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CSC 310 - Information Theory Assignment 1 Fall 2009

Assignment 1

Due date: October 28, 2009 (beginning of class)

We adopt the notation of the text.

Problem 1 (20 points) Show that Kraft’s inequality is tight in the following sense. For
every r there exist infinitely many n and l1, l2, . . . , ln the lengths of codewords of an
instantaneous (prefix) code such that

n∑
i=1

1

rli
= 1

Problem 2 (50 points) Consider the following simple problem in designing instantaneous
codes. Given a source alphabet S and code alphabet T (as in the text) the goal is to
construct a code C where the average (in terms of number of symbols from T ) word-
length is smallest.

(a) (10 points) State the property characterizing the length of codewords of every op-
timal solution to this problem.

(b) (40 points) Prove your statement.

Problem 3 (80 points) In this question you are going to use a popular method for prov-
ing a statement that has nothing to do with probability, using tools from probability.
Roughly speaking in this method you describe an experiment associated with the state-
ment you want to show (note that this statement nothing probabilistic in it). In par-
ticular, you are going to show that if a code is instantaneous then Kraft’s inequality is
true.

(a) (50 points) (i) Given an instantaneous code define a uniform probability space
which contains all strings of length the maximum length of a codeword. (ii) Consider
the event that the i-th codeword appears as a prefix in a randomly chosen element.
(iii) Define an event E(associated with the events in (ii)) and using the fact that
Pr(E) ≤ 1 derive Kraft’s inequality.

(b) (30 points) In no more than 100 words explain how does this argument relate/differ
to the one given during the lecture (or in your text). Is there anything that we can
intuitively infer for Kraft’s inequality from the above proof?
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Problem 4 (100 points) Consider the following intuitive communication problem: sup-
pose that we wish to transmit images (say with black/white (0/1) pixels) over a noise-
less channel. Furthermore, suppose that typical such images have large portions of
black/white contiguous regions. It is clear that in this scenario optimal (in the sense
discussed in the text) instantaneous codes perform poorly with respect to our intuition.
Why? What do you think is the issue with the definition? Research about adaptive
coding schemes and arithmetic coding, and write a short essay of at most 300 comparing
with the prefix codes taught in class.

Problem 5 (50 points) Consider a source X with symbols {a1, a2, a3} and associated
probabilities {p1 = .4, p2 = .5, p3 = .1}. Compute the entropy of X and of its second
extension X2. Find a Huffman code for each of these sources. Compute the average
codeword length per symbol from X.

Suppose we are using a Shannon-Fano code for the n-th extension of this source, XN .
How big should N be so that we are guaranteed that the average codeword length per
symbol in X is within 1% of the entropy?

Problem 6 (60 points) A parallel mixture of two channels with disjoint input alphabets
and disjoint output alphabets is constructed by making a master channel whose input
alphabet is the union of the input alphabets of the two channels and whose output
alphabet is the union of the output alphabets of the two channels. When an input
symbol arrives, the master channel passes it to the channel whose input alphabet it
belongs to; hence the channels are used “in parallel”.

(a) (20 points) If the two original channels have input alphabets of size |A1| and |A2|,
and output alphabets of size |B1| and |B2|, what is the size of the effective input
alphabet for the master channel? What is the size of the effective output alphabet
for the master channel? How many possible input sequences of length N are there
for the master channel? How many possible output sequences of length N?

(b) (20 points) Suppose that the probabilities of the input symbols have to be such that
we use channel 1 with probability P1 and channel 2 with probability P2 = 1 − P1.
If the two original channels have capacities C1 and C2, compute the capacity of the
channel given that the fraction of time channel 1 and channel 2 are used is equal
to P1 and P2.

(c) (20 points) If the two original channels have capacities C1 and C2, compute the
capacity of the parallel combination of the channels.
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