
CSC363 Lecture Notes 3 Spring 2005

Turing machine variants

• Goals:

– Show that several “augmentations” of basic TMs are equivalent to
ordinary TMs (i.e. decide/recognize the same languages)

– Demonstrate technique (“simulation”) for proving this kind of claim

– Allow ourselves to use these augmentations to define TMs for more
complex tasks

– Gain some evidence for Church-Turing thesis

Canonical Example: TMs with “stay-put”

• A TM with “stay-put” (TMWSP) is like an ordinary TM, except the tape
head can remain in the same position from one step to the next

• Formally, the transition function is

δ : Q \ {qaccept, qreject} × Γ 7→ Q× Γ× {L,R, S}

• Claim: TMWSPs recognize/decide the same class of languages as ordi-
nary TMs

• Proof: there are two things to prove

– Given a TM M , there is a TMWSP M ′ that recognizes/decides the
same language as M

– Given a TMWSP M , there is a TM M ′ that recognizes/decides the
same language as M

• The first statement is obvious, since every TM is also a TMWSP (which
never stays put)

• For the second statement: let M = (Q,Σ,Γ, q0, qaccept, qreject, δ) be a
TMWSP
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• Define an ordinary TM M ′ = (Q′,Σ′,Γ′, q′0, q
′
accept, q

′
reject, δ

′)

Q′ = Q ∪
•
Q, where

•
Q = {•q | q ∈ Q}

Σ′ = Σ
Γ′ = Γ
q′0 = q0

q′accept = qaccept

q′reject = qreject

δ′(q, σ) =


(p, σ′, L), if q ∈ Q and δ(q, σ) = (p, σ′, L)
(p, σ′, R), if q ∈ Q and δ(q, σ) = (p, σ′, R)
(
•
p, σ′, R), if q ∈ Q and δ(q, σ) = (p, σ′, S)

(p, σ, L), if q =
•
p ∈

•
Q

• Intuition: whenever M stays put, M ′ moves right, then left

• Then L(M ′) = L(M); also, M ′ halts on input w iff M halts on input w

Simulation

• Simulation is a technique for proving that one model of computation can
compute anything that another model of computation can

• In the above example, the models were TMWSPs and TMs

• In general, the models do not need to be related to TMs

• To simulate model M with model M ′:

– Define a way of representing a configuration C of M in the memory
of M ′ (call this 〈C〉)

– Describe how M ′ can compute 〈IM (w)〉 from IM ′(w), i.e. how to get
a representation of the initial configuration of M on input w

– Show how to simulate a single step of M on M ′, i.e. if M ′ has 〈C〉
in memory, how to compute 〈C ′〉 such that C `M C ′

Multi-tape Turing machines

• A k-tape TM is like an ordinary TM with

– k tapes

– k independent tape-heads

– The input is written on the first tape as usual; all other tapes start
out blank
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• A k-tape TM still has only one finite state control

• Formally, the transition function is

δ : Q \ {qaccept, qreject} × Γk 7→ Q× Γk × {L,R}k

• Theorem: For all k ≥ 1, k-tape TMs decide/recognize the same class of
languages as ordinary TMs

• Proof: there are two things to prove, namely

– Given an ordinary TMM , there is a k-tape TMM ′ that decides/recognizes
the same language as M

– Given a k-tape TMM , there is an ordinary TMM ′ that decides/recognizes
the same language as M

• The first statement is obvious: just let M ′ be a k-tape TM that ignores
the last k − 1 tapes, i.e. whose transition function restricted to the first
components is identical to that of M

• For the second statement, we will show how to simulate a k-tape TM M
with an ordinary TM M ′

• The first question is, how will we represent a configuration of M on a
single tape?

– Many ways to do this; here is one way

– Store the contents of each tape sequentially in memory, separated by
a new symbol ∗

– Mark the start of the first tape by → and the end of the last tape by
←

– Use a dotted symbol to indicate the position of a tape-head

– For example: → aab
•
a ∗ ba

•
ba← is a representation of a configuration

of a 2-tape TM, which has . . . t taaba t t . . . on the first tape (and
the first tape head is scanning the last a), and . . . t tbaba t t . . . on
the second tape (and the second tape-head is scanning the second b)

– The current state of M will be remembered as part of the state of
M ′

• Next, on input w we need to write the representation IM (w) on the tape

– Let w = w1 · · ·wn
– Then we need to write → •

w1w2 · · ·wn ∗
•
t ∗ · · · ∗

•
t ←

– This is easily done: on input w, replace the first symbol of w with its
dotted version; then move left and write →; then move right until a
t is encountered, and write ∗

•
t k − 1 times, followed by a ←
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• Finally, we need to describe how to simulate one step of M

– Move left until → is encountered

– Move right until ← is encountered, remembering the dotted symbols
•
a1, . . . ,

•
ak that are encountered along the way

– Note that since there are only finitely many possibilities, these can
be remembered as part of the state

– Let q be the current state of M (we have remembered this in our
state as well)

– Suppose that δM (q, a1, . . . , ak) = (q′, b1, . . . , bk, D1, . . . , Dk), where
Di ∈ {L,R}

– Move left until → is found

– Move right, and count the number of ∗ symbols that are found

– When the dotted symbol
•
ai is found after i− 1 ∗ symbols, replace it

with bi and move the dot one square in the direction Di, unless the
next square in the direction Di contains →, ←, or ∗.

– If this occurs, then shift every symbol from the current symbol to ←
(inclusive) to the right by one cell, and write

•
t in the empty cell that

is created by this process

– Change the remembered state of M to q′

– If q′ = qaccept, then accept; if q′ = qreject then reject

• Thus M ′ will accept w iff M accepts w, and M ′ will reject w iff M rejects
w; the theorem follows.
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