%(9) with the contents of the first tape

If it matches, check if the symbol scanned by the second tape-head
isx

If so, replace it with y, move the second tape-head one cell in direc-

tion D, and write 0#(¢) onto the third tape (erasing the previous
contents)

If the third tape ever contents 00 (remember: 00 = #(gaccept), then
accept; if it ever contains 000 (= #(¢reject)) then reject.



